N

N

Electromagnetic open waveguides: mathematical
analysis
Patrick Joly, Christine Poirier

» To cite this version:

Patrick Joly, Christine Poirier. Electromagnetic open waveguides: mathematical analysis. [Research
Report] RR-2300, INRIA. 1994. inria-00074373

HAL Id: inria-00074373
https://inria.hal.science/inria-00074373
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00074373
https://hal.archives-ouvertes.fr

HEINRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Electromagnetic open waveguides :
mathematical analysis

Patrick JOLY - Christine POIRIER

N° 2300
Juillet 1994

PROGRAMME 6

apport

de recherche




Electromagnetic Opén Waveguides - Mathematical Analysis

Patrick JOLY* Christine POIRIER*

July 8, 1994

Abstract

. The study of open electromagnetic waveguides amounts to the spectral analysis of
selfadjoint operators. with noncompact resolvant. In this article, we are particularly in-
terested in obtaining existence results for guided modes and in studying their properties.
The distinguishing point of our work, is that we consider the case where both the dielec-
tric permittivity £ and the magnetic permeability 4 may vary in the cross section of the
waveguide. The originality of our approach, with respect to previous works (cf. [2]) is
that it takes into account the divergence-free condition in the functional framework. In
this paper we exhibit various existence results depending on various assumptions on ¢ and
#, study the properties of the thresholds and point out what happens at low and high
frequencies. '

Key Words: Electromagnetic Guided Waves, Maxwell’s Equations, Spectral Theory,
Min-Max Principle, Thresholds, Sobolev Spaces Hrot,Hdiv

Guides d’Ondes Electromagnétiques Ouverts: Analyse
Mathématique

Résumé

L’étude des guides électromagnétiques ouverts se ramene a l’analyse spectrale d’une
famille d’opérateurs autoadjoints, a résolvantes non compactes. Dans cet article, nous
nous intéressons particuliérement a ’obtention de résultats d’exitence de modes guidés
ainsi qu’ & ’étude de leurs propriétés. La spécificité de notre travail concerne le cas
ou la permittivité diélectrique € et la perméabilité magnétique p varient simultanément
dans la section transverse du guide. L’originalité de notre approche, par rapport a des
travaux antérieurs, consiste 4 prendre en compte la condition de divergence nulle dans le
cadre fonctionnel. Dans cet article, nous montrons des résultats d’existence suivant les
hypothéses vérifiées par £ et u, étudions les propriétés des fréquences de coupure et plus
particuliérement traitons ce qui se passe a basse et haute fréquence.

Mots Clés: Ondes Electromagnétiques Guidées, Equations de Maxwell, Théorie Spec-
trale, Principe du Min-Max, Fréquences de Coupure, Espaces de Sobolev Hrot,Hdiv
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Introduction

The study of wave propagation phenomena, especially of electromagnetic waves, consti-
tutes a very fertile field of researches in applied mathematics and numerical analysis. In this
vast area, the study of waveguides represents an attractive domain from both numerical and
theoretical points of view, in particular for the open problems that it raises. The electro-
magnetic waveguides have applications in various domains of physics (electronic components,
optical fibers, integrated optics...) and have been already abundantly studied, for instance by
D. Marcuse [22] who is the reference in the physical literature, or by A. Bamberger and A.S.
Bonnet [2], A.S. Bonnet [7], R. Djellouli [13], N.Gmati [17], A. Bermidez and D.G. Pedreira
[5], F. Kikuchi [20], concerning the mathematical or numerical studies.

A waveguide is a cylindrical propagation medium infinite in each direction, invariant,
with respect to the geometry as well as the physical characteristics of the medium (here, the
dielectric permittivity and the magnetic permeability), under any translation in a privileged
direction, for instance the zs direction. ‘

Fromn the mathematical point of view, the usual objective is the complete spectral theory
of a differential selfadjoint operator appearing in the mathematical propagation model. Such
a study is in fact a preliminary study for the scattering theory for locally perturbed media.
Mathematically the most difficult case is the one of open waveguides. To our knowledge, the
complete scattering theory has been carried out completely essentially in the case of strat-
ified media that is to say media which are invariant under any translation not only in one
direction but in two space directions. For scalar propagation models let us cite, in order of
increasing generality, the works by Y. Dermenjian and J.C. Guillot {11], C.H. Wilcox [32], M.
Ben Artzi, Y. Dermenjian and J.C. Guillot [1], S. De Biévre and D.W. Pravica [6] (this list
is far from exhaustive). Concerning electromagnetic waves, we mention J.C. Guillot’s work
[18],the more complete reference being probably the recent monograph of R. Weder [31]. In
this paper we are specifically interested in the study of guided modes in 3D electromagnetic
media which are invariant under translation in only one space direction. In this case, even the
study of the unperturbed media raises some nontrivial questions. More precisely the aim of
the present work is to obtain existence results of guided modes and to analyze their properties.

The outline of our article is as follows: guided waves are defined in Section 1. We show
that the problem amounts to the spectral analysis of a family of selfadjoint operators. We de-
termine by compact perturbation techniques, their essential spectrum (see Section 2), which
is the intermediate phase to study their point spectrum. In Section 3, we show that the
essential spectrum does not contain any eigenvalues and characterize the eigenvalues with the
help of the Min-Max principle. In Section 4, we apply this characterization in order to obtain
a existence result, which leads us to introduce the notion of threshold or cut-off frequency. A
lot of results concerning the properties of guided modes are expressed in terms of the thresh-
olds. This is the reason why an in depth study of them is dealt with in Section 5. We are
in particular interested to the evolution of numbers of guided modes with respe¢t to 3 and
investigate conditions on the medium for existence or nonexistence of guided modes at low
frequencies.
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1 Mathematical formulation of the problem

1.1 Position of the problem

We consider a 3D dielectric linear isotropic medium occupying the whole space R®. We
denote by (z,z3), with ¢ = (z,,z,) € R?, the generic point of R®. We assume that the
propagation medium has a cylindrical structure in the sense that it is invariant under any
translation in the 3 direction (see figure 1.1). This means that the dielectric permittivity ¢
and the magnetic permeability p are functions of the only transverse variable z:

e(z,z3) = e(z)

(1.1)
p(z,z3) = p().

We make the usual assumption on the functions € and p: they are measurable, strictly positive
and bounded functions. We introduce

e-= inf e(z) >0 ; et = sup e(z) < +o0
. zeR’ =ecR?
(1.2)
' po = inf p(z)>0 ; p* = sup p(z) < +oo.
SER2 . EER?
Another important property of the propagation medium we shall consider is the fact that
each cross section (i.e. parallel to (z;,z,)) is homogeneous at infinity. More precisely ¢ and p
are constant outside some bounded domain Bg (the disc of radius R centered at the origin)

of the plane (z;,z,): '
(1.3) JR>0 / |z|2R = &(z) =t 5 B(Z) = poo -

For the sequel it is useful to introduce the local propagation velocity ¢(z) of the medium,
defined by
(1.4) o(e)’ = (e(=)p(=))™",

c(z) is clearly a bounded, strictly positive measurable function and we shall set

(1.5) c. = inf ¢(z), ¢4 = sup ¢(z), Coo = (Ecolteo)”? -
xeR’ IER’
Of course ¢, is the value of ¢(z) at infinity: lz] > B = ¢(z) = o -

The electromagnetic field is as usual described by the electric field E(z, 3, t) and the mag-
netic field H(x,z3,t) (t > 0 denotes the time) whose variations are governed by Maxwell’s
equations

Eq—E—rotH =0
(1.6) ot

OH L otE = 0

pat TO = .

Guided waves are particular solutions of (1.6) on the form

() E(z,z3,t) = (Ei(z), Es(z), —iEs(z)) expi(wt — fis)
H(z,z3,t) = (Hi(z), Ho(z); -iH;,(:z:))T exp i(wt — Pz3)

where
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T3 | = .- -

(Eoofﬂoo)

() = R?

z = (z1,22)
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Figure 1.1: Open Waveguide

e w > 0 is the pulsation of the wave
e 3> 0is the wavenumber in the z3-direction

and where the transverse electromagnetic energy is supposed to be finite (we set £ =

(ElaE2$ EI!)t a’nd H = (HlaH2, HS)t)
(1.8) /R2(5|E|2 tu| H?) dz < 400

The expression (1.7) represents an harmonic plane wave propagating without any distortion
in the direction z; with a velocity V = w/f3 (the phase velocity). Such a solution is periodic
in the direction z3 and the period A = 27/ is called the wavelength. The 2D vector fields
(with values in R®) E(z) and H(z) describe the distribution of the electromagnetic field in
each cross section. Guided waves differ from usual plane waves in a homogeneous medium, for
instance, by the square integrability condition (1.8) which characterizes the fact that a mode is
guided or not. This condition physically means that the energy of the mode remains confined
in some bounded region of the cross section: this is where the fact that the coefficients ¢(x)
and p(z) vary locally plays a fundamental role. Indeed when these coefficients are constant,
it is well known that guided waves do not exist. From a theoretical point of view the first
fundamental question which naturally arises is the following one:

(1) What conditions on £(z) and u(z) can ensure the existence of guided waves ?

Another point to emphasize is the fact that guided modes, even when they exist, do not exist
for any values of w and 3: w and 3 must be linked by some relation w = f(/3) which is called
the dispersion relation of the mode (the corresponding curve in the (3,w)-plane being the
dispersion curve). As a consequence the phase velocity V = w/f3 is a function of 3: guided
waves are dispersive. This is the second major difference between usual plane waves in a
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homogeneous medium (which are not dispersive) and guided-waves. Therefore the second
natural question is

(i1) What are the properties of the dispersion relation of the guided waves ?

These are the two questions we intend to address in this article, as well as the question of
the number of solutions and the related notion of thresholds (or cut-off frequencies) and the
problem of asymptotic results at low and high frequency. The only case where one can answer
completely to all these questions is the case where the functions £ and u take two values:

e(x)=¢gy for |z|< R , €x for |z|>R
(1.9) :

wz)=po for |z|< R , po for |z|{>R

In this case an analytical solution is available (see for instance J.P. Pocholle [25], D. Marcuse
[22]). The theory for the general case is of course much more complicated. Recently, A.
Bamberger and A.S. Bonnet [2], with the help of the spectral theory of selfadjoint operators,
made a major step in the understanding of the properties of electromagnetic waveguides.
In fact they obtained very complete results in the specific case where the function u(z) is
constant everywhere. This assumption is physically relevant in many applications and has a
very important technical consequence: the H!-regularity of the magnetic field H as a function
of z. This is the reason why the authors in [2] considered a formulation of the problem
in which H was the unknown: adding an artificial term in the corresponding variational
formulation, they got rid of the problem of the divergence-free condition and were  able to
develop the theory in the H' functional framework. In the general case where ¢(z) and u(z)
vary simultaneously, with possible discontinuities, this is no longer possible. It is precisely
one of the purposes of the present work to overcome this difficulty. Towards this goal we
shall give a new formulation of the problem in which the divergence-free condition is included
in the functional framework. With such a formulation we can work equivalently with the
electric field or the magnetic field which allows us to take profit from the natural symmetry
of Maxwell’s equations with respect to £ and H. This will lead us to the generalization of
the results of A. Bamberger and A.S. Bonnet to the case yu(z) variable. The reader will easily
check that our results coincide with those of [2] when p(z) = po,. The second major interest
of this new formulation is to be preparatory for the derivation of a numerical method for the
computation of the guided modes. The presentation and the analysis of this method will be
the subject of a forthcoming paper.

1.2 Mathematical setting

Before entering the rigorous mathematical treatment, we first need to derive the equations
of our problem. Plugging formula (1.7) into (1.6) leads to the following system of equations:

rotZ,H =¢cwkE
(1.10)

rotz B = pwH

where the differential operator rot, is defined by
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au:;
3_2:2 - Bu,
(1.11) : rotsu = /jul_aﬂ
8:1:1
guy _ 0w
le [92,'2

and rot} is the adjoint of rotg, also given by rotj; = rot_p.

One can then give two formulations in terms of a symmetric eigenvalue problem by elimi-
nating # or E in (1.10):

(i) The formulation in E:
(1.12) e 'roty(p”'roty E) = W?E

(ii) The formulation in H:
(1.13) plrotg(e roty H) = w?H |

To complete our presentation, we need a functional framework. Let us consider for instance
the E-formulation. We introduce the Hilbert space

(1.14) H, = L*(R?)®

that we equip with the scalar product

(1.15) (o) = /Rzeu.v dz.

In the sequel, we shall denote for any 3D vector field u(z) = (ui(z), ua(x), us(z)) the transverse
field by u = (u,, u;) so that we can write indifferently u or (u,#3). We shall also introduce

(1.16) V. = {u€e H, [rotyu€ H.}.

It is immediate to verify that

(1.17) Vi = {u=(u,us) € H(rot; R?) x H'(R?)}

where as usual (see {15])
H(rot;R2) = {u € L*(R?)? [ rotu = -g%" - 3—2 € L2(R2)}
H'(R?) = {p e L} (R*)/ Ve € L*(R*)’} .

The space V. is an Hilbe’rt space for the norm

(1.18) w2, = /qu w|? + | Vg 2 + | rotu |?) dz .

