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Résumé

Un modele de «polling»> dépendant de I'état avec politique de service 1-limitée
est analysé. La politique de routage généralise la politique Markovienne classique en
utilisant deux matrices de routage différentes selon 1'état de la derniére file visitée.
Nous donnons la distribution stationnaire de la position du serveur et déterminons
des conditions d’ergodicité a I’aide d’un systeme dynamique associé. Enfin, sous des .
hypotheses de symétrie de rotation, nous calculons le nombre moyen de clients aux
instants de visite ainsi que le temps d’attente.
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A State-Dependent Polling Model
with Markovian Routing

Guy Fayolle * Jean-Marc Lasgouttes *
June 6, 1994

Abstract

A state-dependent 1-limited polling model with N queues is analyzed. The rout-
ing strategy generalizes the classical Markovian polling model, in the sense that two
routing matrices are involved, the choice being made according to the state of the last
visited queue. Stationary distribution of the position of the server is given. Ergodicity
conditions are obtained by means of an associated dynamical system. Under rotational
symmetry assumptions, average queue length and mean waiting times are computed.

1 Introduction

Consider a taxicab in a city in which there are N stations at which clients arrive and wait for
the vehicle. When their turn has come to be served, they ask for a transit to a destination
(one of the other stations) where they leave the system. Whenever the taxicab finds a station
empty, it goes somewhere else to look for a client. The choice of the destinations by a client
or by the empty taxicab are made via the two distinct routing matrices P and P.

This system can also be seen as a polling model with N queues at which customers arrive
and one server which visits the queues according to the following rules: if the server finds a
client at the current queue, it serves this client and chooses a new queue according to the
routing matrix P; otherwise it selects the next queue according to P. This polling scheme is
an extension of the classical Markovian polling model, with routing probabilities depending
on the state of the last visited queue. As a taxicab only takes one client at a time, the service
strategy is the 1-limited strategy, which is known to be more difficult to analyze than either
the gated or ezhaustive strategies—in which the server respectively serves the clients present
on its arrival or serves clients until the queue is empty.

Since the bibliography on polling models is plethoric, we refer the reader to the refer-
ences given in Takagi [14] and Levy and Sidi [9]. Among the studies related to our work, we
can cite Kleinrock and Levy [8], who compute waiting times in random polling models in
which the destination of the server is chosen independently of its provenance, and Boxma and
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Westrate [2] who give a pseudo-conservation law for a model with Markovian routing. Fergu-
son [6] and Bradlow and Byrd 3] study approximatively a model where the switching time is
station-dependent. However, none of these studies does consider the case of state-dependent
routing probabilities. Another important issue concerns state-independent ergodicity condi-
tions. In this case, necessary and sufficient conditions were obtained in Fricker and Jaibi [7)
for a deterministic routing with various service disciplines. Borovkov and Schassberger [1]
and Fayolle et al. [5] give necessary and sufficient conditions for a system with Markovian
routing and 1-limited service. Finally, Schassberger [12] gives a necessary condition for the
ergodicity of a polling model with 1-limited service and a routing that depends on the whole
state of the system.

Here, we give a new method to get the stationary distribution of the position of the
server and, in the case of a fully symmetrical system, a way to compute the mean waiting
time of a customer. This extends known results on 1-limited polling models, especially
for the symmetrical case. However, we do not provide a pseudo-conservation law as for
example Boxma and Westrate (2], since the computation are not as simple as in the state-
independent routing case. Our method of proof allows to make only minimal assumptions
on the arrival process and applies to either discrete or continuous time models. Moreover,
in the symmetrical case the results allow to compare various polling strategies.

The paper is organized as follows: in Section 2, we present the model and give a functional
equation describing its evolution. In Section 3, stationary probabilities of the position of the
server are obtained and Section 4 is devoted to the general problem’ of ergodicity. Section 5
presents formulas to compute the first moment of the queue length at polling instants.
These results are used in Section 6 to calculate the waiting time of an arbitrary customer
and applications to known models are given.

2 Description of the model

The system consists of N stations at which clients arrive according to a stationary process.
Let S < {1,...,N} be the set of stations. A client at station i € S chooses destination
J € S with probability p;;, such that p;; + -+ + piy = 1. During the n-th move of the
server, say from 7 to 7, a batch of customers B; j,(n) arrives at station ¢ € §. The sequence

of vectors B; ;(n) = (Bija(n),..., Bijn(n)) is i.i.d. but their components can be dependent.
When the server finds the station ¢ empty, it goes to station j with probability p; ;. During
this move, a batch B, ;(n) = (Bi;a(n),..., Bijn(n) of customers arrives in the system, the

batches B; j(n) being i.i.d. for all n conditionally to ¢ and 7. The two transition matrices
will be denoted respectively by

P = (Pi,j)i,jes» P = (ﬁi.j)i,jes-

It is worth noting that our setting is valid for both discrete-time and continuous-time
models with or without batch arrivals. We do not need a separate analysis for each case, until
the computation of waiting times, where we will have to give precise definitions of the vectors
Bi(n) and B;;(n). We do not describe yet the exact arrival process and the time taken
to travel from one station to another, since we only need the distribution of the number of

o



clients arriving during such move. However, due to the assumption of independence between
successive arrivals, the model applies mainly to the following situations:

- o discrete-time evolution, when a batch of customers arrive at each station at the begin-
ning of each time slot; batches are i.i.d. with respect to the time slots but they can be
correlated between stations;

e continuous time evolution, when the arrival process is a compound Poisson process:
customers arrive at the system in batches at the epochs of a Poisson process and the
batches have the same properties as in the previous case.

