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~ A simple proof of the main inequalities
for parameters of codes
in polynomial association schemes

Une preuve simple des principales
inégalités sur les parametres des codes
dans des schémas d’association
polynomiaux

Vladimir Levenshtein* -

Abstract

Codes in P- and Q-polynomial association schemes are considered.
A simple proof of seven main inequalities for such code parameters
as the minimal distance, the dual distance, the number of distances,
the external distance and the covering radius is given. It is based in
essential only on the annihilating and dual-annihilating polynomials
for a code and on orthogonality conditions for system P and Q and for
certain adjacent systems as well. All these inequalities are attained
for some codes in some spaces, in particular, for some codes in the
Hamming space. '

*Keldysh Institute for Applied Mathematics, Russian Academy of Sciences, Miusskaya
sq. 4, 125047 Moscow, Russia. Invité au projet CODES du 01.04. au 30.04.94
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Résumé

On considére des codes dans des schémas d’association P et Q-
polynomiaux. On donne une preuve simple de sept inégalités impor-
tantes sur les parametres de tels codes comme la distance minimale,
la distance duale, le nombre de distances, la distance externe et le
rayon de recouvrement. Cette preuve est essentiellement basée sur les
polynémes annulateurs du code et de son dual, et sur des conditions
d’orthogonalité des systémes P et Q et d’autres systémes adjacents.
Toutes ces inégalités sont atteintes pour des codes dans certains es-
paces, en particulier pour des codes dans 'espace de Hamming. ‘

1 Introduction. Polynomial association sche-
mes

We consider codes and designs in metric spaces which are P- and Q-polynomial
association schemes [6, 11, 1, 4]. In this connection we use a definition asso-
ciation schemes which is close to the definition of metric space.

A (symmetrical) association scheme (with D classes) {X,d(z,y)} is a fi-
nite set X with a given function d(z,y) which is defined for any z,y € X,
takes values 0,1,..., D and has following properties :

1. d(z,y) =0ifandonly ifz =y ;
2. d(z,y) = d(y,x) for any z,y € X ;

3. for any :t,y € X and any i,7 € {0,1,..., D}, the number of points z
such that d(z, z) = i,d(z,y) = j depends on d(z,y) only (this number
is denoted by pfj, where k = d(z,y). :

In particular, for association schemes pf; = p%; and for any & the number
pY; of points y € X such that d(x,y) = 7 does not depend on z. This number
is denoted by v; and is called wvalency. Notice that in general the function
d(z,y) does not satisfy the triangle inequality : d(z,y) < d(z,z2) + d(z,y).
However, for many significant examples of association schemes the function
d(x,y) posseses this property and is a metric. In particular, the Hamming
space H(n,q),q = 2,3,..., consisting of ¢" vectors x = (x1,...,z,) where
z; € {0,1,...,9 — 1} with the metric d(z,y) being equal to the number of



)

places where = and y differ, forms an association scheme with D = n classes.
As another example of an association scheme with D = min(w,n—w) classes

we consider the Johnson space J(n,w) consisting of Z’) w-subsets of a n-

set with the metric d(x, y) = w—|xNy|. Notice that J (n,w) can be considered
as subset of H(n,2) consisting of characteristic vectors of w-subsets of a n-set
(that is, of binary vectors of length n and weight w) with the metric being
equal to half of the Hamming distance.

Using the adjacency matrices A;,i = 0,1,..., D, of order | X| defined by

_ (1 ifd(zx,y) =1,
(A)ey = { 0 otherwise, (1.1)
the definition of association scheme can be expressed by
Aog=1, EA =J, A=Al AA _Ep,,Ak, (1.2)

. =0

where I is the unit matrix, J is the matrix the entries of which are all equal
to one and AT is the transpose of A.

The matrices A; are linearly independent and generate a (D-+1)-dimensional
(over R) commutative algebra A of symmetrical matrices, which is called the
Bose-Mesner algebra. We consider | X |-dimensional space V = {f(z) : X =
R} of real functions on X with the inner product

<u,v>= u(x)v(z).
| x5
It is known [6, 1, 4] that for an association scheme with D classes (as
for (D + 1)-dimensional commutative algbera of symmetrical matrices) there

exists a decomposition
V=W+...+4Vp

of V into a direct sum of pairwise orthogonal subspaces V;, where V; is a
maximal common eigenspace of Ag, A;,..., Ap. We can assume that V; con-
sists of constants only since eigenvector from all units can belong only to an
one-dimensional common eigenspace.



