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Abstract: We propose a discretization scheme for an undiscounted zero sum differ-
ential game with stopping times. The value function of the original problem satisfies
an integral inequality of Isaacs type that we can discretize using finite difference or
finite element techniques.

The fully discrete problem defines a stochastic game problem associated to the pro-
cess, which may have, in general, multiple solutions. Among these solutions there
exists one which is naturally associated with the value function of the original prob-
lem.

We completely characterize the set of solution and we describe a procedure to iden-
tify the desired solution. We present accelerated algorithms in order to compute
efficiently the discrete solution.
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JEUX DIFFERENTIELS A SOMME NULLE AVEC
TEMPS D’ARRET SANS TAUX
D’ACTUALISATION

Résumé : On propose un schéma de discrétisation pour des jeux différentiels a
somme nulle avec temps d’arrét sans taux d’actualisation.

La fonction valeur du probleme continu satisfait une inégalité de type Isaacs. On
discrétise ces inégalités en utilisant des techniques de différences finies.

Le probléme complétement discret définit un probleme stochastique associé au pro-
cesus. Ce probleme peut avoir plusieurs solutions. Néanmoins, une seule de ces so-
lutions correspond a une approximation de la fonction valeur du probléme continu.
On caractérise ’ensemble des solutions et on décrit une procédure pour trouver la
solution cherchée.

On présente un algorithme pour calculer efficacement la solution discrete.
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1 Introduction

We consider an undiscounted zero sum differential game problem with stopping times
. The same problem with discount rate (A > 0) was study in [20] and a discretization
procedure in [22].

For case A > 0 (see [20]) it is proved that the value function of the game is a Holder
continuous function; but in the present case ( A = 0), we loose, in general, this
regularity property. In spite of this discouraging result we can prove that the value
function is always well defined and unique when the stopping costs verify a natural
condition which correspond to a non trivial game; but even though we have regular
data, the value function can be discontinuous. Works related with this type of phe-
nomenon can be found in [1]. Problems without discount was also studied in [18]
for ergodic control problems.

The aim of this work is to obtain a numerically computable discrete solution
of this game and to precise when this solution represents the value function of our
problem.

By the dynamic programming principle, we can prove that the value function sat-
isfies an integral inequality system of Isaacs type (see [10], [11], [20], [22]). Since
an exact solution of this type of problems is usually impossible, we must discretize
the problem and to solved it numerically. In order to obtain a discrete problem we
approximate, using finite element techniques (see [21]), these inequalities. The fully
discrete problem that we obtain, may have, in general, multiple solutions. It defines
a stochastic game problem with stopping time associated to the process.

Among these solutions, there exists one that is naturally associated with the value
function of the original problem (remind that the solution of our problem is unique).
In this work we completely characterize the set of solutions of the discrete problem
and we describe a procedure to identify this particular discrete solution. We present,
in order to compute it, accelerated algorithms based on the techniques given in [9]

and [22].

We also present special cases where we can prove regularity properties of the
value function and the existence of a unique solution of the discrete problem. In
these cases we can prove the convergence, in the viscosity sense (see [8]), of the
discrete solution to the value function of the original problem.

RR n°2294



4 Mabel M. Tidball

2 Description of the problem

2.1 The differential game problem

In this differential game problem, the decision variables used by the players are the
stopping times for the uncontrolled system. The evolution of the system is described
by an ordinary differential equation of the form:

dy(t) _

o =9w®); y(0)=q (1)

with « € @ C IR", an open bounded domain. We denote 71 and 72 the stopping
times chosen by players 1 and 2 respectively. To those stopping times is associated
a payoff J where J takes the form :

i ATRATAE
J(z,71,72) = lim ; f(y(s))ds+ ¢1(y(T1)) X <rono +
+¢2(y(7'2))X7'2<7'1/\6 + ¢0(y(0))XTzAT1>9 (2)

Where in (2): xg is the caracteristic function of set E, 6(z) is the first time when
the trajectory, solution of (1) with initial condition « reachs 9Q (6(x) = oo when
the trajectory always remains in ), that is:

6(x) = inf{t : y(t) ¢ Q}.

