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Abstract: This paper is dedicated to the on-line computation of the lattice
of maximal antichains, say M A(P) = (MA(P), §MA(P)), of a finite poset P =
(P,<.). This on-line computation fulfills what we call the linear extension
hypothesis, that is when the ordering of the incoming vertices of P follows a
linear extension of P. Beside its theoretical interest, this abstraction of the
lattice of antichains of a poset has structural properties which give it interesting
practical behaviours. Particularly this lattice of maximal antichains seems
interesting for testing distributed computations, domain where the lattice of
antichains is going to be widely used. The on-line algorithm we propose for
this computation has a run time complexity in O((|P|+w?*(P))w(P)|MA(P)|)

which strictly improves the previous off-line algorithms.
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Constructions “a la volée” du treillis des
antichaines maximales d’un ensemble ordonné

Résumé : Nous nous intéressons a la construction au vol du treillis des

antichaines maximales, noté MA(P) = (M A(P), §MA(P))

partiellement ordonné P = (P, <.). Nous nous placons dans le cas particulier

, d’un ensemble fini

dit de l’extension linéaire, c’est a dire lorsque l'ordre d’arrivée des éléments
de P respecte une extension linéaire de P. En dehors de considérations pure-
ment théoriques rendant ce treillis tres intéressant, cette abstraction du treillis
des antichaines d’un ensemble ordonné possede des caractéristiques promet-
teuses pour d’éventuelles applications. Tout particulierement ce treillis des
antichaines maximales semble étre un bon candidat pour le test des exécutions
réparties, domaine ou 1'utilisation du treillis des antichaines connait un inté-
rét grandissant. L’algorithme au vol que nous proposons pour réaliser cette
construction a une complexité temporelle en O((|P| + w?(P))w(P)|MA(P)|),
ce qui améliore strictement la complexité temporelle des algorithmes off-line
jusqu’alors connus.
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4 G.V. Jourdan, J.X. Rampon, C. Jard

1 Introduction

This paper is dedicated to the on—line computation of the covering digraph,
i.e. the digraph of the transitive reduction, of the lattice of maximal antichains
of a finite poset. Beside its theoretical interest, this structure has a practical
utility. Indeed, it is an abstraction of the lattice of antichains, which is already
used for the verification of distributed computations.

There are usually at least three lattices which are associated to partially
ordered sets (posets for short): the lattice of the MacNeille completion, the
lattice of antichains (or ideal lattice) and the lattice of maximal antichains.
These lattices are exploited to characterize properties of the considered poset
(linear extensions, minimal interval extensions, dimension, jump number ... ).
The lattice of maximal antichains has been recently widely studied in the com-
munity of ordered sets theory. Working on lattice representation, Markowsky
in [15] and [16] shows that any finite lattice is isomorphic to a Galois lat-
tice of a binary relation. Thus he gives a constructive proof that any finite
lattice is isomorphic to the lattice of maximal antichains of a height-one or-
der. A similar result has been rediscovered by Behrendt in [3] and implicitly
by Wille in [22]. Reuter in [19] focuses on the links between the jump num-
ber of a poset and the height of its lattice of maximal antichains. In [11],
Habib et al. studied the relation between minimal Ferrers extensions of an
incidence structure and the maximal chains of one of its Galois lattice. They
show that way that interval order extensions, minimal for inclusion, are in a
one-to-one correspondence with the maximal chains of its lattice of maximal
antichains. This result is related to those of Bonnet and Pouzet in [4] estab-
lishing the one-to-one correspondence between the linear extensions and the
maximal chains of the ideal lattice of a given poset. The lattice of maximal
antichains, as well as the lattice of the MacNeille completion and the lattice
of antichains, can be seen as a concept lattice (see Wille [21]). For example
the lattice of maximal antichains of a poset P is isomorphic to the concept
lattice of the context (P, P, #,). Bordat in [5], and Ganter and Reuter in [10]
give a general algorithm which can be used to generate all concepts of a con-
text. For the specific problem of the computation of the lattice of maximal
antichains, the most efficient algorithm was, up to now, the off-line algorithm
presented by Morvan and Nourine in [18], which has a run time complexity of

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 5

O(|P|w*(P)|M A(P)|) (where |P| denotes the number of elements in the poset
P, |[MA(P)| the number of maximal antichains of P and w(P) the width of
P).