Finally we denote by /L(/i) the unbounded operator in H, defined by

D(A.(B))={ueV. [ roty(u'rotyu) € H.}
(1.19)

A (B)u = e 'roty(p~'rotyu), Vu € D(A.(B)) .
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Therefore the problem to be solved can be written as, for a given value of the wave number
f considered as a parameter

Find E € D(A,()) and w? € R* such that
(1.20)

A (B)E =w?E, E #0.

The problem (1.20) clearly appears as a family of eigenvalue problems parameterized by /3 in
which w? plays the role of the eigenvalue and E the rdle of the corresponding eigenvector.

Let us now introduce the differential operator

¢ d’Uq du2
(1.21) divgu = 5—1:— + d_x2 — Puz = divu — fus .

One easily checks that
(1.22) divg(roty) = 0.

Applying (1.22) to the eigenvalue equation (1.12) we obtain that, as soon as w? # 0,
(1.23) divg(¢eE) =0

which means that all physically relevant solutions (i.e. for which w? # 0) satlsfy the generalized
divergence-free condition (1.23). Moreover defining

. : _(0¢ O¢ ‘
(1.24) Vep = (0—1’1’ 3_1’2, ﬂ‘P)
we have .
(125) I‘Otg(Vﬂ) = 0

This proves that for any ¢ in H'(R?), V¢ belongs to D(A,(8)) and A,(8)Vse = 0. To
exploit these properties, we shall use the

Lemma 1.1 One has the orthogonal decomposition (with respect to (.,.)e)
Ywe He v=u+Vsp uw€ H(B), p€ H'(R?)

where

(1.26) H.(B) = {u€ H, [ divg(eu) =0} .

Proof Introduce the unique solution ¢ in H'(R?) of div(eVy¢) = divg(ev) and set u =
v — V. This gives the decomposition. The orthogonality stems up from Green’s formula.

The interest of Lemma 1.1 lies in the

Lemma 1.2

(i) KerA(B) = {Vop, ¢ € H'(R)

(ii) ImA.(B) C H.(B)
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Proof The inclusion (ii) is a consequence of (1.22). The relation (1.25) implies that {Vsp,p €
H'(R?)} C KerA.(3). Reciprocally, if u belongs to Ker(A,(/3)), then by Green’s formula,
we have

/R’ plrotyul?dr = 0 == rtotyu=0.

Coming back to the definition of rotg (see (1.11)), we get u = V¢, with ¢ = %us, which

completes the proof.

Combining condition (1.23) and lemma 1.2, it is natural to consider the restriction of the
operator A,(f3) to the space H,(3), which is a closed subspace of H, (and then an Hilbert
space for the inner product (.,.).). We shall consider this restriction as an unbounded operator
A.(p) in the Hilbert space H,(5)

D(A(B)) = {u€ V. N H(B) ] roty(u~"rotyu) € LA(R2))
(1.27)

A(B)u = e 'roty(u'rotgu) .

In the sequel we shall need to work with the bilinear form a.(3 ;.,.) associated with A.(3).
This bilinear form is defined on the space

(1.28) Ve(B) = Ven He(B) = {(u,u) € H(rot, R?) x H'(R?) / divy(eu) = 0}
and its expression is given by

(1.29) a. (B ;u,v) = /R’ g~ rotgu - rotgv dz V(u,v) € V,(B)?.

By Green’s formula, one has |

(1.30) (Ac(B)u,v)e = ac(B;u,v) Y(u,v) € D(A(B)) x V.(B).

The fact that a.(3 ; ., .) is symmetric and positive implies that A.(f8) is symmetric and positive.
We shall see in section 2 that A.(f) is selfadjoint and positive definite. Finally, because of
(1.23), problem (1.20) can be reduced to

Find F € D(A.(8)),w? >0 /
(1.31)
A(B)E = wE , E#0.

For each /3, we have to determine the point spectrum of A,(8). Because of the unboundedness
of R?, the embedding of D(A.(/3)) in H, is not compact: this is why the existence of this point
spectrum is not a trivial question. Formulation (1.30) is the one we shall use for our analysis.
It differs essentially from the one of A. Bamberger and A.S. Bonnet-Ben Dhia [2] in the fact
that the generalized divergence-free condition (1.23) has been incorporated in the functional
space H,.(B). This is essential in order to get some local compactness. The other important
remark is that although vector fields in H.(/3) take their values in R®, H () is isomorphic
to a space of 2D vector fields. Indeed from the definition (1.21) of the operator divy, we
deduce immediately that the component u; is given from the knowledge of the transverse
field v = (uy, us):

(1.32) U = ;%div(eu)
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so that H.(8) is isomorphic to the space
(1.33) A, = {u € LA(R?*)? / div(eu) € LA(R?)}.

Of course in our presentation we have chosen to privilege the electric field E by eliminating
the magnetic field. We could have made the opposite choice and consequently obtained the
following dual formulation. First introduce the Hilbert space

(1.34) » H,(B) = {u € L*(R?)® / divy(pu) = 0}

equipped with the scalar product

(1.35) | (u,v), = /R* pu - v dz ‘.
By definition, the operator divy is given by

(1.36) divyv = % + % + Bvy = dive + fvs .
dl‘] 02)2

We also introduce the spaces

(1.37) Vi = {u=(u,u3) € H(rot,R*) x H'(R*)}( = V )

VilB) = Va0 Hu(B)

that we both equip with the norm || . ||y, defined in (1.18). Finally we introduce the un-
bounded operator A,(/3)

(1.38) D(AB) ={ue V(B / rotp(e"‘rot;u) € LY(R*)3}

Au(B)u = plrotg(e~'rotyu) VYu € D(AL(P))
which is associated to the bilinear form ‘
(1.39) a,(fiu,v) = /R’ e~ 'rotyu - rotyv dz .

Then the H-formulation of our problem can be written:

Find H € D(A,(8)),w?*>0 /
(1.40)

A B)H = WH, H#0

This is a point spectrum problem for the operator A,(/3). It is useful to notice that to pass
from one of the operators A, (/) or A,(/3) to the other, it suffices to exchange the réles of
¢ and p and to change 3 into —3. This is why the spectral theory of A,(/3) can be easily
deduced from the one of A.(/3). As an illustration, we can emphasize the equivalence between
the two point spectrum problems (1.31) and (1.40) by the following theorem.

Theorem 1.1 The operators A.(3) and A,(f) have the same nonzero eigenvalues. More
precisely,
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(i) if E is an eigenfunction of A.(f) associated with the eigenvalue w? > 0, then
H = p~'rots E is an eigenfunction of A,(S) with the same eigenvalue.

(33) If H is an eigenfunction of A, () associated to the eigenvalue w? > 0, then
E = e 'roty H is an eigenfunction of A.(f3) with the same eigenvalue.

(111) Moreover the eigenspaces of A.(f3) and A,(f) associated to the eigenvalue w? > 0 have
the same dimension.

Proof We shall prove only (i) and (iii). The proof of (ii) is completely symmetric. First
note that if £ is an eigenvalue of A.(3) associated to w? > 0 then rotz E # 0. Indeed one has
the equality

! | roty E |? dm:wz/ e| E)? dx.
Jeat 110 E | eI E]
Let us set H = p~'roty E € L*(R?)>. The equality
(1.41) e 'rotz H = W*E

proves that H belongs to V,,. Moreover as divy(rots) = 0 we see that divy(uH) = 0 which
shows that H belongs to V,(/3). Finally, applying the operator p~'rot; to (1.41) we obtain

p'rotg(e7 roty H) = w?H

which proves that H € D(A,(B)) and that A,(B)H = w?H. To prove (iii), it suffices to
show that two linearly independent eigenvectors €, €, of A,(3) associated to w? generate two
linearly independent eigenvectors iy = p~'rotse; and hy = p~'rotye; of A,(/3) associated to
w?. Indeed we deduce the result from the fact that u~'rotze = 0 and € € H.(f3) imply e =0
(see Lemma 1.2).

In the sequel we shall be led to play with the duality between A.(3) and A,(/3). This is why
we shall state most of our theorems for both operators even after having proven them only

for A.(f3).

1.3 Additional notations and useful results

(i) In 2 dimensions there exist two rotationals. The scalar one is applied to a vector valued

0 d
field w and is denoted by rotu = d—:? - d—zl The vector valued one is applied to a scalar
) 2
. - d't/) 01/)
function ¢ and denoted by roty) = (5—1—, —5——) We can relate these two operators by
Io Ty

the duality property:
Y(u,®) € D(R?)? x D(R?) /R’ u - roty) dr = /R2 rotu ¢ dx .

It is well known that rot(V1) is equal to 0. There exists a reciprocal to this result
known as the Poincaré’s lemma (see R. Dautray et J.L. Lions chapter IX A. p263 [10],
V. Girault et P.A. Raviart [15] for instance):

we L) [ rotu=0 = IeH(Q) | u=Vp

where 0 is a simply connected and bounded open set 2.
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(ii) In the sequel we shall use unique continuation theorem for Maxwell’s equations.For this
we shall use the unique continuation theorem for the Laplace operator that can be found
for instance in [19], [21]. The precise result is the following:

Unique continuation theorem ’
Let Q be a connected open set of R? and B some ball mcluded in Q. Let w € H2 ()}
(i=2 or 3) such that

|Au| < C(|Vul + |u]) a.e.in Q
v=0in B

then u vanishes identically in 2.

A consequence of this result is the following theorem.

Theorem 1.2 Assume that ¢ is piecewise Lipschitz continuous and that u € L? (R?)?

satisfies
{

div(eu) = 0

{ rotu=0

| = 0 in some open ball B

then u vanishes identically in S1.

Proof We shall give the proof only when ¢ € W'*(R?). The general case is ob-
tained by repeating the argument for each connected component where ¢ is regular. By
Poincaré’s Lemma rotu = 0 implies u = Vi with ¢ € H, (R?) and div(eu) = 0 implies
div(eV¢) = 0. Therefore we have

Ve
-Ap=—-u.
1'% c u

The result then follows by unique continuation.

For other applications of this result we shall be led to make additional regularity as-
sumptions on the coefficients ¢ and p, in fact piecewise regularity assumptions as for
Lemma 3.1, that we shall refer as assumption (PR):

4N =0 for j#1I, Q= {z/|z|> R}
(PR)

VO<ji<N I(eg,u) € Wae(R?) x Whe(R*) U WH(R?) x W2*(R?) /

€=¢;inQj, p=p;in .
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Remark 1.1 o In fact more general unique continuation results for Mazwell’s equa-
tions have been recently obtained by V. Vogelsang in [29]. The assumptions on €
and u are slightly weaker than those we shall consider here but rather complicated
to describe. That is why we have chosen to restrict ourselves to (PR) for which
we are sure of our results.

o Fven for applying the unique continuation result for the Laplace operator, assump-
tion (PR) is not optimal and could be weakened, provided that we would introduce
additional technical conditions on ¢ and . However this assumption is reasonable
with respect to practical applications and thus sufficient for our purpose.

(iii) We shall also use compactness results in spaces of vector fields. Classical versions of

such theorems can be found for instance in [8] and [15]. The more sophisticated version
we shall use in this paper is due to Ch. Weber [30].

Let © be a bounded open set of R? satisfying the restricted cone property. Let u™ be
a sequence of L2(Q)? satisfying

fu || < C, |frotu™ || £ C, [ldiv(eu™) || < C
utAvisga= 0 or u - visg =0

(v denotes here the normal unit vector to J€1) then there exists a subsequence, still
denoted u™, such that

u®* — u in L}(Q)

2 Selfadjointness - Essential spectrum

For proving the selfadjointness of A.(3), we shall use the following

Lemma 2.1 The bilinear form a.(B;.,.) ts coercive in the space V.(B). More precisely we

have

(2.1)

e (Biuyu) > /R25(| rotw 2 + | Vug |?) dz + ¢ 8 /st(lu P +2 | ug ) da .

Proof By definition we have

a.(Biu,u) = /R2 p=! | rotpu |* dz = ij ec? | rotgu |* dzx

> c2_/ ¢ | rotgul® dz
> R? | rotsu |
= ¢ /R’ e(]| Vus — fu |* + | rotu |?) dz

= c2 {/R’ e(] Vuz |2 + | rotu |* +4% | u |*) dz — 28 /R’ eu.Vuy d:v} .

By Green’s formula, since div(eu) = ¢f3uz, we have

- /R’ eu-Vuz dz = /R’ div(euw)uz dz = 3 /R’ €| us|? de
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from which the result follows immediately.

From classical characterizations of selfadjoint operators we deduce

Theorem 2.i For any 3 > 0, the operator A.(f3) is selfadjoint, bounded from below. More-
over if a(A.(B)) denotes the spectrum of A.(3), we have the inclusion

a(A(B)) C [¢2 %, +0)
Remark 2.1 In fact the inequality (2.1) also proves that ¢ 3* cannot be an eigenvalue of
A.(B). Indeed a. (B ;u,u)—c2 B |u|? > /R’ ect (| rotu > + | Vug | +8% | us |?) dx. Ifu is

an eigenfunction of A.(3) associated to the eigenvalue c? 32, we see that uz = 0 and rotu = 0.
As div(eu) = effuz we deduce that div(eu) = 0 and thus that w € P, N L*(Q)?, where the space
P, is defined in (5.29). This implies that w = 0, as we will see in remark 5.4.