¢o is the final cost to pay if the game stops because the system leaves 2 , f is the
instantaneous cost, ¢;, © = 1,2 is the final costs if the game stops because player
decides first to stop the game, with

p2(z) > ¢1(z) Vz € Q) (3)

As the game is of zero sum, the goal of the first player is to maximize the payoff
J and the goal of the second player is to minimize it. Our objective is to find (if
they exist) 71 and 72 such that:

Viz) = supigf J(z,11,72) = J(z,T1,72)

T1

INRIA



Undiscounted zero sum differential games 5

where V is the value function of the game and 7; and 7o are optimal strategies or
saddle points of the functional J.

Inequality (3) indicates that the game is not a trivial game (no player can obtain
advantages of priority of actions). It plays a key role in the proof of the existence
of the value function but it does not represent a restriction as we can see in [20].

We suppose:

g, f, ¢, 1=0,1,2 are bounded functions in 2
g, f, ¢, t©=0,1,2 are Lipschitz continuous functions in 2

Remark 2.1 : We can see that condition (3) implies that the functional (2) is well
defined (in this case finite strategies 71 = T are not realistic strategies for both play-
ers).

Remark 2.2 : The limsup in (2) means that player 2 must minimize his worst
situation.

Remark 2.3 : In definition (2), it is necessary to consider the limsup (or the
liminf, in case we study the worst situation for player 1) in order to have a well
defined payoff functional J. The fact that a limit need not exist can be easily seen
in the following example. Let @ = (z1,22); ¢2(z) = M and ¢p1(x) = —M, with M
large enough such that Ty = 70 = +o0, f(z) =z1, Q = (-2,2) and

dml d$2

=2t a0)=1, ZO=-u); @0)=0

in this case [y~ f(y(s))ds does not exist.

2.2 Properties of the value function.

We can define the lower and upper value of the game V and V respectively, in the
following way:

V(z) = supinf J(z, 11, 72) V(z) = infsup J (z, 11, T2)
T2

T1 ™ mn

If (H) and (3) are valid we can prove, following the techniques used in [20], that
V=V = V V will be the unique value function of the game.

RR n" 2294



6 Mabel M. Tidball

Remark 2.4 : In general, in terms of the value function e-optimal stopping times
Ti, T5 can be found, (see [10]), i.e. Tf, T5, such that:

J(z,1,75) —e < J(a,7{,T5) < J(z,7{,72) +€ V11,72
They are defined in the following way (see [11]):
i =wnf{s/V(y(s)) < ¢1(y(s)) + €} 75 =1inf{s/V(y(s)) > ¢2(y(s)) — €}

Remark 2.5 : V can be a discontinuous function as we can see in the following
example.

d
Let Q = [0, 7] and the dynamic of the system given by: d—gt/(t) = y(t), y(0) = =,
f(z) =10 sinz, ¢9 =0, ¢p1(z) =2z — 1, ¢a(z) = 22 + 1; then:

V() = { ble) i 20

Isaacs inequality. Multiplicity of solutions.
By the dymanic progamming principle we obtain that function V satisfies the fol-
lowing Isaacs inequation:

d1(z) < V(z) < pa(z) Ve e
V(z) < ¢a(z) =3 6,>0 | V6<6b,, V(z)> /Osf(y(s))ds+ V(y(6))
Vizg)>¢1(z) =3 6,>0 [/ V6<6b,, V(z)< /ng(y(s))ds+ V(y(6))

then for 8, small enough we can inssure that V(x) is the fixed point of the following
operator:

V() = (My,V)(@) = Pr { [ rwtends + v<y(6>>} (1

where P; denotes the projection on interval I=[¢1(z), ¢2(z)] i.e:

p1(z) if a < ¢1(2)
Pr(a) = ¢ #2(z) if a > ¢a(z)

a everywhere else

INRIA



Undiscounted zero sum differential games 7

If we consider @ fixed and y, (t) the solution of (1) with initial condition z; we have
that (4) has infinite solutions (manifold of one-dimension). Indeed, we define the
following equivalence relation:

x ~ ' if there exists ¢; > 0 such that y,(t1) = @’ or y,/(t1) = z.
Let C; be the equivalence classes and define ¢ : C; — IR; then: if V(.) is a solution

of (4), V(z) = V(z) + ¢(Cy) is also a solution if V(z) € [¢1(z), pa(z)].

