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Abstract: We consider a stochastic differential equation with linear feedback
control :

dX; = (A+ BK)X,;dt+ > (Ar + B, K) X; odW,(t)

k=1

where K is the feedback gain matrix. For each value of K, let Agx be the
Lyapunov exponent associated with the solution of the SDE. The set of Ak,
as K describe the set of matrices, is a connected interval of IR. We present
some examples where —oo is the lower bound of this set. For these cases, we
say that the corresponding EDS is stabilizable.
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nent.
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Exposants de Lyapunov d’EDS controlées
et propriété de stabilisabilité :
Quelques exemples

Résumé : On consideére une équation différentielle stochastique avec controle
linéaire en boucle fermée :

dX;=(A+ BK)X,dt + Y (Ax + B, K) X; odW,(t)
k=1

ol K est une matrice de gain. Pour chaque valeur de K, soit Ag I'exposant
de Lyapunov associé a la solution de cette EDS. L’ensemble de valeurs de Ax
lorsque K parcours ’espace des matrices est un intervalle connexe de IR. On
présente quelques exemples ou —oo est la borne inférieure de cet ensemble.
Pour ces exemples, nous dirons que ’EDS correspondante est stabilizable.

Mots-clé : Equation différentielle stochastique, stabilisabilité, exposant de
Lyapunov.



Lyapunov exponents of controlled SDE’s and stabilizability property 3

1 Preliminaries

We consider the following linear stochastic differential equation in IR?

dX; = AX,dt + Y Ay X, 0dWi(t), Xo=z0 € R, 2o #0, (1)
k=1

where A, Ay, ..., Ay are d X d matrices, Wy,..., W, are independent standard
Wiener processes. Here “odW?” (resp. “dW?”) refer to the Stratonovich (resp.
It6) stochastic integral.

We define the Lyapunov exponent of the solution of (1) starting at z

A1
Awo) £ fim Tlog1Xi] @

Oseledec’s multiplicative ergodic theorem states that the limit (2) exists with
probability one and that there are d fixed numbers Ay > Ay > ... > A; — called
the Lyapunov exponents of (1) — such that the random variable A(z) takes on
only these values (see [1] for a review). Moreover, (1) is exponentially stable
with probability one if and only if A\; < 0.

Let %! = {z € R% ||z|| = 1} denote the unit sphere of IR?. We can define
the projection of X; onto the sphere by

A —_
Ut - ||Xt|| ! Xt .

U, is the solution of the following SDE on S¢!

AU, = h(A, Uy) dt + 3" h(A, Uy) 0 dWi(t) , Uy =ue = |lzo]| 20 (3)
k=1
where A
h(Cyu) =Cu— (Cu,u)u . (4)

Here (z,%) is the scalar product on IR* and ||.CL'||2 = (z,z).
Moreover,

Il =l exp { [[a@)as+ 3 [ myawi} o
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4 Fabien Campillo and Abdoulaye Traoré

with
w(u) = (Ay,u), pk(u)é(Aku,u), k=1,...,r,
a() £ N MA7uw) + Al -2 Ay
g(u) 2 gqo(u) + qulu) .

For each matrix M, h(M, —u) = —h(M, u), so that h(M, -) can be viewed as
a vector field on the projective space P? ! (obtained from S¢! by identifying
u and —u). Therefore (3) can be considered as a stochastic differential equation
on P%! and (5) is still valid with this definition. We make the following

Hypothesis 1.1 For all u € P!
dim Lie Algebra{h(A,.), h(Ak,.),k=1,...,7}(u)=d—1.
Theorem 1.2 Under Hypothesis 1.1

(i) The diffusion process Uy admits a unique invariant probability measure
W. Moreover p has a C*° density p with respect to the Lebesque measure
on P?! which solves the Fokker—Planck equation L*p = 0, where L is
the infinitesimal generator associated with equation (3).

(i) The number
A
A2 e a(dw)
1s equal to the top Lyapunov exponent ;.

(ii) For all zy € R?, 2y # 0, M(z) = \ with probability one. When \ < 0,
the system (1) is exponentially stable with probability one.

2 Main result

We consider the controlled SDE

dX; = (AXy+ Buy)dt + ) (A Xy + By ug) o dWi(t)

k=1

INRIA
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where A, Ay, k = 1,...,r are d X d matrices, B, By, k = 1,...,r are d X p
matrices. We suppose that these matrices are given.

