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Stabilisation par Retour d’Etat Instationnaire
d’un Satellite avec Deux Commandes

Résumé : Il est connu que lorientation d’un corps rigide auquel sont appliquées
deux commandes ne peut étre stabilisée par retour d’état continu fonction seulement
de I’état. La stabilisation par retour d’état continu dépendant également du temps
ou par retour d’état discontinu reste cependant possible. Dans ce rapport, un retour
d’ état instationnaire infiniment différentiable et localement asymptotiquement sta-
bilisant est synthétisé en utilisant la Théorie de la Variété Centre et des techniques
de Lyapunov.

Mots-clé : Commande instationnaire, retour d’ état régulier, stabilisation d’atti-
tude.
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1 Introduction

The attitude control of a rigid spacecraft operating in degraded mode, i.e with only
one or two controls, has already been much studied in the literature.

This type of system has for example been used to illustrate several aspects of
nonlinear controllability. Let us just mention the results of Bonnard [3] and Crouch
[9] proving that the system is globally controllable except for some exceptional loca-
tions of the actuators, and the work by Kerai [12] which establishes small time local
controllability (STLC) in the same situations with two controls.

The present paper focuses on the attitude stabilization problem. Some early re-
sults may be found in [9] where controllability results are used to transform open-loop
control strategies into a feedback. The feedback so obtained is of course disconti-
nuous and a simplified alternative method is proposed in [13].

We are concerned here with continuous feedback. The related but simpler pro-
blem consisting of stabilizing the angular velocity of the spacecraft with one or two
actuators has been investigated by several authors, see Aeyels [1], Sontag and Suss-
mann [21], and more recently Byrnes and Isidori [2]. In the past, it seems that smooth
stabilization of the attitude had been implicitly ruled out because this system be-
longs to the class of systems, singled out by Brockett [4], which are controllable but
cannot be stabilized via continuous state feedback. For instance, it is stated in Byrnes
and Isidori [2] that the model of a spacecraft with two actuators does not satisfy
Brockett’s necessary condition for smooth feedback stabilizability and hence that
there exists no continuous state feedback law which locally asymptotically stabilizes
the rigid spacecraft about a reference nominal frame.

On the other hand, an article by Samson [18] has recently triggered the disco-
very that many systems of interest which cannot be stabilized by continuous state-
feedback can in fact be stabilized by smooth “time-varying” feedback. Research on
time-varying control has then expanded quickly. In particular Coron (see e.g [6], [7])
established that, under very mild assumptions, any STLC system is stabilizable (in
finite time) by continuous time-varying feedback. Several constructive approaches
have also been developed for driftless systems which do not respect Brockett’s ne-
cessary condition (see e.g [16], [8], [17]). However their extensions to systems with
drift is not straightforward. In [14], Samson and Morin present a first attempt to
stabilize the spacecraft with time-varying controls. No stability proof is provided
there, but the given control laws display stabilization properties on simulations.

Existence of a stabilizing continuous time-varying feedback for a rigid spacecraft
with two pairs of gas jets (i.e two controls), except in the cases known to be uncon-
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4 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

trollable, follows from the aforementioned result by Kerai on STLC [12] and from
Coron’s results (see [7, Thm 2.7, Rmk 2.6, note pg 3]).

In the present paper, an explicit smooth time-varying stabilizing feedback is
derived '. The techniques used for the construction of this control combine center
manifold theory with time-averaging and Lyapunov techniques. The idea of applying
center manifold theory to time varying stabilization has previously been used in [20],
and subsequently in [22], for the stabilization of some driftless systems.

The paper is organized as follows. In Section 2, we recall the equations of a rigid
body using a parameterization of rotations derived from quaternions and precisely
state the control objective. A simplified control problem is treated in Section 3 and
our main result is given in Section 4.

Throughout the paper, we will use the following notations:
e | - | denotes the Euclidean norm.

e O}(X) stands for any continuous function f:R"™ X R —— IR? such that:
36 >0, 3K : |X| <6 = |f(X,)| < K|X|? .

2 Problem Statement

Let us consider:

e a frame Fy attached to the spacecraft and whose axes correspond to the prin-
cipal inertia axes of the body.

e a fixed frame F; whose attitude is the desired one for Fj.
and denote:

e w: the angular velocity vector of the frame Fy with respect to the frame Fi,
expressed in the basis of Fp.

e J: the (diagonal) inertia matrix:

i 0 0
J=10 4, 0 (1)
0 0 jJ3

!While preparing this manuscript, we have been informed of an independent work by R. Mont-
gomery, S.S. Sastry, and G.C. Walsh in the same direction. No preprint has yet been communicated
to us.