Let m; = dimV;,i = 0,1,...,D,mp = 1, and {v;;(x),j = 1,...,m;} be
any orthonormal basis of V;. The matrices

Ei(z,y) |X| Zv,,(:z:)v,,(y i=0,1,...,D, (1.3)

do not depend on the choice of the bases of V;, possess the properties

E,’Ej = E,',&,'j, Eo |;|J EE = I (14)

=0

and hence form the basis of irreducible idempotents of A. It follows that
there exist two non-degenerate matrices P = (P;;) and Q = (Q;) of order
D + 1 such that

D
Aj= S P;E, j=0,1,...,D, (1.5)
l-—O
E; = Qi;Ai, §=0,1,...,D. (1.6)
= w5

(1.3)-(1.5) show that the column space of E; is an eigenspace of each
A;, and the corresponding eigenvalue P; has the multiplicity m; = rank
E; = tr E;. In particular, by (1.1), (1.4)-(1.5) Fo; is equal to the valency
v; = p?, and by (1.3) and (1.6) Qo = m;. From (1.5) and (1.6) it follows
that 1

, xi' |
“where I here is the unit matrix of order D + 1. Considering tr (A;E;) and
using that tr (A;A;) = v;| X|6;; by (1.1) and (1.2), we get also that

Piym; = Qjiv;. (1.8)

PQ=QP= (1.7)

It is clear that an association scheme is a metric space with distance
d(x,y) when for this function the triangle inequality holds. Delsarte proved
[6] that it holds if there exists polynomials p;(o) of degree 5,5 =1,...,D, of
a real variable o such that A; = p;(A,) or, other words (see (1.5)),

Rj:pj(l)"l)’ i:O,la“'aD : (19)



Such an association scheme is called P-polynomial or metric.

There is another description of metric association schemes in terms of
graphs. The vertex set X of any undirected graph G can be considered as a
metric space with metric dg(z, y) equal to the number of edges in the short-
est path from z to y. An undirected connected graph G with the vertex
set X is called distance-regular if for any x,y € X the number of vertices z
such that de(z,2) = 1,dg(y, 2) = dg(z,y) — 1 and the number of vertices
z such that d¢(z,2) = 1,de(y,2) = de(x,y) + 1 depend on dg(zx,y) only
Delsarte [6] proved that for any distance-regular graph G with vertex set
X, {X,dc(z,y)} is a metric association scheme, and for any metric associa-
tion scheme { X, d(z,y)} the graph G with the vertex set X and the adjacency
matrix A is a distance-regular graph, and d(z,y) = dg(x,y). Thus, there is
one-to-one correspondence between metric association schemes with D class-
es and distance-regular graphs of diameter D.

An association scheme { X, d(z,y)} with D classes is called Q-polynomial,
or cometric, if there exist polynomials g;(c) of degree 7,5 =0,1,...,D, of a
real variable o such that

Qij:‘Ij(Qil)a i=0,1,...,D. . ’ (1‘10)

Hereafter we consider P- and @Q-polynomial association schemes (or Q-
polynomial distance-regular graphs [4]) which are refered to as polynomial
association schemes. It is known that Qi (and F,;) are different for different
1,1 =0,1,...,D. We introduce an additional restriction that they decrease,
which is fulfilled for many polynomial association schemes. Let og(2) and
o p(z) be increasing functions in a real variable z (the substitutions) such that
forany : =0,1,...,D,

my — &y . v — B
1— Qa p(d) = 1

- oolt) =
) 2(d) m1— Qpr’ v — Ppy

By the construction and the assumption

0g(0) =0 < 0g(i) S 0g(D) =1, 0p(0) =0 < op(i) < op(D) = 1. (1.11)



The following results are well known [5-8]. For the Hamming space
H(n,q) :
: D=n

" :mt:(:l)(q_l)t? i:0713"')n’

Qu = Px = KIi), ik=0,1,...n,

k
where K?(z) = E(—])J(q— l)k_j ( j ) ( Z:; ) is the Krawtchouk pOly-
1=0
nomial of degree k, in particular,
Qun=PFPu=(g-1)n—gqi
and hence H(n,q) is a polynomial association scheme with

o0(2) = op(2) = =.