The motivation of this work is also to use the on-line computation of the
lattice of maximal antichains in the context of distributed programs debugging.
Indeed, a distributed execution is usually seen as a set of events partially
ordered by the local time on each process and by messages passing between
processes. In order to check the correctness of the distributed computation, the
events are sent to an observer, which has to reorder them (see Lamport [14],
Fidge [9] and Mattern [17]). The ideal lattice is useful to characterize certain
classes of properties (see Babaoglu and Raynal [1], Charron-Bost et al. [6],
Cooper and Marzullo [7]). In [7], Cooper and Marzullo proposed an algorithm
to build on-line this lattice. The algorithm has been improved by Diehl et
al. [8] and Jard et al. [13]. The on-line aspect comes from the fact that the
verification and thus the computation of ideals must be performed during the
execution which is to be observed. The major drawback of this method is
the size of this lattice, which can be exponentially larger than the size of the
poset. That is why we are interested in building some abstractions of this
lattice. The lattice of maximal antichains is one of these abstractions. Note
that this lattice may also be exponentially larger than the poset, but it can be
practically much smaller than the ideal lattice. Our idea is to characterize and
check certain properties on the lattice of maximal antichains rather than on
the ideal lattice, using the fact that the interleaving of events is not exhaustive
in the lattice of maximal antichains.

We present an efficient on—line algorithm to compute the covering digraph
of the lattice of maximal antichains of a poset. This algorithm, based on a
general on-line approach of posets, is a continuation of our work of [13]. To
simplify the technical aspect, we have intentionally restricted here the on-line
condition by forcing the new vertex to be maximal, but a same approach can
be used in the general case of “subposet hypothesis” (see section 2.2) and an
algorithm with a same time complexity can be designed. Our on—line algorithm
has a run time complexity of O((|P| + w?(P))w(P)|M A(P)|), which improves
the result of Morvan and Nourine [18].

The paper is organized as follows: in section 2, we first give the definitions
and notation, then we shortly describe the on-line paradigm on posets. In sec-

RR n° 2271



6 G.V. Jourdan, J.X. Rampon, C. Jard

tion 3, we focus on the structural evolution of the lattice of maximal antichain
when a new maximal element is added to the poset. We first show how to
deduce the new elements in the lattice from the current lattice and the new
vertex. Then we characterize the new covering relations. This gives us the
principle of the algorithm, given in section 4. In this section, we show how the
aforementioned modifications can be computed efficiently.

2 Definitions and Preliminaries

2.1 Definitions

Let P = (P,<.) be a partially ordered set (poset for short). Throughout the
paper we consider only finite posets. The covering digraph of P, cov(P), is
the digraph of the transitive reduction of the relation <,. For z € P, lED;U

(resp. l]P"L‘) is the set of all predecessors of z in P, z excluded (resp. included),

l:nm is the set of all immediate predecessors of z in P; TEDJ}, T]P"L‘ and T;mx have
similar definitions on successors. We extend these notations to subsets of P:
VA C P, lE;A = {iED:L‘,I € A}, l:nA = {l:n:ﬁ,:l: € A} and similarly for l]PA,
TEDA, T]PA and T:nA. We define Max_(A) (resp. Min,(A)) as the set of all

maximal (resp. minimal) elements of A in P.

A subset A of P is called an antichain (resp. a chain) of P iff elements of A
are pairwise incomparable (resp. comparable). The set of all antichains of Pis
noted A(P). Ais an ideal of Piff l]PA = A. The set of all ideals of P is denoted
I(P). It is well known (see Birkoff [2]) that I(P) ordered by set inclusion is
a distributive lattice, which we note I(P) = (/(P),C). The mapping M :
I — Max (1) is an order isomorphism between I(P) and A(P), the lattice
of antichains of P (i.e. VY, Z € I(P),Y C Z <= M(Y) M(Z)). An

antichain A is a mazimal antichain of P iff every element of P is comparable

SA(P)

with some element of A. An ideal I is a mazimal ideal of P iff Maxp(g) is a
maximal antichain. We note MI(P) the set of all maximal ideals of P. We

can order MI(P) by set inclusion to obtain the poset MI(P) = (MI(P),C).

