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BRI INRIA

ROCQUENCOURT

Une nouvelle méthode d’estimation du parametre
du mouvement Brownien fractionnaire
Résumé : Nous introduisons un nouvel estimateur du parametre du mouvement Brownien
fractionnaire et montrons qu’il est fortement consistant. De plus, nous donnons les vitesses de
convergence, des intervalles de confiance asymptotiques et proposons un test d’adéquation a

un mouvement Brownien fractionnaire associé A notre estimateur. Les simulations montrent

que notre méthode est meilleure que celles existantes dans la littérature.

Mots-clé : mouvement Brownien fractionnaire, fractale, processus continu.
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1. INTRODUCTION

The fractional Brownian motion of index H (0 < H < 1) was defined by Mandelbrot and
Van Ness (1968) as the stochastic integral, for ¢ > 0

0 t
X0 = s | [0 = 07 = o aws) + -9 aws)

— 00

where {W(s), —00 < s < oo} denotes a Wiener process extended to the real line.

It may be shown (see e.g. Mandelbrot (1968) p. 425) that the definition above gives, up to
an equality in probability, the only Gaussion process {X (1), t > 0} such that X(0) =0 and
there exists K > 0 such that for anyt > 0 and h > 0, X(t + h) — X(t) follows a normal
N(0, K22 h2HY distribution [K¥ is usually called its scale factor].

This process was first introduced to model time series describing the motions of Nil’s ri-
ver flow. Subsequently, its practical applications were extended into many domains, such as
quantum mechanics, economics, medical image analysis and many more. It turns out that
its statistical study has so far focused on the estimation of the parameter H, neglecting the
important problem of fitting the model.

A survey of this topic is to be found in Beran (1992) and also Flandrin et al (1991) who
compare various estimators of H: the most widely used method for estimating H given the
observation of a sampled version {Xgz(4L),0 <k < n} of {Xg(t),0 <t < T} is the
Hurst analysis (see e.g. Hurst (1955)). However, its performances are far from being optimal
and several other estimators have been proposed for H since the introduction of this method.
The estimator introduced by Fox and Taqqu (1986) is based on a maximum likelihood ana-
lysis and has an asymptotically optimal rate of consistency, namely O(1/+/n) when n — co.
However its pratical implementation raises some technical difficulties involving for example
the computation of inverses of large covariance matrices. Some other estimators are based
on the fractal dimension of the process trajectory. In these cases, the estimates are obtained
via slope measurements in log-log plot of length versus scale. Flandrin et al (1991) do not
establish the theoretical rate of consistency, but give empirical evidence based on simulated
data that some of the estimates they consider and in particular the Higuchi (1988) method
perform well. -

In this paper, we propose new estimators for H, based on absolute moments of the increments
as the one of Higuchi (1988). We evaluate their efficiency with respect to the estimators pre- '
viously considered in the literature and show that they have a rate of convergence equal to
O(n~Y%(logn)~!) when n — oo for H € (0,3/4). Finally, we describe a test of fit based on
our estimators, and show some experimental evidence that our estimator generally behaves
better than other ones.

The remainder of our paper is organised as follows. In Section 2, we recall some basic facts
about boz dimension, and introduce an estimator for this quantity. In Section 3, we intro-
duce tv)o families of estimators for H and prove their almost sure consistency. In Section
4, we describe asymptotic confidence intervals for H and propose a test of fit to fractional
Brownian motion. In Section 5, we present some simulation results showing that our me-
thods perform well in practice and that the computation of our estimators is simple and

fast. .

INRIA



A new method for estimating the parameter of fractional Brownian motion 3

2. BOX DIMENSION

To describe our estimators, we need to introduce the following notation. For any é§ > 0,
we consider the set of §-mesh squares in IR? of the form [1 6,(i + 1) &) x [§ 6, (j + 1) 8] with
i,j integers. For any bounded subset F' of IR?, we denote by Nj(F) the number of §-mesh
squares which intersect F. The box dimension of F is then defined by (see e.g. Falconer
(1990) p.41)

. . log Ns(F
dim(F) = lim (%g(&)) , (2.0)
whenever this limit exists.
The box dimension of the graph of Xy is characterized in Lemma 2.1 below (see e.g. Falco-
ner (1990) p.246):

Lemma 2.1 With probability 1 o fractional Brownien motion Xy with indez H has graph
{(t, Xu () : t € [0,1]} with boz dimension equal to 2 - H.

In the sequel, we will use fractal dimension as a synonym for box dimension. If X : [0,1] - R
is a continuous function, then it is well known that there exists a sequence X, : [0,1] — R,
n = 1,2, ... of polygonal functions which converges uniformly to X on [0, 1]. Moreover, we
may and do assume that the vertices of the graph of each X, are of the form {(£, X, (%)),
0 <k < n}, with X,(0) = 0. Setting Xkn = Xn (£) for0 <k < n, we will set for
convenience X(n) = (A1n,...,Ann). '

We will make an instrumental use of the following lemma in the derivation of our estimators.

Given a polygonal function X,, as above, we set for each n > 2,

n-—1
Ly=3 |Xir1,n — Xial. (2.1)
i=1

We will say that a continuous function X : [0,1] — IR has box dimension D if its graph
{(t,X(t)),t € [0,1]} is a subset of IR? whose box dimension is D.

Lemma 2.2 Let X : [0,1] — R be a continuous function with box dimension D, end
let (Xa)n>1 be o sequence of polygonal functions-as above which converges uniformiy to X
on [0,1]. The following results hold

(1) If X is constant, then D = 1;

(2) If X is non constant then

D=1+ lim 8L

Jim Ty (2.2)

Proof. By definition of the box dimension we easily obtain the first statement of the lemma.
For the second statement, set 8, = ﬁ for each n > 2, and denote respectively by N5, »
and N;_ the number of §,-mesh squares that intersect the graphs of X,, and X. Let L, be
as in (2.1). We have the obvious inequalities

La < N5, n 60 < L + (n — 1)6,..

RR n° 2396



4 ' R. F. Peltier, J. Lévy Véhel

If X is non constant then there exists an a > 0 such that L, > @ for all n large enough.

Thus
log L, < _log N5, ,n <1+ log(1+ L,)

log(n-1) = logé, ~ log(n — 1)’
and
. log N5, n\ _ .. log L, g log(1+ L)

i (e = dm (14 o) = dm (14 =) o)
whenever the last limit exists. Since X, converges uniformly to X on [0,1] as n — oo, we
have

. lOg N5 n
1 ——n} =1. 2.
"H&( log Ns,, ) @4

On the other hand, by the definition (2.0) of the box dimension D of X, we have
log N '
lim (Mﬁ—) =-D. (2.5)

n—oo \ logé,

A joint application of {2.4) and (2.5) shows that

’ . 10g Ns n

lim [ =26"6m ) _ p 2.6
ntvoo ( log 6 ) (26)

which, when combined with (2.3) yields (2.2). O

3. ESTIMATORS oF H

In the sequel we will let K > 0 be a fixed real and introduce estimators of H based on the
observation of a sampled version of the process {K# Xy(t) : 0 < t < T}. For the sake of
notational simplicity, we will set throughout 7 =1 and

Xin=K"Xy (%) fori=0,1,..,n. (3.0)
The main results of this section are stated in Proposition 3.2 (where we describe the beha-
vior of a new estimate of the parameter of fractional Brownian motion), Theorem 3.7 (which

highlights a property of fractional Brownian motion) and Proposition 3.8 (where we propose

another new class of estimates of H).