For the Johnson space J(n,w) with 1 <w <n/2:

in particular,
Qa = n (1 - L) )
w(n — w)
Py = wn-w)—in+1-1)

6



and hence J(n,w) is a polynomial association scheme with

zn+1-2z)

9q(2) = %’ op(2) = win+1-w)

Now we introduce systems {Q;(z)} and {P;(z)} of polynomials in a real
z, 0 < z < 1, which are obtained from polynomials (1.10) and (1.09) by

change the variables as follows
m;Q;(2) = ¢;(2(@p1 —m1) + M),
viPi(z) = pi(z(Pp1— ) +u),
and hence for any i,5=0,1,...,D,
m;Q;(oq(i)) = Qi, v;Pi(op(i)) = Py.
By (1.5)-(1.12) we have the following equalities
D
mi ) Qi(0q(d))Qj(9e(d)va = &;1X|, Qi(0)=1,
d=0
5 .
v Y Pop(d)Pi(op(d))ma = 651X|, Pi(0)=1,

d=0

Qi(oq(d)) = Fulop(?)).
Furthermore from (1.3), (1.6) and (1.12) it follows that

Quloaldlz, ) = o 3 ()

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

Notice also the following formulae for coefficients of expansions of an arbitrary
D

D
polynomial f(z) = 3 _ fi(Q)Qi(2) = Z_;) fi(P)Pi(z) :

=0

HQ) = IXlzfon )Q:loa(d)es

(1.17)

(1.18)



In particular,

fo(@ = lx,}:fm(d)vd : Jo(P) = ,Xlznap(d) & (119)

Below we shall also use the following equality

Pk,Pk] Z p‘]Pkd (1.20)

which follows from (1.2), (1.4) and (1.5).

2 Parameters of codes in polynomial asso-
ciation schemes

We fix a code C in a polynomial association scheme X of diameter D (or
with D classes). For any point £ € X we consider vector

B(z) = (Bo(z), By(3), .., Bp(z)) 2.1)

where
Bi(x)=I{y:ye C d(z,y) = i}|,

which is called the outer distribution of C.

The vector

=10l CI > " B(z) = (Bo, By, .., Bp) (2.2)

z€C
is called the inner distribution of C. A code C is referred to as regular if
B(z) = B(y) for any z,y € C (and hence B(z) = B for any z € C) and
referred to as completely regular if B(z) = B(y) when d(z,C) = d(y, C’) (here
d(z,C) is the minimum distance between z and points of C).

For any vector a = (ag,ay,...,ap) such that not all a;,...,ap are equal
to 0 (in particular, for a = B and a = B(x)) we introduce the following



parameters (cf. {5]) :

d(@a) = min{i:i=1,...,D, a;#0},

s(a) = |{i:i=1,...,D,a; #0}|,

_J 0 ifag=0,
va(a) B {1 otherwise,

0 if ap = 0,
1 otherwise,

B(a) = {

Values d(a), s(a), 8(a) for the vector a = B have a significant sense for a
code C. They are denoted by d(C), s(C),8(C) and characterize the minimal
distance, the number of (non-zero) distances and the diametrality of a code -
C (that is, whether or not the diameter of C coincides with the diameter of
the whole space X). These values for the vector a = B(z) have a similar
sense and are denoted by d(z, C), s(z, C), 8(z, C) (d(B(x)) is really equal to
d(z,C)). The values a(a) have an auxiliary character. They are introduced
to investigate simultaneously both cases because

1 ifzeC,
(B(z)) = { 0 ifrgC. (2:3)
Ndw for any vector a = (ag,a;,...,ap) we consider a vector
a’' = (ay,a},...,ap) defined by '
D
Cl,é = mizain(aQ(d))’ 1= Oaly"')D' (24)
d=0

The vector a’ is called by the MacWilliams transformof a [17], and allow us to
determine dual parameters d'(a) = d(a'), §'(a) = s(a’),a’(a) = a(a’), f/'(a) =
B(a’) of the vector a. In particular, parameters d'(a),s'(a),3'(a) for the
vector a = B have a significant sense for a code C as well and denoted by
- d'(C),s'(C), B (C). The value d'(C) is called the dual distance. If t(C) is the
mazimum strength of design formed by C, that is, the maximum integer t
such that '