Remark 2.6 : Properties of problems with boundary.
In order to avoid discontinuous solutions, we analyze the case where the following

condition holds (see [11] and [19]):

f(z) < +o0 Ve

d (5)
Ja>0,7y>0 / dly(s),00) < a= —-d(y(s),00) < —v

If (5) is valid we can prove that there exists a unique Lipschitz continuous value
function V' and that there exists optimal strategies (see [10], [11]). This property
arises because the exit time is a Lipschitz continuous function of .

Remark 2.7 : Properties of some ergodic processes.

It 15 possible to give a precise characterization of the solution of our problem for
a process such that the system remains in a compact manifold. In this case the
solution of (1) defines in Q a semigroup of translations S(t). If we assume that this
semigroup has a unique invariant measure that satisfies:

tin = [ (9 ds= [ FEdu) =< fin> (6

T—00

we say that the process is ergodic. Moreover if we suppose

| #@ =) 20
then

ti [ fa(e)ds =oo sign{ [ f)dlu(a)}

T—00

We can prove that this condition implies the value function is uniformely Lipschitz
continuous and that there exists optimal strategies.

RR n°2294



8 Mabel M. Tidball

Remark 2.8 : Characterization of the set where V is a discontinuous function.
Define, T(z) = T1AToNG if there exists finite optimal strategies; T(x) = +o0oA0 if there
does not exist optimal strategies; A ={x € Q : V(z) is discontinuous } and Q, =
{xeQ : 7(z)<7}.

Then, it 1s easy to see that:

AcC <TL>JO QT>C.

In order to obtain a numerical solution of the original problem we analize in the

following two sections a time discretization and a space discretization (using finite
element techniques, (see [7], [13], [14], [15], [16] and [21]).

3 Time discretization.

3.1 The problem with discrete time

To obtain a time discretization (see [7] for control problems and [1] for games prob-
lems), we consider A > 0, an uniform partition of [0, +00) in intervals of same length
h and Euler approximation for the dynamics. Then, the Isaacs equation for time
discretization becomes in this case:

P [hf(z)+ Vi(z + hg(x)] if @+ hg(z) €9
Pr [¢o(z)] if =+ hg(z) ¢ Q
It is easy to see that V" € B(Q) (the set of bounded functions in ).

We can define a game problem with discrete stopping time associated to our real
problem. The discrete time value function has the following form:

Vi(z) = (M"V")(z) = { (7)

T1ANTo AVhAB
Playm) =T Y Fh0) + d(y(r)xmemo+
v=1

+62(y(72)) Xy <y 06 + 0(y(0)) Xronry >0
where 8, 71,70 € hZT and the discrete dynamic is:

yh(0) = a; yr(v+1) = yh(v) + hg(yh(v)) (8)

For sake of simplicity we denote:

t—vh t—vh
v =it = (1-52) w2 e el GrDn  (9)

INRIA



Undiscounted zero sum differential games 9

The time discrete value function is:

Vh(a:) = inf sup Jh(CE,Tl,Tg) (10)
T1 Ty

The following theorem characterizes the set of all solutions of (7).

Theorem 3.1 Egquation (7) has at least one solution. Moreover:
i) VP given by (10) is one of them.
1t) The following iteration

,wn—l—l — Mh,wn, ’LUO > ¢2

converges to the maximal solution that we call w.

i) whtl = MMu™,  w® < ¢ converges to the minimal solution, w.

iv) If w(.) is a solution, C* = {m'zyz(t),t > 0}, ¢ : C* — IR, then w(z) =
w(z) + ¢(CP) is also a solution if w(z) € [p1(z), p2(z)].

Proof: We are going to prove item ii) (the others are similar). With condition w® >
$2 the sequence M"w is monotonously decreasing. In effect w! = M w" < ¢y < w?
and as P; is a monotonous operator, we have w"tl = Mty < Mhw" 1 = w".
Moreover the sequence is bounded from below by — || ¢1 ||. Then w™ converges to
w when n — oo and it is a solution of (7). Moreover it is the maximal solution
because if @ is a solution of (7) w(z) < ¢o(z) Va then v = MM < ¢ < wg and
W < (MM ™wg = w™ Vn, that implies & < . [ ]

Remark 3.1 :  Boundary problems.
For the time discretization of problem presented in Remark 2.6 we obtain that the
discrete solution 1s:

Vi(z) = Prlgo(z)] Vz € 0Q) = {x € Q/z + hg(z) ¢ Q}

Remark 3.2 : a) Ergodic case with non zero mean, (< p, f >#0).
In this case we can identify the unique tzme discrete solution of the ergodic problem
presented in Remark 2.7 because it is easy to see that:

<p,f>F0=

n—1

An(z) / Vi)=Y f™)+ V™), VR = ¢iy™) with i=1 or2.
n=0

RR n°2294



10 Mabel M. Tidball

This result and ) of theorem (3.1) prove the unicity of the discrete solution, more-
over it 1s given by the usual iteration:

w Tt = MPw™, w’ given

b) Ergodic case with zero mean, (< p, f >=0)..
In this case, it is easy to see that:

v—1

If ¢1(x) <D Fy™) +V™(y") < ¢a(z) Vv then lm,V"(y")=0.
n=0

4 Space discretization

4.1 Elements of the discrete problem

To define a fully discrete problem it is necessary to discretize set 2, space B(Q2) and
operator (7).

We approach 2 with Q; = U, S]]?,
Qr C IR" is a polyhedron with max;(diam SJ’”) = k.

We denote X = {z;,i =1,..., N} the set of vertices of Qj (nodes), N the cardinality
of X and Q] = {z; € X/z; + hg(z;) ¢ Qu}.

We consider as approximation of B(f2) the set Wy of functions w : Q) — R, w

continuous in j, with g—z constant in the interior of each simplex of Q. (that is, w

where S;“ is a finite set of simplices; that is,

is a linear finite element).

Then, by definition of Wy, to obtain a solution of the discrete problem it is only
necessary to obtain a solution in X. With the same methodology used in [15]
and [16] we obtain a formulation of the fully discrete problem; (problem P,fl) ;
that is, to find a fixed point of the operator MF* by the transformation: V(z) —
Pr[hf(z) + V(z + hg(x))] trough the natural isomorfism W < RN. M* : RN —
RN, with M*w(z;) = Pr (Pw + F) (z;).

If we call th a solution of the fully discrete problem we have:

Vi) = P (PW + F) () (11)

where P; denotes the projection on interval [¢1(7), p2(7)]; P is a matrix with com-
ponents P; ; given by:

{ z; + hg(z;) = SN, P jz;, ifz; ¢ 002, € Q (12)

Pj=0 if z; € 09

INRIA



Undiscounted zero sum differential games 11

and F' is a vector of components:

L hf(xi) if z; ¢ 00, z; € O,
Fla:) = { Prloo(z:)] if z; € 391,} (13)

Because | P ||= 1 the operator M is not a contractive operator and in the general
case we can not insure a unique solution of (11).

Markov chain associated to the process.
(v)

We consider a random process with finite states y, ', where v is the time discrete
variable, i the initial state and the probability evolution is given by the matrix P
defined in (12) (P;; is the probability transition from node i to node j).

In this Markovian system we can define a stochastic game problem with stopping

times where the functional cost becomes:

Jk(i, T1, T2) ==
71 AT2 AVhAG
Vh_)HC}OE Z F(yzy) + ¢1(y(71))XT1<T2/\9 + 452(3/(7'2))XT2<71/\6 + o (y(e))XTZ/\Tl >6

v=1

where, 0, 71, 7o € hZ " are the exit and stopping times associated to the process and
F is defined in (13). For this discrete process the value function is:

th(i) = inf sup Jk(i, T1,72) (14)
T2 T

Theorem 4.1 Equation (11) has at least one solution. V¥, given by (14) is one of
its solutions.

Equation (11) has in general more than one solution. We call S the set of its
solutions. We are going to characterize S taking in mind the fundamental structure
of the graph associated to the Markov chain related with the discrete problem.
We are going to identify in this set of solution the solution which represent the
probabilistic formulation of the original problem.

We introduce the following equivalence relation in the set of nodes:

i ~ jif i = j or if there exists i1,...,4,, v > 1 such that P(iy,im+1) > 0 Vm =
1,...,v i1 =1, =1 and there exists 0 < k < v with i, = j.

This equivalence relation defines equivalence classes, C", r =1, ..., N. We are going
to define an order relation between these classes. So we define S¥,v =1, ..., v such
that:

RR n"2294



12 Mabel M. Tidball

C" € S' if it does not exist # # r such that P(i,j) > 0, for any s € C", j € C".