Corollary 2.1 For any 3 > 0, the operator A,(B) is selfadjoint, bounded from below and its
spectrum o(A,(f3)) satisfies
’ o(Au(B)) C [e2 %, +00) .

Moreover ¢ 3% cannot be an eigenvalue of A,(f).

We are now going to determine the essential spectrum of A,(3). When e = ¢, and p = p,, i.e.
in the case of a homogeneous medium, the corresponding operator we shall denote by A (/3)
has a purely continuous spectrum that one determines very easily using Fourier transform.
One gets a(An(3)) = [¢2,52%,+00). The idea is to prove that o.,,(A.(3)) = 0(Aw(S3)) using
compact perturbation techniques. We first prove the )

Lemma 2.2

Oess(Ac(B)) O [€2.8, +00) .

Proof We are going to prove that any real number A greater than c2,/3? belongs to 0(Aw(5))
by constructing explicitly an associated singular sequence. The idea of the construction
starts from plane waves propagating in a homogeneous medium that we truncate and shift
appropriately in order to avoid the perturbation (i.e. the region where the coefficients are not
constant). Note that we cannot directly refer to the proof of [2] since we have to take into
account the generalized divergence-free condition. Let k = (k, k) € R? and set

. ug(x) = (—k, cos(k.z), ky cos(k.x),0)
for which one easily verifies that
divgu, =0
roty(rotyug) = (32 + k% )uy .
Let us choose k such that A = c2. (A% + |k|?). Now let 9 be a cut-off function satisfying
PeCPRY), 0<9p<1
 supp ¥ C {z € R*/R <|z |< 4R}

P(z)=1 for2R<|z|<3R.
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We construct the sequence u” = (u”,u}) such that divy(eu™) = 0, by taking

w'(z) = CTP(S)u(a)

gy = €
Ble) = VN5 w(s).

As € and p are constant outside |z| < R, it is clear that the sequence u" belongs to D(A.(/3))
for n > 1. We choose the normalization constant C™ > 0 such as

ol = [ el de = 1.
R?

A simple calculation shows that

'

C
Ct'~—, C>0.
n
It follows that || u® ||L~, 0 and thus ,as |u"|. = 1, that u" converges to 0 weakly in H,. To
conclude that ¢? (/32 + k?) belongs to the essential spectrum of A,(3) we only have to prove
that
|4, (B)u" — ¢ (8% + K*)u™|. — O.

As supp u” C {| z |[> R} and as divgu™ = 0, we deduce that A.(8)u" = cm( Au™ + un).
One easily checks that A.(3)u” — Au™ may be written as follows:

- (Au” + [k*u™) = -clCn (lAd)(E)u/c(z)+?-Vll)(f)-Vuk(x))
—o(Aui + H7w7) = - ﬁc< V(AP)(D) - u(a) + Z ﬁi(n) d""( )>

from which it is easy to show by explicit computation that

| A(Byu” — (B + K | < &

n

1
(The main reason is the presence of the factorsin —, —,
n n 71,

of the cut-off function 1,/)( )) This completes the proof.

—; occurring from the differentiation

For proving the reverse inclusion we shall use a very important decomposition of the quadratic
form a.(f ;u,u).

Proposition 2.1 One has
(2.2) Vu € Vi(B) ac(fiu,u)=cB | u|? +p.(B ;u,u) + c.(B i u,u)

where we have defined

pe(B 5u,u)

/ e(c? | rotu |* +¢* | Vus |* +8%¢%, | us |?) dz
2.3) R*

ce (B ;u,u) 32 /R’ e(c?—c)|u|® dz -2p /R’ e(c? — 2 )Vus-u dz
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which have the following properties:

(1) p(B;u,u) >0 VYue V,(B)

(i) u” — uin V,(f) wedkly = EIP c.(B;u™,u") = c.(f ;u,u)

(up to the extraction of a subsequence).

Proof We start from the identity (see the proof of Lemma 2.1)

a.(f ;u,u) = / , ec®{|rotu |2 + | Vus |2 467 | u |} dz
(2.4) R

=243 /R’ ec’Vuz - u dz .

We transform the last term of (2.4) as follows:

—/ ec?Vuzudz = —/ e(c® = ¢, )Vuz - u dz —~ CZO/ eVuzu dz
(2.5) R2 R? RQ

- /R’ e(c? - ¢, )Vuz - uw dz + fcl, /R’ elus|? dz

(We have used integration by parts and the fact that div(eu) = Bus). Therefore as /R’ ec? |

u |? dz can be split into the sum of ¢2, , glu|? dz and e~ ¢2,)|u|? dz, the decompo-

sition (2.2) follows from (2.4) and (2.5). As property (i) is immediate we only have to check
property (ii). Assume that v — u weakly in Vj(¢), this means in particular that

4

u? is bounded in H'(R?)

{ u" is bounded in H (rot; R?)

- | div(ew") is bounded in L¥(R?)

Let Bg = {z/ | z |< R}, as the embedding from H'(R?) into L?(Bg) is compact, we can
extract from u} a subsequence, still denoted by u}, such as

(2.6) uj — ug strongly in L%(Bg) .

For 4", we need another compactness result we shall state in a proposition since we shall
reuse it in the sequel.

Proposition 2.2 Let us introduce the Hilbert space

2.7) H(rot, div,, R?) = {u € L}(R?)? / rotu € L*(R?), div(eu) € L*(R?)}
equipped with the norm

(2.8) 2= /w(' wl? + | rotu |’ + | divfeu) ?) d.

Then the mapping w — u |g, is compact from H(rot, div., R?) into L?(Bg)?.
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Let us admit for a while this result. We can then assume that the subsequence u™ is such
that ' :
(2.9) u" — u strongly in L*(Bg)®.

Therefore, as (c? — cfn) has compact support included in Bpg it follows that

n—+o0

lim/ez—2 "2d=/ 2_¢? 2 dzx
[ =) s = [ e )| ul ds

n—+4o

lim /IR2 e(c? = c)Vuju® dz = /R’ g(c? — 2 )Vuz - u dz
which completes the proof of proposition 2.1.
We now give the

Proof of proposition 2.2 Let u” be a bounded sequence in H(rot,div,.,R?). Let R’ > R
and ¢ be a cut-off function satisfying

peCP(R?), 0< ¢ <1
d)(:l?) = 1lin Bg, supp ¢ C Bpg.

Let v = ¢u™, we have
/ lv*|? dz < C, / [rotv™|? dz < C, / |div(ev™)|* dz < C
BR’ BR/ I'g
vAn laBR. =0
(n denotes here the unit normal vector to 0Bpg: and the bound ' depends on ¢). We can

then use the result of Ch. Weber [30] (cf section 1.3 (iii)), to assert that one can extract from
v™ a subsequence, still denoted by »", such that

" > v in L?*(Bg) strongly
Then defining u = v |g,, we have

u” — uin L?(Bg) strongly

which completes the proof of proposition 2.2.

Remark 2.2 To apply the compactness result of Ch. Weber, it is fundamental to have some
control on the tangential trace of the vector field on the boundary. This is why we have used
a truncation procedure on some open set larger than By (here Bg:).

We can now prove

Lemma 2.3

inf 0.,,(A(3)) > %, /3°



3 CHARACTERIZATION OF THE POINT SPECTRUM : 17

Proof Once, one has the decomposition (2.2), the positivity property (i) and compactness
result (ii). The proof of Lemma 2.3 follows an approach which is now rather standard (see
(4],(3],{12]). We include it here for completeness. Let o € a.,,(A.(3)), there exists a sequence
u” in D(A.(B)) such that ‘

4

u* — 0 ' weakly in H.(53)
(2.10) y A(B)u” — ou™ — 0 strongly in H.(f3)
|u™ o= 1.

Therefore HI}_] a.(f ;u",u") = ¢ and from the coercivity result of Lemma 2.1, we deduce
n—+4o0o *

that u” is bounded in V,(/3) so that we can assume that u" converges weakly to 0 in V (/).
By (2.2), we have

a.(B;uu) = c2B%+p.(B;un,ut) + e (B ;ut,un)

v

et B+ c. (B ;um,u).

Taking the limit of this inequality when n — +o00, we get as Hl_}_] c.(B ;ut,u™) = 0 (by
n—+4+00

property (ii))
(4 Z Ccz,oﬂz Vo € Uess(A(ﬂ))

which yields the result of Lemma (2.3).

Regrouping Lemmas 2.2 and 2.3 and playing with the duality between A,(3) and A,(8), we

can demonstrate the following theorem (Note that ¢2 3? does not change if we permute € and
1): '
Theorem 2.2

(T,,,(At(ﬂ)) = UC-’-’(A#(/})) = [C:oﬂ:)’ +°°)
An immediate ¢onsequence of Theorem (2.2) is
Corollary 2.2 The operators A.(f3) and A,(/3) have the same spectrum.

Proof Elements of the spectrum which are not in the essential spectrum are necessarily
strictly positive eigenvalues (for A,(3) as well as for A,(3)). From Theorem (2.2), A,(/3) and
A,(f) have the same essential spectrum. As by Theorem 1.1 we know that they have the
same eigenvalues, one concludes immediately.

3 Characterization of the point spectrum

From the general theory of selfadjoint operators we know that eigenvalues of A,(/3) are ei-
ther 1solated eigenvalues of finite multiplicity, i.e. elements of the discrete spectrum o4( A.(/)),
or eigenvalues embedded in the essential spectrum. In fact the latter cannot exist, except pos-
sibly for the lower bound c2 /3.
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Lemma 3.1 Under the regularity assumption (PR) (see section 1.3), the operators A.(f3)
and A,(3) have no eigenvalues in the interval (c2 3%, +00).

Proof Let us first recall what is the regularity assumption (PR):

91032120 fOT]#l, ng{x/l$l>R}
(PR) ¢

VOSSN 3(g,p) € Wa(R?) x WH(R?) U WH=(R?) x WE*(R?)/

e=¢g inQ,p=p; inQ;.
\

We shall assume, which is not restrictive that the open sets {2; are connected and numbered
in such a way that the open sets O, defined by

Ok = Ujk'zl Q]

are connected. Note that Oy = RZ.

Let u be an eigenfunction associated to some eigenvalue w? of A.(f8),with w? > ¢2 32. We
are going to show by induction that u vanishes in O, Yk € {0,.., N}. We first prove that
u = O in Op. Since divgu = 0in | = |> R, it is clear that (use the identity rotj(rots) =
Vs(divg) — A + %)

Au+ (W= p)u = 0 for |z|>R.

As u € L*(R?), we deduce from Rellich’s theorem (see [28)) that u = 0 for | z |> R.
Now assume that u vanishes in O,_;,k > 1 then we claim that u is solution of
roty(py 'totgu) = g’ in O

Indeed, using (PR), for v € D(Oy), one has

g rotgu - i'otpv dz = / #; 'rotgu - rotgv dx
Oy Qi

/ eu-vdzx / gxu-v dzx .
Ok nk

To conclude, we shall assume here that (e¢, pe) € W2 (R?) x WH(R?). Otherwise it suffices
to apply the forthcoming argument to v = p~'rotgu. Using the formulas ( (e, €3, €3) denotes
the canonical basis of R?)

(

rot}; (puy 'rotgu) = py 'rotj(rotyu) — pi 2rotperotu + pp 2V - (Vug — fu)es
{ roty(rotsu) = Vy(divpu) — Au+ fu
ou

: : - 0, _ -
Vg((llv,,u) = Vp(E;lleg(Ek’u)) - Z{Ek JVSk.(T)? + E‘—.(fk lVEI:) ‘ ‘U.} € — ﬂ(sk lvsk) TU €y
\ i=1 J ')
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we see, as divg(egu) = 0 in O, that

Au = (% —wlepp)u — pp ' rotuerotu + pp ' Vi (Vus — fu)es

a ou J , _ _
‘ —Z {Ek IVEk.a—zj + 0_.’13j($k IVsk) -'u,} €; — /3(8k 1V£k) *U€g .

i=1

Then by elliptic regularity we deduce that v € H2 _(O;)? and that

[Au(z)] < C(|Vu(x)| + |u(z)]) a.e. z in O

where the constant C' depends on ||ei||w2 and ||ui]lwr.~. We can then apply the unique
continuation theorem of Section 1.3 to conclude that u vanishes identically in )

Remark 3.1 A priori ¢2, 3% can be an eigenvalue. However one can prove that if u is an
eigenfunction associated to the eigenvalue ¢ 32, then for | z |> R, it admits an expansion in

the form
+o0

(3.1) u(z) =Y _(ul cosnf + ul sinnf)r="

n=2

where (z; = rcosB, z, = rsin @) ((r,0) are the polar coordinates) and ul and u! are vectors
in R3. We shall come back later on this point.

As a consequence of Lemma 3.1, if we except ¢2 32, eigenvalues of A, () (or A,(3)) belong
to the discrete spectrum which moreover satisfies

(3.2) Tu(A(B)) C (25,257 .

In particular any eigenvalue in the discrete spectrum of A,(f) is necessarily strictly smaller
than the lower bound ¢2 /3% of its essential spectrum. This implies that all these eigenvalues
can be characterized with the help of the Min-Max principle that we shall state below. For
this we need to introduce the “Min-Max” associated to the operators A.(f3) and A,(S3). We
shall use the following notation: )

— Ve(pB) is the set of m-dimensional subspaces of V,(53)
—  He.(B) is the set of m-dimensional subspaces of Hcl(ﬂ)

— For any subset F of H.(3), weset F' ={ue H,(B)/ (u,v). =0, YveF}.