Recall the well known easy fact (see e.g. Papoulis (1991) p.110).
Fact. Let Z denote a normal N(0,1) random variable. Then for any r > 0

2T (51)

B2 = s

(3.1)

The following technical proposition will be useful in the sequel. Fix any 0 < H < 1 and

K > 0. For each n > 2, denote by Xi n,...,X, » an array of random variables such that, for
2H
eachi=1,...,n-1, Xj} »,—X; , follows an N(0,0,2%) distribution with 0,2 = (;—1;(—1) .

For each integer k > 1, set further

n—1
1
Salk) = n—1 Z Xis1,n — Xil*.
i=1

INRIA
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5
Using (3.1), we have that
T ()
Buk) = E(Su(k)) = oz X —
Proposition 3.1 Under the above assumptions, for each k > 1 we have
lim S,(k)=0 a.s., (3.2)
and, for each 0 < H' < H
lim <(n -1 sup (Xiz1n— Xi,nI)) =0 a.s. (3.3)

n—oo0 1<i<n—1

Proof. - In the first place, we recall that if f(z) is a convex fonction of z € IR then, for any

n
(z1,...,2.) € R™, we have the inequality, f (l > :c,)
=1

E f(z:).[This follows from

Jensen’s inequality f(E(U)) < E(f(U)) when applied to a random variable U uniformly

distributed on {zi,...,z,}.] By choosing f(z) = |z|?, we infer from this inequality that,

for each p > 1,
n-1

1
ISa(k)IP < 3 D X1 — Xl
i=1
Therefore, for any € > 0 and p > 1, the Markov inequality entails that

E((Sa(k))?)
PiSa(k) >¢] < —=mt

eP

Set for convenience
kp/2 prHk kp+1

JTepP

Inequality (3.4) in combination with (3.1) entails that

Cy =

P[Sa(k) > €] < Ck(n—__ll—)ﬂ—kp,

and we conclude by using the Borel-Cantelli lemma with p > & to obtain (3.2).

n—1
1 1 R 1
S &P (n_x,; som = Kyl ) = L B2~ Xaal).

(3.4)

- In the second place, for the proof of (3.3) we start by observing that, for any ¢ > 0,

0<H <H<1,p>1

P[(n - 1) H sup (lXH-l n i,nl) > 6]
1<i<n-1

IA

ZP{(n ~ 1) [Xis10 - X

< (" )E(( —D)HPIX ) 0 — X aIP).

Set for convenience

op/2 g HPT (Pﬂ)
¢ = 2o
4 \/‘;r.gp
We see that
’ 1
H
P[(n - l) 1<§u5_ (lx;-H n— Ny nl) > 5] < C ( 1)(_”-"')1’_1 !

so that, by taking p > =57 H,,

RR n" 2396
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Recall the notation (3.0) for the sampled process {X;» = K¥Xg (),0 < i < n}, and
let £ > 1 and K > 0 be fixed. We start by the study of the estimators of H given by

log [V7Sa(k)/(2*/°T (%))

H, x(k)=— , 3.5
,K( ) k log((n—l)/K) ( )
where
1 n-1 . X
Sn(k) = — Z | Xit1,m — Xinl*. (3.6)
i=1
Our first result establishes the consistency of H, x(k) to H.
Proposition 3.2 For each integer k > 1 and K > 0, we have
lim H, x(k)=H a.s. (3.7)

Proof. In our proof, we will limit ourselves to K = 1 and set H,(k) = H, 1(k), for the sake
of notational simplicity. It will become obvious later on that our arguments may be used to
cover the case of an arbitrary K > 0 at the expense of elementary technicalities. The proof
of (3.7) will be achieved via the following five steps.

Step 1. We infer from Jensen’s inequality that

(Sa(1))* < Sn(k).

Step 2. Application of Lemmas 2.1 and 2.2 to X = Xy yields:

lim (_‘_"g(_sﬂ).) —H  as

n—oo \ log(n —1)

Step 3. In this step, we show that for any 0 < H' < H,

lim Sn(k)

. m =0 a.S.

This statement turns out to be a consequence of (3.2) in Proposition 3.1 together with the

straightforward inequalities

inf | Xit1,n — Xinl® < Sa(k) < sup |Xix1,n — Xinl®
1<in 1<i<n

Step 4. We will prove that for each integer k > 1,

(o] k ’
UV o

This will be shown to be a consequence of the inequalities (3.9), (3.10) and (3.11) stated
below.
We first infer from Step 1, that

" 1og[Sa(k)/(S.(1))*]
LS k log(n—-1) )

In view of Step 3, we see that, for each 0 < H' < H, we have with probability one, for
sufficiently large values of n,
Sa(k) < (n—1)"H'*,

INRIA
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whence, we have for all n large enough

log(Sn(k)/(n ~ 1)~#*)

k Tog(n = 1) <H-H. (3.10) -

Writing

log((n —1)""*/(Sx(1))*) _ —H log(n—1) —log(S.(1)) _ . log(Sa(1))

k log(n — 1) - log(n — 1) =-f log(n — 1) ,(3.11)
and combining (3.9), (3.10) and (3.11), we obtain that, for all large n,
0< log(Sa(k)/(Sa(1))¥) _  log(Sa(k)/(n —1)~H*) ., log((n = 1)7#*/(S2(1))*)
- k log(n—1) k log(n—1) k log(n-1)
< H-H -H- M‘
: log(n — 1)

Thus, in view of Step 2, we see that for each 0 < H' < H,
k k
n—oo k log(n —1) n—00 k log(n — 1)
Since H' € [0, H), we have

=0,

 (10g(Sa(K)/(8a (1))
lim ( k log(n —1) )

=00

which is (3.8).

Step 5. By splitting H,(k) into,

Ho(k) = _log(Sa(k)/(Sa(1))*)  log(Sa(1))*  log (v/m/2*/°T (&41))
n = k log(n — 1) k log(n - 1) k log(n — 1) )

we therefore complete the proof of (3.7) via Steps 2 and 4. O

Let {Xg(t) : 0 <t < 1} denote a fractional Brownian motion of index H and let K > 0
denote a constant. We will introduce two aﬁxiliary sequences of random variables related to
Xpu. Let [z] denote the integer part of z.