C" € 8¥ v > 1ifthere exists # # r such that P(1,7) > 0,i € C",j € C*, C" € §*71,
If C" € 81, r = 1,...,n1, we say that C" =: C7 is a final class. We call transitory
all other class that is not contained in S and with H the set of transitory elements.
If C" € S” we set C" = C". Without loss of generality we order the classes of S?
putting in the first position classes C{ = {z;} corresponding to points z; € 892’. If
C, € S we denote cardinality of C}, = m,,

The analysis of (11) can be restricted to the analysis in each final class C] (taking
in account that values in transitory classes are a function of values in elements of
S1). In effect the following theorem holds:

Theorem 4.2 If ¢ E C’ v > 1 there exists a function Q : R' — IR, with t =
U™ m5, where V(i (th (4) 7€ C{)

Proof: For each C7 € S r =1,...n; we obtain v; € Mypre1 with

Y1 (z) = P[¢11(i)a¢21(i)] (P1V1 + Fl) (Z)

where P; € Mmr“,q is the restriction of matrix P considering only its action in
C] € S1. In the same way Fi, ¢11, ¢o1 € Mm r»1 are the restriction of F', ¢p; and ¢9
respectively.

To compute the solution for z € C) € S¥, v > 1 r =1,...,n, we compute in each
class Cj € 5", v” € Mpza1,

vy (1) = Pig, (5).600 (i) (B Vo + F) (2)

where P, € My em: is the restrlctlon of P considering only its action in C}, € S¥,
Fl/a QSI/,QSZVEMszl,WIthF _E P’U]—l—F ]

By Theorem(4.2) we obtain:

Theorem 4.3 Let v, w be solutions of (11); if v(z;) = w(z;) Va; € CT C ST then
v=w

Study of equation (11) in final classes
1) Case z; € OQ,‘:. This case corresponds to the space discretization of time discrete
problem presented in Remark 3.1. Here the solution is obviously:

Vi (25) = Pr[$o(w;)] = min [¢2(x;), max(1 (z7), do(z;))]

INRIA



Undiscounted zero sum differential games 13

2) Case z; ¢ 9Q;. We consider the restriction of matrix P to the final class C.
Without loss of clarity we denote also by P this matrix. By definition of final class,
we know that P is an irreducible stochastic matrix. We call d the greatest common
divisor of the length of all the circuits (closed path) determinated by P. We define
the following equivalence relation:

t ~ j <= J a path between i and j with a length multiple of d

We denote ¢;,t =1, ...,d , the d subclasses of equivalence. Matrix P has the following

structure:
PL2 0 0

0

0 0 P23 0

0 0 0 pi-1.d
pdl 0 0

P = (15)

where we denote P/ = P¢%¢ . Matrix P? define an ergodic Markov chain in each
subclass c;, then (see [18]) there exists a unique invariant measure pu% = u! of (P4)i,
that is, p*(PH% = u* Vi=1,...,d.

These invariant measures are related each other in the following way:

ptPHT = it i =1,.d (16)

1

Then p = %(p , ...y 1%) is the unique invariant measure of the Markov process P, i.e.,

p=pP.
Remark 4.1 : Measure u determines the characterization of the solutions of (11).
Case < p,f >#0

Theorem 4.4 If < p, f ># 0 then the solution of (11) is unique and it is given by
the limat point of the following convergent iteration,

v = MR Yol initial (17)

Outline of the proof: In this case we can proof that there exists x; € X such that
V(z;) = ¢j(2;) with j = 1 or 2 and then as we can inssure that the game finishes
in a finite time we can prove that there exists 7 such that (M¥)® is a contractive
operator. |

Remark 4.2 : To find numerically the solution of (17) we can use an adaptation
of the accelerated algorithms presented in [9] and in [17].

RR n"2294



14 Mabel M. Tidball

Case < pu,f >=0

In this case (11) can have more than one solution.

First, to prove the existence of solution of (11) (always restricted to a final class) we
are going to study the solution of the linear system: w(z;) = (Pw + F) (z;).