Then for any m > 1, we introduce the real numbers given by the two equivalent fqrxnulas (cf.
M. Reed and B. Simon [27], R. Courant and D. Hilbert [9]):

By,
S0 = pf, s 2T
(3.3) €V;.(8) ueE\{0} U ¢
- swp L GBiny)

FeMe,_, (5) vEFLOV(B) | u |2
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We also define, concerning the operator A,(/3)

sh(B) = inf sup ———————=
m(P) EeVh (8) ueE\I;O} ful2

' ) -au(p
= sup inf ——“(/ ’Z’u)
Fen* _ (8) uEFLNV,(B) I U |ll

(3.4)

where VA (), H () and F* are defined as above by simply replacing € by p. The Min-Max
principle can be stated as follows for the operator A,(73).

Theorem 3.1 The sequence s5,(f) is nondecreasing and converges to c% 3%. Moreover Jor
each m > 1, one has the following alternative:

(1) sc.(B) < €2, B2 in this case A°(B) admits at least m eigenvalues strictly smaller than
2B and {s{(B), 85(8), - - -, 51 (B)} are ezactly the m first eigenvalues of A.(f3).

(i) si, = cZ,32: in this case s(B) = c2,B% for any j > m and A.(f3) has at most (m — 1)
eigenvalues strictly smaller than ¢, 32

Proof The theorem is nothing but the application of the general Min-Max principle to our
particular case. For a proof of this principle, the reader is referred to [27] or [9].

As a consequence of Theorem 3.1 and Corollary 2.2, we have

Theorem 3.2

Vm 21, sp(B) = sp(B) (Saes sm(B))

Proof This comes from the fact that A.(3) and A,(8) have the same essential spectrum
and the same eigenvalues. Indeed assume that s, () < s (/). Necessarily, as s4(8) < ¢2 /3%,
s¢.(B) < ¢, % which means by Theorem 3.1 that A,(8) admits at least m eigenvalues strictly
smaller than ¢2 $%. By Theorem 1.1, these eigenvalues are also eigenvalues of A,(8) which
would mean that A,(3) has m eigenvalues strictly smaller than s% (3), which contradicts the
Min-Max principle. Therefore s¢,(3) > s%(3). Inverting the roles of € and u, s“ () > s¢,(5),
and thus s, (8) = s4.(3).

Remark 3.2 From Theorem 3.1, we deduce the rule for proving existence or nonezistence of
etgenvalues.

(1) If one can construct a subspace E of V.(3) (or V,(53)) such that dim E = m and
Vu€ E a(f ;u,u)— A B |ul|’<0
then A.(3) admits at least m eigenvalues strictly smaller than cZ 2.
(i1) If one can construct a subspace F of H.(3) (or H,(/3)) such that dim F = m — 1 and
Vue FrnV,(B) a(B;u,u)—cip|ul?>20

then A.(f3) admits at most m ~ 1 eigenvalues strictly smaller than ¢2, 2.
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This rule is the rule we are going to apply for studying the point spectrum of A.(/3) (i.e. the
guided waves). In the sequel we shall need a result concerning the regularity of the functions
f — s5,(0). The proof we give here is slightly more complicated than usual proofs for this
type of result because of the fact that the space V, () depends on £3.

Theorem 3.3 Vm > 1, the functions § — s5,(f3), B > 0 are locally Lipschitz continuous.

Proof To work in a space independent of 3 we first remark that v = (u,u3) € V. (/) if and
conly if & = (w,#3) = (u, fus) € V(1) and therefore that s,,(8) is characterized by

39 ) = gl g Rl

where we have set

(3.6) | R.(Bru) = 2lfiw)

|“|?,/3

with
1
a.(fu,u) = / p~( |rotul? + |-/§Vu3 ~ Bu|? ) dz
lulf,ﬁ = 'ulf + ﬂ2lu3,2

Now one computes that difference for any (8, 8') € R** x R**:

o 57 Chul? - B8
Re(Biu) - Ro(B3u) = (B2 - f7)— K
T

|u3|2/ ' (frotu)® + (B2 + B)|u|? — 2Vuz - u ) dz
B2 |ul? ﬂ‘u|t B

Remarking that we have the identity (déduced from a development of d.(/3))

+(/j2 _ /312)

IV’U,:;'

J 7 (ot + (54 Bl =290 -w ) de = G(Biw,0) + [, w7 Bl = o) do
we obtain
]Vu;;l
Ru(Fin) - Re(iw) S S~ G ) de fusl?

+ R AP u)

(G - |ul? B2 ul?

Now we notice that |us|? < #*[uf? 5, ,é‘Czlulzbdz < c}lu? 5 and that, using the coercivity
of a,(; u,u) (cf. formula (2.1)),

2 .
-/R2 ec?|Vus|ldz < %—/3’255(/3;' u,u) = +/3’2R (B u) ul? 5

So we obtain that

Re(B;u) = Re(f30) L lulty ,
(/52_/112) | < ++( )’R,E(/i,u).

| 77t B,
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Finally as
|u|f,p' 1

<
PPulZ, = M‘”(ﬂl’ )
1 1

ﬂ2 [3/2

1 2
we end up with the inequality ( since — < —;—M

77 < )

1, 7 ¢ !
R.(fu) < Rt(ﬂ u) {1 + 2|42 - B +Maz(ﬁ2,ﬂ12)} + 2|87 - B
Taking the Min-Max over u of both members of this inequality we find that
m(B) < () {1 +21" - 915 (o ,,2>} + 187 = B

As we can invert the réles of 3 and /3, we easily obtain

|$m(8) = sm (8]
13- A

which completes the proof.

<(B+B)( +2 +M N

/32 ’ ﬂlz))

4 Study of the discrete spectrum

From now on, we shall denote by N(/3) the number of eigenvalues of A.(8) in (¢2 3%, c%,3?).
By the Min-Max principle, N(/3) is also characterized by (~N(/3) can be a priori equal to +00)

m<N(B) = sm(B) <k p?

m>N(B) = sn(B)=cip?.

4.1 First existence result. Notion of the threshold
We immediately begin by a nonexistence result.

Lemma 4.1 If ¢(z)? > c2, almost everywhere, the discrete spect‘rum of A(B) (or AL(S3)) s
empty.

Proof In that case, the interval (¢ 32, c2 3?) is empty.
3Coo pty

A consequence of Lemma 4.1 is that in order to ensure the existence of isolated eigenvalues,
it is necessary that the function ¢(z) admits some where a strict minimum in the domain Bg.
We shall see now that this condition is also (almost) sufficient to obtain an existence result
at least for large values of 3. The idea of the proof is that if A.(3) admits an eigenvalue in
(c? 3%, c%,p3?) then, because of (2.2), the quantity

(B iu,u) = B /w (=) ul? dr— 28 /w e(c? — ¢ )u.Vug dz

must be negative which will be true if u3 can be chosen equal to 0 and u localized in some
region where ¢(x)2~c? < 0. This is the idea of the proof which nevertheless must be modified
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because of the generalized divergence-free condition. This is the reason for which we shall be
led to consider the following assumption:

_ 3D, C Bg, where D, denotes a disk of radius £ such that
(4.1) . (i) ae.x€ Dy c(z)? <, -(Ac)?, Ac>0

(i) e(a) € Wa~(Dy) or u(z) € W2=(Dy) .

The reader will realize that in practice, assumption (4.1) differs very slightly from the more
natural one:

(4.2) co < Coo -
For instance (4.1) and (4.2) are equivalent if ¢ and p are piecewise W2, We can also state

our main existence result, which follows, using a weaker but more complicated assumption
(see C. Poirier [26]).

Theorem 4.1 Assume that (4.1) holds. Then for any m > 1, there exists 3,, > 0 such that
for any B > B, A(B) admits m eigenvalues strictly smaller than ¢, 3%

Proof We shall assume that £(z) € W2=(D,). If not it suffices to reason with a,(3 ;.,.)
instead of a.( ;.,.). For m > 1, let us consider m 2D vector fields {ul,1 < k < m} satisfying

{ ul € C(R?), supp uf C D, and {uf,1< k < m} are linearly independent.

Then define
1Vve ,

1. 1.,
(ua)i = —le(E‘ui) = b—dw(uﬁ) + E? ul .

ep
As ¢ € W2(D,), it is clear that

Vk<m (us)f € H'(R?), supp (us)i C D,

and that :

(4.3) Yk <m ui = (ui,(u:,)ﬁ) € V.(B).

Now define the m dimensional subspace of V,(/3) generated by {uf, . ..,uf,,}:
(44) Efn = [u{,ué,,ufn]

If u = (u,u3) € E/;, we have, using (2.2)
a(f i u,u)— 2B |u|l= /R’ ec’(| rotu |2 4 | Vug |?) dz + ¢, /R2£ | Bus |? dz
-2/ e(c? —c?\,)V(/}us)-udz-fﬂz/ (=) |ul? da.
R? R’
Using the fact that fSuz = édiv(eu) and part (i) of (4.1), we deduce that
1 1
ac.(B;u,u) - 2 Bul? < 5 /IR’ ec? | V(Zdivsu)'l"’ dz + /R’ ec? | rotu |? dz

’ 1
(4.5) | 4 /Rzecf,o | %div(eu) k dz:+2/R25|c2—cfv - V(S div(ew) | do

-JZA,z/ 2 .
B*(Ac) WE'u' g
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Denote by M;(m, ) and M,(m, ) the two positive constants defined by
1
/ . ec? | V(=div(en)) |* dz
My(m, ) = sup | IR £
uEE], / e|lul? dzx
RZ

My(m, €) = sup 2
ueea/ elwl? dz
R?

(4.6)

where we have defined
1 1
(u,u) = et |V(=div(eu 2+‘2/ gle? =2 ) lu-V(=div(cu dm-{-/ ectrotul’dz .
Qu(wu) = [ eIV div(eu)t42 [ ele = bl lu-V(zdiv(ew)] da+ [ ectrotul’ds
Note that M,(m,{) and M,(mn, ) exist and are finite because E! has finite dimension. We
deduce that

Ml (7n, ())

a8 iw) - gl < (S

+ My(m,¢) - [32Ac2> /R’ elul® dz.
If we choose

(4.7) . g

VM, + VMI ¥ &M A
>
V2Ae

we see that
Yue Ef, wu#0  a(fiuu)—ci B |u|?’< 0
(note that because of the generalized divergence-free condition, u # 0 <= wu # 0). This

concludes the proof because of Theorem 3.1 (see section 3).

Theorem 4.1 points out a priori the existence of critical values of 3 which are thresholds for
the apparition of eigenvalues in the discrete spectrum of A.(3). This leads us to introduce
the notion of upper thresholds

( Br, = inf{ Bn>0 [ VB> pBn, A(S) admits at least m
4.8)

eigenvalues strictly smaller than ¢2 32 }.

By Min-Max principle, /37 is also characterized by
(4.9) Br = inf{Bn [ sm(B)< A3, VB> Bn).

A priori /3, can be equal to +o0o (for instance if ¢(z) is everywhere greater than ¢,,) but
Theorem 4.1 expresses that

assumption (4.1) = Vm > 1, f; < +oo.

In opposition to upper thresholds we also introduce the notion of lower threshold 32, defined
by

B = sup {Bm /| VB < Pm, A(B) admits at most m — 1
(4.10) .

eigenvalues strictly smaller than ¢Z 3% }
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or equivalently, using Min-Max principle,
(4.11) B =sup{Bm | B<Pm = sm(B)=cEB}.

It is immediate to verify that both sequences 32 and f3;, are nondecreasing and that, since
the functions s,,(/3) are continuous (cf. Theorem 3.3)

(4.12) Ym>1 p) < B

One can note that, from its definition, for 5 < 32 the operator A.(/3) has at most (m — 1)
eigenvalues and that the nonexistence result of Lemma 4.1 means that 3 = +o0o when
c(x) > co, for a.e. x € R%. It is thus clear that a lot of informations concerning guided waves
can be expressed in terms of the properties of the thresholds B2 and .. That is why our
next section will be entirely devoted to the study of this two sequences.

5 Study of the thresholds

5.1 A case where 3° = f3*

m m

Here we consider a particular class of waveguides for which the propagation velocity is
almost everywhere smaller than its value at infinity:

(5.1) ¢(z) < ¢ ae z€RL
Under this assumption we have

Lemma 5.1 If assumption (5.1) holds, for any m > 1, the function 8 — sn(8) — ¢%,5% is a
decreasing function of 3. '

Proof We adapt here the original idea of M. Reed and B. Simon [27], which has also been

used in [7], for instance. First we remark that

232 — . at(ﬂ§u,u)—ci,/32|u|f)
w0 - =, (T
= inf sup (pe(/j U, U) + Cc(ﬁ , U, U)) .
E€VL, (B) ueE | u?

Now if u = (u, u3) describes the space V.(f3), we note that v = (u, Suz) describes the space
V.(1) and that

Ao(v)

ce(B s u,u)+ p(Bu,u) = 5 + Ai(v) + % Ay(v)
B()(U)
| u |Z /32 + B](v)’
where we have set
{
Ao(v)z/w ec? | Vs |2 do
(5.2) < A@):/w £(c? | rotw |7 +¢2, | v | =2(c? — ¢2,)Vvs.0) do
sz/ecz—ci v |? dux ‘
R )| ]
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Bo(v) = /wE | v |2 do

(5.3)
B)(v) = /R2£ |v|? dz.