INRIA
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¢ S(w): the matrix representation of the cross product:

0 w3 —W?2
Sw)y=| —ws 0w (2)
w2 —Ww1 0

If R is the rotation matrix representing the attitude of F; with respect to Fy (and
whose columns vectors are the basis vectors of F} expressed in Fpy) , we get the well

known equations:
R = SWw)R (3)
Jo = Sw)Jw+ (r,m,0)T

where the 7; are the torques applied to the rigid body.

This is a control system with two scalar inputs 71 and 72 and state space SO(3) x
IR3. Our objective is to find a control (71(¢, R,w), T2(¢, R,w)) periodic with respect
to time, which locally asymptotically stabilizes the point (I3,0) of SO(3) x R3.

In order to control the body rotations, a preliminary step traditionally consists in
defining a minimal set of local coordinates for the parametrization of SO(3) around
I3. A common choice is the Euler angles. We make a different choice that has the
advantage of yielding polynomial equations. Let S be the three-dimensional sphere,
identified to the multiplicative group of unitary quaternions A = (Ag, A1, Az, A3) with
A+ A+ A2+ A2 = 1. The classical notation 7(A) = Ag, p(A) = (A1, Ag, A3) is used
to distinguish the real part of the quaternion from the pure imaginary part. In
[19] for example, one may find the description of a mapping ¢ from 5% to SO(3)
which is a Lie group homomorphism and a twofold covering of SO(3), i.e. ¢ is a
local diffeomorphism and each element of SO(3) is the image of exactly two unitary
quaternions (A and —A). It is also established in [19] that (3) lifts to the following
control system on §% x IR3 :

. 1 0 —wT
A= §(w Sw) ) (4)

Jo = Sw)Jw+ (r1,7,0)"

The restriction of ¢ to the hemisphere {r(A) > 0} is a diffeomorphism from this
hemisphere to the open subset of SO(3) consisting of rotations with angle different
from 7. Its inverse maps a rotation of angle 8 €] — m, 7[ around the axis defined by
the unit vector @ to the quaternion (7(A) = cos 4, p(A) = sin £i). We choose, on
this hemisphere, the following coordinates

A1 A2 As

X 2"

X = ($1,$2’.’E3) = , = (

RR n"2275



6 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

The mapping A — X is a difftomorphism from this hemisphere to IR?, and X is
a minimal parameterization of the rotations of angle different from 7. It is simple
to write the system (4) —and hence the original system- in the coordinates (X,w) .
One obtains:

. 1
X = §(w—|—5(w)X—|—<w,X>X)
w; = cpwaws+ ug (5)
Wy = Cowiws + U
w3 = C3wiwy
. J2—J3 J3—J1 J1—J2 T )
with ¢; = - ,Cy = ; ,€3 = ——"",u1 = —, and uy = —~.

. n J2 J3 o J2
It is of course assumed that c3 # 0, since otherwise the system would not be
controllable nor stabilizable. Moreover we may also assume that ¢ > 0, due to the
fact that the change of variables

(xlv T2, T3,W1,W2,Ws, Uy, u?) [ (:E27 £y, —T3,W2,W1, —Ws3, Uz, ul)
leaves the equation (5) unchanged, except for the parameters (¢q, ¢z, c3) which are
changed into (—cg, —c1, —c3).

The problem addressed in this paper consists of finding a smooth feedback control
law which asymptotically stabilizes the origin of (5). The problem is first simplified

by considering the following reduced order system obtained by taking vy 2 wy and

A .
v9 = wq as control variables :

@1 (%5} 0 w3 — U2 T 1
gy = v + | -ws O U1 o | + (viz1 + voxg + wazs) [ zg | ]
.fg w3 U2 -t 0 T3 3
cl)g = C3 U1 Uy

(6)
This reduced system potentially contains the difficulties associated with the original
system.
A solution to the problem of stabilizing the origin of the reduced system (6) is
described in the next section. This solution is then adapted, in Section 4, to the
original system (5).