Let X;(n) be the number of clients waiting at station i at polling instant n and S(n)
be the corresponding position of the server. If we define X(n) £ (X;(n),...,Xn(n)), then
L = (S, X) forms a Markov chain. Throughout this paper, we will assume that this chain
is irreducible. For any vector Z = (21,...,2n) € DV (where D denotes the unit disc in the
complex plane), we note 2% = 2B B zf,“ and define the following generating functions:

a;;(2) = E[Z%™M)
aiy(5) ¥ E[E),
F(#n) & E[EX(H)I{S(n)=i}]9
F(#n) € E[FMsm)=ix.m=0));
= Fi(z1,...,2i-1,0,zi41,...,2n; 1),
F(3) ¥ lim F(Zn),
F(7) ¥ lim F(zn),
where 1¢ is as usual the indicator function of the set £ The following result holds:

Theorem 2.1 Let A(7), A(Z) and A(Z) be matrices defined as follows:
for alli,5 € S, the elements of row ¢ and column j are given by

[A@)]i; = Ppiia;a(2),
[A(D));; P;i@;i(2),
[A(g)]i,j = %1{1:1}-

Then the vectors F(3) = (Fy(3),...,Fn(%)) and F(3) = (F\(3),..., En(Z)) are related by
the functional equation

[I — AA(D)F(2) = [A(Z) - AA(D)F(2). (2.1)
Proof We have, for all 7,7 € S and n > 0,

E[ZXC VY (s(my=i st 1)25)]

#X(n)+B; ,(n)=¢,
= E[zX(M+B,(n)-¢ L(5(n)=i,S(n+1)=7.X:(n)>0}}
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+ E[ =X (n)+B.,(n) ]-{S(n):i,S(n+l)=j.X.‘('n)=0}]
= pijai;(2) B[ZX ™81 g0 x,(m)>0)]
+5iji,i(2) E[Z ™1 (s(m)=i x, (m)=0}]
F(zin) - F(Zn) . . = .
= pi;jai;(?) ( = — + i i(2) Fi(Zn).

1

The second equality above uses the independence of the routing and the arrivals with
respect to the past. Summing over all possible ¢, we get

N Al s N
- - F Zyn) - Fy(Zin .. ~
Fi(Zin+1) = Y _pijai;(2) & )z, En) 4 > §ii8:3(2) Fi(Z5n),
t= s =1

so that, letting n — oo,

N bia;; aij(2) =
r@- 32 ke - S, @@ - 3 2@,

’

which is equivalent to (2.1). ]
Defining, when it exists,
D(7) [ - AADIA(Z) — AA(D)), | (2.2)
one sees that (2.1) can be rewritten as
| F(3) = D(3)E(3). (23)

_ This functional equation contains all the information sufficient to characterize F'(Z) and
F(Z). Although its solution for N > 3 is still an open question, partial results can be derived
as shown in the following sections.

3 The stationary distribution of the position of the
server |

What renders the polling model presented in the previous section difficult to analyze is,
among other things, the fact that the movements of the server depend on the state of the
visited stations. In particular, {S(n)}n>0 is not a Markov process, as it would be when
pi; = Pi,; for all 7 and 7. Some computations are needed to get the stationary probabilities
of the position of the server, that is

F(&) = P(S=1)
F(e) = P(S=1i,Xi=0).



It appears that these stationary probabilities depend not only on the transition proba-
bilities, but also on the following mean values:

Qg =

N

Qisg e Z Pi; E Bi jo(n), (3.1)
;] .
Z ‘JQ(n (3-2)

Here a;,, (resp. &) is the mean number of arrivals at station g while the taxicab goes
from station 'tz which was busy (resp. empty). Since the arrival process is stationary, it is
possible to define for all ¢ € S the mean number A, of arrivals at station ¢ per unit of time
and write, with obvious definitions for 7; and 7;,

Qg = /\qT,', (33)
Gig = AgTic (3.4)
Throughout this paper we will sometimes write F (resp. F') instead of F(€) (resp. F(€))

in order to shorten the notation.

N
Theorem 3.1 Define the matrices A (a, q) and AZ ' (Blisg) and p = T o1 Mi(Ti—7:). When
the Markov chain L is ergodic, F and F verify the following linear system of equations:

"FE = 1, | (3.5)
*F[I-P) = “F[P-P), | ' (3.6)
*F[I-A = "F[I- A+ A]. (3.7)

When p # 1, Fquations (3.6) and (3.7) can be rewritten as

= j D ~

FP—P—P—T?ﬂW—Pﬂzm (3.8)
- N
E—R:Mgﬁ%ﬂ for all i € S. (3.9)
-P
Moreover the mean time between fwo consecutive visits to queue 1 s
1 Yies Fi7;
BT, = =& 77 1

Sl T (3.10)

Note that, with the above definitions, p is in general different from the classical p defined
in queueing theory but that they coincide if P = P and when the time between two polling
instants can be decomposed into a state-independent switch over time and an optional service
time.




Proof of Theorem 3.1 Although this theorem could be proved analytically using the
functional equation (2.1), we give here a simple probabilistic interpretation of (3.6) and (3.7).
Indeed, when the system is ergodic, (3.6) follows directly from

N
P(S =) = S[P(S = i,X: > 0)pi, + P(S = i, X; = 0)p].

1=1

Moreover, writing the equality of the outgoing and ingoing flows at station ¢ gives

N N
P(S=q,X,>0) = S [P(S=1,X:>0)p,; EBijyln)

=1 3=1 i
+ P(S =3, X; = 0)}5,‘]‘ E.é,'j.q],
which is equxvalent to (3.7) if we take into account (3.1) and (3.2). It is straightforward to
see, using (3.3) and (3.4) that, when p # 1,
A
1—p
With this relation, Equations (3.8) and (3.9) are easily derived from (3.6) and (3.7). Let

N; ;. be the number of arrivals to a queue 7 between two consecutlve visits of the server. The
equality of flows reads

H—Al-A+ A =1~

P(X;>0]8=i)=ENg.

Since the last equation can be rewritten as

F; — F
F;

=MET,,

we obtain (3.10) and the proof of the theorem is concluded. n

The linear system (3.5)-(3.7) provides a convenient way to compute F and F. The
following proposition gives simple conditions under which its rank is full.

Proposition 3.2 When p # 1, the rank of the system (3.5)~(3.7) is in general 2N. However
it is decremented by 1 for any k € S such that, for al i # k,

N
ﬁk,i = 0\ iji.k = 01 /\k - Z /\.)Pk] (311)

J=1

In this case, it is possible to complete the system by new equations containing the second
moments of the vectors B;; and B, ;.