The poset MI(P) is a lattice, the lattice of mazimal ideals of P. There is

also an order isomorphism between MI(P) and M A(P), the poset of maximal
antichains of P by the mapping M. In the following, we will use the lattice

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 7

MI(P) rather than the lattice M A(P), since the set approach allows more
readable proofs. Figure 1 gives an example of a poset P and the two lattices
A(P) and MA(P). In A(P), antichains which are maximal are drawn in grey.

456
4 5 6
345
6 16
234
1 123
0 0
A poset P The maximal antichain
The antichain lattice ﬁ) lattice M A(P)

Figure 1: A poset P and the lattices AF(YD) and MTP)

To conclude with definitions, w(P) is the maximal number of elements
belonging to an antichain of P. A linear extension of P is a totally ordered
set on P including P. A poset Q = (Q,<,) is a subposet of P~iff Q CP
and Vz,y € Q,z <, y < x <, y. Moreover, if Q@ # P then P is a poset

extension of ().

2.2 “On-line” approach of posets

An on-line algorithm is supposed to work as follows: at each step, we have
an additional and unpredictable knowledge and we want to compute a given
function on all the already known knowledge. In our application, the observer
has the knowledge of a certain amount of events, which induces a poset P, and

he has computed the lattice MI(P). He then receives a new event x, which

transforms P into P’ and he has to compute LMT(JP’). Note that any off-line
algorithm can be transformed into an on—line one : we just have to system-
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8 G.V. Jourdan, J.X. Rampon, C. Jard

atically compute the value at each step on all the already known knowledge.
A way to design efficient on-line algorithm is to use as much as possible the
values computed at precedings steps to compute the value at a following step.

When dealing with posets, the current knowledge is a poset P and the
additional knowledge is a new vertex x € P together with the list of its pre-
decessors in P and the list of its successors in P. In order to preserve the
structure of the poset, we define the on-line approach of posets in the follow-
ing way: at each step, the current poset Pis always a subposet of the current
poset P’ obtained at the next step, that is at each step the new poset P'is a
poset extension of the preceding poset P. That is what we call the “subposet
hypothesis”. This subposet hypothesis is achieved by the time stamps method
of Fidge [9] and Mattern [17]. As particular case, we can assume that the new
vertex x is maximal in the new poset P'. That is what we call the “linear
extension hypothesis”. The time stamps method also allows to reach such an
hypothesis. The goal is in fact to preserve the structure of the poset during
time. Note that as far as graphs are concerned, the usual technique which con-
sists to add a new vertex z and the list of its neighbors in the already known
graph G ([12, 20]) ensures that G is a subgraph of the new graph G', without
additional assumption. This technique, used on posets, can lead to an incon-
sistency since the new vertex may induce, by transitivity, new comparabilities
between vertices of the already known poset.

In this paper, we have chosen to focus on the linear extension hypothesis,
which enables us to describe the principle of our approach. But an algorithm
based on the same principle can also be designed under subposet hypothe-
sis. This algorithm is technically much more difficult, but has the same time
complexity.

3 MI(P) Versus MI(P')

In the sequel, we assume that we have a poset P = (P,<,) and the already
computed lattice MFFP). We also have a new vertex x € P, together with the
list of its immediate predecessors lzm;c This defines a new poset P/ = (P',<_,),
where P’ = P U {z} and we want to compute the lattice M](P’), using the
knowledge induced by M](P). In order to show how Cov(MI(P’)) can be

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 9

deduced from CO’U(MFP)), we first give some technical properties. Then
we characterize the elements of the set MI(P’') using the elements of the
set MI(P). Finally we show how the covering relations of MI(P’') can be
obtained from the covering relations of m(P) This characterization, given
in a constructive way, gives the underlying structure of our algorithm.