3 Stabilization of the reduced system with velocity
controls

A possible control law and the corresponding stabilization result are stated next:

INRIA
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Theorem 1 The smooth time-varying control:

. d
v (X,ws,1) = 2g1h1 + Iy .ﬂw:a —2k1(z1 — g1h1) k1 >0

. 0%3
vo( X, w3, 1) = 292@@- x301(X,ws, 1) + w3 (7)
+hy .ﬂw:a — 2ky(x2 — gah2) ko >0
0%3
with
g1 = az3+ Bws
g2 = 33;2), + w§ (8)
hi = apsint
ha = agsint+ azcost

and a, 3, a1, ay and asz being real numbers such that:

>0 <0 >0, a=-— a% 6= 45 (9)
a a a
! ’ 2 ’ 3 ’ Sajay’ 4aq

locally asymptotically stabilizes the origin of (6).

The proof developed in the sequel of the section consists in a step by step
construction of the control law (7).

From the first two equations of system (6), it is clearly possible to create for the
closed loop system, via an adequate choice of v1 and vy, a two-dimensional attractive
center manifold. We choose a center manifold which is time varying (in order to
circumvent Brockett’s necessary condition) and arbitrary assign an approximation
given by z1 = g1(23,ws)h1(t) and z2 = ga(@3,ws)h2(t) where hy and hy are periodic
functions of time.

Accordingly, and in order to simplify the exposition, we make the following change
of variables:
z1 = 1 — g1(ws,ws) ha(t) (10)
z2 = 2 — g2(ws,ws) ha(l)

The control (7) of Theorem 1 can then be rewritten in the new coordinates (21, 2, 23, w3)
as:

’02(2’1,2’2,.@3,&)3,15) = QQQ;LQ — T3V —|— (2’1 —|— glhl)wg + hg%&)g — 2]6222, k’g > 0

(11)

{ vi(21, 3,ws, 1) = 201+ M g%ws - 2ky2, ki1 >0

RR n"2275



8 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

Lemma 1 With the controls v1 and vy given by (11), where g1 and gz are homo-
geneous polynomials in x3 and ws of degree 1 and 2 respectively, and hy and hq
smooth periodic functions of time, the closed-loop system may be written, in coordi-
nates (z1, z2, ¢3,ws), as:

—k1z1 + l1(21,22, 23, w3, 1)
29 —kozy + l3(21, 22, 23, w3, 1)

@ 0 i x (12)
(wi ) ( 0 (2) ) (wi) + f(z1, 22, 23, w3, 1)

where f = (fi1, f2)7 and 1 = (I1,15)T are:

Z

e smooth functions, periodic with respect to time, which vanish at (0,0,0,0,%)
and whose first order derivatives also vanish at these points.

o such that:
fi(z1, 20, 23,03,1) = — 5 (224 ha(D)g2)or + 5(21 + ha(t)g1)v (13)
+ % [(z1+ hi(t)g1)v1 + (22 + ha(l)g2)v2 + z3ws | 23
Ja(z1, 22, T3, w3, 1) = c3v1 v
11(0707$37W37t) = O?($3vw3) (14)
lQ(O?($3,W3),O,$3,W3,t) = O?($3,W3) (15)

(Proof in the Appendix)

The closed-loop system (12) is now in the right form for the application of center
manifold results. We will specifically use the following lemma, which is not com-
pletely standard in that it deals with time-varying periodic vector fields and also
involves various orders of approximation of the center manifold.

Lemma 2 Consider the system

\;

with z € R™,z € R™, B an upper triangular stable matriz (b;; = 0 if i > j, by < 0
fori=1,...,n), A a matriz with eigenvalues having zero real parts, | and f T-
periodic functions of class C* vanishing at (0,0,t) and whose first order derivatives
also vanish at this point.

Bz 4 1(z,z,1)
Az + f(z,z,1) (16)

INRIA
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Assume that there exists an ordered set of integers ¢;:

such that:

L0 (2),...,0f7 " (2),0,...,0,z,1) = O (2) (18)

1.(0F(z),...,0" " (2),0,z,t) = O (=)

Assume further that the origin of the time-varying system:

&= Az + f(m(z,t),...,m(2, 1), 2,1) (19)

is locally asymptotically stable whenever m;(z,t) is any O} (z) function (i=1, ...n).
Then, the origin of (16) is locally asymptotically stable.

