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Une note sur la commande robuste de
systemes nonlinéaires avec dynamiques
non-modélisées sur ’entrée

Résumé : L’objet de cette note est de proposer, grace a de nouvelles lois
de commandes, de nouvelles preuves des résultats obtenus dans I’article “Ro-
bust control of nonlinear systems with input unmodeled dynamics”, ou Krsti¢,
Sun et Kokotovi¢ résolvent un certain nombre de problemes de stabilisation
en présence de dynamiques non modélisées affectant les entrées. Leur solution
fait apparaitre, dans le controleur, un “signal normalisateur” qui détecte les
effets des dynamiques non modélisées. Nous montrons ici que cela n’est pas
nécessaire. La solution que nous proposons consiste, apres un changement de
coordonnées qui rend ceci possible, a appliquer la technique d’ajouts d’intégra-
teurs en propageant la propriété de stabilité entrée-état selon une technique
due a Jiang, Praly et Teel. La taille de 1’état des controleurs suggérés ici est
inférieure a celle du controleur proposé par Krstic, Sun et Kokotovié.

Mots-clé : systemes non-linéaires, stabilité asymptotique globale, stabilité
entrée-état, petits-gains non-linéaires



A note on robust control of nonlinear systems 3

1 Introduction

In a recent series of the papers [1, 2, 3, 7, 9, 10], various versions of the small-
gain theorem have been established for general nonlinear systems and have
been used to tackle local and /or global stabilization problems of nonlinear sys-
tems in presence of state driven dynamic perturbations. More recently, Krstic,
Sun and Kokotovi¢ [5] have stated the problem of input driven unmodeled
dynamics. They have proposed a solution for the case where these dynamics
are linear and the nominal system is basically of the feedback form. Both state
and output feedback have been studied. But the main originality is in the
incorporation of a so-called dynamic nonlinear damping, technique borrowed
from the adaptive linear control field [6].

In this note, we take advantage of the linearity assumptions made in [5]
to show that the input driven unmodeled dynamics can be embedded in state
driven unmodeled dynamics for which the solution is already available as men-
tioned above. As a consequence, this extra dynamic nonlinear damping signal
appears as not necessary (although it may be helpful for performance).

We refer the reader to [8, 3, 1] for basic definitions on input-to-state stability
(ISS), input-to-state practical stability (ISpS) and other related facts.

2 Design tools

As in [5, Lemma 3.1], we consider the control system subject to input unmo-
deled dynamics ¢ :
z = f(z)+g(z)(wu+pck), z€R, ue R 0
£ = At+bu, €€

where f, g are smooth known functions, A, b and ¢ are unknown matrices
of appropriate dimensions, A is asymptotically stable, and w, p are unknown
constants.

We have :

Lemma 1 Assume g satisfies :

z#0 = g(z)#0. (2)

RR n°2293



4 Zhong-Ping Jiang , Jean-Baptiste Pomet

Assume further that there exists a smooth function o such that & = f(z) +
g(z)a(z) is GAS at x = 0. Under these conditions, given a strictly positive
real number ¢6,,, there exist a positive real number p* and a smooth function 9
such that, for all p in (—p*, u*), the closed-loop system (1) with uw = ¥(z)+v
1s 1SpS with v as input provided that w > 6,,. Furthermore, if g is such that
g(z) > 6, > 0 for all z in IR, we can render the closed-loop system ISS, and
LES when v = 0.

Proof. Pick any ¢ in (0,00) and let ¢ be a smooth function such that 0 <
o(z) <1lforall z € R, p(xz) =1 for z in (—o0, —&¢] U [gg, ), and ¢(z)/g(x)
is a C! function. Then introduce the following new variable :

£ = _%b A ‘;((j))ds. 3)

Note that if g(0) # 0, we can take ¢ = 1. In the new system of coordinates
(z,€), the system (1) is rewritten as :

pch @ w(S)ds) (1)

b= f(a) 4ol (v e

w Jo g(s)
oo o 2
DI | b,
wg(x) + pub(1 — o(z))u . (5)