3.1 Preliminaries

In [ 9], Reuter gives a characterization of the immediate successor relation in

M](P) in terms of complete height-one! subcovering digraph of P:

Lemma 1 [19] Let 11,12 € MIP). I, € 17L iff the set
(Il —L)U (T]PMa:cP(]l) Ma:pp( 2)) induces a complete height-one sub-
poset of P having (I — L) (resp. (TPMaJ: ([) — T]PMa.xP(]g))) as mazimal

(resp. as minimal) elements.

As a consequence of Lemma 1, we give the following lemma, which en-
lightens some properties on the elements of P added in covering relations of

MI(P):

Lemma 2 V1€ MI(P),Y J;, el
(¢) J1 — I is an antichain of P

(i) (Jy — )N (Jy— ) = 0

Reuter also notes in [19] that the completion of an element I of I(P) in
an element J of MI(P) (i.e. I C J) is not unique, but that there exists a
lowest completion (i.e. there exists J; € MI(P) such that I C J; and for all
J e MI(P), ] CJ = J; CJ). In the following, we use C(;nﬁ%pMI(P) (1)
to denote such a lowest completion. We propose the following lemma, which

shows that CompMI(P) (I) is obtained by adding to I the minimal elements of
the set of elements which are incomparable with Mazx . (I):

[ such that J; # J3,

Lemma 3 Y [ € [(P), Comp, (I)=1UMin, (P~ (1U1l Maz,(I)))

1A height-one poset has no chains with more than two elements. An height—one poset
is complete iff all its minimal elements are comparable with all its maximal elements.

RR n° 2271



10 G.V. Jourdan, J.X. Rampon, C. Jard

Proof: Let I' = [ U Min,(P — (I U1l Maz,(I))), then by definition, I’ €
MI(P) and I C I'. Let J € MI(P) be such that I C J and assume that
I"g J,ie. dy € I'—J. Then 3t € Max,(J) such that ¢ < y. But since
I C J, eithert € T]PMFLLJ:P(]) orte P— (]UTEDLMaxP(])). In both cases, there
is a contradiction with the definition of I’, thus I' C J. [ ]

With Lemma 3, it is then straightforward to prove that the lowest comple-
tion is order preserving:

min min

Lemma 4 VI,J € I(P),I CJ = Comp,,,,, (I) C Comp,, ., (J).

3.2 The Set Relations

The set M I1(P) can be seen as a kind of subset of M I(P’). Indeed, each element
of MI(P) will generate either one or two elements of MI(P’). This can be
obtained in splitting M I(P) into three subsets, characterized by l;";x, namely
Ay={l € MI(P), ll:;z Z 1}, Ays={1 € MI(P), ll:;z C I and l::xﬁMaxP(]) +*
0} and As = {I € MI(P), l;ﬂ:x C (I —Max_(I))}. Elements of A; will not be
changed in MI(P'). Elements of Ay will also belong to MI(P’), but some of

them will generate new elements. Elements of A3 will be modified. First note
the following property :

Property 1 The non empty A;’s define a partition of MI(P).
Remark 1 ,
()¥ie{l, 301, ,, A c U4,

i=i

(i2) The set Ay U Az has an infimum which is C(;nﬁzclpMI(P) (l:;r)

Before characterizing M I(P'), we have to point out some particular ele-
ments of Ay, which define the set A, = {I € Ay, TU{z} € MI(P')}. These
are elements of Ay generating two elementsin MI(P’). They are characterized
as follow:

Property 2 VI A, ([ € 4) < ‘
(Vy €1, (e Maz, (1), y € 1 (Maz,(I) - | z))

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 11

To compute some covering relations in M (P’), we will need the following
technical lemma:

Lemma 5 VI € Ay — Ay VJ € Ay, J €1 =
l:';”c NMaz . (I)= Maz,(I) — Maz_.(J)