(Proof in the Appendix)

In order to prove Theorem 1, one only has to show that this lemma applies, with
¢1 = 3 and ¢z = 4, to the system (12) of lemma 1 for which:

_ (0 % [ -k 0O
imaas(D3) (0 0)

To this purpose, it is sufficient to show that the origin of the following system:

( 3 ) - ( 8 %_) ) ( T3 ) + f(O(z3,ws), 0} (x3,ws), 23, w3, 1) (20)

w3 w3

is locally asymptotically stable for any O}(z3,ws) and Of(z3,ws) functions. Let us
hereafter concentrate on the solutions of the system (20).
Using the fact that, from(11),

v1(0F(25,w3), 23,03, 1) = Bi(23,ws,t) + Of(zs,ws) (21)
v2(07(23,w3), 0f (w3, w3), 23,03, 1) = Ba(3,w3,1) + Of(w3,ws)
with ’ )
?71($37W3, t) = 2g1f.L1 + hl %WS (22)
@2($37w37t) = 292h2 — x301 + glh1w3 + hQ%w:g 7

RR n"2275



10 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

we may, from (13), rewrite (20) as :

. 1 - - -
{ T3z = 5(“3 — g2hat1 + g1h1 02 + $:23w3 + 2391h171) + 0155(3537W3) (23)

@3 = 63?}1’52 + O?(.Tg,w:;) .

In order to facilitate the study of this time-varying differential equation, it is
possible to introduce a time-varying change of coordinates, the effect of which is to
render all terms, up to the fourth order, time-invariant. This possibility is precisely
stated in the following lemma which is reminiscent of classical results, reported for
example in [10], and similar results used in [22].

Lemma 3 (Averaging lemma)

Let A be a n x n strictly upper triangular matriz (7 < i = a;; = 0),D(t) a n
X p matriz whose components d;;(t) are T'-periodic functions of class C"(r > 0),
and o(z) a vector-valued function whose components o;(z1,...,z,) are monomials
of degree k > 2.
Then there exists a neighborhood Q of 0 in R™ and a C"t! local change of coordi-
nates :

(z,1) = (y,1)

defined on Q X IR which maps (0,1) into itself and transforms a system:
i = Az 4+ D(t)o(z) + O~ (z) (24)

into a system:

§=Ay+ Do(y)+ 07* (y) (25)

— — 1 [T
where D is the time average of D(t): D = T/ D(t)dt.
0
(Proof in the Appendix)

This lemma is here applied, with £ = 3, to the system (23) for which n = 2 and
& = (23,ws3). The right hand side of (23) contains linear terms, terms of order at least
equal to five, and a sum of products of time-periodic coefficients with monomials
of degree three in the variables z3 and ws. Hence, when writting the system (23)
in the form (24), one may take o(z3,ws) = (23, 23ws, z3w?,w3)T and determine the
time-varying matrix D(¢) accordingly.

INRIA
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In view of this lemma, it is equivalent to study the stability of the system (23)
and the stability of the corresponding “averaged” system:

g5 = jws-— 2g192h1hy + w3%2($37w3) + 0 (z3,w3)
@3 = cal-za(dgi(hn)? + hQ(a—WB)Q
T3

— Jg 0
+2w3h1h2(910 z — 20?)

991 092 | 73 é)91
s hag s Dy * Mg,

+4g1g2h1hs) + 02 (23, w3)

where h denotes the time average of h(t), and, in order to avoid the introduction of
new notations, the coordinates of the new vector y introduced in Lemma 3 are still
denoted as x3 and ws.

With the particular choice (8) for the functions g; and h; (i = 1,2), and setting:

2
ayas a1a2 a
L=—2 M=- N=—+ 27
27 27 2 (27)
one easily verifies that:
hihy = L
hihy = hihy = —M (28)

o= () =N

Note that for any given triplet(L, M, N) € R? x R7 , there exists a corresponding
triplet(ay,
az,az) of real numbers such that (27) is verified. Consequently, the numbers L, M

and N may in turn be interpreted as independent design parameters.
Finally, we get from (8),(26) and (28):

I3 = %wg — 20 Lz + w302(x3,w3) + Of(xg,wg)

w3 = ec3[wi(—2al —48M + Naf)
+wlrs(—6aM + 5L — AN §?) (29)
twzz3(2al — 4BM — 8Naf3)
+23(—4aM — AN a*)] + O (z3,w3)

From there, there only remains to show that for some values of «, 5, L, M and N,
the origin of the system (29) is asymptotically stable.