For each n > 2 and 0 < i < | 2z], set X! | = Xy(K 717). In this case, K may be interpre-
ted as a time scale factor .

For each n > 2 and 0 < i < (n—1), set X2 = K¥ Xy (41). In this case, K¥ is the usual
scale factor.

Set

n-1 - . _|n-1
Yi}‘" = ( K )H(X}-H,n - x},n)v 0<:< {TJ

and
2 n—1p 2 2 ;
Yin= (T) (Xif1n—Xia), 1<i<n-1L

By the strong stationarity of the increments of the fractional Brownian motion, each of these
sequences of random variables is stationary in the strong sense. This allows us to denote
respectively by cf , and ¢}, the autocovariance functions of the increments (Y;},,1 <4 <
|22 1), (Y2, 1 < i < |254]) and, for each k > 1, by ¢} ,, ¢} , the autocovariance functions
of the absolute increments (|Y],[*,1<i<n-1), (Y[ 1<i<n-1)

The following technical lemma shows that the functions €. n1C4,nr Ch o and ¢} . do not in

fact depend on n, so that we will show that we can denote respectively by ¢y and, for each

RR n° 2396



e 8 : R. F. Peltier, J. Lévy Véhel

k=1, by ¢k, the autocovariance functions defined for each 7 > 1 and n > j, by co(j) =
E(),ll,n J+l, n) - E(Yl n: ]+1 n) and Ck(j) Cov(l}fl 'n.lkvl j+1, nl ) - CO‘U(IY]_ n|k)| J+1, nlk)‘

Lemma 3.3

(1) For each n > 2, we have Y}, = N(0,1) for 1 <i < |25h] and
Y2, =N(0,1) for1<i<n-1.

(2) For each n,m > 2 and for all 1 < j < min(n, m) we have
(a) b n(3) = co,.m(3) = & 2(4) = &,m(5);
(b) for each k 2 1, ¢ ,(5) = ¢t () = & 2 (4) = & (4):

(3) co(4) = O(5er=my) a5 j — o0. '

(4) For each j > 1, we have c3(j5) = 2(co(5))?.

(5) cx(3) = O(ce(4)) as j — oo, for each integer k > 1.

Proof.

(1) is trivial.

(2) The proof of this statement will be achieved in two steps, as follows.
Step 1. For each n > 2 and for 1 < j < n we have

. n—1\2¥ '
Ctl),n(J) = COU[Yll,mY,'lH,n] = ( Ve ) Cov[Xan— X1 n, X420 — Xji1,n)

n—1\2H
= ( e ) Cov[Xy n, Xjt1,n — Xjn)

2H
n—1
(T) {Cov[Xl,ﬂ, Xj-f—l,n - Xl,n] - CO'U[XI’", Xj,n bt xlyn]}

= ——(n_l i {Var(X ; ;
= j+1,n) — 2Var(X;.) + Var(X;-1,)}

- -;-{(j + 1 -2 4 (- 1)),

The same result holds for ¢ ,,(5), whence (2)(a) in the statement of the lemma.
Step 2. For each integer & > 2, for each n > 2, for all 1 £ j < n we have

() = CovllYial* 1V W] = EUYLal* 1Y al®) — BV ) E(Y Y al5)-

By (1) and Step 1 (Y{,,Y}, ;) and (Y2, Y21 ») have the same bivariate normal

distribution which is independent of n. Hence, we obtain statement (2)(b), as sought.

(3) The statement (2) (a) yields that the function ¢y is well defined. By Step 1 of the
proof of statement (2), for each j > 1 we have

1,y 2H HQH-1 2H | H(H

—jZH[l + —+ —(2—) - %

-241 o( 5))

i

co(J)
H(2H —1) 1
= 2= + 0(]-2(1—11))

1
j2(1-H))’.'

as j — 0o,

= Of

which is the result we seek.

INRIA



A new method for estimating the parameter of fractional Brownian motion 9

(4) The statement (2) (b) yields that for each k& > 1, the function ¢ is well defined.
For the sake of notational simplicity for each j > 1 we denote by Y¥; = Y]‘n so that
ex(§) = Cou([¥i *.|V;4 ¥).

We recall that if (X, Y) follows a bivariate normal distribution with means E(X) =

E(Y) =0, variances Var(X) = Var(Y) = 1 and correlation Corr(X,Y) = p, then

the conditonal distribution of X given Y = y is the density function of a normal

N(py,1 — p?) law (see e.g. Grimmet et ol (1992) p.384).

Foreach j > 1, c2(j) = Coo[¥?, Y3,,] = BY2Y3,))~E(YDE(YE,) = B(YEYE,)-

1.

By Step 2 of the proof of statement (2), and since the correlation between Y}, and

Y1 . equals co(j), we have E(Y3, | Y1) = Var(Y}, | Y1) + (E(Yi41 | 11))* =

1= (co(5))? + (co(5))* Y7

Thus we have ¢;(j) = E[Y2.E(Y2, | Y1)]-1 = (1~(coli))?) E(Y2)+(col) E(¥S!) -
= 2(co(5))?, which proves statement (4). .

(5) We keep the notation of statement (4). For each even integer k > 2, and integer
j =1, we infer from Step 2 of the proof of statement (2) that

Cal) = BUYEE(VA, | )]~ (B
= E[Y}E(Yjn1 — (i1 +c()V)* | 1)) - (B(YY))?

k
EYEES (%1 - (Vi) (G | )] - (B(Y))?
=0
EIYEY (Vi) E((Yie - ()N ) | 1)) — (B())?.
=0

If 7 is an odd integer we have E((Yj41 — co(5)Y1)* | Y1) = 0, therefore we may limit
ourselves to the case of an even i, in which case we have for all j > 1

/2

en(i) = BIYE S (5) (cali) Vi) H E((¥j1 — coli)¥2)? | V)] — (B(YE))?.
=0

The conditional law of Yj4, given Y] is a normal distribution with mean cy(5)Y1
and variance 1 — ¢3(5). Thus, using (3.1) we have

k/2
cx(3) = D (3) BV e ) E(YA )1 - c3(5))] - (B(Y))?.

=0

It follows that for 7 € [0,k/2), as j — oo
E[Yeo(5)M)* ¥ E(I1|*)(1 — c5(41))] = O(c5(5)),
whereas for i = k/2, |
- EIFE(IMINQ - G06)) = [E(},lk)]2 ~ () [B(YE).