Let F = ((FY),...,(F9)")? F! = F% (where F! means the transpose matrix), we
are going to analyze the asymptotic behavior of functions:

$n(i) = E (f: F(yj)) = (En:(Pj_lF)(i)) (18)
j=1

=1
Sequence ¢, (i) has the following properties
1) Pmda(i) = no(i) Vi if m — +oo
i) pmari (i) — (i) Vi if m — +oo

Proof of i)
We hayve:

d
Sma =y PIHF + PY(1)a = F + Pl(m_1)a (19)
q=1
where F' = E;’;} PiF.
As P? is block diagonal and each block defines a finite ergodic Markov chain we
have that (19) geometrically converges to a finite value. Then there exists 7o (7) V.
ii) is obvious by i) and by the relation ¢pmay; = F + Pdmatj—1 ]

Theorem 4.5 Characterization of solutions. The set of solution of the linear sys-
tem ¢ = Po + F is a one-dimensional manifold.

Computation of a discrete solution of ¢ =P¢+ F

We want to compute lim,_+co¢pn = max;n;(i) = 7(i) because it represents the
solution of the linear system we want.

As P — G when m — 400, (where G = > épd, ¢ =(0,..,1,...,1,0...,0) with
1 in the j-th cycle and g/ = (0, ..., %, ...,0) with p/ the invariant measure vector
restrict to subclass ¢;).

By (18) and the properties of sequence ¢,, we have 7); satisfies the following equation:

d j—1 d j—1
= (e ) (2 PQF) 3 M e
r=1 q=1 r=1 gq¢=1

INRIA



Undiscounted zero sum differential games 15

We have, in each element of the cycle, calling w, = 4fF, that:

s+j5—1

77( _770 +pr

Let p such that 37_, w, = max, >./_; w, then we obtain lim,_oc¢n (i) = max; n;(i) =
np(i) Vi

o t
Proposition 4.1 < p/, 9}, >=0,1=1,...,d where ny = ((n&)t, v (ng)t) .
Procedure to compute 7

1. Consider c,, compute n, = cardinality of ¢, and determine p such that n; =
miny, ny.

2. Compute the asymptotic probability p? and recursively p? for all p as a func-
tion of uP.

3. Compute w, =< p”, F¥ > and determine p such that Zle w, = max, Y h_, w,.

4. Compute nf trough equation: 7§ = (P%)?, pnf + FP where FP = Ef;é PIiF
with additional condition < u/, ny) >= 0.

5. Compute 77/3(3) =no(s) + Es"”f’ Lw

Accelerated Algorithm to compute the solution of (11)

We are going to present an algorithm to obtain the solution of (11). The procedure
finds in a finite number of steps, 7, the limit point of iterations v*+1 = M*v¥, with
vY = 7, where 77 is the solution of 7 = P7j + F that not satisfies ¢; < 7 S @2
(if 7 satisfies this condition it is just the solution of (11)). The methodology is
an extension of the one presented in [9] to the case where operator M* is not a
contractive operator. As a matter of fact, we denote V' the solution of our continuous
problem and:

S1={jeX / V() =¢()}
Sa={jeX [/ V() =¢20)}

39 = {3/ 10) = 62(3) = max (n(6) = 820D (VG / 700) > dali)}
—{i 1 70 = 615) = maxla) - 5O NG/ 70) < B116)}

Then, we can prove:

RR n°2294
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Lemma 4.1 SY C S; withi=1 or 2

Proof: Let S # 0, we denote A = max; (7j(i) — $2(i)), in the same way the vector
with components equals to A and P the matrix defined in (11). Then, taking in
mind that PA = A, we have:

n—A<¢y Vj=1,.,N

n—A=¢y VjeS)

Pi—A)+ F=Pj+F—-PA=7—-A

As M* is a monotone operator:

Py, o) (P(1 = A) + F) = Py, 4] (T — A) 27— A
MEG—A)>7-A

by induction
(M*)™ (7 - 8) > MMH— A) =7 - A

but
(M*™ (5 — A) (i) — w(z), when m — oo

then
w(i) > (M*)™ (7 = A) (@) > (M*) (7 = A) (@) > (7 — A) (i) = ¢2(6) Vi€ 53
that implies 7 € S5. Analogously, we obtain 5’? C 5. [ |