RR n"2275



12 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

Lemma 4 Consider the function V = 2Ncs(a® 4+ 26% )2l + 203 . If

L 2N 3?
/ = — =
L>0, M>0, N>0, p N and « TR (30)
then,
i) there exists K > 0 such that, in a neighborhood of x5 = ws = 0, we have
V<-KV? (31)

where V denotes the time-derivative of V along a solution of (29).

i) the origin of the system (29) is locally asymptotically stable (by application o
) gin of the sy y asymp y y app
“Lyapunov second method”).

(Proof in the Appendix)

Since the conditions (30) are automatically satisfied when choosing the control
parameters according to (9), we have proved Theorem 1.

4 Stabilization with torque controls

We now return to the problem of stabilizing the origin of the initial system (5) with
uq1 and ug, instead of wy and wy, as control inputs. Note that since uy + ¢jwows = Wy,
and ug + cowiws = W9, the problem is basically equivalent to the one associated with
the use of Wy and Wy as control inputs. This corresponds to the classical situation
where integrators are added at the input level. The result, which is deduced from
Theorem 1, is the following.

Theorem 2 The smooth time-varying control law:

(32)

w(X,w,t) = —crwaws + s1(X,w,t) — k3(wy — v1(X,ws, 1)) ks >0
u2(X7w7t) = —Cwiws + 32(X7w7t) - k4(w2 - v?()(aw?nt)) ks >0

with vy and vy given by (7), (8) and (9) and, sy and sy their lime derivatives along
the trajectories of (5):

10w
C 20X

. ey O ov; .
(w4 S(w)X —|—<<,u,)(>)()—|—ﬁc;gculoug—}—a—?jf i=1,2.

5i

locally asymptotically stabilizes the origin of (5).

INRIA
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The techniques used here are standard in the time-invariant case. The result of
Theorem 2 can be proved by using the following lemma, which is a particular case
of the small-gain theorem for nonlinear systems (see [23, Fact 4.1, Lemma 4.1]).

Lemma 5 Consider the T-periodic system

& = f(z,y,t), ze€R”
: 33
{’y = g(y,1), yeR™ (33)

where f and g are functions of class C''. Assume that the origins of the two inde-
pendent systems & = f(z,0,t) and § = g(y,t) are locally asymptotically stable. Then
the origin (z = 0,y = 0) of the coupled system (33) is locally asymptotically stable.

Setting @ = w — n with = (v1,v2,0), the system (5) subjected to the controls
(32) can be rewritten in the new coordinates (X,®):

X = @40+ S@+n)X + (@+n,X)X]

wg = cg(@1 4 m) (02 + 72) (34)
w1 = —ksw

Gy = —kabs

By applying lemma 5 to the closed-loop system (34), with z = (X,&3) and
y = (&1,W7), the local stability of the origin of this system stems from the local
stability, previously established in Theorem 1, of the reduced system obtained by
setting y = 0.

5 Estimation of asymptotical convergence rates

Let us first study the convergence rates associated with the closed-loop reduced sys-
tem.

In view of (31), the Lyapunov function V(t) of Lemma 4 converges to zero at
least as fast as ! (modulo some multiplicative constant). This in turn implies,
using the fact that the change of coordinates ¢ : (z,t) — (y,¢) of Lemma 3 is
such that |y/z| uniformly tends to one as |z| tends to zero, that z3(¢) and ws(?)
tend to zero at least as fast as {1 and {~2 respectively. We also know (see the
proof of Lemma 2 in the Appendix) that, the solutions of the system (12) are such
that |z1(¢)] = |03 (zs(t),ws(t))| and |z2(t)] = |0F(z3(t),ws(t))|. This in turn im-
plies, in view of (10), that |z1(¢)|] < |g1(23(t),ws(t))h1(1)] + |0 (z3(t),ws(t))| and
|lz2(0)] < |ga(2s(t),ws(t)ha(t)] + [OF(23(1), ws(1))]. Since g1(23,ws) and ga(23,ws)

RR n"2275



14 P. Morin, C. Samson, J.-B. Pomet, Z.-P. Jiang

are homogeneous polynomials of degree one and two respectively, we can conclude
now, that z1(t) and z(t) converge to zero at least as fast as =% and 1~ % respecti-
vely. Finally, one deduces from (7) that the controls v1(¢) = w1 () and vy(¢) = wy(t)
converge to zero at least as fast as {~% and (~2 respectively.