Combining these two cases, we see that cx(j) = O(c2(j)) as j — oo.
Assume next that the integer k£ > 1 is odd. We have the following two steps.
Step 1. Let X = N(m,0?), Y = X — m, and denote by fx and fy the density

RR n "' 2396



10 ' R. F. Peltier, J. Lévy Véhel

functions of X and Y respectively. We have the chain of equalities

O m oo
(X1 = [ -a*fx(a)do+ /0 o+ fx (2)dz+ / o+ fx (z)dz

m
k

0 m 0o
=20 [_m-fempt e+ [ otz e [ m) ey
=0 -0 A
by the change of variables y = z — m in the last integral. Thus

k

B1X =3 () [ -m iy [ ot ix@dat Y (6 [ ymt iy

=0

by the change of variables y = m — z in the first integral. Therefore

. (k+1)/2 o0 & m m
E(xH =2 > () f PHimE M fy () dy =Y () / y'mE fy (v)dy+ / z* fx (z)dz.
1=1 m 1=0 0 0

Since for each 0 < ' <k, 0 <y <m we have |y* m*~V fy(y)| < |m|* fy(0), then"
we easily obtain :

(k+1)/2
E (llt)mk—2l+lE(|Y|2l—-l) + O(m2) asm — 0
=1

E(Y|*)+O(m?) asm—0.

E(|X|*)

Step 2. For each j > 1, we have

CoullYi[*, 1Y l*] = EQViHYial*) = EQVaF)E(IY; 0 [*)
BV Y 1*) — (BQVIM) = E(V £ (Y | Y1) - BV ).

cx(5)

The conditional law of Y;+, given Y] is a normal distribution with mean co(5)¥h
and variance 1 — c3(j). Thus, using (3.1) it follows from Step 1 above that

E[IYi|*(E(Y1|%) + O E(IYA1*)?(co())*))] - (E(IY2 %))
O((co(5))?) as j — oo.

cx(7)

This concludes our proof. O

We denote by u, = v, (resp. un ~ v,) the fact that u,/vn, — X as n — oo for some
A € (0,00) (resp. for A =1) .

Lemma 3.4 For each x € IR, we have

1 1 1
—oco<y<l1, —Z.—z——-—

11 1
Proof. The results are easily obtained through elementary analysis. O

For each k > 1 we set my = E(]Y|*) and v, = Var(|Y|*) where Y is a normal N(0,1)

random variable. Fix any 0 < by < min{%, 3} and denote by (v,)a>1 be the sequence

INRIA



A new method for estimating the parameter of fractional Brownien motion 11

defined by v, = [nr}ﬂ_b"J.

Lemma 3.5 We have for each integer k > 1,

k

—my)| —F o0, . (3.12)

. 2 1k _ P
|Z(|Y mk|m’0y

and

vp—-1 u,.—l 2k/21“(k+1)
lim

n—0o Uy — Zl :u,.lk n.llongou ZI tu,.lk —\/—_

a.s.

(3.13)

Proof. Set for convenience Y; ,, = Yi}n for each 1 < ¢ < n—1. Without loss of generality
we may limit ourselves to establish the lemma for the sequence (Y; )i<i<n-1-

Let (1n)n>1 be an increasing sequence of integers.

pn-1
Fix any € > 0 and set p, = P (“"1_1| Z:l (1Y 4o | — mi)| > e).

We have
Pn < 2 2E | (lYi,un| ~my))|
(kn — 1) i=1
—1 " k k k
= 1)262{ S Var(lVa )42 Y Cou((Yip % 1% )}
=1 1€i<j<pan

Ho—2

( )2 2 {(/‘L‘n l)vk +2 Z (l‘n —i- l)ck(l)}

un—2

p— Uk
= -0 " (- 1) 2 Z (i) = )2 2 Z rea(a)
By Lemma 3.3 we obtain that
pn—2 pn—=2
PnS(”Ti“fj—er'f';‘ﬁ ; 0(‘7(11—4?7)_(,._"1__13!' Z:l O(;r—l‘m)

In view of Lemma 3.4 we are led to the following three cases.

e 0<H<}
P < 78y +O() + O( k).
In which case, p, = O(,}—,‘)-
s }<H<
Pn < 77 + O(SE2) + O(mr).
In which case, p, = 0(12&‘,‘.2%
e 3<cH<
Pr < 7% + O(—i=am) + O( iz ).

p2
In which case, p, = O(W)

When g, = n we obtain (3.12), whereas when u, = v, we obtain (3.13) by an application
of Borel-Cantelli lemma. O

Remark 3.6 Formula (3.12) in the previous lemma gives a result which holds in proba-

bility. We conjecture that the corresponding statements hold with almost sure convergence.

RR n° 2396



12 R. F. Peltier, J. Lévy Véhel

"This is obviously true when H = 1/2. However the proof of the latter statement when

H # 1/2 needs to be much more involved than the present one.

The following theorem establishes a remarkable property of fractional Brownian motion.
First, we recall some notation. Let F = {(t,Xg(t)) : t € [0, 1]} denote the graph of a frac-
tional Brownian motion, with fractal dimension s = 2 — H. Let further K > 0 be defined
as in Proposition 3.1 and Lemma 3.3 such that K# is the usual scale factor. For: =1...5,
we denote by ¢*) and () be the random variablés defined almost surely by

¢ =1lim6'Ns(F) and ¥ = Tim 8" Ns(F),
§—0 -

where N, gi)(F) is respectively one of the following alternative definitions:

(1) For ¢ = 1, the number of §-mesh squares that intersect F;

(2) For i = 2, the smallest number of sduares of size § that cover F;

(3) For i = 3, the smallest number of closed balls of diameter § that cover F;

(4) For ¢ = 4, the smallest number of sets of diameter é that cover F;

(5) For ¢ = 5, the largest number of disjoint balls of diameter § with centres in F.

Theorem 3.7 We have with probability one
(1) € =2 = k¥ [2;

(2) KL <e® <a® < k¥, [2;
. K" (i) « =(i) H_2
(3) Forz—3,4and572759 STV < KT

"

Proof.
(1) Asin Lemma 3.5 we write v, = [n 77 "% | and choose 0 < by < min{z(l—’_'ﬂj, 3}.
We now make use of the notation and proof of Lemma 2.2 with X = Xg. We have
seen that L, < Ns,_..6,, <(L,, +1) and that Ns,_ ., = (1 +0(1))Ns,_ . This

yields .
8. < (Ly, +1)6.7%,

L, 6, % < Ny, .,
or equivalently with the notation of Lemma 3.3

va—1 va—1

1 1
Y2 K% < N5, .80 < —— v2 |KH L §1-H
o o IR S Na B, S iy S ALK+

Thus, in this particular case, (1) holds by application of Lemma 3.5 with k = 1.

Next, we will show that (1) holds for any § > 0. For any £ > 0, there exists Ny > 0
such that, for each n > N,,

N5, 6, — V| < e/6, (a)
and there exists an N3 > 0 such that, for each n > Ny,
[No,6n — Né, 67111 < €/6. : (b)
We conclude by showing that there exists an N3 > 0 such that, for each n > Nj,

Ns,, (6n = bar1) < €/6. (c)

INRIA



A new method for estimating the parameter of fractional Brownian motion 13

To prove this last iriequality, the following arguments are needed.