Proof: By definition of As, l:';r N Maz, () C Max,(I) — Max_(J). Let
y € (Mraxp(])—LMa:ﬂP(J))—(l:TxﬁLMaxP(])) and let z € T;m(l::"ﬂ N Mazx (1)),
then either z € TED(MCL:L’P(I) NMazx,.(J)), or z € T]P(Ma:l:P(J) — Maz (1)),
and thus with Lemma 1 z € TEJy. So by Property 2, I € A}, contradiction. m

To characterize IM(P'), we define the sets By = Ay, By = A, B; =
{I{Uz, I € A} and By = {IU{z}, [ € As}. Since the A;’s are pairwise
disjoint, so are the B;’s. Moreover, it is easy to check that MI(P') = U B;.
Thus we get:

Property 3 The non empty B;’s define a partition of MI(P')

4
[ : :
MI(P") BZ g U BJ

i=i

Remark 2 Ve {1,---,4},1

Figure 2 shows the partition of M I(P) induced by the A;’s and the partition
of MI(P') induced by the B;’s.

3.3 The Covering Relations

We now have to order the B;’s by set inclusion to get M I(P’). Once again, we
use the knowledge of MY(P) Indeed, a part of the covering relations can be
exactly deduced from j\lTP). For the remaining covering relations, the use of
the lowest completion provides a necessary condition. This will be enough for

our algorithm.

Theorem 1 Let [ € MI(P'), we have:

RR n° 2271



12 G.V. Jourdan, J.X. Rampon, C. Jard

By = {ITu{z} 1€ A3}
{Z}
----------- _.—13U{$} ,
0’ B3 = {IU{z},1€ Ay}

...............................

Figure 2: Partition induced by l:;;v on MY(P) and MFP’)

im

(i) for I € By, TMI(P,I TMI(P)
(i2) for I € By, MI(P’)I (1 MI(P)Im Az)u{lu{z} if I € A
= (1 M](P)I N Ax)u{(Ju{a}),J (TMI(P)I N Asz)} otherwise

im

(iit)for I € Bg,TMI(P,)I C {CoﬁszI(P,) (J u{z}),J € TMI(P)(I {z})}

(iv)for I € By, T={Ju{z},J € T;\Z(P)(I— {z})}

MI(P')

Proof: (i) It is an immediate consequence of T Ay C A U A,.

. IM(P) .
(ii) let [ € By, then I € A;, and thus T;I(P/)I NB, = T;Z(P)] N Ay If I € Al

then T U {z} € MI(P') and so Lemma 1 ensures that I U {z} € T;Z(P,)]. We

conclude this case since Lemma 2 (i7) ensures that /U{z} is the only immediate
successor of [ outside By. If I € Ay — Al let J € T;Z(P)] N As, then Lemma 5

and then Lemma 1 ensure that J U {z} € TMI(P/] N By. In order to conclude,
consider J € TMI(P)] N (B3 U By). First of all we can notice that J € Bjs is

impossible, since J — {z} € A} and so I C J —{ } CcJ. SoJ € B4, thus
J —{z} € A; and Lemma 1 ensures that J € T I = J-{z}e”

since {z} C J — I.

MI(P') MI(P) ’

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 13

(i) Let K € 17" I, then I — {z} C K — {e} and {I - {2}, K — {2}} C
Ay UAs. So 3J € 1 T —{a} such that / — {a} € J C K — {2} and then

MI(P) . .
by Lemma 4 we get Cc;nﬁ%pMI(P,) (1) C Cénr%lpMI(P,) (Ju{z}) C Cénﬁ%pMI(P,.) (K).

Since Coitip,,, ., (1) =1, Ju{x} C Coiip,,, ., (JU{x}) and Céivip,,, ., (K) =

K, we have I C Comp,,; i, (JU{z}) € K which concludes the proof.
(iv) It follows from Remark 2. |

Theorem 1 is illustrated in figure 3. For sake of readability, we use M A(P)

instead of MI(P).