Proof Since the Markov chain (X, 5) is irreducible, all the queues can be visited by the
server. The routing decisions use either the matrix P or the matrix P. This means in
particular that the matrix (P + P)/2 is irreducible. With this in mind, we have

I-P [ - B£P
=rank| . 2 =N-1.
1anl\(P P) ran ( F_p N -1
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As shown in Theorem 3.1, I — A+ A is invertible for any p # 1, so that the rank of (3.5)-
(3.7) is 2N unless the systems (3.6) and (3.7) are not linearly independent. This can occur
if, and only if, there exists k € S and & € R" such that

[l - Ple, = [I- A]c,
[P=Plé, = [I- A+ AJ,
or, equivalently,
- AP - Ple
< u-Pa = ALZAE
1—p
[P— P&, = &

It is not difficult to prove that these conditions are equivalent to (3.11). In this case we

define 4; = €+ tc and z, = € — té) for t > 0. Equation (2.1) with Z = 7, yields
@ ] - AME)F(Z) = "0, [A(5) - AA(Z)]F(2),
and a new equation is obtained via a Taylor expansion of order 2 for small t. This equation

contains explicit references to second moments of the arrival process and to first moments
of B;; and B;;. We do not reproduce it here for the sake of brevity. [ ]

4 Conditions for ergodicity

The purpose of this section is to classify the process £ = (S, X), viewed as a random walk
on § x Zf, in terms of ergodicity and non-ergodicity.

4.1 Necessary condition

In this subsection, we give a necessary condition for ergodicity which is a simple consequence

of the results of Theorem 3.1. Define
o Zies By (4.1)
1-p
The quantity 7 can be seen as the mean time between two polling instants. When the
system is ergodic, we have F; > 0 for all i € S and Equation (3.9) implies the following

Theorem 4.1 If the Markov chain L is ergodic, then
p<l, ~ (4.2)
MNT < Fy, forallieS. (4.3)

"These conditions extend in the state-dependent case the results obtained in [1]. When
they hold, we prove another useful inequality. Indeed, instantiating (4.3) in (4.1) yields
;> LiesTAT
1-p

b

which gives

1—Zx\j‘rj>0. (44)

jES

-1



4.2 Sufficient condition

The approach followed hereafter relies on the study of a dynamical system associated to £
(see [11] and [4]). The notation and material needed are presented in Appendix A.

An important feature of the system is that an induced chain can be seen as a particular
polling system where the saturated queues are additional stations visited by the server. As
a consequence, the stationary position of- the server for any ergodic induced chain can in
general be computed as the solution of a linear system consisting of N+1 equations. Indeed,
forallt € S, j € A, we have

t) = Z” $)Psit +E7F $)Ps.t (4.5)-

SEA SEA
+ Z 71"\(3,.’1:_, > 0)(pa,t - ﬁs.t)a
SEA
™ (j,z; >0) = Z’/’l’ 5)A;Ts + Zﬂ'"(s JA;Ts (4.6)
SEA SEA .
+ 3 1 (syzs > 0)Aj(r, — 7).
SEA

Let us introduce the quantities

p./\ def Z A _ Ts

sﬁ/\

. [zn )+ 3 ()]

SEA SEA

Note that when A is ergbdic, 7™7,2; > 0) = A;7%, for all 7 & A, and 7" can be interpreted
as the mean time between two polling instants of the induced chain. Then the system defined
by (4.5) and (4.6) can be replaced by the forthcoming N + 1 equations: for all t € S,

WA(t). = Z'/T Pst+z7r Pst+T 2/\ Pst — f’s.t)» _ (47)

SEN SEA SEA

A — [Z ()t S ﬂA(s)i‘,]. | (4.8)

SEN SEN

I

It is useful to note at this moment that, under (4.4),
pt <1, forall A's, (4.9)

An easy flow computation shows that the components of the drift vector M(s, %) can be
expressed as
M;(s, %) = ATz, >0y + /\j%s]l{x,=0} ~ 1iz,50,5=5)

Then the computation of the second vector field becomes easy. For j € A,
v = > wNs, T)M;(s, T)

z€CH
SES

[04]



— T e DM D)+ T w(s,E)M; (s, F)

z€Ch zeCH

SEA SEA .
= ) Z[ s, > 07y + 70 (a,.’cs=0)7~'s]
SEA
+ A Z ™s)rs — 7(J)
SEA
= /\J"T‘A — TI'A(j).

In order to apply Theorem A.1, it will be convenient to introduce
fil@) & [F-A+ A7,

N ~
A =1 (T — 75)

= a;+ 1=

(4.10)

This function is not as super-terrestrial as it could seem at first sight. It is indeed directly
related to flow conservation equations (see [5]). Let A be any ergodic face. For i € A, we get
after a straightforward computation

fi(v") = +-—_—p]2:l

- Ai Zj:l WA(j)%j _ 7r"(z')
1-p '

For i € A, and from the very definition of f;(&), we have

*A)_ZfJ 1 _ TJ)_'U 03

or A .
Ai Ysen ST )T — 75)
Py '

S5 =

Theorem 4.2 Assume that ({.2)-(4.3) hold and that, for any ergodic face A,

N
AT NG .
fi(#) = Zfl-‘j/}(])” —7™3) <0, foralli€ A (4.11)

Then the random walk L is ergodic. In particular, when P = P, the conditions (4.2)
and ({.83) are necessary and sufficient for the random walk L to be ergodic.

Proof We shall apply Theorem A.l (quoted in Appendix A), which in itself contains a
principle of gluing Lyapounov functions together. Most of the times, these functions are

9



piecewise linear. Since the f;(¢") enjoy “nice” properties, it is not unnatural to search for a
linear combination like

N
JE)E Y wfi(d),

where @ = (uy,...,un) is a positive vector to be properly determined. Then, for any ergodic
A,

F(m) = S [ + Y (7 )] £,

i€EA 1—p"

The basic constraint for @ is to ensure the positivity of f. Using (4.4) and (4.9), it
appears that a suitable choice is u; = max(#; — 7, ¢), for some ¢, positive and sufficiently
small. Then one can directly check that f(Z) > 0, for any ¥ € IRQ’, and f(9") < 0, for any
ergodic face A. =

Although conditions of Theorem 4.2 are sufficient for ergodicity, they might well be
implied by conditions (4.2)-(4.3) only. We did not check this fact, since it is difficult to
compare algebraically the solutions of system (4.7)-(4.8), for different A’s. Let us simply
formulate the conjecture that (4.2)-(4.3) are also sufficient for ergodicity when P # P.