The study of the variations of the function ¢(n) = (H —n)(H~n—-bxg(1—n)(1 - H))
around H = 7 shows that there exists nsuch that 0 <9 < H < p+by(1—n)(1— H).
Hence, by Lemma 2.1 and definition (2.0), there exists N3 > 0 such that, for each
n > N3, we have

lOg(NgnH) <2- 7.
—log(6a+1)
Therefore, as n — oo, we have
bp — 6
N6n+l(6n - 6n+1) < Lﬁm
6n+1
pnmcnl
~ (b = — X( —bH)
(b — T2 N2-7) 1-H
1 1
T e Z0-m < (T= ~bw)
1 : 1
= nl—H+bH(1l-_H’}(l—n)—l+n X (1 _H by)
1 1
a—Hibg O—M(<) % (1 7 - bH) — 0.
n 4

which suffices for our needs.
By combining the above statements (a), (b) and (c), we see that, for sufficiently
small values of § > 0, there exists n > maz{N;, Na, N3}, for which §,41 < § < 6,,

and,

INs§* — V| < |Nsbt — M| + |Ngbs ) — ]
S IN6n61.l - c(l)l + |N6n+16:l - c(l)l + IN6u ‘:-’-1 - C(l)‘ + |N6n+l6:l+1 - C(l)l
< 2|N6..5:; - C(1)| + 2|N6..+1 :x+1 - c(l)! + NS,. (5: - 5:+1) + N6n+1(6:. - 5i+1)
< e

(2) Recall the definition of Nél)(F) and Néz)(F). With the notation of Lemma 2.2, by
choosing X = Xy in this lemma, and defining X, accordingly, we denote respec-
tively by N;;"(F) and N:;"(F) the number of §,-mesh squares and the smallest
number of squarés of size 6 that intersect the graph of X,. We will establish the

following inequalities
Ni(F) 2 NEM(F) 2 NEM(P). (3.14)

The first inequality in (3.14) is obvious. For the second inequality we assume without
loss of generality that (n — 1)/2 € IN. For 1 € i < (n — 1)/2; we denote by F;, the
graph of X, defined on [21, 2i+1] ‘We have the obvious equality
. (n-1)/2
NNF)= ) N (F).

i=1
We show in Annex A that the number N; of any set of squares of size é covering F;
satisfies the inequality

N; 2 ZNL(F). ‘ | (3.15)

N =

RR n~ 2396



14 R. F. Peltier, J. Lévy Véhel

By (3.15), we have
(n=1)/2 ) ,
Z Ni Z ENﬁln(Fi)v
. i=1
which completes the proof of the inequalities in (3.14).
Since X, converges uniformly to X on [0, 1] as n — oo, we have N;,:"(F) ~ NXF)
and N>™(F) ~ N3(F). This, combined with (1) and (3.14) prove (2).
(3) The proof of the first inequality is obtained by the same arguments as the ones used
for (2). The last inequality is involved by the fact that any square of size § is covered

by a closed ball of diameter v26. O

Proposition 3.8 Under the assumptions of Proposition 8.1 and Lemmas 3.9 and 3.5, for
each integer k > 1, we have

Sn(k) P
En(k) n—oo !

(log m)(Hon x (k) = H) ——0,

(3.15)

and with the notation of Proposition 3.2,
[ Sul (k) _
nango (Ev,. (k)) =1 a.s., (3.16)
lim (log vy )(Hy, x(k)— H) =0 a.s.

Proof. By Propositions 3.1 and 3.2 we have

za-(2)

Lemma 3.5 in combination with Slutsky’s theorem (see e.g. Grimmett et al (1992) p.285)

completes the proof. O

Let m > 1 be an integer. The following proposition establishes the consistency of the new

class of estimators defined by

5 1 S (k)
Halk) = - iogmy 18 ( S1(k) )

where p, = | 2],

pn_l

1 1

n-—14%

SL(k) = Sa(k) = 1.

With the notation of Lemma 3.5 the following proposition holds.
Proposition 3.9 For each integer k > 1, H,(k) —— H and lim H, (k)= H a.s.

Proof. We recall Proposition 3.8 and the notation of Lemma 3.3 where the sequence
(X! Di<icn is defined. Setting K = 1, there exists (k) > 0 such that

S,l,n(k) =(1+ o(l))c(k)x/n‘_ch as n — oo.

INRIA
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A new method for estimating the parameter of fractional Brownien motion 15

With the notation of Lemma 3.3 we consider next the sequence (X}, )1<i<a, with K = m.
We have

S::.. (k) = (1 +0(1))e(k)p,, —HEk as n — 00.

We thus conclude that lim H, (k) = H a.s.
n—oo
We note further that, for any ¢ > 0,

Sa(k) Sp, (k)

_ N AN CACEA
PG gy~ 00> =PI Z ) +<Ep,(k> 1) >l

2 1 2 2
SP[(ZiE:))—l) —]+P[(Z, ig 1_) > —

where we have made use of the arguments in the proof of Lemma 3.5. Thus,

Sak) Sp(k), P
(En(k)’ E "(k)) o (11

so that an argument based on Slutsky’s theorem complete the proof of Proposition 3.9. O

Remark 3.10 Choices of K = m which are convenient for practical applications are K = 2,
3 or 4. The corresponding estimators appear to perform as well for generalized fractional Bro-

nian motion (i.e. for K# > 0) as for standard fractional Brownian motion (i.e. for K# =1).

4. RATE OF CONVERGENCE. - ASYMPTOTIC CONFIDENCE INTERVALS. - TEST OF FIT TO
FRACTIONAL BROWNIAN MOTION

In this section, we will investigate the asymptotic behavior of our estimators. The rates
of convergence depend upon the parameters H and k. The main results of this section are
stated in Proposition 4.2 (where we obtain the rate of convergence of our estimators), Pro-
position 4.4 (where we propose a statistic which provides a possible test of fit to a fractional
Brownian motion), and Proposition 4.6 (where we describe the asymptotic behavior of this
statistic). We start by a simple lemma.

Lemma 4.1 Let (Zn)nemv, (Ya)nemw be sequences of random variables end Z o random
variable such that: Z, — Z in distribution and Z, = (1+0p(1))Y, asn— 0. Then Y, — Z

n distn’bution.

Proof. We recall (see e.g. Grimmet et al (1992) p.277;p.285) that if V;, and W,, n > 1
are sequences of random variables then

¢ if V,, tends in distribution to a € R then V, tends to a in probability.

e if V,, tends in distribution to @ € IR and W,, tends to the random variable W in
distribution then V,, + W,, tends in distribution to a + W.

e if .V, tends in distribution to @ € IR and W,, tends to the random variable W in
distribution then V,W, tends in distribution to aW.