Now to any fixed C” function u(x), we can associate the positive real number :

&y = sup[b(1 - pl))u(e)] = max b1 - pla)ulz)] < +oo.  (6)
This number is 0 if g(0) # 0. Also, we see that, given any (fixed) positive real
number kg, there exist positive real numbers p* and k such that, for all x4 in
(—u*, 1), the &-system (5) with input = and output (554_ I:U%b I 5((:))615) is
input-to-output practically stable (IOpS) (resp. I0S if g(0) # 0) [1, 3] with
gain function ¢ :

ve(s) = klplde(s)  Vpe (—pu'), (7)
) = ko(oeman{|[ G50 PR 0

INRIA



A note on robust control of nonlinear systems 5

This means that this gain 7 is known up to the multiplication by a real number
and is linearly bounded on a neighborhood of 0. Note that k in (7) goes to 0
as kg goes to oco.

With in mind the idea of applying the recent Small-Gain Theorem |3,
Theorem 2.1] or [1, Théoréme 1.9], we follow the technique of gain assignment
proposed in [3, Corollary 2.2] or [1, Théoréeme 2.1] for the system :

& = f(z)+g(z)w(v+d) (9)

with u and d as input and z as state. [3, Corollary 2.2] or [1, Théoreme 2.1]
do not apply readily since g(x) may vanish. Nevertheless, with (2), we see that
the result can be easily extended to this case.

By hypothesis, there exist a function 73 of class K, and a smooth positive
definite and proper function V' such that :

ov

5 @) +g@a@)] < —x(le]) VeeR. (10)

Taking the time derivative of V along the solutions of (9), we have :

: ov

Vo< =s(lel) + 5-(2)g(2) [w(u + d) - a(e)] . (11)
Following the same lines as in [7, Lemma A.1] (also see [1, Lemme C.5]), we
choose a smooth function 7, which is of class K, linear on a neighborhood
of 0 such that :

5¢(25) < 974(s) Vs> 0. (12)

The inverse function ;! of v, is also smooth, of class K., and linear around
zero.

Because of (2) and the fact that %—Z(az) = 0 iff z = 0 (see (10)), we can
divide our study into the following three cases :

Case (a) : The sign of %—Z(m)g(m) is constant, i.e. ‘Z—‘z/g = %g or = —%—Zg.

Case (b) : %(x)g(x)x > 0 for all z # 0.

Case (c) : %—Z(m)g(m)x < 0 for all z # 0.

RR n 2293



6 Zhong-Ping Jiang , Jean-Baptiste Pomet

In Case (a), by choosing the following smooth control law :

@S @)gle)

Hz) =

— 2(1+&2)sgn < ) [7 z? + 1) 7;1(\/5)] (13)

with €1 and e5 two strictly positive real numbers. Then (11) with v = d(z) + v
gives :

Vo< —yllal) + o "
+ w g—Z(x)g(m) |d + 9] — 2(1 + &) (%1(\/@)_%1(@))]

According to Sontag’s ISS algorithm [8], from (14), it follows that there exist
a function 3, of class KL and two functions v,, d, of class K such that,
associated to any measurable essentially bounded controls &, v : IR, — IR?,
the solution z(t) exists for all ¢ > 0 and satisfies :

[z(8)] < Ba(|2(0)],8) + Yalllvell) + v2(lldill) + du(e) (15)

Namely, the z-system (4) with v = ¥(z) + v is ISpS with (v,d) as input and
v, as gain.