Therefore we can write

2 g2 _
(5.4) : nlfl) = o = pbiSep FBv)

_ Ao(v) + A ()2 + Ap(v)B?
F(B,v) = Bo(v) + B (v)p?

We now use the fact that s,,(3) — c2,4? < 0 to remark that formula (5.4) does not change if
we replace F(f3,v) by G(f3,v) = inf(0, F(/3,v)). So we have

(5.5) sm(B) =& B3 = 1‘§1f(l sup G(ﬂ,v) .

veE

As the set V7 (1) does not depend on f, it suffices to prove that for any v € V. (1), v # 0,
the function 3 — ((f3,v) is nonincreasing. For this we need to study the variations of
B — F(B,v). Now we note that only the function A 1(v) has not a determined sign. Indeed
we have by definition

(5.6)  B{(0)>0, Bo(v)20, Ag(v)>0 (Yu#0)
while because of assumption (5.1), we alsc; have

(5.7) Ax(v) < 0.

In order to be exhaustive, we have to distinguish 3 cases.

a) 1i=0
In such a case Ag(v) = By(v) = 0 and we can write

Ay(v) ) Ay(v)
B, (v) ) (Bl(v)

F(B,v)= (g )A? .

As Bzgvi <0, 3 — F(B,v) is nonincreasing and so is GG(3,v).
1

b) vz # 0 and Ax(v) =0
In such a case Ao(v) > 0 and By(v) > 0. Moreover

Ao(v) + Ay (v)p?
Bo(v) + By (v)B2

F(B,v) =

A (v) Ag(v) )
B (0) S (B(;( )’ th( n) J¢)
Bi(v) ~ Bo() "

> 0 the function G(/3,v) is equal

The function 32 — F(f3,v) is necessarily monotone. If

F(f3,v) is decreasing and therefore so is 8? — (/(3,v). And if

Ao(v)
By(v)

3% — F(j3,v) is increasing and since F(0,v) =

to zero.
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c) vz £ 0and Ax(v) <0

> 0.

In that case F(f3,v) ~ %?—((—:))—3/32 as 3 — +oo with gigz; gZEZ;

Moreover one easily sees that the function W(F(ﬂ, v)) has at most one zero. So that

< 0and F(0,v) =

one necessarily meets one of the situations described by Figure 5.1, which proves once

again that (z(/3,v) is nonincreasing with respect to (3 and completes the proof of Lemma
.

5.1.

A direct consequence of Lemina 5.1 is the
Theorem 5.1 If assumption (5.1) holds, then for any m > 1, 82 = j3;..

Remark 5.1 We do not know any example for which 2, < f2,. So we conjecture that the
equality 52, = f3;, is always true. However the proof of such a result remains an open question.

5.2 Comparison results

In this section we consider two propagation media characterized respectively by (&,(z), . (z))
and (e(x), pa(z)). We suppose that these media are the same at infinity:

(5-8) { e1(z) = €2(z) = €0 and py(z) = po(z) = pm for |z| > R .

We denote by s!.(3) and s2,(3) the min-max respectively associated with these two media
and by N;(3) and N,(53) the two corresponding numbers of eigenvalues strictly smaller than
c2,%. In the same way we shall use the notation (8L*, 8%*) and (3.0, 3%°) for the upper and
lower thresholds. Our objective in this paragraph is to show that all these quantities can be
compared provided that (¢,,u,) and (2, u2) can also be compared. Our precise result is the
following

Theorem 5.2 Assume that (5.8) holds and that

(5.9) { £1(z) < e(z) and p(z) < po(z) ae z€R?
then
(5.10) ym>1, ¥8>0 sl(B) > s&L(B)

and consequently

Ni(B) < No(B)
(5.11)

Bt 2 By and B0 2 B0

Proof The proof is not direct and will use the two formulations in £ and H. We will divide
it into three parts.

(i) The result is true if €,(z) = €,(z) = €(x)

Indeed if we set for j = 1,2

a(Biu,u) = /IR" pyt | rotgu |é dz Yu € V. (3),
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we clearly have

al(B;u,u) > ai(B ;u,u) Vu € V. (5).

Then as the space of test functions only depends on ¢ we can apply the Min-Max
principle to show that

sm(B) 2 sp(B).

(ii) The result is true if p;(z) = po(z) = p(z)

It suffices to invert the roles of ¢ and p and to use the H formulation.

(i11) Now assume that (5.9) holds and consider the intermediate medium defined by

{ é(z) = £1(2) and Q(z) = pa(a) -

Let us denote by §,(8) the corresponding min-max. Because of (i), we know that
50.(B) > &m(B) and because of (ii) we have §,(3) > s2,(8). Therefore s} (3) > s2.(B).

The other inequalities (5.11) derive directly from this one.

Ai(v) > __Ao(v) (ase 4,(v)

Ao(v)
Bi(v) = By(v) B (v <

= Bo(v)

Case

S——

Figure 5.1: Curves of F and (' for case c)

We will find this comparison result useful for extending some of our results to a more general
class of media.

5.3 The threshold equation

Our objective in this section is to derive an equation satisfied by the thresholds. This
equation will appear as a generalized eigenvalues equation. The idea is very simple, at least
formally, and consists in passing to the limit in the eigenvalue problem for guided modes




~
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(under its variational form) when w? tends to cZ 3% The only, but essential, difficulty lies
in the functional framework needed for the justification of the limit procedure. For this, we
shall be led to introduce a weighted Sobolev type space of 2D vector fields. The same type of
space occurs in the resolution of the Laplace equation in exterior domains (see A.S. Bonnet
[7], J.C. Nedelec [23]). Let us introduce the weight function

(5.12) p(2) = (14 | 2 )7 (Log(2+ | = 1) > 0
and define the sp;ace
H,(rot,div, ;R?) = {u € L _(R?)? [ piu € LA(R?)?, (rotu, div(cu)) € LZ(IRz)z}

which is an Hilbert space for the norm

(5.13) ull2 = /w | p de +/IR’ (| rotu |2 + | div(ew) ) dx .

The main property of this space lies in the following proposition, whose proof is given in
Appendix A.
Proposition 5.1 In the space H,(rot, div.; R?), the mapping

1

U — (/ | u |? d:z:+/ | (rotu |* + | div(eu) |?) d:z:)
Bg R’

is a norm equivalent to the norm |||.||{|.. Moreover the mapping w — u |g, is compact from
H ,(rot, div, ; R?) into L?*(Bg)?.

Remark 5.2 o Note that H,(rot,div, ;R?) is a greater space than H(rot, div, ; R?) (see
section 2, proposition 2.2). The functions of these two spaces only differ by their be-
haviour at infinity. However they have the same local regularity and that is why local
compactness properties are conserved (compare proposition 2.2 and proposition 5.1).

e [t can be shown, using an adaptation of the truncation procedure used by J. Giroire in
[16], that the embedding H(rot, div, ;R?) — H,(rot,dive ;R?) is continuous and dense.
In fact one can prove that functions of H,(rot, div. ; R?) which have compact support
(and thus belong to H(rot, div, ;R?)) are dense in H,(rot,div, ;R?) (see also Lemma
5.2 below).

We shall also need to introduce the space of 3D vector fields

H,(rot,R?) x H'(R?)
(5.14) g

where  H,(rot,R?) = {u € L} (R?)?, piu € LYR?)?, rotu € L*(R?) }.
which is an Hilbert space for the norm
r 2 _ 2 2 2 2y .
(5.15)]| » %, rot R*)x 1 (R = /IR’ (p|ul|®+|rotu |?) dz + /IR’ (|us |> + | Vus | )‘dz:.
Then the space (defined for 8 > 0)
(5.16) V,.(3) = {ue€ H,(rot,R*) x H'(R?) / (lng(su) = 0}

is a closed subspace of H,(rot,R?) x H'(R?) and thus an Hilbert space if we equip it with
the norm | . ||, (rot R*)x g1 (R?)- A direct consequence of Proposition 5.1 is
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Corollary 5.1 The mapping

1/2
e ([ dup dat [ (Irotu "+ [us [+ | Vg ) da)
Br R
is a norm on the space V, . (f3) equivalent to the norm || . [, (rot, R*)xn1 (R?) and the mapping
u — u|g, is compact from V, (/) into L*(Bgr)®.

We can now define our threshold equation. First we remark that the two bilinear forms,
previously introduced in Proposition 2.1

pe(B 5 u,v) /l{’ ect(rotu - rotv + Vug - Vog) do + c:‘;/}? /R’ Euzvs dx

ce(f ;u,v) / , e(c® — %) (FPu-v-p(Vuz-v+ Vus-u)) der
are defined and continuous in the space V, .(3).

Then we shall say that 3 > 0 satisfies the threshold equation if it is solution of the
following problem:

Find 8> 0/ 3u £0€ V,.(8)
(5.17)

Yo €V, (B) pe(B;u,v)+ec(B;u,v) = 0.
Before stating the main result of this section, we need a technical theorem concerning the

functional space V, .(3). The proof of this result is given in Appendix B.

Lemma 5.2 Let V. (f3) be the subspace of V() (and thus of V, () ) made of compactly
supported functions, then V, () is dense in V, (f3)

We can now state the main result of this section.

Theorem 5.3 If 3 is a threshold such that 0 < 3 < 400, then it is solution of the threshold
equation (5.17).

Proof 1) By definition of the upper and lower thresholds, any of them can be charac-
terized by : :
(5.18) p= 112100/3

where the decreasing sequence (/3, )p>1 is such that there exists for each p > 1 a function u,
in D(Ac(B,)), up # 0, and a real w? € (¢2 32 2) which satisfy

P Coo

A(Bp)up, = w; Up

lim wp = ¢ 2.
p—+oo

We thus have u, € V.(3,) and

(5.19) Yo € Vi(By) ac(Bpsup,v) = w;‘: (Up, V)e.
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In particular as w? < ¢Z 3%, we have
2 32 2
at(/jp ;up,up) - cnoﬂp | Up |e< 07

that is to say
(5.20) Pe(Bp 5 tp,up) + ce(Bp 5 up,up) <O,

If u, = (u,,u3,), the vector field @, = (u,,i3,) with 43, = f,u3, belongs to the fixed space
(with respect to p) V.(1). Moreover

1 . -
Pe(Bp s up,tp) = /IR’ ec? (| rotu, |? +/3_2 | Vg, ) dz + 2, /R2 €| s, |* do
(5.21) ' 2
ce(Bp s up,up) = /33/ e —ct)|u, |* dz -2 e(c? = ¢2)Viy, - u, dz.
Bg BR

Note that the strict inequality (5.20) implies that the restriction of u, to Bg is not identically
zero. Therefore, as u, is defined up to a multiplicative constant (it is an eigenvector), it can
be normalized such as '

(5.22) /B elu, * do = 1.

Let 9(z) > 0, using Young’s inequality we get

7, -
ct(/}p ;upvup) 2 /35 /R’ 8(02 - cnzso) ' Up [2 dz — /R2 ﬂ_lz | Vu3,P |2 dz
. P

G A
—/2—7]————/33|up 1> dz .

1 .
Let us choose 7 = Eecz, we get

C:(/jp ;umup) Z ﬂz/ 2 E(c2 - c:o)[l - 2(62 - CZO)/CZ] I U, |2 d:L‘

1 ' o
\ —E/Rz 862 | Vu;,,p |2 dr .

Plugging (5.23) into (5.20) we obtain that

(5.23)

2p
+c2, /R’ €lisy, |° de < C ]

1
/ , | rotu, |2 ec? dz - +-——3/ , | Vi, |2 ec? dz
(5.24) /R 2 JR

2 1
(the constant (' is || (¢* — czo)(l—cc—";- — 1) ||L=). Consequently, as 3, and 7 are bounded and
P

as div(eu,) = ez, (since @, belongs to V, (1)), we deduce that
(5.25) . i, is bounded in V, (1).

2) By compactness one can extract a subsequence, still denoted by i, such that

i, — @ weakly in V,e(1)

@, — 4 strongly in L*(Bg)®.
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The variational eigenvalue problem (5.19) can be rewritten, using 4, instead of u, (and
b = (v,03) € V(1) instead of v € V,(3,)) as follows:

1 B
2 2¢ ~ ~ 2 ~ o~
./W ec’rotu, - rotv dr + }E /R2 ec*Vig, - Vig dz + ¢, /R’ iz, d

+ e(c? =) (ﬂ:fu,, ‘v — Vi, v — Vi - up) dz
Br

: 1 -
= (w? - /32020)/ J(up v+ s, B;) dor.
4 P R p /33 P

This holds in particular if o € V, (1) (¥ has a compact support). In such a case, we can pass
to the limit when p goes to infinity since in such a case the weight function p does not play
any réle. So we deduce that for any v € V, (1)

1
/R’ ec’*roturotv dz + — /R’ ec?Vig - Vg dz + c2, /R’ Eliz¥s dz

(5.27) p
+/ g2 -c)(Pu-v-Vig-v-Viz-u) dz = 0.
Br

. . L - 1
Using again the change of unknown function & = (u,%3). — v = (u, /—}us) (and the same for

the test function ¥ — v), we remark that (5.27) is nothing but
(5.28) Pe(Biu,v)+ (B 3u,v) =0 Vo€V (B)

As V, .(B) is dense in V, () (cf. lemma 5.2) and as p, (8 ;.,.) and ¢.(8 ;.,.) are continuous
in V, (), (5.28) also holds for any v in V, (). To conclude it remains to prove that
u is nonzero. This comes immediately by passing to the limit in (5.22), using the strong
convergence (5.26).