It can be shown, either by applying center manifold results to the system (34) or
by close inspection of the proof of the small gain theorem used in Lemma 5, that the
above estimation of convergence rates obtained for the closed-loop reduced system,
remains valid when the torques controls (32) are applied to the spacecraft.

The action of the controls (32) on the system (5) has been simulated with the
following choice of parameters:

ki=ko=1; a1=3; ay=-3; az=4.

The figures 1-4 show the time evolution of zi,z5,z3, and ws when the initial
conditions are:

(21(0), 22(0), 3(0),w1(0),w2(0),ws(0))T = (0.1, -0.1,0.05, -0.1,0.2,0.2)".

We have verified that the convergence rates observed from this simulation are slightly
1 1

better than ¢72 for x5 and ws, and ¢t~ for z; and x3. This is in accordance with

the above analysis which provides lower bounds only.

6 Conclusion

In this paper, a smooth time-periodic control feedback law which asymptotically
stabilizes the attitude of a rigid spacecraft, in the case where only two independent
control torque actions are available, each being exerted about a principal axis of iner-
tia, has been derived. Existence of such a control had previously been established in
[12, 7], without an explicit and analytical expression of the control being given. The
interest of this time-varying solution is that it circumvents the theoretical impos-
sibility of achieving attitude stabilization by means of a continuous time-invariant
feedback.

It is not difficult to extend this solution to the case where only one of the torque
actions is exerted about a principal axis of inertia. If the spacecraft possesses an axis
of symetry, it is possible, except for particular configurations of the two actuators,
to fall back upon this latter case by considering an adequate linear combination of
the control actions. Nevertheless, the extension of the proposed design method to
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the general case, when none of the control torques is exerted about a principal axis
of inertia, is not straightforward and thus remains to be treated in connection with
other robustness issues.

Global convergence results and obtention of a faster rate of convergence, which
could be of practical interest, will also motivate future studies.

Appendix : Proof of Lemmas 1-4

Proof of Lemma 1

Let us rewrite (6) as :

il = %Ul + Fl(Xvw?nlvlv,UQ)
Ty = %(‘02 + 2301 — z1ws) + 2( X, ws, v1, v2) (35)
~f3 = %WS + FS(X7W37?J17U2)
W3 = €317y
with
I = %[—3037)2 + zows + z1 (v121 + Va2 + wW3T3))
FQ = %wg(vlwl + Va9 + W3$3) (36)
s = %(— Tov1 + 192 + 3 (V121 4 V2T + w3xs)) .

System (35) may then be rewritten in the coordinates (z1, z2, 23,ws) as

Z"l = —klzl hl gzl A — hl 37163’01’02 + Al

Zp = —k222 — hy 8i Az — h28 c3v1v2 + Ay (37)
T3 = —wa + A3

w3 = 3010

with

Ai(217227$37w37t) = Fi(zl + glthZ + gghg,$3,W3,‘0(21722,3337003,t)), = 17273
(38)
where v(z1, 29, 23,ws, t) stands for (vy(z1, z3,ws, ), va(21, 22, T3, ws, {)), as given by

(11).

Define
h(z,23,w3,1) = —M gigA - hl SorCav102 + Ay,
12(2 L3,Wws, ) = —hy 3g2 As — h2 CBUIUQ + Ay 5 (39)
f1(2 T3, ws, ) = Az,
f2(2 I3, ws, ) = (C30U102,

RR n"2275
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so that (37) can be rewritten as (12).

The relations (13) are easily obtained from (39)-(38)-(36).

From (11), and using the fact that g; and gz are homogeneous polynomials of degree
1 and 2 and hy and hy are periodic functions of time, we get

?)1(0,5C3,W3,t) = Ot(x37w3) (40)
v2(0,0, 23,ws3,1) = OF(z3,ws)
so that, from (38) and (36)
A1(0,0,23,ws, 1) = 0P(z3,ws)
A3(0,0,23,ws, 1) = 0f(xs,ws) (41)
01(0, 23, w3, 1)v2(0,0, 23,ws,1) = OF(z3,ws) .

The relation (14) is then easily obtained from (39) and (41). The proof of (15) is
similar. ]

Proof of Lemma 2

The proof of this lemma involves an extension of the classical results of center
manifold theory to time-periodic systems.