Our assumption entails that ‘Xn'—zl —L2  0sothat |—ﬂ———l, — 0 in distribution. It follows

n—oo

P

Mn=—+00

ZYZ

therefore that

RR n~ 2396
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16 R. F. Peltier, J. Lévy Véhel

so that |ZZ'1] — 1 in distribution. Thus, |Y, — Z,| = ‘ﬁ%l . [gzn] — 0 in distribution.
Finally, we have Y,, = (Y, - Z,) + Z,, Y, — Z, — 0 in distribution and Z, — Z in distri-

bution, whence Y,, — Z in distribution. O

The following two theorems will be used in the sequel. In the first place, we recall a re-
sult of Dobrushin and Major (1979) which we state in theorem A below, in a simplified
version.

Let {Y, :n=0,%1,...} be a stationnary Gaussian sequence with EY,, =0, E(Y;?) = 1. We
assume that the correlation function ¢o(n) = E(YpY,) satisfies the relation ¢g(n) = n=*L(n),
0 < a < 1, where L(t), t € (0, ), is a slowly varying function [i.e. ll.rgo T((’—')Z =1 for every
t € (0,00), and L(t) is integrable on every finite interval]. We consider a real function H(y)
such that H(y) does not vanish on a set of positive measure, [~ H(y)ezp (—”2,—2) dy = 0,

and [ [H(y)]? e:np( )dy < oo. We shall consider the following expansion of H(y):
H(y) = Z a;H;(y) with Y a?j! < oo, where Hj is the j-th Hermite polynomial with lea-

ding coefficient 1.

Theorem A.With the notation and assumplions above, assume that a < %, where | =
min{j > 1: a; # 0}.
Set Ap =n'~F|L(n)|}, then T, = Z_: H(Y;) — 4T asn — oo, where

. ar -4 ) elln+..tw) _ 1 a1 a1
— . . o) T T2 T 4w w
T (ZF(a)cos( > )) az/ /e ! o +y)l vl 7 ul T dW(n)...d ((4!/11))~

In (4.1), the integral is meant as a multiple Wiener-Ité integral with respect to the random

spectral measure W of the white-noise process.

In the second place, we will make use of a theorem of Breuer and Major (1983) which

we state below in a simplified form.

Theorem B. With the notation end essumptions above, assume that Y. |co(n)|' < oo,
nelN

n-1
wherel = min{j > 1: a; # 0}. Set A5, = n'/? and T2 = 4= ¥ H(Y;). Then lim E((T;)?) =
n =1 n—oo

02 < oo and T} 2 ¢T* asn — 0o, where T* denotes o standard normal N(0,1) random

variable.
We establish the rates of convergence of our estimators in the next proposition.
Proposition 4.2 With the notation of Propositions 3.1 and 3.2, for e fractionel Brow-

nian motion Xy, we have for each integer k > 1:
Whenever H < 3 there ezists a Vy (k) > 0, such that

Vilog(n/K)(Hax (k) H) % N(O,V(k)) (4.2)

INRIA



A new method for estimating the parameter of fractional Brownian motion 17

and whenever H > % we have

)e(v Hy2) g

e T Tl T AW )W )

W%mwme)m+—ﬁ'wﬁ
) (43)

where a = 2(1—H), A = 2—;&% and W is the spectral mesure of the white-noise process.

Proof. We need the three following steps.

Step 1. In this step, we prove that E—&% -1=(1+ 0p(1))10g(n/K)(H Hy k(k)).

Towards this we aim, we use (3.1) and Proposition 3.2 to obtain that Z,—%% 1= (2t )H—Hanxle)
1 = e(H~Ha.x(R)1og(*%) _ 1, The result follows by Proposition 3.8 and Slutsky’s theorem.

Step 2. For each integer k > 1, set

H*(y) = |y|* - Ex, (4.4)

with Ex = E(]Y|*) where Y is a standard normal N(0, 1) random variable. For each k > 1, ‘

HF* obviously satisfies the conditions needed for the application of Theorems A and B.

Write H*(y) = Y a¥ H,(y) where the Hermite polynomial H;(z) of degree j is defined by
=0 .

the relation (see e.g. Taqqu (1975))

d d v—zz j z?
(E) e~* /2 = (~1Y Hj(z)e* /2.
We will establish statements (4.5) and (4.6) below.

ol - B = B i) + HEZD)

EyHy(y) + Z%,sz(y) (4.5)
=3

and

a2 =1, and for each j # 2, af =0. (4.6)

It is easy to show that Ho(z) = 1, Hy(z) = z, Hy(z) = z? ~ 1, H3(z) = z° — 3z and
Hy(z) = z' — 62% + 3. It is well known that the sequence (H;(z)/v/!);>0 forms a complete
orthonormal system of the Hilbert space with respect to the normal density ®, L(IR, ®).
Since the functions (Hj;);>0 are even and (Haj11)j>0 are odd, it easily follows that, for
each j >0, ag,. +1 = 0. The following classical fomula for each j > 0,

1 k X x)ax
¢=ﬁAMwmuww,

then gives without difficulty (4.5). We have immediately HZ = H,, which yields (4.6).

Step 3. We now apply Theorems A and B together with (4.4) and (4.5). On the one hand,
we have

I=2=min{j 2 1,af #£0} and of = gEk- (4.7)

and from the proof of Lemma 3.3 (3) we have ¢o(j) = H,Z,’{ L o(?—(ll_—,,y) = j72L(j) as

j — oo, with & = 2(1 — H) and L(j) ~ H(2H - 1). Hence L(t), t € (0,00), is obviously a

slowly varying function. We achieve our proof by considering two cases.

RR n "’ 2396



18 R. F. Peltier, J. Lévy Véhel

Case A. The condition a =2(1 - H) < 1/lis equivalent to H > 3/4. Set A, = n!=*L(n)
n-1
and T, = 4~ j;l H*(YZ,) with Y2 = (n — D#(Xp(25) — Xp(£=))). With Propositions

n—1
3.1 and 3.2 and Lemma 3.3, we have: En(k) = (:%;)# Ex and Y
S (k) _ 1 n-—1 Hk y
Bk TR (S""“)( g B ' |

(Tl — l)E (Z(lXH-l n Xi,nlk(.r%l)ﬂk _ Ek))
=N (Z" Yoal* = Ek>)

i=1
An
- (n - I)Ek T.,,,.