Remark 5.3 e Note that we have proven that the thresholds are solutions of the threshold
equation but we don’t know if the converse is true. However such a type of result has
been proven for scalar waveguides in [7].

o In fact we proved in Theorem 5.3 that any number 3 which is the limit of a sequence 3,
for which the operator A.(f3,) admits an eigenvalue w? tending to §%c2, when p — +o0
is solution of the threshold equation. Both upper and lower thresholds f3;, and (32 have
this property but they could exist other 3's, in particular if there ezists m > 1 for which
Br, < B

o In section 3, we evoked the possibility for c2, 3% to be an eigenvalue. We can now state
a necessary and sufficient condition for this which is

(i) B is a solution of the threshold equation

(1)  the corresponding generalized eigenvalue u belongs to L*(R?)?

o Note that the threshold equation (5.17) only concerns the strictly positive threshold. The
question of the threshold 0 will be treated in section 5.6.
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5.4 The third lower threshold j3] is strictly positive

We are going to prove in this section that for low values of /3, at most two modes can
propagate. This can be stated as follows.

Theorem 5.4 The third lower threshold (35 is strictly positive.

Before giving the proof of Theorem 5.4, we need an intermediate result which we shall also
use in section 5.6. This result concerns a particular subspace of H,(rot ;div, ; R?), which is

(5.29 P. = {ue€ H,(rot ;div.;R?) / rotu = div(eu) = 0}.
P

In order to characterize the space P, we shall use a nonlocal operator T acting on functions
defined on 'r = OBg. We shall use polar coordinates and the polar angle 8 for the param-
eterization of I'y. We can then characterize the Sobolev spaces H*(I'g) by Fourier series as
follows:

+00 +00

g(8) = Zgn cos nd + Zg,, sinnd € H*(Tg)
n=0 n=1 ’
+0o '

= Y (1429 P +18a P) < +oo.
n=1

Our operator T is defined and continuous from H*(T'g) into H~%(I'y) as follows:

g(0) = I g.cosnd+ T Gasinnd =

(5.30) | e
Tg = 7 ; 1 (gn cos 2l + g, sin nd).
We have the

Lemma 5.3 The space P. is of dimension 2. It is generated by the functions u' = V! and
u? = Vp? where the functions @' and ¢? are defined as follows:

(1) in Bg, ¢, and o, are the unique solutions of the problemis

@ € H'(Ba), [ ¢ido=0
Ir

div(gv‘pl) =0 i Bg
YR .
d‘i +Tp' =2cosf onTp
(5.31) o
o € H'(Br), / ¢, do = 0
I'r
| din(eVp?) =0 in Bg
dp?

L + Te*=2sind onTp
. . On
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- (i) in R*\Bg, ¢' and * are given in polar coordinates (r,6) by

o) = {Lp}(R)R-i-r(l—ﬁi)} cosB-{-cp,(R)—smG
: oo
: + Y {on(R)cosnb + @L(R)sin nf} (—Ii)‘"
(5.32) < n=2

R R?
Pi(r) = {@f(R)— +7(1 - 7)} sin 6 + c,of(R)g cos 8

+Z @:(R COS7l9+<P,.(R)smn0}(%)‘"

where {pi(R)} and {@}(R)}are the Fourier coefficients of ¢’ |rp,j = 1,2 (which are
known because of (3)).

Proof Let u be an element of P,. As u € L% (R?) and rotu = 0, we know from Poincaré ’s
lemma (see [10],{15]) that there exists a function ¢ in H} _(R?) such that w = V. Moreover
as this function is defined up to an additive constant we can impose the condition

(5.33) : pdo = 0.
Ik

From the condition div(su) = 0 we deduce that div(eVy) = 0. From now on we shall use
polar coordinates:

(2:1 = rcosf , z, = r'sinﬁ)

and a decomposition of ¢ in Fourier series with respect to 6:

+o0 +o0
(5.34) o(r,8) = Z @a(r) cosnl + E Pn(r)sinnd .
n=0 n=1

By Plancherel’s theorem we have
2% +oo
[ e o de = xS enn) I+ 16 ) + 2r ()
2r
[T 152001 do = WZ(I% JE+ 1801 + 2m 1) [F

The condition /R’ plul® dz = /R’ pl Ve |? dr < 400 implies that

o on(r) P+ | @alr) 12

5.35 > L 1 d

(5.35) VY > 1 /2 +(Log )? T < 400
e ] pp(r) I?

5. - —— 2 d .

(5.36) /2 +(Log 1)’ r < 400

For r > R, we have Ay = 0 which gives the ordinary differential equation

Pur) + () - 2<p,.(r)—o n=0,1,2,..
(5.37)

)+ 1) = Sou(r) =0 n=0,1,2,.0,
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For n > 1, the general solution of these linear differential equations is a linear combination of
r® and r™". The condition (5.35) leads us to eliminate the function r* for n > 2. Therefore
we can write

éa(r) = pu(R)(F)™" forn>2,r> R

(5.38)

Balr) = Ga(RN(F) ™ forn>2,r2 R
and
(5.39) @1(r) = ayr 4 byr~!

Gi(r) = ayr+byr !

For n = 0, we have
(5.40) wo(r) = agLog r + by .

Note that the fact that div(eVe) = 0 in Bg implies that (just integrate this equation over
Bgr)

Ay
r — =
(5.41) (Br) do = 0.
Both equations (5.33) and (5.41) imply that
(5.42) - : Po(R) = py(R) = 0.
This yields ag = by = 0 and thus
(5.43) wo(r) =0 forr > R.

Formulas (5.38) lead to the natural relation between (<p§,(R),‘¢;,(R)) and (¢n(R), @n(R)) when
n>2 : :

540 Cu(R)+ Z¢a(R)=0 n>2
).

Gu(R)+ £6a(R)=0 n22

In what concerns ¢; and ¢;, one has

J _ bl -~ = b]
(IDI(R) =a RZ and QI(R) =0y Rz

Eliminating b, and by, we get

o (R) + %991(1?«)

I
Do
)

(5.45)

I
[\
j=1}

1 1
B(R)+ z:(R)
If we denote by a(8) the function defined by

a(f) = 2a,cosf + 2a;sinb,



5 STUDY OF THE THRESHOLDS 36

we can use the operator T to regroup equations (5.44) and (5.45) in the following boundary
condition

do | .
% +Tye = a on g
Finally we have proved that the restriction of ¢ to Bg satisfies (3_99 and ¢ are continuous
n
across I'g)
¢ € V(Br) = {p€ H'(Br) / ¢ do = 0}
Cr
(5.46) div(eVe) = 0
O
{ % +T(P = da.

If we can prove that, for any a € H'/?(T'g), problem (5.46) has a unique solution in V(Bg),
this will prove that the space P, is isomorphic to the space

(5.47) B = {a(f) = 2a,cos8+ 2a,sinb, (a),a,) € R*}.

Indeed @ |p, (and thus ¢ |r,) will be completely defined by the solution of (5.46) and then
@ |R’—BR completely determined by the formulas

[ (r) = i @n(r) cos(nl) + @, (r) sin(nf)
G481 enlr) = @u(®(F)™ Galr) = En(RY(F)™ forn 22

R ~ N R . T R
7), 991(T)=<P1(R)7+a1R(}—2—7).

o1(r) = pi(R)T + (T, -

From (5.46) and (5.48) one easily checks that Vo € P,. Now for solving (5.46) we use the
equivalent variational formulation 4

Find ¢ € V(Bg) such that

. (5.49)

/ VOV do + cb(py ) = oo < @, >rn Vi € V(Br),
Bg

where < .,. >r, denotes the duality H3(['g) — H~%(T'g) and the bilinear form b(¢p, ) is
defined by

(5.50) bo0) = 7 3 {en(RITH(R) + 6a( RTn(R)):

As b(®, ) > 0 and as in the space V(Bg) we have a Poincaré ’s inequality
(5.51) [ Vel de<cr) [ 1Vel do Ve V(Ba),
BR BR

it is clear that problem (5.49) is coercive in V(Bg) and thus uniquely solvable by Lax-
Milgram’s lemma. The dimension of B being equal to 2, it is clear that P, is 2-dimensional and
that a basis of P, can be obtained by taking successively (a; = 1,&, = 0) and (e, = 0,&, = 1)
which gives the functions ¢' and ¢? defined in the theorem. :
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Remark 5.4 o First, it is easy to show that P,N L*(N)? is reduced to zero. Indeed u € P,
implies that w = Vi = a; V! + @, Vp? where a; and @, are related to the first Fourier
coefficients of ' and ? (see (5.84) for the definition) by the expressions

o(r) = ayr + byr!

(;9'1(7') = 6,17' + 8|7‘_].
But the fact that Vi € L*(Q)? implies that ay = @ = 0. This yields u = 0.

o When ¢ is constant, it is not difficult to sec that P, is the space of constant vector fields.
An immediate way to see it, is to notice that constant vector fields belong to P, and to
use the fact that dim P, = 2. One can also solve problems (5.31) explicitly. One obtains
@' =z, and p*(x) = z, which gives u! = (1,0) and w® = (0, 1).

Of course the equivalent of Lemma 5.3 holds for the space
(5.52) P, = {u€ H,(rot,div, ;R?) /rotu = div(uu) = 0}.

Let us give two important properties of functions of spaces P, and P, that we shall use in
the sequel.

(i) A nonzero function u in the space P, (or P,) cannot be identically 0 in some open ball
of R ~

(i) The restrictions of u to R*\ Bg belongs to the space L=(R?\Bg), if u belongs to P, (or
P,). The same holds for all its derivatives D%u.

Property (i) is a consequence of a unique continuation theorem (see Theorem 1.2). Prop-
erty (ii) comes from the fact that if u belongs to P, then u € C*(R?*\Bg) and is bounded
at infinity. Indeed the C'™-regularity of u = V¢ is a consequence of the one of ¢, that
one obtains by elliptic regularity. Moreover ¢ increases at most linearly at infinity while all
its derivatives tend to 0 (see formulas (5.48)). It is then easy to prove (ii). We omit the details.

We can now give the
Proof of Theorem 5.4
Let (w,,w,) the two functions of L2(R?)? defined by

where {u!,u?} is a basis of P, (see Lemma 5.3). For each j = 1,2, by Riesz’ theorem, there
exists a unique element w; in H.(/3) such that

Yo e Hyle)  (w;,0), = /w w;v d.
Let F be the 2D-space generated by @, and ,. By constructién we have

(5.54) Ff={ue Hs(ﬂ)//Rz ww, de =055 = 1,2} .
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Now let us recall that
c(Biu,u) = /52/ e(c?—c2)|ul|?® dr - 2/3/ e(c? = ))Vuz -u dz .
Br ) Br

Using Young’s inequality as in the proof of Theorem 5.3, we obtain that (1 > 0 can depend
on z) ‘

g(e? - ¢?

. > 2 oo) 2 , _/ 2 ,
ce(fju,u) > /5/ " }|u| dz l{271|Vu3| dr .

6(62 - cio) [l -
Br A

Choosing 7 = ec¢?, we get, for any u in V,(53)

2 2
. . 2 (C _cou) ,
(B i) +e(fuu)> A /w e P da

5.55

+ B%2, /R2 e|ug|? dz + /lR’ ec? | rotu |2 dx .

To conclude, we shall admit for the moment Lemma 5.4, which allows us to obtain the

1
following estimation (since one has fu; = Ediv(su))

Vu € FEnV,(8) B /R2£ | us |* dz + /l{’ ect |rotu |* dz > C(R) / elu|? dz.
Bgr

Therefore, using (2.2) and (5.55), we get

Vue Ft e (B iu,u)—c2 3% |ul? >

ct-c¢

2
{ew-pe 1=} [ clul .

c?

In particular, we have

1
M(ZHC(R) [ ) = a(fiuu) 2 8% lull VueFt.
Coo Loo

2__p2
C Coo
c?

By the Min-Max principle this means that s3(3) = c? 3% and thus that the third lower
threshold 39 satisfies :

(5.57) By > ( C(R) )7 > 0.

|l e? = ek o=

We show now

Lemma 5.4 There ezists a constant C(R) > 0 such that

Vu = (u,u3) € Ve(B)n F*

: 2
((R)/ elul]? dr < {/ (ec2 | rotu |? 4l | diven |2) d:z:}
BR R2 . £
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Proof Assume (5.58) is false. Then there would exist a sequence u” in the space F* NnV,(3)

such that
/ elu P de =1
Bg

c? 1
/ {sc2 | rotu™ |2 +-= | div(cu,) |2} dz < —.
R? € n
Using Proposition (5.1), we can extract from u™ a sequence such that
ut —u weakly in  H,(rot,div, ; R?)
"o u strongly in  L?(Bg)?

u

rotu” — 0 strongly in  L%(R?)

div(eu™) —» 0 strongly in L?(R?)