Proposition 1 (Existence of a center manifold) Consider the system:

{ 2= Bz+1(z,2,1) (42)

&= Az + f(z,z,1)

with z € R™,z € R™, B a matriz with eigenvalues having negalive real parts, A a
matriz with eigenvalues having zero real parts, | and f T-periodic functions of class
C? vanishing at (0,0, 1) and whose first derivatives also vanish at these points. Then,
there exists § > 0 and m(z,1) : R™ x R — IR"™ a T-periodic function of class C*
such that the set {(m(z,t),z) |z| < é, t € R} defines a local center manifold for

(42), i.e.
i) ™ vanishes at (0,t) and its first derivatives also vanish at these points,
ii) solutions of (42) starting in the set {(n(z,t),z) |z| < §, t € R} remain in
this set as long as |x(t)| < 6, i.e.

or + 0_7r( ) (Az + f(r(z,t),2,1)) = Br(z,t)+l(n(z,t),2,t) for |z| <é.

ot " Oa
(43)
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This result is a particular case of [11, Th 1 and section 5].

Proposition 2 (Reduction principle) Let m be a function satisfying the condi-
tions i) and i1) of Proposition 1. If the origin of the corresponding “reduced system” :

&= Az + f(n(z,t),2,1) (44)

is locally asymptotically stable, then so is the origin of (42). Moreover, in this case,
if (20, z0) is small enough, and (2(t),z(1)) is the solution of (42) with initial values
(20,x0) at t = g, then there exists a solution u(t) of (44) such that:

£(1) - u(t) = O(e=")
{ — n(u(t),1) = O(e™) (45)

where v depends only on the eigenvalue of B with largest real part.

Proposition 3 (Approximation) Let 7 be a function satisfying the conditions i)
and ii) of Proposition 1, and ® : R™ x R — IR"™ be a T-periodic function of class
C! such that:

i) ® vanishes at (0,t) and its first derivatives also vanish at these pointsl,
ii) %(m,t) [Az + f(®(2,t),z,1)]— B® — [(®(z,t),z,t)+ % =0{(z) .
Then, m(z,t) — ®(z,t) = Of(z) .
For the proof of these two propositions, we refer to [5]. The main reason why the
proofs still hold in the time-periodic case is that the relations (2.3.5) and (2.4.10)

in [5] are not modified by the introduction of the time variable when [ and f are
time-periodic.

We now proceed with the proof of Lemma 2. From Proposition 1, there exists
for the system (16) a center manifold defined by 2z = m(2,1),...,2, = Tp(z,t) . If
we prove :

m(z,t) =0 (z),

mie,1) = OF(z) (46)

(2, t) = Ogn(x) )

RR n"2275
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then, Lemma 2 directly follows from Proposition 2. Let us prove (46) by induction.

First, it follows from (17) and (18) that [(0,z,¢) = Of*(z) and, by application
of Proposition 3 with & = 0, we deduce that m;(z,t), for ¢ = 1,...,n, is at least a
Of" function. In particular, m1(z,t) = Of*(z,¢).Let us now assume that my(z,t) =
O (z),...,m(z,t) = Of*(z) and prove that mp41(z,t) = Of**' (). To this purpose,
we consider the following reduced-order system:

k41 = bkt k1 Zht1 + oo Dryan 2o+ L (m(2, t), (2, 0), Zhg1s -0, 20, T, 1)
Zy = b 2n + Ln(mi(z,t), .. k(2 1), 2g1, - o oy 20, 2, 1)
& = Azx+ f(m(z,t),...,76(z,0), 2kg1, - - - 20, T, 1)

(47)

where the b; ;’s are the entries of B (recall that it is upper-triangular and b;; < 0).
Since & — (mpy1(z, 1), ..., m(x, 1)) satisfies the conditions i) and ii) of Proposition 1,
and since ® = 0 satisfies the conditions i) and ii) of Proposition 3 (from (17), (18) and
the induction hypothesis), Proposition 3 applies with z replaced by (zx41,...,2,), T
replaced by (Tg41,...,7,), ® = 0 and ¢ = gx41. Hence, 7;(z,t), for j = k+1,...,n,
is a O7**" function, and in particular w44 (z,1) = O (). a

Proof of Lemma 3

The proof is given for n = 2 and k = 3 (the spacecraft’s case). The general case is
just a simple extension.

