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cvW�e`PSZ�c�³
®�Wxh{c�_�Z��qWx�be`Z�P�p	^¹W|cSiXPXW�iotZ�Txe`Z"�{PSRU�$RVcotZ�Z�Z�cSiÉ�qW&cbtZ�ZGcXaoPÁa{h{Z�Wx�{�{PSRb_µ�{Z�Wxs{sbeuiSek¤VZV³
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Y9W�ek^u^²WxTVZV³



�����������	�	��

���������	�	����

������������� �!� �	�"�	� �#���%$&�'���"()��� �

* ���¸� ���¸� �

+ ,.- ���
/10	�±�x�32�/ - 4

5 �607082`��2�9 ��: �<;`�32�; � 9 � ; : � �
=>/10 ?
�o³k� ®�Z�c­_�Z�hVi�snegPSZ�_fiSegRVh @A@&@B@&@A@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@ D

�o³k�V³k� OQPSZ�W&Y¶�b^`Z @A@&@B@&@A@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@ D
�o³k�V³ � �FsoZ�c­_�Z�hVi�snegPSZ�_fiSegRVhE@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@ �

�o³ � �V»bYrYKZfiXPHe`_��{PSZ�_�RUhosbekiSe`RVhbeghoTF@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@/�V�
G HJI /�KMLÉ�
2�0ON>/ �±�
2 � ��� - ��;QPd��2¹� +%5

4 �9�Æ�f�����{�x�9��/ - 9 � �
R � - � � �
= � /m��P +)S
�m³k� ���ocSiXPXW&_fiÇiX�{Z�RUPH»T@&@A@&@B@&@A@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@/��U
�m³ � Ä�Z�PHeujq_�W�iSe`RVhÁRx¡±iX�{Z�Y9W�eghGW&c­cXa{YK�biSe`RUh{c @&@A@B@&@&@C@&@&@&@C@&@&@&@C@D�V�

V W � � � �
2¹�V��; �YX[Z � �32 � � - ��� 5)4
�o³k� �wZ�cSe`s{aqW�^d_�RVhV¤UZ�PSTVZ�ho_�Z\@B@&@A@B@&@&@A@B@&@&@A@B@&@&@C@&@&@&@C@&@&@&@C@D�x�
�o³ � £GZ�c­�b¿«ÀHh{s{Z��$Z�hos{Z�hUi�]	RVhV¤UZ�PSTUZ�h{_�Z���W�iXZ]@&@A@B@&@&@C@&@&@&@C@&@&@&@C@D�V�
�o³ � � £"¯yO6YrZfiX�{RbsGWx�{�b^uegZ�s�iXR_^��biSegY¶a{Y ®�Z�cSe`TUh¸eghV¤VZ�PSc­Z�OQPSRU�b^`Z�Y @C@D�V[

? `C/ - �Y; �>082 - R¬� � ���{�
a(� G1+

bc2¹�7;�2�/#Rq��� Z =>2 � G!V

d>dfehg.i�j
k�l



� ��� ����� ������� �
	 ����� ��
���� � � �
� ����
��	�����

� � ���<�	���A���Ç�������

� �{Z9¡ÃRb_�a{c�Rx¡¢iX�be`c¶ ¢RUP��"e`c¶iXR�cÅiXa{sb» W4Y¶ab^kiSeu^`Z�¤VZf^wRU�niSegY�e`Ê�W�iSe`RUh6W�^`TVRUPHeuiX�{YÁ³"ËoRUP
iX�{Z�RVPSZfiSeg_�W�^ WxhqW�^u»bcSe`c�p( ¢Z�_�RUho_�Z�hViXPXW�iXZrRVhGiX�{ZK��¿H®�O±RxegcXc­RUhGZ�lzaqW�iSe`RVh"YrRbsoZ�^� weuiX�
�{RVYKRUTVZ�h{Z�RUaoc·®�e`PHeg_µ�b^gZfi9_�RUhosbekiSe`RVh{c�pQcXRx^u¤UZ�s| ��{Z�h6Y�eghbe`Y�egÊfe`h{T@W"lzaqWxs{PXW�iSeg_É_�RUcSi
¡Ãa{ho_�iSe`RVhqW�^( ÇekiX�"W��qWxcSeg_�PSZf^¹W �mW�iSegRVhÁ�oPSRb_�Z�cXcÇR&¡yiX�{Z�¡ÃRVPSY��

��� �����! #"%$'&)(*����+-, &­��,
 ��{Z�PSZ.�! "%$ &)(��/�0+1,�egc iX�{Z9_�RUPSPSZ�_fiSe`RUhAiXZ�PSYÁp2 "%$ egc iX�{Z9�{PSZ�_�RUh{snekiSe`RUhnegh{T"Wxh{s
(*�3�4+�e`c�iX�oZ�TUPXWxsbe`Z�hUi¶R&¡¢iX�oZ9_�RVcSi�¡Ãaoh{_fiSegRVhqW�^657&8�*,X³ � �{PSZ�Z�sbe:9´Z�PSZ�hVi� wW�»bc�e`h
Wx�{�b^u»zegh{T�W�Y¶ab^kiSeu^`Z�¤VZf^}W&�o�{PSRnWx_v�É_�W&hÉ��Z�RV�{cXZ�PH¤VZ�s;�

� ����( ��� �<�"e`h ¥ ��¨�Wxh{sD¥ �U�f¨,p�W¬Y�an^kiSeu^gZf¤VZ�^�YKZfiX�{Rbsºe`c�a{cXZ�sº ÇekiX� W"Ä�¿*_f»b_f^gZ
cSiXPXW�iXZ�T&»� ��neg_µ�9_�RVh{cSe`cSiXc<Rx¡�euiXZ�PXW�iSe`h{T=&­�>,´¡ÃPSRUY iX�{ZÇjqh{Z�cSi<^gZf¤VZ�^miXR�iX�{Z�_�RnWxPScXZ�cSiQRUh{Z
Wxh{s"iXRÉPSZ�iXaoPSh@RVhGiX�{Z�jqh{Z�cSi�RVh{Z?&ÌRVh{Z�cvW� ÇiXRbR&iX�GÄ�¿*_f»b_f^gZ>,Xp´a{hViSek^	_�RVhU¤VZ�PSTUZ�h{_�Z¶iXR
Ê�Z�PSRKR&¡�iX�{Z�_�RUPSPSZ�_fiSe`RUh¸iXZ�PSYÁ³ � �{Z�W�^`TURVPHekiX�oY°egc@�

��� �0�A�%&)(��B�C+-, RVh�iX�oZ�jqh{Z�^`Zf¤UZf^ &D "%$FEHG�I , &,�J,
Wxh{s

�K� ���L�!M�M*NO&)(*���P+1, RUhÉiX�{Z�_�RzW&PSc­Z�^`Zf¤UZf^ &D "Q$RE M�M*N', &,�J,
� �be`c�egc9W"Y¶ab^uiSeg�b^ue`_�W�iSeu¤UZ4YrZfiX�{Rbs(p	cSe`h{_�Z�iX�oZ2sbe:9(Z�PSZ�hViK^gZf¤VZ�^`c9W&PSZÉ_�RUh{cÅegs{Z�PSZ�s

cXao_�_�Z�cXcSeu¤UZf^u»UpoiX�{Z�e`hbekiSe¹W�^ke`Ê�W�iSe`RUh4RVh�WKs{ZfjqhnekiXZ�^`Zf¤UZf^Æ�$Zfegh{TKiX�oZ�_�W�^`_�ab^²W�iXZ�s2c­R&^`abiSe`RUh
RVhÁiX�oZ��{PSZf¤zegRVa{cÇ^gZf¤VZ�^«³ � �{Z¶_�RUYK�b^`Z �beui,»2Rx¡ÆcXa{_µ�AWKYKZfiX�{RbsÉegc@ST&DU<&²^`RUTRU;,DV-,Xpm�$Zf¿
_�Wxa{cXZ�iX�{Z�PSZ�cSe`s{aqW�^W&1XX_�RVcSi¢¡Ãa{ho_�iSe`RVhqW�^ZY�,Qegc�W�^k wW�»bcÇ_�RVYK�{abiXZ�s4RUh¸iX�{Z�jqh{Z�cSiÇ^gZf¤VZ�^«³