Hence, as n — o0,

mone (5B Y Lo «m=D""H@QH-1)_  H(2H -1)
(-1 (Enm 1) = nE T B s

and, using Step 3 we get

n* log(%)(Hn,K(k) -H)~ H(%k‘l)ﬂ,

which combined with Theorem A and Lemma 4.1 yields (4.2).
Case B. The condition Y |co(n)]' < oo is equivalent to H < 3/4. Set A% = /n and
nelN

T, = -A‘— 7__: H*(Y}%,), following the same lines as above we get
ij=1 :

Sn(k) _ Al i
Eu(k) (n-DEs "
and, using Step 3, we have as n.— o0,
1

Vlog(z ) (Hax(k) = H) ~ 5T,

which combined with Theorem B and Lemma 4.1 yields (4.1). O

Remark 4.3 - In each case, 0 < H < 3/4 and 3/4 < H < 1, we obtain asymptotic
confidence intervals for our estimators via simulation experiments. The case H = 3/4 is
not covered by the previous proposition. The following computation helps to illuminate the

situation:
With the notation of Lemma 3.3, we denote by c; the autocovariance function of the incre-

INRIA



A new method for estimating the parameter of fractional Brownian motion 19

|k . — ™ k _ — Sa(k)
ments (l},ll , 1< < n). Set Ck = m and Zn =vn l(ﬁz% 1) We have

C n-1 -
Var(ZF) = (n_kl).Var(Eﬂ’Jk)

n—2
= Ci{Var(Ih|*) + % Z(n — 1= 1)ex(3)}

=1

n=2 n—2
= GVar(%) +2Y al) - 5 Y ia()

=1

n—2 n-2
1 1 1
Ck{var(l}G'k) + Zo(i‘i(l—ﬂ)) - n—1 Eo(i.'i—‘iﬂ )}’
1 =1

=1

where we have used Lemma 3.3.

By Lemma 3.4 we have that whenever 0 < H < 3/4 there exists a Vg (k) > 0, such that
Var(Z¥) — Vy(k), as n — oo and whenever 3/4 < H < 1 there exists Wy (k) > 0 such

that, Var(%ﬂz,’:) — Wy (k) as 1 — 00. Finally, when H = 3/4, Var(yv/n — 1(%’;—((%—
1)) o0 asn—o00. |

- The computation above have the following by-product. If H = 1/2 then for each k > 1,
we have V(1) = /T < Vy(k). We thus conjecture that for H € (0,1), the best estimator
might be given by H, x(1).

With the notation of Proposition 3.2 and Lemma 3.5 we have

Proposition 4.4  Set

_ 2 5.(2)
b= o
Then we hove almost surely
2
P, > - .
n > . (9)
and we have
P, 21, (4.10)
n~—+00
nl_l_{'& P,.=1 - as (4.11)

Proof. By Jensen’s inequality we easily obtain (4.9).

We infer from Proposition 3.8, that, almost surely as n — oo

sp,<1>=<1+o(1>)Eu,(1)=\/§("",; 1)_" and 5..(2) = (Lo()E (2) = (27 1)'”,

which entail (4.11). Using the proof of Proposition 3.9, we know that (—fﬁ%, %) £,
(1,1) and by Slutsky’s theorem, we finally obtain (4.10). O

Remark 4.5 The statistic P, have the attractive properties to converge to 1 for corre-
lated data and to be invariant by affine transformations of the data. Our simulations show

that its value and the time series large fluctuations increase together, and thus, that it might
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20 R. F. Peltier, J. Lévy Véhel

be useful for practical applications. We suggest the name of “fractal variance” for the sta-
tistic P,. '

The following proposition establishes the asymptotic behavior of the fractal variance.

Proposition 4.6 With the notation above,
Whenever H < % there exists a constant Vg > 0 such that

va(P. —1) 3 NO,Vg) (4.12)
and whenever H > % we have for each H < H' < 1

nfO-HYp 1) 4 0. (4.13)

Proof. Step 1. We will show that for each H < H' < 1
. : S (Y2 4
pmin{1/2,41-H")} (1 _ Y= ) 5o0. 4.14
E.() (414
By Remark 4.3, we easily get

s (500

which obviously entails (4.14).
Step 2. We will show that for each 0 < H < 7/8, there exists a constant Vg > 0 such that

as n — oo

vn (;:((z)) - 22’;8; + 1) 4 N(0, Vi) (4.15)
and fgr each 7/8 < H < H' < 1 we have
pA1-H") w(2) . 5a(1)
( B —22rs (1)+1> 0. (4.16)

Set H' (y) = E1y% — 2E2|y| + E\E; = Ei(y? — E2) — 2Ex(|y| — E1), with as. previously,
Ex = E(|Y|*) (k =1,2) where Y is a standard normal N(0, 1) random variable. Our aim
is to apply Theorems A and B, with H = H*. In that view, we first compute [ = min{j >
1,a; # 0}. Combining (4.5) and (4.6) we get

1 1 —
W (y) = B1Ey Ha(y) - 2B {5 B H - §E1H4<y)} = 2B, ) a3;Ha;(y)

i=3
E1E2
Hy(y) -252202]%1(11) Hy(y) - 2522021112](1/
i=s 6\/ ;
Thus we obtain .
l=4=min{j > 1,a; #0 da = .
min{j > 1,a; # 0} and a; W

‘We achieve our proof by considering two cases.
Case A. a = 2(1 — H) < 1/l which is equivalent to H > 7/8. In this case, following the

same lines as in Step 3 of the proof of Proposition 4.2, we apply Theorem A, and we have

%:_}_Z 2 Sn 1 +1= mnE—ET"’ which ylelds (4 16)
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Case B. 3 |co(n)|! < oo which is equivalent to H < 7/8. In this case, we apply Theorem

n€lN . .
B, and we have z.:(i) -~ 2%’:_—% +1 = (,:%%ET;, which combined with the proof of

Proposition 4.2 Step 3 Case B, yields (4.15).
Step 3. For each 0 < H < H' < 1, we have

‘ nmin{1/2,4(l—H')}(Pn _ 1) — nmin{l/Z,d(l-H')} (En(l))2 (2 Sn(2) (sn(l))2 )

(Sa(0)? \7 (Ba())?  (Ba((1))?
— nmin(1/2,4(1—l_1')}(En(l))2 (S,,(2) _ (Sn(]))2 )
‘ (Sn(1))2 \Ena(2) (Ea((1))
_ _min{1/2,40-#} (Ba(1))? (Sa(2) _ ,Sa(1) 1 _ Sa(D)ye
" s (26 2Em -0 Eg):
which in combination with Proposition 3.8, Lemma 4.1, Step 1 and Step 2 completes the

proof by taking suitable values for H'. O

Application 4.7 Under the general assumption that the data come from a discrete sample
of a continuous process defined on [0, 1] with self-similar and stationary increments [The
increments of a random process {Z(t),t € IR} satisfy the self-similarity property with pe-
rameter H (H > 0) iff for each 7 € IR, h > 0 and any to € R, {Z(to + 7) — Z(t0)} L
{h~#[Z(to + hT) — Z(ty)}.], Proposition 4.6 gives a necessary condition satisfied by frac-
tional Brownian motion and then allows to test the fit to the class of fractional Brownian

motions. The choice of our general assumption was guided by experimental considerations.
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5. SIMULATION EXPER[MENTS‘

We have investigated the behaviour of the class of estimators of Proposition 3.2 in prac-
tical situations through a simulation study in which the parameter was allowed to vary
through the entire parameter range. The random process was generated with the so called
“Random Midpoints Displacement” method®. It is well known that the sampling process
obtained is not exactly the one of a fractional Brownian motion. However, this method is
widely used in the literature for generating fractional Brownian motion and assessing esti-
mators of H (see e.g. Flandrin em et al (1991), Beran (1992)) mainly because it is a fast and
simple one, that yields satisfactory results. Since this procedure is the most commonly used,
we felt that we had to evaluate the performances of our estimator on samples generated with
it.