Y Qulog(d@,y) =0 fori=1,...,1, (2.5)

z,ye€C



then from (2.4) it follows that d'(C) = t(C) + 1. The parameters d'(a), s'(a),
A3'(a) for a = B(x) we denote d'(z, C), s'(z, C), 8'(x, C) respectively. Notice
that aj = |C| and hence

a'(a) =1 for a= B and a = B(z) for each z € X. (2.6)

A polynomial f(z) is called annihilating or dual-annihilating for a =
(ao,a1,.-.,ap) (and for a code C if a = B) if respectively

aif(og(d)) =0, i=1,...,D, (2.7)

a'f(op(i)) =0, i=1,...,D. (2.8)

Annihilating and dual-annihilating polynomials for a of minimum degree
(that is, s(a) and s'(a)) are called respectively minimal and dual-minimal.

The following two theorems follow respectively from (1.13)-(1.15) and
(2.4).

Theorem 2.1 For any vector a = (ao,a,...,ap),
a; = |X| ZadP (op(d)), i=0,1,...,D. (2.9)
Theorem 2.2 For any vector a = (ag,a;,...,ap) and any polynomial
D

D
f(z) = Z:fi(Q)Qi(Z) = gf.'(P)P z

S af(0eld) = f /(Q) (2.10)
D . '
Z:O“'f‘z(f) |X| Za,f(op(J)) (2.11)

Thus we introduced for a code C six parameters d(C), s(C), 8(C), d'(C),
s'(C),B'(C). One more parameter, the covering radius p(C)of a code C, is
defined as follows :

p(C) = max d(z, C). (2.12)

10



We know also that it is the maximum d(a) over all a = B(z),z € X.
A code C is called the uniformly packed [2] if there exist real numbers
Q, i, . . ., yc) such that

p(C) E
> a;Bi(z)=1 foranyzeC. (2.13)

=0

In the next section we prove some iniequalities for the parameters. The
main tool is to use equalities (2.10) and (2.11) for annihilating and dual-
annihilating polynomials and also to use the following adjacent systems of
orthogonal polynomials.

For an arbitrary a € {0,1} and b € {0, 1} we consider polynomials Q‘;'b(z)
and PJ‘~"b(z) in a real z of degree 7,7 = 0,1,...,D — 8,1 — 81, which are
determined up to a constant factor by the following orthogonality relations :

D
dZ Qi (00(d)Q5*(90(d)(00(d)*(1 — oo(d))’va =0, i#j, (2.14)

-D
X P (op( )P op(d)(op(@d) (1 - op(d)’me =0, i# . (215)

d=0

Let z;"b(Q) and z;-"b(P) be the smallest roots of polynomials Q;'b(z) and

P} ®(2) respectively. Using that og(z) and op(z) increase we can determine
values d}°(Q) and d}°(P) as follows ‘

oo(d}*(Q)) = 2°(Q), op(d}*(P)) = 2I*(P). (2.16)

In particular, for the Hamming space H(n, q), dv(Q) = d°(P) equals to
the smallest root di(n) of the Krawtchouk polynomial

2(g - n—q+2—/4(q —1)n+(q—l)2)

K2 (2) [ di(n) = qq n,dy(n) =
~and (see (16])

2q

Q) =dy*(P) = di(n—a—b) +a.

Apply these orthogonality conditions to find the free coefficient fo(Q) of
the polynomial

ab())2
f(z) = 2°(1 - z)b%. (2.17)

11



Using (1.19) and the fact that by (2.14) Q‘;’b(z) is orthogonal with respect to
(0o(d))*(1 — 0g(d))®vq to any polynomial of degree at most j — 1, we obtain

I X| E fog(d) (2.18)

3 Inequalities for code parameters based on
annihilating polynomials

Now we obtain a number of inequalities for parameters of an arbitrary code
C using (2.10) and (2.11) for annihilating and dual-annihilating polynomials
for a = B and a = B(z). We take into account that by (2.2), (2.4) and
(1.16)