Theorem 4.3 Assume that P = P and that one of the following hold:
(i) there exists j € S, such that \;7 — F; > 0;
(i) p> 1.
Then the random walk L is transient.

Proof We assume that the queues are numbered according to the following order:

A A A
<o <K (4.12)
Fl F2 FN

Consider all faces A; & {t,...,N},fori=1,...,N. The idea is to show the transience of

L by visiting the ordered set Ay, Az,...An. In the usual terminology of dynamical systems,
this amounts to find a set of trajectories going to infinity with positive probability. To this
end, the following algebraic relationship will be useful: for any A and k£ € A, we have

(/\k'/;/\+{k} _ Fk)(l _ f3A+(k}) — (/\kf/\ _ Fk)(l _ 15/\) (413)

By definition, the face A} = S is ergodic (see Appendix A). Assume now A; is ergodic,
for some fixed 1 € S. If v < 0, then one can prove the inequality

1 1 N
l_gAsTsSf_m’;FsTsy

which in turn yields 1 — g% > 0. By using (4.13), (4.12) and Theorem 4.2, it follows that the
face Ai4; is ergodic. Conversely, if v/ > 0, then v" > 0 and the random walk £ is transient
(see [4]). :

Thus, by induction, we have shown that either £ is transient or the face Ay = {N} is
ergodic. In the latter case, the assumptions of the theorem, together with (4.13) and (4.12),
yield v,/\\,” = ANTM — Fy > 0, so that £ is transient. n

10



4.3 Remarks and problems

(a) No stochastic monotonicity argument seems to work, when the 7, — #’s are not all of
the same sign, even for P = P. This monotonicity exists and is crucial in [1] and [7].

(6) The analysis of the vector field " is interesting in itself and will be the subject of a
. future work: Let us just quote one negative property: when A is ergodic and v} < 0, then
Ay = A\ {k} can be non-ergodic, contrary to what happens in Jackson networks (see [5]).
In the case P = 13, we conjecture nonetheless that the dynamical system formed from the
velocity vectors " is strongly acyclic (in the sense that the same face is not visited twice).

5 The first moment of the queue length

This section shows that, when the system enjoys some symmetry properties, it becomes
possible to derive the stationary,mean queue length E Xg seen by the server at polling
instants. To this end, ergodicity of £ will be assumed, as well as the existence of second
moments of all random variables of interest.

A1l The system has a rotational symmetry
(i) foralli,5 €S, pij = pj-i, Pij = Pj-i- 0i;() = a;2i(2) and 4:;(7) = @;-4(2);
(it) foralll <s,d <N,

ad(zla"":N) = (Ld(z]+3,...,2N+s),

ad(z1y. .- y2N) = @d(Z148y--++2ZN4s)-

(2]

Note that this assumption is less restrictive than the ones appearing in the literature, even
for state-independent situations. It allows in particular cyclic and random polling strategies.
From A1, we directly get, forall 1 <¢,s < N,

~

) = R+8(31+33"'9zN+8)' (52)

Consequently, P(§ = i) = F;(€) = 1/N. In addition, A(%) and A(%) are circulant
matrices—see Appendix B for the results and notation which will be used from now on. It
implies in particular that, for £ € S, v} is an eigenvector of A(Z) and A(Z) with respective
eigenvalues

Fi(2) = Firs(Z145r- -1 2N4s) (5.1)

()

MG Patta( ws.

N
Z Pacta(2) “’1. ,
v
oy

Note that uy(2) (resp. fin(Z)) is the generating function of the number of arrivals during
the transportatlon of one client (resp. a move without client). Moreover, u = ux(€) and
de
fix ik (€) are eigenvalues of P and P. For a priori technical reasons we shall also need

11



A2 Foranyk < N, i # 1.

Since the system is symmetrical, the mean number of customers arriving during a travel
of the taxicab ¢;, and &;,, as defined by (3.1)-(3.2) does not depend on ¢ and ¢; we note
them a and & and remark that

8.“N
Dz

. Opn
= azm(é')'

The second derivatives of pn(Z) and fin(2) are defined as
del azi‘N(g)
(@ gt T HENLZ)
Oq.r azqazr (e) (5.3)

e 02~ "z )
d(g) def l‘tl\( )(éo)

T Tnbs >4

Note that that these values depend only of the unsigned distance between ¢ and r and

that we can write o), = o, ®af, &%  =al), = a). Using the symmetry of the
system and according to the properties of generating functions, we have for any m € §
oFn

E(X.S=m]= N, (5.5)

O2m

By symmetry, this expression is independent from m. In order to derive E[X,,|S = m],
we use the fact that the matrices I — AA(Z) and 5( 7)— AA(Z) are not invertible when 7 = €.
This implies that the matrix D(Z) as defined in (2.2) is not continuous in a nexghborhood of
Z = € and provides a mean to compute the derivatives of F(Z) and F(z) for 7 = €. However
in our setting, even the existence of D(Z) in a neighborhood of € is difficult to prove and
the computations become really involved. The approach that we present here avoids the
theoretical problems and simplifies the computations. In next lemma, we show how it is
possible to choose ' such that the left member of Equation (2.1) can be rendered of “small”
order w.r.t. the right one.

Lemma 5.1 Let ¢t — 2 be a function from CN — C" such that in a neighborhood of t = 0,
we can write Z; = e+tz+ t.‘2 +o(t2), where 3 = 161+ +2EZvEN = (1v1+ +CNvN eV
and 3 = (Z1,...,2N) € CN. Assume that Z, € DN and 7, + -+ + 3y = 0. Then there ezists
fort > 0 a vector iy such that, for 1 <k < N,

"Gl - AME)F = olt) (5.6)
YT ~\ = 1 — fi
@A) - ADENR = 1o zt vk + o(t) (5.7)
and
_ e 1 .
1y [I — AA(z,)]e = —t? Z Q]QN 1[——— + -‘)— Zafi’w,]
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aN
z:%+ou% (5.8)

+t21

1

i, [A(%) — A(

™

=1

DE = —t2ZC1CN 1[;+ 3 Z O —a) 1]

+ 12 ——M Z 2, + o(t?). (5.9)

Proof See Appendix C. , . ]

For the sake of simplicity, the computations have been carried out in the most natural
way which apparently requires yy # 1 for £ < N. In fact, the reader can convince himself
that all derivations could be achieved by rendering the right member of (2.1) small w.r.t. the
left member. This would yield the same result without any restriction on pg, at the expense
of a somehow longer proof.