Az = {6789} 6789x By = {6789z}

Ag = {2345, 3456, 2349, 4567
46
3469, 2389, 4679, 3689} 289x

4567

By = {25z, 567, 289z}
A’2 = {2345, 4567, 2389}

3456

A= {1}

By = A;

A poset P The lattice M A(P) The lattice M A(P')

Figure 3: Deducing M A(P’) from M A(P), when P' = P U {z}

With Property 3 and Theorem 1, we have the tools needed for the on-line
computation of Cov(MI(P')). Since these results are constructive, we only
have to focus on efficiency.

4 The algorithm

According to the previous section, the algorithm has to find the sets Ay, A,
and As into MI(P). Then it duplicates elements of A} and it modifies the
covering relations w.r.t. the rules given in Theorem 1.

RR n° 2271



14 G.V. Jourdan, J.X. Rampon, C. Jard

4.1 Data Structures

Assumptions on data are the following: each vertex v of P is labeled with
respect to a linear extension on P and there is a list l y which contains the

immediate predecessors of y in P and which is sorted by i increasing labels.
Hence the new incoming element z has the highest label (|P| + 1) and is
received with the list ll:;x

Two lists, sorted by increasing labels, are associated with every element I of

MI(P): Maxz(I),thelist of its maximal elements and label(I) ={y, y € (J = 1), J € T;Z(P) 1,
the list of elements of P which are added to [ in a covering relation. Moreover,

any element y of label(]) has a direct access to its corresponding element in P

and a direct access, denoted by edge(y), to its corresponding edge in MI(P)
(which is unique by Lemma 2). The set of all elements of label(]) related to
the same edge e between I and J is exactly the set J — I. This set is stored
in a list list(e) sorted by increasing labels. We access to J via taul(e).

Note that all lists l;my for y € P', label(I) and Max(I) for I € MI(P)

and list(e) for an edge e of CO'U(m(P)) contain always a set of pairwise
incomparable elements in P. Thus they all have a size bounded by w(P).

min

4.2 Computation of Comp, . (Tu{x})

min

We will have to compute Comnp, , ., (I U {z}) for some I € Az U A;. When

min

I € A;UAs, with Lemma 3 we can state that Comp, ., (1U{z}) = TU{z}UL,,
where Ly = Mun (T[ (Maz (1 )ﬁllm ) — T[ (Maz (1) — li:ll,zz))
={y € TP,(MCUC ()N ilm ), l 7y C ]andl "yNMaz ,(I) C lz:;;vﬂMaxP,(I)}.
Moreover, since [ U {;17} U L[ € B; U B4, then ] ULy e A; U A3. So in
order to compute Cénﬁ%pMI(P,) (IU{z}), we only have to find /U L in MFY(JP),
using the algorithm Complet(I), which works has follows: there exists a path
between [ and I U Lj in MFP) In order to move along such a path, at
each step we choose an immediate successor which adds only elements of L;
to the current ideal. There exists a naive version of that algorithm which
runs in O(w (P)) In order to improve this time complexity, we first assume
that Vy € l z,Vz € T y, z has been marked. Clearly, all elements of L;
are marked. ThlS allows us to select at each step a set of “candidates” (the
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list Current). We put the candidates which belong to L; into a list lost and
the other candidates into a list notlost. That way, we have only one test per
candidate, and we reach a time complexity of O(w?*(P)).

Lemma 6 Forl € A;UA;, the algorithm complet(I) returns the ideal IUL;
in O(W?*(P)).

ALGORITHM “Complet”

input : I € A; U Ag, l:r

output : The element J U Ly in MI(P)

precondition : Vy € l:I,Vz c T;my’ z i1s marked

Var Current, lost, notlost: sorted list of poset vertices init to empty

Res: element of MI(P)

Begin
Res := I; Current := marked elements of label(I); /+ set of candidates */
Forall y € Current
If l:y N Maxz(I) C l:.z‘ N Maxz(I)} Then lost :=lostUy [xy € Ly */
Else notlost := notlost Uy, [xy & Ly */
(1)While lost # 0 Do
let y € label(Res) Nlost; lost := lost — list(edge(y));
(2) Res :=tail(edge(y));
Current := marked elements of label( Res) — (lost U notlost);  /* set of candidates x/
Forall y € Current
If l:y N Maxz(Res) C l:l N Maxz(Res)} Then lost :==lostUy /+xy € Ly */
Else notlost := notlost Uy, [/xy & Ly */
EndWhile;
End;