In Case (b), the same conclusion holds. Indeed, in this case, we choose the
following smooth control law in place of (13) :

1 o(z)? L0V
4615,,1) 81‘

d(z) = — S-(2)g(z) — 2(1+e2)y, (|al)sgn(z) . (16)

For the case (c), the procedure is similar.
Therefore, thanks to (12), the nonlinear small-gain theorem [3, Theorem
2.1], or [1, Théoreme 1.9] allows us to conclude the first point of Lemma 1 if :

pwk < 1. (17)

The second point is proved as in [3, Corollary 2.2] or [1, Théoréme 2.1] just by
taking advantage of the local exponential stability. O

INRIA



A note on robust control of nonlinear systems 7

Next as in [5, Lemma 3.2], for the higher-dimensional system with input
unmodeled dynamics £ :

X = F(X)+GX)z, XeR+!

t = f(X,z)+g9(X,z)(wu+pucf), z€R (18)
£ = Af+bu, EcIRP

with the same notations A, b, ¢, w, p as in (1), we have :

Lemma 2 Assume g satisfies :
9(X,z) > 6, >0 forall (X,z)and some known 6, . (19)

Assume further that there exists a smooth function o which is zero at zero such
that X = F(X) + G(X)a(X) is GAS at = 0. Under these conditions, given
a strictly positive real number 6,,, there exist a positive constant p* and two
smooth functions K, O which are zero at zero such that, for all p in (—p*, u*),
the system (18) in closed-loop with w = ¥z — K(X)) + v is ISpS with v as
input provided that w > 6,,. Moreover, if X = F(X)+ G(X)a(X) is LES at
X =0, then we can render the closed-loop system ISS, and LES when v = 0.

Proof. In the light of [8, Theorem 1], there exists a smooth scalar function K,
K(0) =0, so that X = F(X) + G(X)(K(X) + w) is ISS with « as input with

a known gain function. Introduce the following new variables :

z = z— K(X) (20)
: _,u_b ©  ds
& ="/ oX.5) (21)

In coordinates (X, 7, £), the system (18) is rewritten as :

X = F(X)+GX)(K(X)+7) (22)
T = f(X,7)+9(X,7) <wu + € + ,uuc)b '/0 o g(j;, s)) (23)
£ = ( ) (A - M%) %b / o g(i‘is) + %bZ(X,T) (24)

RR n 2293



8 Zhong-Ping Jiang , Jean-Baptiste Pomet

where
f(X,7) = f(X,K(X)+z) + g—i(X)[F(X)JrG(X)(K(X)+f)](25)
9(X,7) = g(X,K(X)+7) (26)

e — [F(X) 4+ GX)K(X)+71T)]ds (27)

/ﬂK(X) 24(X,s)
0 9(X, s)?

We remark that the X-subsystem with Z as input and /j”—czb fOK(XHE % as

output is IOS with a gain function which is known up to the multiplication by
a real number which goes to 0 as p goes to 0. Also, with our choice of K(z),
there exists a positive constant u* such that, for all g in (—u*, u*), the £-system
(24) is IOS with 7 as input and 55 as output. Moreover, as in the proof of
Lemma 1, the gain function is, as above, known up to the multiplication by
a real number which goes to 0 as u goes to 0. So, the (X, &)-system is 10S
with Z as input, £& + £ foK(XHE %
is known up to the multiplication by a real number which goes to 0 as p goes
to 0. Moreover this gain function is linearly bounded on a neighborhood of 0
whenever X = F(X)+ G(X)K(X) is LES at X = 0. The latter is guaranteed
if X = F(X)+ G(X)a(X) is LES at X = 0 (see [8, Proof of Theorem 1]).
Therefore the proof is concluded as for Lemma 1. O

as output and a gain function which

3 Main results
As in [5, Section 4], we first consider the so-called feedback linearizable system :

.’i’i = Tj41, 1§’LSTL—1

i, = f(z)+ g(z)(wu + pcf) (28)
¢ = Af+bu, E€RP

with A, b, ¢, w, p asin (1), w > §,, > 0, f(0) = 0 and g(z) > 6, > 0 for all
z=(21,...,2,) in R".

INRIA



A note on robust control of nonlinear systems 9

Noticing that there exist appropriate constants k;’s such that u = Y77 k;z;
globally exponentially stabilizes

T, = Ty, 1<i<n—2 (29)

:-'v'n—l = U,
a direct application of Lemma 2 gives :

Theorem 1 We can design a smooth function ¥, which is zero at zero, such
that for some positive constant p* and all p in (—p*,p*), system (28) in
closed-loop with u = ¥z, — Y7 kiz;) is GAS and LES at (z,¢) = (0,0).