2
B= T oete) = g2 (Suw) . 6

It follows that the vector B’ is non-negative (that is, it consists of non-
negative coordinates). Furthermore by (1.16), (2.1) and (2.4) for the vector
a = B(z) we have

Bi(zx) = mZv,,(x Z'Uu(y)

yeC
and hence
B; =0 implies that B{(x) =0 for any z € X. (3.2)
Notice also that
B; =0 implies that B;(x) = 0 for any z € C. (3.3)

Theorem 3.1 For any code C in a polynomial association scheme of diam-
eter D the following inequalities hold :

1. d(C) + d(C) < D +2,
2. d'(C) < 25(C) - B(C) + 1,
3. d(C) < 25(C) - B(C) + 1,

12
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4. If d'(C) 2 2k — 0 + 1 where k is an integer and o € {0,1}, then
' d(C) < d7,(Q)

with equality if and only if k = s(C),0 = B(C) and (1 — 2)°Q7,(z) is
minimal for C.

5. Ifd(C) > 2k — 0 + 1 where k i;s an integer-and o € {0,1}, then
d(C) < d%,(P)

with equality if and only if k = §'(C),0 = f/(C) and (1 - z)-"Pkl'_”a(z)
is dual-minimal for C.

Remark 3.1 The first inequality of Theorem seems to be new although it
is well known for Hamming and Johnson spaces and is attained for MDS-
codes and Steiner systems respectively [17]. The second and third inequalities
improve the corresponding Delsarte’s results when 3(C) =1 and §'(C) =1
and are attained only for tight designs and perfect codes respectively [6, 17,
138-16]. The fourth inequality follows from the author’s work [12-18] as it was
noticed in [9], and is attained again for the tight designs. The last inequality
seems to be new and is attained only for perfect codes. It was proved in [16]
for the case of the Hamming space.

~ A proof of Theorem based on some auxiliary statements on vectors a =
(ao, ay,... ,aD).

Lemma 3.1 Let g(z) be annihilating for a,a'(a) = 1 and g(og(z)) > 0 for
1=12,...,D. Then :
d'(a) < deg g(2) + a(a).

Proof. One can assume that h = deg g + a(a) < D because otherwise
the statement is trivial. Since aj # 0 and for the annihilating polynomial
, 1 2
f(2) = 2% g(2) of degree at most D it holds fo(Q) = X > flog(d))va>0
d=0 .
we get from (2.10) that

!
aj;

h
=1

£i(Q)
2, 70

2

This completes the proof, since not all a},j = 1,..., h are equal to zero, and
hence d'(a) < h.

13



Corollary 3.1 Ifd/(a) =1 thend(a) + d(a) < D + 1+ a(a).

Proof. Use Lemma 3.1 for the polynomial g(z) = H (00(7) — 2) satis-
fying the required properties. e
Corollary 3.2 If o/(a) = 1 then d'(a) < 2s(a) + a(a) — A(a).

Proof. Use Lemma 3.1 for the polynomial g(z) = (f(2))?/(1 — )@,
where f(z) is minimal for a, satisfying the required properties as well.
Lemma 3.2 Let a be non-negative, o/(a) = 1 and d'(a) > 2k — o + a(a)
where k is an integer and o € {0,1}. Then d(a) < k(_f,)'”(Q)- with equality if
and only if k = s(a),o = B(a) and (1 — z)ﬂ(a)Q‘:((;) 63(8)(2) is minimal for a.

(@@

5@
degree h = 2k — o0 + a(a) — 1 and notice that fo(Q) = 0 by (2.18). Using
(2.10) we get

Proof. Consider the polynomial f(z) = z*®(1 — )"

D
Y af(ogi) =0. (3.4)
i=1
By Corollary 3.2 2k — 0 + a(a) < d'(a) < 2s(a) + a(a) — 3(a) and hence
s(a) > k. All q;,i = 1,...,D, are non-negative and exactly s(a) among

them are positive. Since f(og(d)) > 0 for i > dp® it follows that (3.4)
implies d(a) < d‘,:(a) with equality if and only if k = s(a) o = ((a) and the
polynomial (1 — z)ﬂ(a)Qf((s)"gz)(z) is minimal for a.