� ����( ��� �.�<Wxh{RxiX�{Z�P¢W&�{�oPSRnWx_v�9iXR�cXRx^k¤VZ[&­��,<_�RVh{cSe`cSiXc	Rx¡ÆW&hÁWxs{sbeuiSeu¤UZ�Y�an^kiSeu^gZf¤VZ�^
YKZfiX�{Rbs´³ ^�hºZ�Wx_v�|^`Z�¤VZf^,p�iX�{Z4_�RUPSPSZ�_fiSe`RUh6iXZ�PSY�egcKe`YK�b^`Z�YKZ�hViXZ�sº weuiX�ºiX�{ZGcvWxYKZ
e`hbeuiSe²W�^ke`Ê�W�iSe`RVh�W&h{sKRVhKiX�{ZÇjqh{Z�cSi<^gZf¤VZ�^«pUiX�{Z�_�RVPSPSZ�_�iSe`RVhKiXZ�PSY/e`cQiX�{Z�c­a{Y�Rx¡$iX�{Z�RUh{Z�c
_�W�^g_�ab^¹W�iXZ�s9RVh�_�RnWxPScXZÇ^gZf¤VZ�^`c�³ � �{Z�W�^`TVRUPHeuiX�{Y/_�Wxh��$Z� �PHeuiSiXZ�hÉW&c<¡ÃRx^k^`R� �c\&² weuiX��i, ¢R
^`Zf¤UZf^gc],\�

��� �����^&�&)(*�B�C+-,8_a` bdc4&)(*���C+-,8ef` bg, &Ì�!,
 ��{Z�PSZh&)(*�i�d+1,8_a` bK�mW&c���Z�Z�h�_�RVYr�n^gZfiXZf^k»¶_�W�^`_�an^²W�iXZ�s·RVh�iX�{Z jqh{Z	^`Zf¤UZf^j&Dk�³ÖË<³l�y�begTV�
¡ÃPSZ�lza{Z�h{_fegZ�cO,Æ ��{Z�h�cXRx^u¤ne`h{T.&,�J,	Wxh{sm&)(*�n��+1,8e�` bG�qWxc	��Z�Z�h�_�RUYK�b^`ZfiXZf^k»9_�W�^`_�ab^¹W�iXZ�s

oqp8dgoqr



�����������	�	��

���������	�	����

������������� �!� �	�"�	� �#���%$&�'���"()��� �

RVh@iX�oZ�_�RnWxPScXZ�^gZf¤VZ�^h&,¯Q³ÖË<³R��^`R� �¡ÃPSZ�lza{Z�h{_fe`Z�cO,� ��{Z�h cXRx^u¤ne`h{TA&,��,X³ � �negc�W&s{snekiSeu¤UZ
Wx�{�{PSRzW&_µ�"e`c�a{cXZ�s"¡ÃRVP�W�Y�an^kiSe`TUPHe`s@YKZfiX�{Rbs"e`h ¥ D�¨Q weuiX�@PSZ�cSe`s{aqW�^}c­�b^keuiSiSe`h{Tmpy ��be`_v�
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YKZfiX�{Rbs4 weuiX�4Ä�¿,_f»o_f^`Z�cSiXPXW�iXZ�T&»ÁRVhGh{RVh2Z�Y��$Z�s{s{Z�s"W&�ocSiXPXW&_fi�cX�qWx_�Z�c�³ � �{Z�e`s{Z�W9R&¡

d>dfehg.i�j
k�l



[ ��� ����� ������� �
	 ����� ��
���� � � �
� ����
��	�����

½�anek^u^²WxPSs� wW&cyiXR�cX�b^ueuiÆiX�{ZÇRUPHe`T&e`hqW�^bcX�qWx_�Z eghKW�sbe`PSZ�_fi<cXa{YFRx¡�c­a{�{cX�qWx_�Z�c�³´ÀÅh��zZ�_fiSegRVh
�bpz ¢Z��{PSZ�cXZ�hVi¢hza{YKZ�PHe`_�W�^(Z �o��Z�PHe`YrZ�hViXc	¡ÃRVP<iX�{Z�O±RxegcXc­RUh9�{PSRV�b^`Z�Y4³�� Z��{PSZ�cXZ�hUiwW�^`cXR
Wxh9W�iSiXZ�YK�bi<iXR�a{cXZÇ� £"¯yOP&Ì��s{sbeuiSek¤VZ £Gan^kiSeu^gZf¤VZ�^$O}PSZ�_�RVh{sbeuiSegRVhbe`h{T!,yYKZfiX�{Rbs�eghKiX�{Z
_�WxcXZ�Rx¡}iX�{Z�RV�biSegY�e`Ê�W�iSe`RUhGRx¡ W9hoRUÊ�Êf^gZ egh"W��V® �}an^gZ�P��qR�  &ÌcXZ�ZÉ¥ª����¨q,�¼�jqPScSiS^u»Up$iX�{Z
YKZfiX�{Rbs¶egcQa{cXZ�s¶ weuiX�r_�RVYK�b^gZfiXZ¢c­R&^`abiSe`RUh¶R&¡$cSivW�iXZ¢Wxh{sKW&s�~SR&e`hViS¿*cSivW�iXZ	Z�lnamW�iSe`RUhoc Wxh{s
cXZ�_�RVh{sb^u»zpneuiwe`c�_�RVY��be`h{Z�s� ÇekiX�GRVh{Zf¿*cX�oR&i¢YKZfiX�{Rbs´³