Remark 1 In sharp contrast to [5, Theorem 4.1], we do not use dynamic
feedback controls. Also, our control law exploits only the information of the
scalar “output” z, — E?:_ll k;x;.

Then we study the strict-feedback systems with multiple “input” unmode-
led dynamics &; as in [5, Section 5] :

r

T, = wiIE,H_l+MCi&+fi(x17"','r‘i)

‘i = All+bz$2 N iGRpi,ie 1,...,77,—]_
3 ¢ +1, & { } (30)

Tn = wWut+ peybn + ful@, ..., )
é"’n = A"Lé'n + bnu b gn E an

\

where f;’s are smooth and zero at zero, A;’s, b;’s and ¢;’s are unknown ma-
trices of appropriate dimensions, A;’s are asymptotically stable, and w;’s,
are unknown constant. Suppose that for i in {1,...,n}, 0 < 1 < w; < G2
for two known constants 8,1, d.,0.

For this system (30), like in the proof of Lemma 1, we introduce the follo-
wing new variables :

_ b; .
£ = u{i—%xi, Vie{l,...,n}. (31)

P

RR n 2293



10 Zhong-Ping Jiang , Jean-Baptiste Pomet

In the new system of coordinates (z,¢), system (30) is rewritten as :

. z cib;
T; = wixi+1+ci§i+ a . $i+fi($1,...,$i)
= bLC’L - ) b,ic,i bL bi
E = (A~ o+ (A~ p) P Bipiay, ) (32)
w; w,; w; w;
ief{l,...,n}
with z,,1 = u. Note that, for sufficiently small real numbers u, each &-

subsystem of (32) is ISS with (zy,...,z;) as input, and GES when z; = ... =
z; = 0. Hence system (32) differs from system (30) by the fact that (32) be-
comes a system with ISS unmeasured dynamics generated by the state.

Now we will apply the technique of propagating the ISS property through
integrators proposed in [3, Section 4] (i.e. [3, Corollary 2.2, Proposition 3.2 &
Fact 1]) to design smooth stabilizing controls for (32). For this, we first rewrite
each z;-subsystem of (32) as :

. C; = Czbl 1
T, = w; <Jii+1 + —& + K 3 Z; + —fi(wl, e ,J)Z)) . (33)
w; w w;

)

Then we remark that there exists a positive real number k; such that, for
sufficiently small p, the & -system is input-to-output stable (IOS) with output

C1 - Nclbl 1

—& + —5—z1 + — fi(z1)
w1 w9 w1
and gain function g, :
1 .
Ya(s) = s+ 5 max |fi(en)] + kalulfg (5) (34)
() = max{la] + Ao} (39)

This means that this gain function 7, is known up to the multiplication by a
real number and is linearly bounded on a neighborhood of zero. So given any
positive real number kg1, there exists a positive real number p* such that g

INRIA



A note on robust control of nonlinear systems 11

is bounded by a known K -function which is linearly bounded near zero, i.e.
for all g in (—p*, p*) and all s in Ry,

1 .
e (s) < s+ 5. pax | fi(z1)] + kor¥g, (s) - (36)
These properties will be used in the first step of the recursive design procedure
[3, Section 4]. Similar properties can be established in the next steps.
Consequently, by applying mutatis mutandis the analysis developed in [3,
Section 4] to system (32) (also see [1, Section 2.2.2]), we establish the following :

Theorem 2 There exist a positive constant p* and a smooth partial state
feedback O(z1,...,z,) such that, for all p in (—p*, pu*), the null solution of
the system (30) in closed-loop with uw = (z1,...,z,) is GAS.