By Lemma (4.1) we can deduce that we know the solution in Sy U SJ. We are
going to use this information to find the discrete solution. We redefine matrix P and
F in the following way: P =P, F' = F, w" =5 and ¥n > 1 w" is the solution
of

w" = P"w™ + F™ (20)
where A
NN Vie Sptu Sy
P (Z’J)_{ P*1(3,5) if not
$1(i)  VieSpT!
F (i) ={ ¢a(i) Vi e Syt
F*=1(3) if not
with

Sp={j / w(j) — ¢2(j) = max; (w"(i) — $2()IN{F / w™(G) > ¢2(3)}
Sp={j / w"(j) — ¢1(j) = max; [w"(i) — p1(D}N{F / w"(§) < $1(j)}
r=Un_oS7;  Sr=Un_oSP; Cm=C(Spusy).

INRIA
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Remark 4.3 : We know that there exists unique solution of (20) because P™ has a
submatriz of norm smaller than 1.

Lemma 4.2 It is valid:

v | i) ifie st
w (”‘{ pali) ifie it

The proof is obvious by definitons of P"* and F" given in (20).
We consider the following operator MF*(w) defined by:

(M¥w)(j) = P (P"w + F™) (j)

with P® and F" defined in (20). It is easy to see that our solution is also the fixed
point of operator M,’j that is:

@ = MFw (21)
The following Lemma holds:
Lemma 4.3 S} USY #0 orw™ =@

Proof: If Sp U SY # 0 and if i ¢ S} 1 U SY 1, we have:

w" (1) € [¢1(2), p2(7)]

then
(Mpyw™)(i) = Pr(P"w" + F") (i) = Pr(w")(i) = w"(i) (22)
so, by (21) and (22) we have:
w" =w
]
ALGORITHM
Step 0: n=0

Step 1: Compute w" as in (20). Obtain 57 and 53
Step 2: ST USY # () then stop.
If not, obtain P"(¢,7) and F"(i) defined in (20). Let n=n+1 and go to step 1.

Theorem 4.6 The algorithm finishes in a finite number of steps smaller than N.

RR n" 2294
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Proof: 5’711 US’E # () implies cardinality of C™ < cardinality C*~!. But as cardinality
of C1 < N, there exists an index # such that cardinality of C* = cardinality C*~!,
then S} U S = § and by Lemma (4.3) w" = 4 . [ ]

Remark 4.4 : We can modifiy this algorithm taking w® = ¢ as the initial vector
(see [9]).

Structure of the set of solutions
We are going to characterize the structure of all the solutions of (11) in final classes
. In the last sections we have proved that we must take in account the following

cases:

1. there exists 77 (the limit point of sequence ¢,,) such that ¢1 < 7 < ¢2. In this
case w = 7] + ce is also solution if w(z) € [¢1(z),p2(z)] Ve € [emin,cmaz]
where ¢, cmin, cmaz are constants and e the identity vector.

2. 71 does not satisfy the last condition, then the iterative algorithm
vn+1 — Mk’()n‘ ’UO — T_]
I

converges to the solution of problem (11) and the following situations can
occur:

e 7 is solution of the linear system, then there exists a constant a > 0 such
that 77 + ce is a solution Ve € [0, a] or Ve € [—a,0].

e 7) is not solution of the linear system, then is the “unique” solution of
(11).

5 Convergence properties

When we can inssure that the problem finishes in a finite time, we can easily prove
the convergence property (of type v/k) of the unique discrete solution of our problem.
That is the case of boundary problems or ergodic problems with mean different to
zero.

In this cases we can reduce the problem to a finite time problem (see [1], [2], [3], [4]
and [5]) and we can prove the convergence, in the viscosity sense) with the techniques
using in [3], [14], [15] and [16] for this type of problem.

INRIA
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6 Conclusion

We have studied an undiscountied zero sum differential game problem with stopping
time. In this case we loose in general the regularity properties of the value function.
We have showed an easy example where the value function is discontinuous. This
fact implies the difficulty of its numerically resolution because the discrete problem
may have infinite numerical solutions and it might not converge.

We have totally characterized the set of solutions of the discrete problem. We have
obtained the solution that represent the probabilistic formulation of the original
problem and we have presented an algorithm to compute it.

In regular cases we have proved the convergence of the discrete problem to the real
solution because in these cases the problem can be associated to a finite time problem
and we can use usual techniques to prove convergence properties.
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