We assume, without loss of generality, that the components of the vector o(z) in
(24) form a basis for the homogeneous polynomials of degree three. We take o(z) =
(23, 22wy, 2123, 23).

The change of coordinates evoked in the lemma is of the same type as the one used
in [22], or originally in [10, pp 168], and is of the form

v =y+ H(l)o(y) (48)

with H a 2 x 4 matrix of T-periodic functions which are specified further in the
proof. This change of coordinates transforms (24) into:

g = Ud+H(t)o'(y)] ' [Ay + AH(t)o(y) + D(t)o(y + H(t)o(y))
—H(t)o(y) + 07 (y)]

(where o'(y) is the Jacobian matrix of o(y)). Note that [Id+ H(¢)o'(y)] ™! is defined
in a neighborhood of y = 0 for all ¢.

(49)
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Using a classical formula on matrix inverses, and the fact that o(y) = O3(y), we
easily obtain from (49):
g o= [Id—H()o'(y)+ 0 (y)][Ay + AH()a(y) + D(D)a(y) — H(1)a(y)
+0;(v)]
= Ay+Do(y) + Z(t,y) + O} (y)

with
Z(t,y) = D(t)o(y)+ AH(t)o(y)— H(t)o(y) — H(t)o'(y)Ay,
D = (LI D) dv), (50)
D(t) = D(t)-D.

Let us find an appropriate choice of H which makes Z(¢,y) vanish. Since the
entries of o/(y)Ay are homogeneous polynomials of degree 3, there exists a (unique)
4 x 4 matrix C such that o'(y)Ay = Co(y). Since A is strictly upper triangular, one
easily verifies that C'is strictly upper triangular too. Now, from the above expression
of Z, and using o'(y)Ay = Co(y), Z(t,y) is identically zero if and only if H(t) is a
solution of

H=D(t)+ AH - HC , (51)
i.e. if the functions h;;(t), t = 1,2, 7 =1,...,4 satisfy for all t:
hai(t) = dn(1)
haa(t) = daa(t) — c12h1(1)
f:ln(t) = 6211(15) + a12h21(t) (52)

hi2(t) = di2(t) + a12ha2(t) — c12h11(1)

;014(15) = 314(15) + a12h24 — c14h11 (1) — c24h12(t) — €3ah13(t)

The triangular structure of this system plus the fact that Jm-(t) is time-periodic and
has zero-mean value allows one to build recursively a solution which shares the same

t o 1 /T v .

properties: start with hgy(?) = / dy(s)ds — T/ (/ dz1(s)ds)du , and continue
0 o Jo

with hgg(t), ey h24(t), hll(t), ey h14(t). a

Proof of Lemma 4
From (29), we have :
V(zs,w3) = ecswi(—2al —43M + Nap)
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—|—63w§x3(—6a1\/[ +46L — 41\752)
+eswiza(2al — ABM — 8Naf3)
tw3zs(ez(—4aM — 4Na?) + 4Nez(a? + 23%))
—~16N Lesa(a® + 28%)2§

+W30?($3,W3) + Otg(xg,wg)

Using (30), we get after some calculations

V(s,ws) < —c3 W (23,ws) + w30} (23, ws) + OF (23, ws) (53)
with: Y ar ,
LM , LM 39N232L(a? + 2
W(zs,ws) = ngl—l— v wiz? JEI )wg (54)
Obviously:
2K
Wizs,ws3) > C—(V(xg,wg))2 when |(z3,ws3)] < €, (55)
3

for some positive numbers ¢ and K.
Moreover, |O%(z3,ws)|/W (23, ws) uniformly converges to zero when |(z3,ws)| tends
to zero, and so does |w302 (3, ws3)|/W (23,ws) since:

w30 (z3,ws)| < |(s,ws)|.|wsl.|(x3,ws)].|0F(23,ws)]
1
< §|(9037w3)|(w§($§+w§)+O?($37w3))
1
<

51(@8,w8)[(w5 + 2505 + 07 (23, w3))
Hence, there exists a positive number €; (< €) such that:
lws O3 (23,ws)| + |08 (23, w3)| < 2W(ws,ws) when|(zs,ws)| < e (56)
2

The relation (31) of Lemma 4 follows from (53), (55) and (56). o
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Fig.1: evolutionm of xI1
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Fig.3: evolutionm of x3
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