One problem in polling models with 1-limited service strategy is that the rank of the
systems of equations that we can write is |n/2], which means that 0F/0z,(€) cannot be
computed. Fortunately, under the followmg assumption, we are able to compute the most
important value, that is 0F,,/0z,(€)

A3 The routing matrices are such that
([ - P|I-"P)=[I-"P][I~ P]

It is not easy to describe all models satisfying A3. The simplest one is the classical
Markov polling obtained when P = P, for which the results of Theorem. 5.2 thereafter are
greatly simplified. One other admissible model is when the routing probabilities depend only -
on the absolute distance between stations, that is when P =*P and P=*P.

Theorem 5.2 Assume that A1, A2 and A3 hold. Then, for any station m, the stationary

probability that the server finds station m empty is given by

1 1 - Na

‘ N1-Na+ Na
Moreover the- mean number of customers found by the server when it arrives at station

m s obtained by means of the Jollowing (lengthy!) formula

P(S =m,Xn =0) = (5.10)

E[X..|S = m] Na N&? W
1-Na+Na (1-Na)(l-Na+Na) = 1-j
TN T ngﬁ a—_zvlch Na)% S’N; i
N2&2 N- 1 1
RR
ﬁ_z\%v(%vE 2 lil_—:,'ig Gwf. (5.11)
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Finally, the mean number of customers present at an arbitrary station at a polling instant
can be expressed as

& a Nzt

EXn = lfNa+N&+1—NaZI—ﬁ1

=1

N N ., Né(Na — N&) lf: @
1—_Na2 N (1—Na)(1—Na+Na 2 &
& N-
p— 1 & @ d
T 1- Na IZ; — 2 ..dz_:ad “
N Na-Na 1X . (2)
T3t T ey Na 2;10"’
N-1 ~ '
p—ul & Loy
1=1 1 - Hi ?’dgl
Proof See Appendix C. : ' [ ]

6 The mean waitihg time of a customer

Theorem 5.2 is the key to the computation of the waiting time of an arbitrary customer.
In this section, we focus on the continuous-time case with compound Poisson arrivals and
further assume that the arrivals at each station are independent. While Theorem 5.2 is valid
in discrete time or with correlated arrivals, we do give any formula in these cases to simplify
the notation. The derivation of the other formulas can be done easily.

The notation is as follows: customers arrive in i.i.d. batches of mean length b and second
moment 5 at the instants of a Poisson stream with intensity A at each station. The time
between two polling instants when the first queue is not empty (resp. empty) has mean
and second moment 7 and 7® (resp. 7 and 7). We must keep in mind that in general 7
depends on P like ¢, in Equation (3.1): if 74 is the mean time between two consecutive
polling instants at stations ¢ and 7+ d, then we have r = py7 4+ - - + pny7n. However, in most
symmetrical polling models that have been previously analyzed, the switch over times are
equal and 7 does not depend on P. We will say in this case that the stations are equidistant,
which is obviously not the case in our original taxicab problem. The same holds for 7@ 7
and 7@,

Theorem 6.1 Assume that A1, A2 and A3 hold. Then the mean stationary waiting time
of a customer is given by the relation

Fooo NAbT® 7@
E[W] = [ ] T
EW] = TN wr ,; —al Taa = men) T 2E
bO — b7+ (N —1)7 7 o —

L) [ T—NMr 1= Nabr Z = (6.1)
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Proof See Appendix C. »

One surprising consequence of this this formula is that when the arrival process is Poisson
and the stations are equidistant, the mean waiting time does not depend on the routing P.
In other words, it does not depend on where the server goes after serving a customer.

Beside giving the mean waiting time for a customer in our taxicab model, Equation (6.1)
contains in fact many known formulas for waiting times corresponding to various service and
‘polling strategies. In the next subsections, we give some of these applications.

A notation closer to the classical queuing theory notation is necessary to make the link
with known results. Let w (resp. @) be the mean walking time—or switch over time—
from a non-empty (resp. empty) station and let o be the mean service time required by the
customers. We note w®, % and ¢® the associated second moments.

6.1 A state-independent Markovian polling model

The first possible application of our model is the classical state independent polling model
with 1-limited service strategy. In this model, we have P = P T=w+o0,7=wand (6.1)
‘becomes

w i | NAb(w® + 2wo + o@)  w®
1 — NAb(w + o) g 1—w 2(1 — NXb(w + o)) + 2w
b® ~b Nw+o
T2 1-NM(w+o)

E(W)

This formula is valid for all symmetric polling models with Markovian polling. It is
interesting to note that, in the case of equidistant stations, there is only one term of the
formula which depends on the routing. To compute this term, we remark that, if P(z) is
the characteristic polynomial of P,

N-1 1 N-
Zl—_ = Z logx—#z)

da,

r=1

”l,‘—l =1

The case of the cyclic polling is obtained by taking p; = 1 and pg; = 0 for d # 1. Then
the eigenvalues of P are wi,...,wny and P(z) = 2 — 1. So in this case, we have

= N -1

?; T2

= 1—#1‘

Another classical polling strategy is the random polling with pg = 1/N for all d. In this
case, we have g = 0 for | < N and

N-1

=N-1

=1 1 i



The comparison between formulas for cyclic polling and random polling shows that the
mean waiting time is smaller in the cyclic case. In fact this property can be generalized to
all Markovian polling models.

Lemma 6.2 Among all Markovian polling strategies for symmetric 1-limited polling mod-
els with equidistant queues, the cyclic polling strategy minimizes the waiting time of the

customers.