� ���������	��
�� 
 ������������
���� 
 ���������

� Rwj � iX�oZ}e`s{Z�Wxc�p�eki± Çek^u^b��Z<a{c­Z�¡Ãan^UiXR�iX�be`hl��Wx��RVabidiX�{Z<¡ÃRx^k^`R� Çegh{TÇYKRbs{Zf^n�{PSRV�b^`Z�Y �
� ���.� E + RUh	�

��

� E � RUh	��� &,[J,

¯dZfi�5A��Z¶W·PSZ�W�^k¿Ì¤&W�^`a{Z�sÉ¡Ãa{h{_fiSegRVhqW�^ds{Zfjqh{Z�s2RVhGWdkÇeu^g�$Z�PHi��K³�� Z�_�RVh{cSe`s{Z�P¢iX�{Z
RV�biSe`Y·e`Ê�W�iSe`RVh2�{PSRV�b^`Z�Y��

Ëde`h{s � cXa{_v�ÉiX�qW�i��K5 & ��, E Y�e`h����� 5 &8��, & D�,

e«³ Z&³up�� E�� $� &��\,Xp��¦e`c�W�PSZ�TUab^¹WxPws{RVY9W�e`hÁRx¡ G � V�Wxh{s��
5 &8�*, E �

��� (*� �]�"!/� � +#�]�$! & � @%��@&! e`cÇiX�{Z�cX_�W�^²WxP	�{PSRbs{a{_fiÇegh'�#,;& UJ,
À,iXc�TVPXWxsbegZ�hVi�&²e`hÉiX�{Z�Ë{PztZ�_µ�{Zfi�cXZ�h{cXZ>,}egcÇR&¡±iX�oZ�¡ÃRUPSY �

( 57&8�*, @ � E � (*����+#�]�$! E ) &8�*, @ � &,�J,
¯dZfi*&�� � , $+* � * � �$Z�WKcX_�W�^`Z�R&¡�Z�Y¶��Z�s{soZ�sGcXao�{cX�qWx_�Z�c�R&¡,� �

� E � �.- � $ -0/1/1/ � �2-0/1/3/ � �

�|Z�_�RVh{cSiXPSao_�iÇiX�{Z�¡ÃRx^k^`R� Çegh{T�euiXZ�PXW�iSeu¤UZ�W�^`TURVPHekiX�oY��
4556 557
� � Txek¤VZ�h
�.8�9 $ E �.8��P� ���	������
���
�

��� � � � 
���
1: � ) &8� 8 , &­���J,

oqp8dgoqr



�����������	�	��

���������	�	����

������������� �!� �	�"�	� �#���%$&�'���"()��� D

: � WxPSZ�RUPHiX�{RVTVRUhqW�^(�{PSR&~SZ�_fiSegRVh{c	¡ÃPSRVY�iX�{Z�jmh{Z�cSi¢^`Z�¤VZf^diXR·iX�oZ�^gZf¤VZ�^�� &²^`Z�¤VZf^	� �$ZfeghoT
�V»2_�RVhV¤UZ�hViSegRVhÁiX�oZ�jqh{Z�cSi¢^`Zf¤UZf^}Wxh{s�^`Zf¤UZf^����$Zfegh{T�iX�{Z _�RzWxPScXZ�cSi¢RUhoZ�, �

: � E � � M[$� &DM �$ , N &)� � !¦� ��� , &­�V��,
��^k^±iX�oZ�¡ÃPSZ�lza{Z�h{_fegZ�c�W&PSZ�W>9(Z�_fiXZ�s(pmeghos{Z���Z�h{s{Z�hViS^u»�Rx¡ Z�Wx_v�4R&iX�oZ�P�³ � �{Z¶s{Z�_�RUY�¿

�$RUcÅekiSe`RUh6W�^k^`R� �c�RVhb^k»|RUhoZ�Z�cSiSegY9W�iSegRVh6R&¡ÇiX�{ZÁTVPXWxsbegZ�hVi9W&h{s|iX�{ZÉ_�RUcSi¶¡Ãa{h{_fiSe`RUhqW�^«p
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Optimization iterations 

Without smoothing :

Additive multilevel

Multiplicative multilevel (V_cycles)

With smoothing :

Additive multilevel

Multiplicative multilevel
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Optimization iterations
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1681 nodes
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�wZ�cXan^kiXc�W&PSZ9h{Rxi·cµW�iSe`cS¡¹»zeghoTm³G] RUcSi ¡Ãa{h{_fiSegRVhqW�^	s{Z�_�PSZ�WxcXZ�c�¡«WxcSiXZ�P�iX�qWxh�iX�{Z¸RUh{Z
RV�bivW�egh{Z�s4 weuiX�G_�RUYK�b^`ZfiXZ�cXRx^gabiSe`RVh2Rx¡ÆiX�{Z¶cSivW�iXZ·Wxh{s�Wxs�~SRxeghViS¿,cSivW�iXZ Z�lzaqW�iSe`RUh{c�pm�{abi
cS^`R� ¢Z�P¶iX�qW&h6iX�oZÁRVh{ZÁRx¡�iX�oZÁRVh{Zf¿*cX�{Rxi·YKZfiX�{Rbs6_�RUY¶�be`h{Z�s6 weuiX� £Gab^kiSeu^`Z�¤VZf^¢ weuiX�
Ä�¿*_f»b_f^gZÇcSiXPXW�iXZ�Tx» &,Ëde`TUa{PSZ¶�V��,X³�ÀHhK¡«Wx_�i�p&eki<e`c	��Z�_�Wxa{cXZ¢ ¢ZÇh{R�YKRVPSZw ¢RVP��¶ weuiX��W�s{Zf¿
cX_�Z�hViwsbe`PSZ�_�iSe`RVh´po ��be`_v�Ée`c¢¤UZ�PH»ÁsnekÈ9_�ab^uiwiXR9W&s�~Sa{cSi	iX�{Z�RV�biSe`Y9W�^dcSiXZ�� � ��
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 ÇekiX�"��£"¯±OºYKZfiX�{Rbs´³ � Z¶h{R&iXZ iX�qW�i�iX�{Z���£"¯±Oº�{PSRxj{^`Z�e`c�WK��ZfiSiXZ�P�W&�o�{PSR �negY9W�¿
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Cost functional evaluations

Monogrid :

7 parameters

15 parameters

V-cycles :

7 - 15 parameters

3-7-15 parameters

M.L. Additive :

3-7-15 parameters

7-15 parameters

Ë´egTVa{PSZ��V�f��� �!� � � ( �Y�[��� �=� ���!��� � �	�"( ��� � ���"()��� � �	�"( � � � ������� 
 �	����� � $ �@��� � � �!� �

 ( �Y� ��� �=� ���!��� � �	�"(6�����>� � ���"()��� � � � �C�"()� � �'
M�2�-'�'!��� ���M(f���"()�B�-' �"� �d�Y�

M� �.'�� 

�7�Y����� � � ���M( ����

��� � � �(, � ���
'l� ��� � ��� ���'
�# ��� ����� ��( �=
M������� ��� �!�O���	��� 
 � �Y�������
��( � � �!�1
M� ����

���g�Y��������� ��� $6� � �"()� � ��� 
 �

-6

-5

-4

-3

-2

-1

0

1

0 100 200 300 400 500 600

L
o
g
 
(
c
o
s
t
 
f
u
n
c
t
i
o
n
a
l
)

Cost functional evaluations

Monogrid : 15 par.

Monogrid : 7 par.

Monogrid : 3 par.

AMLP : 7-15 par.

AMLP : 3-7-15 par.
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10th iteration
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M.L. Additive :

5th iteration

50th iteration
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