Proof: We show that at step (1), Res C I U L;. At first step (1), Res;? = I.
Assume that after ¢ steps (1), Res; C I U Ly. Thus Yk <, Max([) — ll:/l”l? =

Mazx(Resy) — l;ﬂ:l‘ If lost; # 0, we choose y € label(Res;) N lost; (such a

2In the following, we note Resj and lost; the value of Res and lost at the k'*" step (1)
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y always exists, since lost; #  and there is a path between I and I U L;
in MI(P)). We have l;my N Max(Res;) C l;m:zz N Max(Res;) because y €
lost;. Moreover by Lemma 1, Vz € list(edge(y)), l;mz N Maz(Res;) = l;my N
Mazx(Res;), so z € lost; and thus after step (2), Res;y1 C I1U Ly.

When the algorithm terminates (it obviously terminates since each vertex
may be put into lost only once), Yy € label(Res), l;"/ly N Max(Res) € l;rr N
Mazx(Res)}, thus Res € AU A3, i.e. ResU{xz} € B3UBjy. Since Res C [ULy,
we get ITU{z} C ResU{z} CITU{z}UL;, and thus ResU{z} = TU{z}UL;
by minimality of 1 U {z} U L;.

For the time complexity, thanks to the data structure (all lists are sorted
and have a size bounded by w(P)) each step can be done independently in
O(w(P)). During the whole computation, each element of Current goes either
in lost or in notlost. In lost, we put elements of L, which is an antichain by

definition. Moreover, notlost is also an antichain, else Jy,z € notlost such
that y <, z, and when z € label(Res),y € Res and thus Maxz([) — ll:;r +

Max(Res)—l:::l:. So there is no more than w(P) elements into lost and notlost,
i.e. no more than 2w(P) elements into Current, during the all computation.
|

4.3 Computation of COV(MI(PI))

We give now the algorithm “COV?”, which takes as input z and l:;x (sorted)

and deduces MI(P') from MI(P). This algorithm is based on Theorem 1.
The detection of A;, A, and As, as well as the transformation of Az into
By, is not detailed. For the generation of B; and the covering relations in
By U B3 U By, we use a list L which will contain all elements of A}. For each
element in L, we generate the corresponding element in B3 and compute a
superset of the covering relations according to Theorem 1. We then delete
transitive relations using Lemma 1. The algorithm uses three procedures,
namely duplicate(I : ideal), remove_edge(lJ : edge) and add_edge(1J : edge).
The procedure duplicate(I : ideal) creates a new ideal I’ = I U {z}, if it is not
already done, then puts (Maxz(/)— ll:;r) U{z} into Max(I'), adds = at the end
of label(1), creates edge [1' with z in list(I1"). Procedure add_edge(1J : edge)

Inria



Computing On-Line the Lattice of Maximal Antichains of Posets 17

creates an edge I.J between [ and J, adds Max(J)— Max(I) to label(I) and to
list(1J) according to the ordering. Procedure remove_edge(1J : edge) removes
this edge and removes list([J) from label(]). Thanks to data structure, these
procedures may be performed in no more than O(w(P)).