Proof This result is very easy to prove from Equation (6.1). We have

N-1 1 N-1 )
- = R
l=11_'u1 =1 (1—/'”
= 1 —R(w)

= 20 R(w) + P - 1
where R(z) is the real part of z. Since |ui| €1 and 1 —R(y;) €1, we find that

= U N-1
1=11_“’ 2

The bound is attained if and only if for all {, |g;] = 1. Since g, is the center of gravity of
wl,...,wl with weights pi,...,pn, this is only possible when for some s € S we have p, = 1
and pg = 0 for d # s. When s is not a divider of N (to ensure that the routing matrix is
irreducible), this is equivalent to cyclic polling. =

This property also holds for discrete time systems and systems with correlated arrivals.
The computation would be more difficult in the case where the stations are not equidistant.

6.2 The exhaustive and Bernoulli service strategies

An interesting application of our model is to show that some service strategies can be ob-

tained by a proper choice of polling strategy. In this subsection, we show how we can apply -

our model to exhaustive and Bernoulli service strategies.

Consider the case where the stations are equidistant, except that the switch over time
from a station to itself after a service is zero. Then, if we denote py = 1 — 7, we have
r=rw+o0o, 7™ =7w? 4 21rwo + P, T = w and 7? = w?. If we assume for the sake of
simplicity that the arrival process is Poisson, (6.1) yields

i: N/\(mv"’ + 21wo + o®) 4 w®
l—N/\ (mw + o) o —;u 2(1 = NX(mw + o)) 2w’

E[W] =

The value of E[W] depends on P only through the value of py. One known model that is
described by this equation is the Bernoulli strategy of Servi [13]: when the server has served
a customer, it quits the queue with probability 7 and continues to serve it with probability
1 — 7. In the original model, the server polls the queues in cyclic order. Here, we have a
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Markovian Bernoulli polling model if we take P = (1 — )] + nP. It is easy to check that
this choice of P satisfies A3. Moreover, E[W] is an increasing function of 7 that is minimal
when 7 = 0. This case corresponds to an exhaustive service strategy with Markovian routing
P: the server polls the same queue until it is empty and then moves to another queue using
the routing matrix P. In this case, Equation (6.1) simply becomes

N-1
w 1 NAog® w'?
E(W] = .
Wi 1—1\’A0§1—;11+2(1—N/\0)+2w

Using Lemma 6.2, we find that the above expression is minimal when P describes a
cyclic polling scheme. Further comparisons between different polling strategies can be found
in Levy, Sidi and Boxma [10].

A Second vector field

This appendix contains some basic definitions and results from the theory of dynamical
system. These definitions have been adapted for the Markov chain £ defined in Section 2.
We refer the reader to [11] and [4] for a more complete treatment of the subject.

Faces. For any A C {1,..., N}, define B* C RY as
B = {(a1,...,2n): 2 > 01 € A}

B”" is the face of IRf associated to A. Whenever not ambiguous, the face B” will be
identified with A.

Induced chains. For any A # S we choose an arbitrary point @ € BN Zf and draw a
plane C” of dimension N —|A|, perpendicular to B" and containing @. We define the induced
Markov chain £*, with state space S x (C*N Ef) (by an obvious abuse in the notation, we
shall write most of the time S x C*) and transition probabilities

AP(s,B)(t,5) = Ps,o)(tn + Z Py, V4T ECH, st €S,
TEY .

where the summation is performed over all ' € Zf, such that the straight line connecting 2
and ¥ is perpendicular to C*. It is important to note that this construction does not depend
on a.

A4 For any A the chain L" is irreducible and aperiodic. A is called ergodic (resp. non-
ergodic, transient) according as L is ergodic (resp. non-ergodic, transient).

For an ergodic £, let n"(s, ), (5,¥) € S x (" be its stationary transition probabilities.

Moreover, let 7”(s) (resp. (s, a5 > 0)) be the stationary probability that the server is at
station s (resp. and finds it nonempty). '
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First vector field. For any (s,Z) € S x Z¥, the first vector field is sxmply the mean drift
of the random walk £ at point (s, Z):

M(s,©) ¥ 3 (§-HP[X(n+1)=7S(n+1)=r|X(n) = £ S(n) = 5.
res, yGZN
Let 9" = (v),...,vN) such that
v = 0,1¢€A,
o= Y wNs, )Mi(s,E), i €A
(s, L)GSXC"

Intultlvely, one can imagine that the random walk starts from a point which is close to A, -
but sufficiently far from all other faces BA', with A ¢ A’. After some time (sufficiently long,
but less than the minimal distance from the. above mentioned B"'), the stationary regime in
the induced chain will be installed. In this regime, one can ask about the mean drift along
A: it is defined exactly by *. For A = &, we call A ergodic, by definition, and put

gltoNY = $° nlleNY(6) M (s, ), & € BN
s€S

From now on, when speaking about the components of ¥", we mean the components v}
with ¢ € A.

A5 v #0, for each i € A.

Ingoing, outgoing and neutral faces. Let us fix A, Ay, so that A D Ay, A # A, that is to
say B® D BM (?A is the closure of B"). Let B" be ergodic. Thus 9" is well defined. There
are three possibilities for the direction of 7" w.r.t. B*. We say that B” is an ingoing (resp.
outgoing) face for BM | if all the coordinates v for 1 € A\ A, are negative (resp. positive).
Otherwise we say that B” is neutral. As an example we give simple sufficient criteria for a
face to be ergodic.

The second vector field. To any point ¥ € IR+, we assign a vector v(Z) and call this
function the second vector field. It can be multivalued on some non-ergodic faces. We put,
for ergodic faces B*,

v(%¥) = 9", ¥ € BN

If B™ is non-ergodic, then at any point & € B!, 4(Z) takes all values 9" for which B" is
an outgoing face with respect to B"'. In other words, for ¥ belonging to non-ergodic faces,
with ||Z]| sufficiently large,

I+9(F) e RY,
for any value &(Z). If there is no such vector, we put (&) = 0, for £ € BM. Points ¥ € R},
where ¥(Z) is more than one-valued, are called branch points.

There are few interesting examples, for which only the first vector field suffices to obtain
ergodicity conditions for the random walk of interest, but it is nevertheless the case for
Jackson networks. In general, the second vector field must be introduced as shown in the
following theorem, taken from [11] (and extended in [5] to the case of upward unbounded

jumps).
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Theorem A.1 Assume that there exists a nonnegative function f : IRf — IR, such that,

(¢) for some constant ¢ > 0

f@) = f(y) < el —ll;

(it) there ezists § > 0, p > 0 such that for all z € B"
f(Z +v(Z)) - f(£) < -6

Then the Markov chain L is ergodic.