Next result concerns the perturbed output feedback system which has been
studied in [5, Section 6] :

t = Fo+é(y)+9l(1+ ug)o(y)u+ ucf], = R
£ = Af+bo(y)u, £€IRP (37)

y = I

0
. -[n—l

F= , 9=0(0,...,0,0m,---,90)", gm #0 (38)

0 ---0

where ¢ is a constant and A, b, ¢, u are as in (1), ¢ is smooth and zero at
zero, o(y) # 0 for all y in IR. Assume that g,,s™ + -+ + g15 + go is a Hurwitz
polynomial.

Our goal is to find a dynamic output-feedback u = ¥(y, X), X = w(y, X)
which globally asymptotically stabilizes (37) at (z,£) = (0,0).

For the purpose of getting such a stabilizing output-feedback controller
for (37), inspired by the similarity transformation utilized in for example [4,
eq. (3.16)], we intend to find an appropriate linear change of coordinates
(X,2,6) = M(z,£) which transforms (37) into a special feedback form (cf.

RR n°2293



12 Zhong-Ping Jiang , Jean-Baptiste Pomet

egs. (43), (62)) where all the dynamic perturbations are generated by the out-
put y. Then using a separately designed partial-state observer as in [7], we are
left with a special set of strict-feedback systems with ISS inverse dynamics (|3,
Sec. 4]). So the problem is solved by applying our small-gain methods.

We first consider the case when n — m = 1. It is easy to treat. Indeed, in
this case, by choosing the following change of coordinates :

Iry = I (39)
z = (H()El, In,1)$ (40)
_ b
¢ = p— —x 41
gn-1(1+ pg) 1)
where e; = (1,0...,0)7 in R""! and H, is an asymptotically stable matrix
given by :
_gan/gnfl I
Hy = : 2| (42)

—90/gn—1 0---0
we bring system (37) into :

: £ b gnoo
= n— ]- n— B
Z1 Gn-1(1+ pq)o(z1)u + gn_1c€ + (1 i + gn71)$1 + Byz + ¢1(z1)
z = HOZ + Go(a?l)
< be - b b
§ = (A-E)i+(a- ) —= (43)
1+ pg 1+ g’ gu—1(1+ pq)
ub(Boz + ¢1(z1) + 2=22q)
gn-1(1+ pq)
where By is a constant row vector and Gy, with Gy(0) = 0, is the smooth
function defined by :
Go(y) = —Hiery + Hoer¢1(y) + (¢2(y), - -, du(y)” - (44)

Note that, letting z = (27, £7)7, for sufficiently small y, the obtained Z-system
is ISS with z; as input (see [3, Proposition 3.2]), and GES when z; = 0. As

INRIA



A note on robust control of nonlinear systems 13

a consequence there exists a positive real number p* such that, for all p in
(—p*, 1*), the z-system is IOS with input z; and output :

c cb ' Byz T
E—I—( M 2_|_2 9n—2 ):r 0 n ¢1( 1)
gn1(1+uq)? " g2 (1 + uq) gn1(1+1q)  gua(1+ pg)

1+ pg
and gain function 7. In addition, this function vz is known up to the multi-
plication by an uncertain real number and is linearly bounded near zero (cf.
(34)).

Then we can apply [3, Corollary 2.2] or [1, Théoréme 2.1] to system (43)
as in the proof of Lemma 1. Therefore, we arrive at (explicitly) designing a
smooth static output-feedback v = 9(z;) which globally asymptotically stabi-
lizes system (43) and then system (37) in the case when n —m = 1.

In the sequel, we concentrate on the case where n —m > 1.

Inspired by the similarity transformation which was used for instance in [4,
eq. (3.16)], we introduce the following change of coordinates :

Xl = I
1—1
j=1
n—m ] (45)
z = Z Hil_m_z—i_lel{.l?i + (£U1L_m+1, e ,IBn)T
=1

£ = pé— Z T4,
i=1

where e; stands again for (1,0...,0)7 but in IR™, the [;,;’s are real numbers and
r;’s are vectors in IR? which are to be precised later, and Hj is an asymptotically
stable matrix given by :

_gmfl/g'm,

-[m—l

Hy = (46)