-The limit field » then satisﬁe§

u € H,(rot,div, ;'R2) rotu = div(eu) =
(5.59) /R’ w-w;dr=0 j=1,2 (sinceu” € F')

/ e|lul® dz =1.
Br

From the two first equalities of (5.59) we deduce that u belongs to P, and thus that there
exists (a;, a;) € R? such that
(5.60) u=oau +au’.

The orthogonality conditions /R’ euw; dz = 0 (§j = 1,2) thus lead to the homogeneous

system

(5.61) </BR (u')? dm) a; + (/BR u'u? dz) o, =0
(/BR u'u? dm) ot (/BR (u?)? dz) a; =0

whose unique solution is a; = a; = 0 since u' and u? are linearly independent as elements of
L*(Bg) . Thus by (5. 60) u = 0 which contradicts the last equality of (5.59). This completes
the proof.

5.5 Asymptotic behaviour of the thresholds. Finiteness of N(/)

Our objective in this paragraph is to prove that

(5.62) hm B = +00

m—»m

which will imply the finiteness of N(/3) for each 5. We could use the fact that we have a
comparison result by Theorem 5.2 and compare our medium with a simpler one for which the
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calculations can be made by hand. This is the case if we choose
g(zy=¢t and p(z)=pt if |z|<R

e(r) = €0 and p(z) = po if {z]> R.

For such a medium the exact relation dispersion exists. One could derive from this exact
dispersion relation an equation for the thresholds and study this equation. Such calculations
have already been done when p is constant by R. Djellouli in (13]. The resulting thresh-
old equation is very complicated and the results presented in [13] cannot be considered as
mathematically proven and anyway do not concern the behaviour of the thresholds. Such an
approach appearing as complicated and painful, we have preferred to follow the more elegant
one, and probably more general, developed by A. Bamberger and A.S. Bonnet in [2]. We first
consider the particular case

(5.63) c(z) < cn a.e.x € RZ

In that case we know (cf. Theorem 5.1) that
B =B ¥Ym > L.

The intuitive idea of the proof consists in saying that if the sequence f3;, accumulates to some
finite value 8* # 0 then 3* must be solution of the threshold equation and of its derivative
with respect to . One then checks that these two equations are not compatible as soon as
(5.63) is satisfied. The complete proof is slightly more complicated. First, for purely technical
reasons, we shall make for the moment the following assumption:

(5.64) 3 D,={z/|z—x0|<7} /| ¢(z)<co ae.xz€D,.
Then we prove a first lemma.

Lemma 5.5 Assume that (5.63) and (5.64) hold. Let 3, be a sequence of solutions of the
threshold equation satisfying :

e ptq = B #£b,
b pETm ﬂp =p ’
then * = 0.

Proof By definition of the threshold equation (5.17) one can construct a sequence u, in
V,.c($,) such that

P(Bp s up,v) + c(Bp sup,v) =0 Yo €EV, . (B,)

/e|u,,|2'dx=1
Br

(we have used the fact that u, is defined up to a multiplicative constant and that it cannot
vanish identically in the ball Bg).

1) Using the notation of the proof of Theorem 5.3, the function @, = (u,, 3, = Byuayp)
is solution of ‘
(5.66) Be(By 3Ty ) + GelBy 19, 9) = 0 Vo € V(1)



5 STUDY OF THE THRESHOLDS . 41

where we have set, for any 3 > 0,

: 1
pe(B;4,) = 2(roturotv + — Viig - Vi) dz ,2/ 303 dz
(B 54,9) /R’ ec’(roturotv + 7 Vig - Vig) dz + ¢, - £liz3Dy dx

f? /R2 £(c2 _ c:‘;)u -v dx — /R’ 5(c2_ - C?\,)[V{LS v+ Vi, - u] dr .

(5.67) 4
¢(B;4,9)

Assume that 3, — 3* # 0. Then reasoning as in Theorem 5.3, we deduce that one can extract
from @, a subsequence, still denote 4, such that

i, — % weakly in V,e(1)
i, — % strongly in L*(Bg)®
and we have at the limit
(5.68) Pe(B 5 b) + & (B %,0) =0 VeV, ().
2) Now let us take ¥ = i, in (5.66) we obtain
(5.69) Pe(Bp 3 ttp, ) + E(fp 58, Ug) = 0
and inverting the role of p and ¢ we have
(5.70) Pe(By 3 tp, tg) + Ec(Bg 3 Uy, Tg) = 0.
Taking the difference between (5.69) and (5.70) we have

1 1 S _
(ﬁg - -ﬂ_l?) /R? 662Vu3'q Vg, dz + (/j: - ﬂ:) /R’ E(Cz - C?\))up “ U dz =0,

that is to say, after division by /33 - /33 £0

1

(‘).71) ‘ﬁ’ng

. _ 2 _ 2
/R’ ec*Viy , - Vilg, dx — /IR’ e(c® = ¢t )uy - u, de = 0.

This equality being satisfied for any p and ¢ we can pass to the limit (p — +oo first, then
g — +00) to obtain

1
(5.72) od /le ec? | Vig |? dz - /Rzzz(c2 ~c)|ul® dz=0.

3) Because of assumption (5.63) this implies
(5.73) 43 = 0 and /R’ g =) |ul?* dz = 0.

Then, coming back to (5.68) with & = @& we obtain rotu = 0. This means, together with 43 = 0,
that w belongs to P.. From (5.63),(5.64) and (5.73) we also deduce that @ is identically 0 in
the disk D,. Finally one has % = 0 everywhere by unique continuation theorem (cf. Remark
5.4). But this contradicts the fact that / €| u|?* dzr =1 which stems up from the local

Br
strong convergence of the sequence u,.

We now prove (5.62) when (5.63) and (5.64) hold.
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Lemma 5.6 Under the assumptions of Lemma 5.5, the sequence 32, tends to +oo when m
tends to +o0o

Proof The sequence f3;, is increasing. Assume that 3, — * < +o0o. As 33 > 3 > 0 by
Theorem (5.4), we necessarily have 3* > 0. Now we remark that any 5 > /3* is solution of the
threshold equation (5.17). Indeed since 8 > f* then 3 > *. Therefore, by definition of /37,
the operator A,(f3) has an infinity of eigenvalues wy,(3)? < ¢2,3% which satisfies by Min-Max
principle,

ml-i}ilm wm(B)? =2 3.

We can then repeat identically the proof of Theorem 5.3 (except that we have a fixed /3 here
instead of a converging sequence f3,) to conclude that /3 is a solution of the threshold equation.
Therefore we can construct a strictly decreasing sequence f3, satisfying the assumptions of
Lemma 5.5 and the fact that 3* > 0 is in contradiction with this lemma. This completes the
proof. '

We now prove (5.62) for the general case.

Theorem 5.5 For any medium the sequence 33, goes to +0o when m — +00. Consequently
the number N(f3) of guided modes is finite for any 3 > 0.

Proof We use a comparison technique. Let us introduce &(z) and fi(z) defined by
Eo)=(*+1) and f(s) = (u* +1) if |2|<R

é(z) = € and fi(z) = poo if |z|>R.

By construction we have

é(z) > e(z), ji(z)> p(zr) and &) <co ae. z€ Bp.
We can apply Lemma 5.6 to the medium (€, i) to assert that, with obvious notation,,
ml_j}Em Bl = 4oo.
But by Theorem 5.2, 32, > 32, therefore
lim S = +oo .

me=s 400

5.6 Existence and nonexistence results for small values of j3

In this section we investigate the possibility of existence of guided modes for small /3 or
equivalently the fact that a threshold can be equal to 0. From Section 5.4, we know that at
most two modes can propagate for small 4 but we don’t know if the two first thresholds /37
and 39 are equal to 0 or not. Our first result gives a necessary condition for such a situation
to occur. Let us set

B(P,) = {u P, /BRE|u|2 dz = 1.}
B(P,) = {ueP,;/ /BRmuV dx:l.}.

Let us first prove the following lemma.
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Lemma 5.7 If 3% = 0, then

1 1
min / 5(———)]11.|2 dz < 0.
uweB(P)JR* \c2, ¢

Proof If [3? = 0, we can construct a strictly decreasing sequence 3, \, 0 such that, for any

p > 1, there exists (u,,w?) € V,(,) x R} such that

(5.74) : { Ac(Bpup, = Wiu,, w?< A B and /H elu, |* dz = 1.

R

1) Defining i, = (u,, %3, = PBpus,) and proceeding exactly as in the proof of Theorem
5.3, we can write inequality (5.24) for %, from which we deduce the following convergences,
up to the extraction of a subsequence (the difference with the sequence u, in Theorem 5.3
comes from the fact that here 3, tends to 0):

(
u, —u weakly in  H(rot,div, ; R?)

u, > u strongly in  L*(Bg)?

rotu, — 0 strongly in L*(R?)

i3, —» 0  strongly in H'(R?),

with moreover at the limit: u € B(P.).
2) We also have, as u, is an eigenfunction and w? < ¢ 32,

(5.75) ' Pe(Bp s upyup) + ¢e(Bp s up,up) <0

But using inequality (5.55), that we write in terms of 4, instead of u,, we deduce from (5.75)
that we also have

11 '
2.4 2 2 =2 2 2
[3pcm/BRe(a—§)|up| dz—i—cm/ﬂzslus,” dm+/R2£crot|u,,| dr <0.
. -1 1 2 . . .
In particular, the term el — 3 | w, | dz is negative for any p, so that, passing to
Br Coo ¢

the limit when p — 400, we obtain
1 1
/ E(T——z‘)l’ulz d:IISO,
Br Coo C
which leads to the desired result.

As a minor modification of Lemma 5.7 we have the

Lemma 5.8 If 39 = 0, then

1 1
max / (~t(———>|u|:Z dz < 0.
ueB(P.) Jp, \c2, c?
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Proof Proceeding as in the proof of Lemma 5.7 we can work with 2 sequences 'u.g‘) and ugz)
satisfying the orthogonality condition

(1) 2,(2) 4. —
i / £u, .u;)d.z—O.
Bg

At the limit we construct two functions u") and u(® of B(P,) satisfying

/ cuMu® dz =0
Br

1 1 | 1
/ 6(——-—>|u(1)|2 deOand/ 5(———)|u(2)|2 dz < 0.
Br \Ci, c? Be \C&, C?

The same process can be applied to the sequence
U, = alugl) + az'u,g")

for any (a;, az) such that a? + a2 = 1. At the limit we obtain

1 1
/ € (— - —) | ey ul) + apu® |2 dz < 0.
Br

2 c?
This leads to the result since dim P, = 2.

Playing with the dual formulation between A.(3) and A,(/3), we finally obtain the following
result.

Theorem 5.6 (1) If 3Y = 0, then

1 1 1 1
(5.76) max < min / € <— - -—) |u|?*dz, min / ) (— - —) |u|2d:1:> <0
ueB(P.)Jp, \ci c? ueB(P,) Jp, \C¢2, ¢ A
(12) If 32 = 0, then
5.77 ( . / ( : ! ) |lu|*dz, max / (L l ) | |? d:z:) <0
(5.77) max uleuea(')lg.) Br F\a c? ’uleB(P,‘) Br # ct, .c? -

Cominents:

o It is clear that the conditions expressed in points (i) and (ii) of Theorem 5.6 are sym-
metric with respect to ¢ and pu.

o Remarking that if we set Ru = (—u,,u;) we have the equivalences:

ueP, < v:aRuGP%

veP, < v=pRucP,

we can give another form of conditions (5.76) and (5.77):

(5.76) <= max uelgégﬂ/g (2=c)|ul? gdw,uengi(gl) i (2=c2)|ulPpde] <0
. m R c R

’

5.77) < max max/ =) lul?eds 'ma.x/ c-c2)|ulPude) <0.
(5.77) ulhy) BR( ) lul ulF,) BR( o) u |t p <
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We are now looking at a kind of reciprocal to Theorem 5.6 which consists in looking for
sufficient conditions on ¢ and u in order to ensure the existence of guided modes for any value

of 3.

Theorem 5.7 (i) If we suppose that
5.78 min ( min / e(c? = 2 )|uf? dz, min / c? - c&)|uf? dm) <0
(5.78) N lul” de, | min, | . o | <

the first upper threshold (3} is equal to 0 which means that A.(8) admits at least one eigenvalue
strictly smaller than ¢2 3% for any 3 > 0. )

(12) If we suppose that

5.79 min { max / e(c? = ¢2)|ul? dz, max / ¢ - ¢2)|ul? dz) <0
(5.79) (am [ e = et do, max [ (e = )il de) <

then 37 = 35 = 0 which means that A, () admits at least two eigenvalues strictly smaller
than c2,3? for any 3 > 0.