The estimate H, x(k) of H was computed for samples of size n = 64, n = 256 and n = 1024,
and for k =1, k = 2 and k = 3, where we always chose K = 1. The “fractal variance” (see
Remark 4.5) was also evaluated.

We notice that using the " Random Midpoints Displacement” method, the optimal estimator
is H, 1(2) contrary to our expectations in Remark 4.3.

n==64, K =1.

H Py Hea (1) | Hean(2) | Hes,1(3)
0.1 |1.01801 | 0.142922 | 0.130221 | 0.12464

0.2 | 0.885502 | 0.20654 0.214336 | 0.221275
0.3 }0.711952 | 0.270068 | 0.285184 | 0.298637
0.4 | 0.887023 | 0.418 0.435041 0.443064
0.5 | 0.611117 | 0.56461 0.566267 | 0.563984
0.6 | 0.814732 | 0.612002 | 0.620918 | 0.624392
0.7 {0.739843 | 0.71008 0.712436 | 0.716475
0.8 |1.20175 | 0.817133 | 0.821131 0.823215
0.9 [ 0.937915 | 0.786865 | 0.806371 | 0.819376

‘MSE | 0.212646 | 0.0478634 | 0.0431569 | 0.0407099

1We use the “Algorithm Addition FM1D” taken from the book of Barnsleyet al (1988) “The Sciences of
Fractal images” (p.86).
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n=256K=1.
H Pys6 Hs6,1(1) | Hase(2) | Hase,1(3)
0.1 0.937012 | 0.0886688 | 0.092278 0.0960624
0.2 | 0.881084 | 0.193322 0.193378 0.19288
0.3 | 0.86522 | 0.305391 0.30665 0.307923
0.4 |1.16883 |0.397214 |0.393728 | 0.389638
0.5 | 0.92932 . 0.499755 0.50452 0.508319
0.6 | 0.99306 0.605898 0.607864 0.60901
0.7 | 0.786397 | 0.709935 0.708716 0.706519
0.8 | 0.962305 | 0.788773 0.793741 0.842416
0.9 | 0.842416 | 0.900075 0.899794 0.900077
MSE | 0.125477 | 0.00716186 | 0.00653657 | 0.00693038
n=1024, K = 1.
H Pioa4 Hy024,1(1) | Hi024,1(2) | Hyo24,1(3)
0.1 | 1.05121 0.09940 0.10117 0.101887
0.2 |1.05071 0.19496 0.197415 0.199382
0.3 | 1.00312 0.30166 0.303915 0.305331
0.4 | 1.02043 0.403471 0.4033 0.403226
0.5 | 0.942927 | 0.49987 0.499507 0.499336
0.6 | 0.966493 | 0.600982 0.599777 0.598698
0.7 | 0.983797 | 0.7031 0.703112 0.702643
0.8 |1.08129 0.809038 0.809159 0.809388
0.9 | 0.835614 | 0.898758 0.900713 0.902896
MSE | 0.0698367 | 0.00386406 | 0.00378067 | 0.00406082

We end our work based on simulation experiments by a compared study of numerical results

taken from the paper of Flandrin et al (1991). In this paper, four methods for generating frac-

tional Brownian motion were considered, including the “Random Midpoints Displacement”

one. We only give here the figures concerning the “Random Midpoints Displacement” case,

since it is the method that we used for computing our estimator. The reported estimates of

H correspond to averages over five different realizations. In each case, different data lengths

have been considered, except when analysis was clearly mismatched to the number of data

points.
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ESTIMATION | Number
METHODS of H=08|H=05|H=0.2
samples
64 0.42 0.45 0.18
Spectral 256 0.4 0.4 0.19
analysis 1024 0.4 0.38 0.16
64 0.79 0.42 0.23
Higuchi 256 0.81 0.47 0.26
1024 0.8 0.51 0.25
64 0.78 0.38 0.02
Burlaga- 256 0.81 0.44 0.16
Klein 1024 0.79 0.48 0.18
Maximum 64 | 0.71 0.46 0.27
Likelihood 256
Estimation 1024
Orthonormal 64
wavelet 256
analysis 1024 0.59 0.38 0.17
(Daubechies 6)
Orthonormal 64
wavelet 256
analysis 1024 0.75 0.39 0.09
(Haar) ' '
64 0.83 0.51 0.2
Peltier - 256 0.8 0.5 0.21
Lévy Véhel 1024 0.8 0.5 0.2
H,1(1) '

Notice that a comparison of performances of the different techniques involved by this analy-
sis is made difficult by the fact there exists no unique fully satisfactory method to generating
such processes. In the paper of Flandrin et al (1991), we notice that in most cases, Higuchi’s
method performs better than the others. We recall briefly this technique hereafter.

When considering a signal as a curve, self-similarity is revealed by the fact that its “length”
(measured as the sum of absolute increments) for a given time interval varies as Ly (k) =
Lok™P, where D = 2 — H is the fractal dimension of the curve and k is the number of data
points. In the case of fractional Brownian motion, we have E[Ly (k)] = Lok™P. Thus, if we
compute the average < Ly (k) > of all these lengths for time intervals containing & points,
and if < Ly (k) > is plotted against k on a doubly logarithmic scale, the data should fall on
a straight line with a slope —D. l

Thus, we see that Higuchi’s technique based on the mean of absolute increments seems si-
milar than our method. Hence, we think that in all cases our estimates should behave at
least as efficiently as those of Higuchi’s method.

The array above shows that H, (1) performs better than all other estimators.
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CONCLUSION

In this work, we have proposed a new class of estimators whose main features are the
following:

- the main statistical properties are known and in particular the rate of convergence is
O(1/y/nlogn) in most cases.

- the practical implementation is straightforward, since it only involves the computation
of the absolute increments of the process.

- tests on simulated data seem to show that the new estimator generally leads to better
results than previously known techniques.

- at last, we have obtained an unexpected new fractal property of fractional Brownian
motion in Theorem 3.7.

Let us mention that the specifity of our work is to have solved a statistical issue by means
a fractal approach.
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ANNEX A

In view of proving (3.15), we consider three cases as shown in Figure 1 below. These cases
show the typical aspects of the graph of X, on three consecutive time indices, together with
the corresponding possible coverings by squares.
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Figure 1

Elementary but lengthly geometric considerations allow us to say that (3.15) holds in all
cases (case 1 is obviously true and case 3 represents the worst situation which corresponds
to the biggest variation between Nj (F;) and N).
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