_go/gm 0---0

From (45), there exist a constant row vector By and real numbers d; (1 <17 <
n — m) such that

n—m

Tp—m+1 = Z dliL'Z + Blz . (47)
=1

RR n°2293



14 Zhong-Ping Jiang , Jean-Baptiste Pomet

By choosing the r;’s in (45) as follows :

b
Tn—m = —F— T~ 48
Im(1 + pg) (48)
b
r;, = (A — 1 :L_ ;q)"’i-q-l - Tn_mdi+1 Vi<i<n—m-—1, (49)

in view of (37) and (45), direct computation gives :

z = Hyz + Gi(y)

. pbe - ) (50)
& = (A- ¢ + Goly) — ——— Bz
W) W AT
where (G1, G are smooth functions defined by :
Giy) = —Hi " ey+ Y H ™" edi(y) + (Su-ms1(y),- - bal())”
i=1
/_,Lbc n—m
G = A— — Tp—md - 1 Pi .
O T A PED L)

Note that, according to [3, Proposition 3.2], for sufficiently small x, the z and

¢ systems are ISS with y as input and a linear gain for small y.
With (47), the time derivative of X,,_,, along the solutions of (37) is :

n—m—1

Xn—m = gm(]- + ,uq)a(y)u + dly + qsn—m(y) - Z lj,(n—m)qu(y) + dmCr1y
j=1

n—m—1
—|—ng€ =+ Blz + Z (d]'+1 =+ ng’I"]‘+1 — lj,('nfm))xj—l—l (51)
j=1

By choosing
Litn-m) =dj11+ gmerjp1 Vjie{l,...,n —m —1} (52)

we get : ‘ )
Xo-m = g1+ pq)o(y)u + wym(y) + gmck + Biz (53)

INRIA



A note on robust control of nonlinear systems 15

where w,, ,, is a smooth function, with w, ,,(0) = 0, given by :

n—m—1

wn—m( ) (dl +ng7‘1)y+¢n m E l];(“ m)¢]( ) (54)

Now suppose that for all j € {¢,¢+1,...,n — m} where 2 < ¢ < n — m, there
exist a suitable choice of ;. ; (k < j) and smooth functions w,, w;(0) = 0, such
that :

Xj = Xjn+wi(y), jei{i,...,n—m-1} (55)
Xn—'m, = gm(]- + ,uq)a(y)u + wn—m,(y) + g’mcg—l_ Blz (56)

We will show that (55) holds also for j =4 — 1 after an appropriate choice of
the lk’(i_l)’s (k’ <1-— ]_)
From (45) and (37), it follows that :
1 —2

Xifl = wz—l_d)z 1 Zl](z 1) $]+1+¢]( ))

= X‘+l1z‘y+¢z‘—1( )

—2
- Z Lii-1®i () + D (Lirrs = 1))zt (57)
j=1
By choosing the [;;_1)’s as follows :
lj7(i—1) = l]‘_|_17i , \V/] c {]_, N ,i - 2} , (58)
(57) implies : .
Xi1=X; +wia(y) (59)
where w;_; is smooth, w; 1(0) = 0, defined by :
1—2
Wz‘—l(y) = ll,iy+¢i—1(y) Z Gy(i— 1)@5;( ) . (60)

]:

Thus by induction, with appropriate choices of the /;;’s, there exist smooth
functions w; (1 <7 < n —m), w;(0) = 0, such that

Xi = Xz-+1+wi(y), 1§z§n—m—1

. _ (61)
Xom = g1+ p9)o(y)u + wym(y) + gmcé + Bz

RR n 2293



16 Zhong-Ping Jiang , Jean-Baptiste Pomet

With (50) and (61), in the new coordinates (Xi,..., Xy m,2,&) defined in
(45), the system (37) is transformed into :

Xi = Xi+1—|—wi(y), 1§z§n—m—1
Xoem = gm(1+pq)o(y)t + Waem(y) + gmc€ + By2

z2 = Hiz + Gi(y) (62)
s _ pbe & B b B
¢ = 1+uq)€ + Gly) )

y:X1.