Proof (ia) We first assume that the inequality (5.78) is strict and that

. 2 2 2 . 2 2 2
min e(c —¢ u | dz < min / c—c u |® dz.
Jun [ @ -y lul de< min [ -l lu]
If not we simply invert the roles of ¢ and x in our proof. We can thus choose u in P, such
that

(5.80) / (=) |ult dz < 0.
Br -

Our method is closed to the one of [2] but we have to deal with technical difficulties. The
idea is that we would like to take (u,0) as a test function for applying the Min-Max principle.
This is not possible since (u,0) does not belong to V,(3). This is why we use a truncation-
regularization process. First consider d > 0 and M > R+d (M will tend to +00) and define
the classical functions (cf. H. Picq’s Thesis [24])

vu(z) =1 if 2] < R+d
Log({%)

Edl

(5.81) onp () = oS
R+d)

if R+d < |z < M

| supp vm C {|z|< M}

For any M, vy € H'(R?) and moreover when M — +00

C’
5.82 Vo |2 dz. ~ .
(5:52) /W | Vou | v Y LogM

We would like to take vy u as the transverse field of our test function but div(cvyu) ¢ H'(R?)
and that is why we need regularization. Introduce ((z) defined by

CeCP(RY), suppl(cC{z/ |z|<d}

and set
(5.83) vm=Cxoy € CO(R?).
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It is immediate from convolution properties that
Yym(z)=1 if |z|<R
Yvu(z)=0 if |z|>M+d

Moreover, we have

o ov 01/ 0

=g = I esic i L

PPy 0 Ovy 021/M d'UM

a-’lf,'axj - —a—;: * al'j == “ dT d “L —” ”L'“ “L’,
so that for (¢,7) € {1,2}?, we have

. dT/M _ 0*Pm
(584) M“BEM “ 0:1:, “L2 - Mh—}hl-oo “ d:z:,d J ”L = 0.
We now define
1
(5.85) upy = (upm,uspm) = (1/)Mu, adiv(sq/wu)) € V.(5).
We can remark that, as rotu = 0
OYm 0Ym

so that, as Vip = 0 if |  |< R and u € L=(R?\Bg) (cf. also Remark 5.4)
(5.86) | rotun lle2 S| w | e m2_ gyl V¥ur L2 — 0 when M — +00).

In the same way, as div(eu) = 0, we have

Uz M = 'EV"/’M"U'
Ousm _ 1 (w) ) u+ Ve __)
dz,  Bog M) M-

so that (since u € W (R?\ Bg)), we obtain

‘ 1
lusm llez < /—3 “ullLoo(R’\yR)ll Vymlle= — 0 (M—>+oo)
(587 12824, < 112 (vy v
D22 < Sl (Tlaellell ety agy + 170l oy

- 0 (M- +).

Finally remark that as ¢’ = 1 in Bg,

(5.88) Uy =u, Uy = a.e. r € Bg.
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Now, using (2.2), we write
a(B supm,up) — e, /R’ elum |® dz =

/w ec?{] rotun | + | Vs [} do + 42, /w el ugm |? do

+/32/ e(c?—c2) | u|? da.
Br
Using (5.86) and (5.87) we have

Ml_i}1+1m(a(/3 stum,uy) — B2ck lum I2) = /32/ e(c?—c%) ful® de <0

R

so that, at least for M large enough, we obtain
a(B sum,um) < Bl | um |7

which proves that s,(f) < c2,/2, V8 > 0 and consequently that pA;y =0.
(ib) In order to be complete we have to treat the case where

(5.89) ' uéltl?i(l'l’ )/B e(c?—c2)|u|* dz =0.
. R

Let u € B(P.) such that / g(c®— )| u|® dz = 0. The idea is to take as a test function
a small perturbation of theB?unction uy constructed previously:

(5.90) uly = uy + 6w w € H(rot,div, ;R?)

which leads to define i

(5.91) u, = (ufn,adiv(eufn)) .

We are going to prove that a (8 ;ul,,ué,) < B2c% | «, |2 if M is sufficiently large, §
sufficiently small and w adequately chosen. In the sequel we shall set w; = -E%div(ew),

that we suppose to belong to H'(R?), so that ué{, = uy + dw, w = (w,w;3). To estimate
pe(B ;uéy, uly) we simply use the inequality

(592) P:(ﬂ ;ufw’ ui{) < 2?:([3 » UM, UM) + 2521’:(/3 y W, 'LU) .
Now we compute ¢ (3 ; ué,, us,). First we have, since / e(c?—ct)|u|* dz = 0 and using

R
(5.90),

/ e =) |ul P de = 26 e(?~c)u-wdz+ 62/ et —c2)|wl|? dz
Bg Br

By

/B e(c? — 2 )ub, - Vuiv dz
R

Therefore we have

6§ e(c®~=ct)Vuws-udr+ 62/ g(c® = ¢2))Vws - w dz.

Br Bgr

IA

a(B ; uly, uls) — BECE | uly |? 26 | e(c? ~ & )u- (f*w — fVws) dz

By

(5.93) + 8 / (=) (B | w |* —2Vws - w) dz
By

+ 2pc(/j ,'U'M,UM)+252P:(/3 ;’w"w) .
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We know that p, (8 ;upm,up) \, 0. Let us choose 6y = (p.(S ;up,un))? N 0 (as P. N
L?*(R?) = {0}, we have necessarily p.(f3 ;up,up) > 0), it is clear that

) 1
lim sup ™" {a(/j susy ulh) — Bl | uly |f} < ‘2/ e(e? — 2 )u - (2w — fVw;) dx .
M—+4oo OM Bg
To conclude, it suffices to prove that one can construct w such that
(5.94) | / e(c? — & Yu - (FPw — fVws) de < 0.
: Br
To prove this, we first note that one can find f in H(rot ; R?) such that
/ gt - u-fdr < 0.
Br

Indeed H(rot ; R?)is dense in L%(R?)? and so £(c* ~ ¢?,)u, which is different from 0, cannot
be orthogonal to H(rot ;R?). Then let 9 be the unique solution of the problem (apply
Lax-Milgram’s lemma in the space H(div ; R?))

Find ¥ € H(div ;R?) /

(5.95)
1 ,¥
-V(=divyp) + g*= = f.
€ €
Deﬁhing w = %, we see that w € H(rot ;div .; R?) (note that rotw = El,;rotf) and thus
setting w,; = —l—div(ew) we have w = (w, w3) € V,(8) and B%w — fVw; = f, which concludes

ef
the proof of (ib).

(ii) We will not detail the proof which consists in working with two independent func-
tions u, and u, in P, and do exactly the same as in point (i) to construct u, » and up p (or
uf 3y and uf ) and then work with a 2-dimensional space of test functions.

A Appendix: Proof of Proposition 5.1 (Equivalence of norms)

We first remark that by definition of R we can find R, < R such that the functions € — ¢,
and g — u,, have their support included in the ball {| z [< R;}. Now let 3 be a cut-off
function satisfying

P eCP(RY), 0 <9 <1

(A.1) | =1 if |z|<R,

P =20 if |[z|]>R.

\

Any function u of H,(rot,div, ; R?) can be decomposed as follows:

U= U+ Uy

(A.2) u, = YPu A (supp u, C Bg)

| Uz = (1-)u.
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First we note that
(A.3) /R’ plus)? de < C /IR’ (| rotuy |2 + | divu, |?) dx,

since u, has its support in the set {z / |z| > R,}. Indeed, for any function v in D(R? ~ Bp,),
we have the identity

rot112+(]iv1J2d,=/ Vo |? dx .
Jallroto P+ [ divo ) dz = [ 9]

Then (A.3) derives from Hardy’s inequality (see [23]) and density arguments. As we have the
relations : T

rotu, = (1 — ¥)rotu — roty - u
(A.4)

divu, = (1 — ¥)divu — Vi - u,
we deduce, since supp ¥ C Bg that

/2|rotu2 |2 da:§2/2(1—1/))2|rotu|2 d:z:+‘2||V1/:||Zo/ |w|? dz
(A5) | 'R . R lsl<R

/ | diva, |2 sz‘Z/ [1—1 | dive|? dz + 2| Vo ||§o/ |u|? dz
R’ R’ lz|<R

so that we have as € = ¢4, in supp (1 — )
(A.6) / plus|® dz < C / lu|® dzx +/ (| rotu |* + | div(ew) |?) dz p,
R? [z|<R R?

for an adequate positive constant ' (which depends on || V4 [|oo, || (1 = %) || and €45 ). Now
we remark that u, belongs to the space H(rot,div, ;R?) since it has compact support. We
now prove that if

(A.T) HE:(rot,div, ;R*) = {v € H(rot,div. ;R?), supp v C Bg},

then there exists a constant ' = C'(R) such that
(A.8) Vv € H"(rot,div, ; R?) /R’ lv|? dz < C /R’(I rotv |2 + | div(ev) |?) dz.

Indeed, if not there would exist a sequence v” whose L?-norm would be equal to 1 while
rotv” and div(ev") would converge to 0 in L?. By compactness (cf. Proposition 2.2), we
could extract a sequence v™ such that

(

n

v - v in L%(Bg)? strongly

div(ev") — dive(v) in L*(R?) strongly

roto” —  rotv in  L?(R?)  strongly .
\
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The limit function v would satisfy

supp v C Bg
(A.9)

rotv = divev = 0

A.10 and / v|? dz = 1.
(A.10) R,| | da

By unique continuation theorem (see section 1.3 (ii)), (A.9) implies that v is identically
0 which contradicts (A.10). Therefore, applying (A.8) to u, and using the fact that p is
bounded, we get

(A.11) / plu |? do < C/R2(|rotu1 7+ | div(ew) |?) da.

From the identities

rotu, = YProtu + ratz/) -u
(A.12) .

div(eu,) = Ydiv(eu) + Vi - eu

and the fact that Vi has its support in Bg we deduce
(A.13) / plu |? d2 < C / | u|? dz +/ (| rotu | + | div(en) |?) dzx .
R’ lz|<R R’

Finally, Proposition 5.1 follows from (A.3) and (A13) since we have /Rzp [u|? dzr <

2(/R:2p|u,l |2 d:l:—}-/Rgpqu |2 d:l:)

B Appendix: Proof of Lemma 5.2 (Density of V, .(3) in V,.(3))

We use the same truncation functions as these in the thesis of J. Giroire [16] (see also P.
Bolley and J. Camus [14]). They are defined for n > 1, by

n

"y i e >,
10g;|2:|) if x| >

| "
(B.1) ¥(z) =
1 if |z| <1

where 3 belongs to C™([0, +0o[) and satisfies

(

P(t) = 0 if te€[0,1]

(B.2) oy 0Ly <t if tefl,2]

P(t) = 1 if te (2,400
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So ¥™ € C™(R?) and satisfies

supp ¥ C B(0,e?), 0 < y*(z) < 1
(B.3)

$(e) = 1 if Jo| < o3

The most important property of ¢" lies in the following estimate valid for any multi-index
a € N* x N* and any n > 2 (see [16]):

n
(B.4) |D*y"™(x)] < Copi(z) for z such that €2 < |z| < €,
where the constant (', does not depend on n and where p is the weight function defined in

(5.12). Let u = (u,u3) be in V, () and set

u® = Y*u and uj = ﬂdlv(eu)

By construction «® = (u", u3) has a compact support and for n large enough,
u" € V. .(B).

We show that (u") converges to u in V, (). For this we must prove that u" tends to u
in H,(rot,R?) and that u} tends to uz in H'(R?). Let us first cons1der u", by Lebesgue’s
theorem we clearly have (since ¥"(z) € [0, 1])

(B.5) u* — u in L*R? pdz)
Then

rotu® = rotuy™ — roty™ - u

Now, still by Lebesgue’s theorem,we have
(B.6) Y rotu  — rotu in  L*(R?).

We thus have to show that ||roty" “ull g2y — 0. We have

A B 2 . < / n|2 2 .
lrotsf™ - wll, g2y < e3<lrigen Vo ul de
Using (B.4)
’ Ing n . 2 < ,' 2 .
I3t ey < € [, plufa,

and pu belonging to L2(R?)?, we have

(B.7) rotp"-uw  — 0 in L*R?).
We deduce from (B.6) and (B.7) that

(B.8) rotu® —— rotw in L*R2).

Concerning uj we note that
1
= P uz + [—de)" -
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Reasoning as before we have
Vy*-u — 0 in L*R?),

and by Lebesgue’s theorem

(B.9)  Ytuy —  uz in L*(R?).
so that .
(B.10) ' uj — uz in L*R?).

Moreover we have

Juy Ous  OYP" 1,0 Ju

Bz, = d_:z:, + —thu + /3(0 (V™) -u+ V" - 012,)‘
Once again by Lebesgue’s theorem, we obtain .
na'll.s a’u;;

(B.11) "5, " Bz, D L*(R?).

As for roty™ - w in (B.7), we prove that

(B.12) ‘j;ﬁ. ws — 0 in  L¥RY).
Ou 2
' Bz, (Jz| > R)? and supp V4" C {|z| > R}, which allows us
to prove that
R n au . 2 2
(B.13) A%’ 7 Pl 0 in L*R?).

It remains to look at the term —d—(Vz/)") -u. But according to (B.4), we have

oz;

_0_ n 2 ny2 n12 2
I (V) - wllge, < [ e (172 oxl‘/ [+ g V") lul? da

C/ plu|® dz.
ed<lzlgen

The right hand side member tends to 0 since p?u € L%(R?)?. This concludes the proof of
Lemma 5.2.

(B.14)

IA

Remark B.1 o We can use the same process to prove that the compactly supported func-
tions of H(rot, div,,R?) are dense in H (rot, div,, R?).

e Note that the choice of the truncation functions ¥" 1is original and allow us to have the
estimmations (B.4), which we cannot obtain if we use classical truncation functions like

¥(z) = w2,
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