Remark 3.2 By Theorems 2.1 and 2.2, Lemmas 3.1, 8.2 and Corollaries
3.1, 8.2 will be valid if we replace in their formulations a by a’, and Q by P.

Proof of Theorem 3.1. We can use Corollaries 3.1, 3.2 and Lemma 3.2
for the vector a = B (see (2.2)) for which a(a) = 1 and o/(a) = 1 by (2.6).
It gives the statements 1, 2 and 4. The statements 3 and 5 follow from dual
analogues of Corollary 3.2 and Lemma 3.2 (see Remark 3.2).

For any vector a = B(z) where x ¢ C according to (2.3) and (2.6) we
have a/(a) = 1, a(a) = 0. Therefore we can use only Corollaries 3.1, 3.2 and
Lemma 3.2 and obtain the following results for an arbitrary point x € X and
an arbitrary code C :

14
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1. d(z,C) + d'(z,C) £ D+2,

2. d'(z,C) <25(x,CY+1 -3 (z,C),

3. If d’(m, C) > 2k — o where k is an integer and ¢ € {0,1} then
d(z,C) < d(l)cfa(Q) |

with equality if and only if k = s(z, C), 0 = f(z,C) and (1-2)°Q}7,(2)
is minimal for B(z). :

Since by (3.2) d'(C) < d'(z,C) for any z€ X, the last statement gives
rise to the following

Theorem 3.2 If d'(C) > 2k — o where k is an integer and o € {0,1} then
p(C) < d%,(Q)

with equality if and only if there exists a point x € X such that (1—2)°Q°,(2)
is minimal for B(z).

The inequality of Theorem 3.2 for the Hamming space belongs to Tieta-
véinen [18-20|. For arbitrary polynomial association schemes it was proven
together with necessary and sufficient conditions of its attainability in [9).
In particular, it is attained for all binary tight designs of even strength, for
example, for tight 6-design formed by the Golay [23, 11, 8] code.

We consider B;(x) (see (2.1)) as an entry of a matrix of size | X|x (D+1)
with rows B(z) numerated by £ € X and columns B; numerated by i, i =
0,1,...,D. -

Theorem 3.3 For any code C there exists x € X such that d(z,C) < §'(C),
and

p(C) < 5(C) . | . (39)
with equality if and only if C is uniformly packed. The column By where
s' = §'(C) is a linear combination of columns By,...,By_1 and of column

from all units. Any column By, s’ <i < D, is a linear combination of prece-
ding columns, any row B(x) is determined uniquely by its s coordznntes, the

columns By,...,By are linearly independent.
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Proof. Let f(z) be a dual-minimal polynomial of degree s’ = s'(C) for

C such that f(0) = 1. Using (3.2) and (2.11) for a = B(z) we have for any

ze X

ll)cill " Bz )f'( P) 1 where f.(P) #0. (3.6)
=0
This proves two first statements of Theorem except that p(C) = s'(C) for
an uniformly packed code. The statement on B;, s’ < i < n, is obtained
by analogy using dual-annihilating polynomial 2°=% f(z) of degree i. There-
fore any row B(z) is determined uniquely by its s’ coordinates. The linear
independence of the first s’ + 1 columns is a consequence of the Delsarte
equality

5 B(a)By) = )3 Burl = 151 3~ BiPuPe

z€X ]X |
which follows from definitions of Bi(z), Ba, p; and from (2.9), (1.12), (1.20)
and shows that rank of the matrix under consideration equals s’ + 1. Since
B, is not a linear combination of preceding columns from (2.13) and (3.6)
it follows that for any uniformly packed code the inequality (3.5) cannot be
strong.

Theorem 3.3 belongs to Delsarte [6] except for the necessary and sufficient
conditions of the equality in (3.5) which were obtained in [3]. Uniformly
packed code were investigated in [2, 10, 3].

In conclusion we derive from Theorem 3.3 one more Delsarte’s result.

Corollary 3.3 A code C is completely regular if d(C) > 2s'(C) — 1.

s'—1

Proof. For any x € X it holds 2 Bi(z) < 1 (where ' = §'(C)), because

otherwise, by the triangle axiom, there exist two code points at distance
at most 25’ — 2. Furthermore by Theorem 3.3 any row B(z) is determined
uniquely by its first s’ coordinates. This completes the proof.
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