One sees that the main difference between (62) and (37) is all the dynamic

perturbations (z,£) in (62) are now driven by the output y and in the sense of
ISS.

It is interesting to note that, when ¢ = 0, (62) is nothing but a particular
case of the systems considered in [7, eq. (4)]. So in this case, the output feedback
stabilization problem of (62) (i.e. (37)) has been solved in [7].

To treat the general case where possibly g # 0, let us introduce the va-
riables :

gm(1 + p1q) (63)
Then (62) is rewritten as :

' w;(y) .

Y, = Yipn+—F—7— , 1<i<n—-m-—1
T gn(ltpa) B

Ynfm = U(y)u + wnim(y) + gmcf + b1z
m (1 + pq)

= /,LbC — /Jlb

5 = - 5 + G Yy) — ™ Bz

Yy = Xl .

Like in [7], we design the following partial-state observer :

Vi = Yia+k(y-Y), 1<i<n-m-1

. (65)
Ynf'm = U(y)u + knfm(y - Yi)

INRIA



A note on robust control of nonlinear systems 17

where the demgn parameters k; are chosen in such a . way that the observation
etrorY =Y -V (i.e. each component is Y, =Y — Yi) satisfies :

Y = AY + K(1 - )y + ®(y, 2, €) (66)

gm(1 + pq)
with Ay an asymptotically stable matrix, K = (ki,...,kn_m)? and ® the

function given by :
_ wi(y Wnem-1Y) Wan_ml(y) + gmcg—l— Bz

3(y,2,6) = (—2W)__ | GronaiV) @uonly) 12)r
G (1 + pq) G (1 + pq) (1 + pq)

In view of (63), (64), (65) and (66), we establish the following overall system
which is in a position for control design :

(67)

J = gm(1+pq)Va + gu(1 + pq)Ys + wi(y)
Vi = Yin+kY1, 2<i<n-m-—1
?nfm = U(y)u + knfm(y - }/}1)

S 1 L E (68)
Y = AY +K(1 gm(1+uq))y+¢(y, ,€)

z = Hiz + Gi(y)

- be b

€ = A= + Gl - e

Note that, from [3, Proposition 3.2] or [1, Proposition 2.4], the composite
(Y, z,&)-subsystem of (68) is again an ISS system with respect to y. Let v be

its gain function. It is easy to check that K(1 — m) and the unknown
multiplicative factors in ®(y, z,£), Ga(y) — m312, wi(y) are bounded by

Ky + Ki|p| for a known positive constant Ky, certain positive constant K; and
sufficiently small p. This fact together with the smoothness of the functions
in question implies that the function 7 is bounded by a known smooth K-
function which is linear near zero when p is sufficiently small.

Therefore, like for system (32), by applying recursively [3, Corollary 2.2,
Proposition 3.2 & Fact 1] to system (68) (also see [3, Section 4] 1, Section
2.2.2]), we arrive at constructing a smooth control law « = 9¥(y, Yoy oo, Yo m)
which globally asymptotically stabilizes (68) and then systems (64), (62).

Finally, summarizing all above, we have :

RR n 2293



18 Zhong-Ping Jiang , Jean-Baptiste Pomet

Theorem 3 We can find a smooth dynamic output feedback 9(y,X), X =
w(y,X) so that, for some positive constant p* and all p in (—p*, p*), the
null solution of the closed loop system (37) and X = w(y,X) is GAS.

4 Conclusion

It has been shown in this note that the three classes of nonlinear systems with
input unmodeled dynamics in [5] are actually transformed into systems with
ISS unmodeled dynamics generated by the state. Therefore, the stabilization
results of [5] may be re-obtained by means of the small-gain results in our
previous work.

We like to point out that extensions to more general input disturbances of
the form 5 = h(&,u,z) with h linear in u will be possible. However, it seems
hard to apply the techniques in this note to nonlinear input disturbances. On
the other hand, even in the presence of linear unmodeled dynamics acting on
the input, it is not uninteresting to compare numerical performance of the
controls by Krsti¢, Sun and Kokotovi¢ [5] with ours.
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