B Some simple results about circulant matrices

In this appendix, we recall some well-known properties of the circulant matrices which are
used throughout this paper. These properties are given without proof, since they can easily
be verified at hand. Throughout the paper, we take the convention that every subscript less
than 1 or greater than N should be shifted into the correct range.

Let (€),...,En) denote the canonical basis of CV and let & = (1,...,1). Moreover, we
define wy = exp(2irk/N), with 2 = —1.

Definition A circulant matriz M of size N is a matriz whose coefficients m; ; verify the
relation: "
Mgk j+k = Mij, foralll < 7,5,k < N.

The following Lemma summarizes some key properties of these matrices:

Lemma B.1 Let M be a circulant matrix of the form:

mny myN—-yp = MMy
my mpy R (%)

M=
my_q1 Mmy_2 -+ MmN

N .
Then for each 1 < k < N, the vector 7 = ,_, wi'€ is an eigenvector of the matriz

N . f - . .
M with eigenvalue 5°,_, wim;. Moreover, (U\,...,Un) is an orthogonal basis of CV in which
€1,...,€n can be expressed as

One important feature of circulant matrices is that they share the same basis of eigen-
vectors. Note that, with the notation given before Lemma B.1, we have vy = €. Circulant
matrices enjoy other properties that are not used here: for example, the product of two
circulant matrices is a circulant matrix and this product commutes.
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C Proofs of the results of Sections 5 and 6

Proof of Lemma 5.1 This proof uses speciﬁc properties of circulant matrices to perform
a fine analysis of the behavior of A(Z), A(Z) and A(Z) in the neighborhood of 7 = &. As
pointed out later in the proof, we study these matrices only for Z € DV, thus avoiding any
analytical continuation. The basic relation used thereafter is a simple consequence of the

definitions of A(%) and A(2):
N
o d d 1
ALEYT = e+ L5 = DAL, (C.)

where A.,(%) stands for the ¢-th column of A(Z) and can be written as

Aq(é') = Z ]),‘_q(t,‘_q(.’?)é‘,‘

So, if we define

e 1N q
EI(Z) - _,Z(_ - 1)w[a
]\ g=1 :q
(C.1) can be rewritten as
N
[ - AA(D)or = (1 — (D)o - ZE( (Dw(2) 9 (C.2)
A7) - ADENBe = () — (D)5 - Zez (D)D) (C.3)
Since "€[I — AA(&)] = "E[A(€) — AA(E)] = 0, we define, for any set of arbitrary complex
numbers (c;,...,cn-1), the vector @, as follows:
det 1 t N-1
Uy = N -+ N 2. vy
With this definition, we have
té‘ t N—l
a4 [I — AA(2))E = W[I — AA(D)]e+ N av [l — AA(D))e
i=1
= 1 —pun(2) —co(D)un(?) -t Z ez (C4)
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When ¢ is small, we have the relations:

pn(z) = 1+f02~q+—za“’zqzr

"’qu

.

t2Cl' N :
+ = D F + o(t?) (C.5)

< g=1

N
An(Z) = 141taY 2+ 5 D Gorzeir

The formulas given in Appendix B allow to derive some basic relations between z,,.. ., 2y
and (;,...,(nN:
1N N N N
o 5.9 L= s 5 — VA d
Gk = N Z ZqWps 2= Z Cowt s Z ZqZq+d = NZC‘CN““)I :
=1 9=1 =1

g=1

Using the remark after the definition of af) and &), we find that:

g,

Z all) 2.z,

q,r=1

N N N N
Z PO Zedera = N Y GlN- Zafi?)wl
d=1 g=1 =1 d=1

Applying (C.5) and (C.7) to (C.4), we see that the first-order term in the expression (C.4)
is (a — 1/N)t[z; + --- + 2n]. So a necessary condition to have a formula like (5.8) is 2, +
-+ zn = 0. Using this relation, we have

N-1 N

T I - AA(E)E = 2 el — 12 (lney
=1 =1
N

N
—t —ZczCN zzad wj
1 - Na N
+?2—37\7—qu + o(t?). | (C.8)

We have to check that it is possible to have 5, € DV and %, + --- 4+ zy = 0. One easy
way to satisfy these constraints is to ensure that all coordinates of 5, arrive to 1 tangentially
to the unit circle as ¢ goes to 0. This is the case when, for any g, 2, is an imaginary number
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and Z, < 0. Moreover, for k < N,

0 [ - AA(Z))0, = (5:) N(Ze) + tee(l — pi(Z))
-1
t cier-i( 2? Eg) ,
=1
= tiy_x +ta(l = Ki) + o(t). (C.9)

This shows that we get equations (5.6) and (5.8) from (C.8) and (C.9) if we take

éN—k
Cp = — .
1-— Hk
With this choice of ¢y, ..., cn—1, we obtain equations (5.9) and (5.7) in exactly the same

way. [ ]

Proof of Theorem 5.2 The idea of this proof is to apply the results of Lemma 5.1 to the
equation

@ [ — AA(Z)F(Z) = @ [A(5) — AA(Z)]F(Z). ' (C.10)

Define 7, as in Lemma 5.1. Then

F(3)=F a+tz~,.f (&) + (1),

Moreover, Equation (5.1) implies that 0F;/0z.(€) = OFi-;4m /02, (€) for any fixedm € S

and

oF N OF,
azr(a - Z().., g)&
dn—r m 1 d 1 -
- Z[ a,+ (g)ﬁzwk”k]
=1 ~m k=1

N r—m 1 N aFi—" M=% t—r4m
= LZ:ILJL. [,\721 027: (e)wL * ]Uk

N
7 m 079“ -‘ o
= L gRan,
= ()"7)1

where (¢1(2),...,9n~n(Z)), defined as

are the coordinates of F(Z) in the basis (&}, .... on). Finally,

F(5) = F(&) +f\’Zng'"‘g  (€)T) + a(t). ©(C.11)

k= ~m

(S
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With a similar definition for $(Z),

B N . . )
F(Z)=F@+tNY ckw;mgz—’i(éwk + 8(t). (C.12)
k=1 m

We now apply Lemma 5.1 and Equations (C.11) and (C.12) to Equation (C.10) and use
the fact that, by symmetry, F(€) = F|(€)€ and F(€) = Fy(€)¢

S (of! - & )wz]

2F, é,){ ZC!CN![ +N§:a(2) d]

d=

1
= *F, 5){ ZQIQA 1[1

1—Na+Na

d=1

zzq}

oy 1 0 :
+tN§=jlck<N_kwk T (@ +olt”).