Theorem 2
We can deduce MI(P') from MI(P') in O(|MI(P)|w(P) + (|MI(P")| —
|MI(P)|)w?(P) +w?(P)).
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ALGORITHM “COV”

input : r,l:r,M (P)

output : MI(P')

Var L : list of elements of M I(P) init to empty

LT, J,J : elements of MI(P)

Begin
Vy € l:x,Vz € T;my, mark z ; /* precondition of procedure Complet() x/
Compute Ay, As and As; Let inf be the infimum of A5 U As;

/* elements of Az */
VI € As, add x at the end of Max(I); /* I becomes I U {z}in IM(P') */
Vedge IJ € MT(P) such that I € Ay and J € A3z, add # at the end of list(1J)

and z at the end of label(I);
/* elements of Ay */

inf := complet(inf); If inf € Ay Then L:=inf;
While L # empty Do
Let € L; L:=L—1I; I' := duplicate(I) /x I € AL x/
Forall J € 17 I /* Computation of T;Z(P,)I’ according to Theorem 1 */

MI(P)
If J € Ay Then J := complet(J)
Else remove_edge( IJ ); /x [ € Az, s0 J ¢ T;Z(P,)I */

If J € A, Then begin
J' = duplicate(J);
If J¢L Then L .= LU J,

EndIf;
Else J' := J; /x J € As, so the possible edge is I'J */
If J' ¢ T;Z(P,)I’ then add_edge(I' J' ); /* Theorem 1 ensures that we
find a superset of T;Z(P,)I’ x/
EndForall,
EndWhile;
Yy € l:x,Vz € T;my, unmark z ; /* restore x/

End

bl

Proof: The correctness of the algorithm “COV” is a consequence of Theo-
rem 1. This theorem ensures that we add only correct covering relations. And
we add all the new covering relations because clearly, if inf is the infimum of
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Ay U As, complet(inf) is the infimum of Bs U By (and thus each element of Bs
will be reached). o

For the time complexity, marking and unmarking T;m(lz:jr) is done in O(w?*(P)).
The computation of the A;’s can be done in O(|MI(P)|w(P)), in listing in a
first breadth-first search the ideals I € MI(P) such that l;njr C Max(I) (we
obtain a subset of A; which contains the infimum of A; U A3). Then a sec-
ond breadth-first search from the already found subset of A,, listing the ideals
I € MI(P) such that l:r;;c N Max(I) # 0 gives us exactly Ay and permits
to find the infimum of Ay U As. So this part of the algorithm, as well as the
computation of the elements of A3, may be performed in O(|MI(P)|w(P)).

For the computation on elements of A,, it takes O(w?(P)) to find
complet(inf). The body of the “Forall” loop can be performed in O(w?*(P))
(for the test J' € T;Z(Pl)]’, we use Lemma 1). Since there is no more than w(P)

immediate successors of I, the body of the “While” loop may be performed in
O(w?(P)). Now the tricky point is that we put only elements of A} into the list
L, and only once. Since |A}| < |[MI(P")| — |[MI(P)|, we reach the announced

time complexity. [

Corollary 1 Let P be a poset. We can compute on-line the covering graph
of the lattice of mazimal antichains of P in O(|MI(P)|(|P|w(P) + w*(P))).

Proof: Clearly, with theorem 2, we compute on-line the covering digraph of
MI(P) in
O (MI(P)eo(Pry) + (IMI(P)| = [MI(P) () + 7 (Prs)) =
O(IMI(P)|(|P|lw(P) + w*(P)) + |P|w*(P)). Let C be the maximal number

of elements in a chain of P. We conclude since for all poset P we have

C *w(P) > |P| and |MI(P)| > C. =

If a poset Q is given by its covering relations, since we can simulate our
on-line assumptions in no more than O(|Q| w(Q)), the algorithm may also be
executed off-line with the same complexity. This improves the result given
in [18].
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5 Conclusion

We have given an algorithm to compute on—line the maximal antichain lattice
of a poset P, within a time complexity of O(|MI(P)|(|P|w(P)+w?(P))). This
algorithm is more efficient than the best off-line algorithm known so far.

There are some possibilities to get a more efficient off-line algorithm us-
ing our method. Especially, it may be possible to improve our complexity
result by finding a particular computable linear extension which simplifies the
construction.

Moreover, it is possible to weaken our constraints on P and P by suppress-
ing the maximality condition on @ (“linear extension hypothesis”). Hence, one
would remain with the only assumption that P is a subposet of ]3, where
P = PU{z} (“subposet hypothesis”). Using a similar approach, we reach an
algorithm of the same time complexity.
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