As % can be chosen freely, we can derive a first equality from this equation, namely

l—Na ~ 1-Na+ Na
Fu(d) = R0

Since Fy(€) = 1/N, this yields Equa.tion (5.10). Taking in account this relation, we find

N-1
.. /-/'k akPk
—RWE
2 CeCN -k — 9
- N-1
a s 1 1
= T1-Na+Na z; C‘CN“’[Nl —w
— Nal X
+ - Z aPuwd + —— &ff)w;‘]. (C.13) .
2 d=1 . Né& 2 d=1

This equation contains in fact a system of linear equations that can be built by choosing
z. The problem is that in general the rank of this system is only |n/2]. However, since

(resp. UN—k, fik, in—k) is the eigenvalue of * P- (resp. P, P P) associated to the eigenvector
Uk, A3 implies that, for 1 <k < N,

1 — p _ 1 — puyes
1 — fig 1 —pnN—k

€ R.

As noted in the proof of Lemma 5.1, 3;,..., iy are imaginary numbers and Celnok is a
negative real number for any k < N. Hence we can choose in (C.13)

sl 1 =
Glveg = —mm[1 “,0].

— /Lk
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The combination of the resulting equation with a similar equatlon containing only the

terms where (1 — pui)/(1 — i) < 0 yields
N-1

-m

w €
k 9z,

k=1
~ N-1 1— Lk

a [1 1
1—Na+1\f&,l N1
N - N IN '
P {) (C.14)

1
(2) d
+;Zad w; + Af"
“d=1

We know that, by definition, F,,(Z) does not depend on z,,. Hence,

OF,, N O3k
@)= Y wim =2 (8) = 0,
amn; k=1 “m
and, using Equation (C.14)
OPN & e I U |
P - e & T
0z l=Na+Na HIN1-[
+ 1= [112 dg:l[ad + N,, d ]w, (C.15)

The last step of the demonstration is to get 0F,,/02,(€) from these results. This can
= é/N and %, chosen differently. Using Equa-

be done as in Lemma 5.1, but with @, =
tions (C.2), (C.3) and (C.5)-(C.7) with the same notation as in Lemma 5.1, we have for

k<N

—[1 — AA(Z))E = 1 —pun(E) — ol Z)un(Z)
N

= t(1- Na)in — 23 &ilnor + 2Nal}
1 1 .

(2) d

—t —ZQIQN lzad W +0

U =A@ = —ens(Eden(E) = tni+ ot
SIAGE) - AMENE = fin(F) - pav(E) - colZ)un(F)
. N . . .
= (1 - Na+ N&a)(n -2 Gln-i + *Nalh
=1
+t —ZQIQN 12[0(2) (2)]wl +0(t2)
We[g(gt)_ AGE)G: = —en-i(Z)un(Z) = t{n-r + ot)
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Combining these equations with (C.11) and (C.12), we find

N N B
_tZF,(é){Zg,gN ,[1 + = Z off)u.,d] Nagfv}

=1

. oo )
+ﬁN§29@4%“§ﬁ@+ﬂNu—N 3@
k=1
- _2fy@ {23&N4L+_§]¢”_aypﬂ_nba}
N-1
0
+12N Y Glvorwi ()w(“)
k=1 “m
+t?N(1 — Noa+ Na )gNaa (€) + o(t?). (C.16)

“This equation in turn gives for (1 — No‘)g.',zv =1 and é;éN_l =1if1<I<N

N ) N& 9¢, Na
- Pk a ©N a
m — 1
g ()~m (€) l—Nafi)z,,l(é')+1—Na+N&[ +
].N N J 1 1 N
_ (7) el (2)
‘2;; wl+l_No‘2d=1ad
—~No1l 32 E 1 1 &,
52 2 afuf + 75 2 6
N 20 Né&2 i

This expression, together with (C.15) and (5.5), yields Equation (511) The derivation
of (5.12) is done in a similar way: we use the fact that

N OF; 3]
X Z() -') = Ala_ily‘(g)'

We use Equation (€.16) with gi =1 and ((n_x = 0.for k < N and find

don

(1 - Na)N (é)
Oz
- & [] Na + N f,:[ @) 4 1 - Na ~(2)]]
T IT-Nat+nNal TR &l T TN
Oz
+(1 = Na+ Na)vEEE(e),
This gives Equation (5.12) and concludes the proof of the theorem. ]

Proof of Theorem 6.1 We see easily that the mean numbers of clients arriving between
polling times are respectively a = Abr and & = Ab7. Moreover, using Equations (5.3)

o
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and (5.4) and the properties of generating functions we find that, for d < N

ol = a® = AW
ay = a? +A? - b)r
~,&?) = &2 = A\2p2 7

C&R = @™ 4 AP - b)F.

The computation of waiting times uses the following classical argument: a non empty
queue visited by the server can be decomposed into

o the head of line customer;
o the clients who arrived after him during his waiting time;

o clients who arrived in the same batch as the first client, but are not yet served; since, by
renewal arguments, the mean size of this batch is b /b, the mean number of remaining
clients is (b — b)/2b.

This can be written as

(2)
E[Xp|S = m, X > 0] = 1 + AbE[W] + = —5
and, using the fact that Zdﬂ aPwl = oy —a®,
E[X,|S = m] b —p
WEW] = 1-P(X,, =0|S=m) 1= 2b
= N-1
o 1 1 N 1 N
= oty
1—Na§ 1 T T-Na2® TNaz®
b —bla+(N-1)ad  Na 1 NZ w—
2b 1-Na 1- NaN — l—m
= N2 r® ,\brm
= Z +: + 5=
1~ NMr = 1 - 2(1 — NAbr) 27
b"’ —b|AbT + (N — 1)Xb7 AbT Z =
% [ NXbr  1-NXbr & 1—
This gives Equation (6.1). : =
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