We restrict ourselves to feedback controls, i.e. u; = K X;, where K is a
p X d matrix. The resulting SDE is

dX; = (A+BK) X; dt+ Y (Ax+ B, K) X; 0dWi(t) , Xo = zo € R*, 2 #0.

k=1
(6)
The problem is to choose the feedback gain matrix K so as to stabilize the
system (6).
The projection of X; onto P!, which now depends on K, satisfies

dU, = h(A+ BK,U)dt + 3 h(Ay, + By K, Uy) o dWi(t) (7)
k=1

with Uy = ug = l|zo|| " zo, and

10 = ool exe{ [ a0 85+ 3 [ v)amit ) @

with
w(K,u) £ (A+BK)u,u),
a(K,u) 2 5};{((Ak+BkK)2u,u)+|(Ak+BkK)u|2
: ~2((Ax + By K)u,u)?}
a(Kyu) 2 q(K,u) +a(Ku)
p(E,u) = (Ax+B K)uu), k=1,...r.

2.1 Firstcase: B, =0,k=1,...,r

Here we suppose that only the drift coefficient is controlled, i.e. By = 0, k =

1,...,7. The equation for U; reduce to U, is solution of the following equation
dU; = h(A+ BK,U;)dt + Y h(Ag, Uy) o dWi(t) . (9)
k=1

We make the following

RR n"2397



6 Fabien Campillo and Abdoulaye Traoré

Hypothesis 2.1 For allu € P41 and K € M(p x d)
dim Lie Algebra{h(A + BK,.),h(A,.), k=1,...,7Hu) =d—1,
where M(p x d) is the set of p X d matrices.

Under Hypothesis 2.1, the Theorem 1.2 states that, for all K € M(p x d) the
diffusion process U; admits a unique invariant probability measure pg. Let Ag
denote the Lyapunov exponent associated with Equation (6)

M2 [ al w) pnc(du)

Proposition 2.2 Under Hypothesis 2.1, K — Ak define a continuous func-
tion defined on M(p x d).

Since M(p x d) is a connected set, we have the following

Corollary 2.3 Under Hypothesis 2.1,
DE ;K € M(p x d)}
1s a connected interval of IR.

In order to prove Proposition 2.2 we need the following

Lemma 2.4 For allt > 0, there exist Cy < oo, such that for all Ky, K5 €
M(p x d)

2
sup B UM - UP|" < G l|Ky - K|

ueSd-1

where U™ denote the solution of (9) with control matriz K; and starting at
point u.

INRIA
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Proof Let U denote the solution of Equation (9) with control matrix K and
starting at point u. U}* is solution of the following It6 equation

1 T T
dU} = h(A+B K, U}') dt+3 SR (Ag, Uf) h(Ar, UP) dt+> " h(Ag, Up) dWi(t)
k=1 k=1

with 2'(C,u)v = Cv — (Cu,u)v — (Cu,v)u — (Cv,u)u. We get

AU = o(K,U') dt 4+ on(Uf) dWi(t) , Ug =wu,

k=1

where

1 T
b(M,u) £ h(A + B M, u) + 520 (A w) h(Ak ), ou(u) 2 h(Ap,u) -
k=1

The drift coefficient b(M, -) and diffusion coefficients oy (+) are polynomial func-
tions of u, so they are locally Lipschitz. But they are also globally Lipschitz
because S9! is a compact set. Hence, there exist I > 0 such that for all
w,v € ST andk=1,...,r

[6(M, u) — b(M, v)|| + [low(w) — or(v)]| < L flu— 2| .
Also, for all K, K' € M(p x d) and u € S%!
16(K, w) = b(K', w)|| < [|B]| | K — K| -

Now we go back to the proof of the lemma :

2
1 2
HUt o U; .

2

1
<2 | [ b, U1) - b, U] ds
0

2
+2

S [[Ion02) - Uz g

2

t
<2t [ (00, U2 = b, U2 ds
0

2

T

—|—27"Z

k=1

[ o) — (U] awis)

RR n"2397
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So
Bt~ v < at /01t B bk, UF™) — (K, UL ds
+4¢ /Ot E Hb(KQ,UsLu) —b(E, U2 ds
f2r Y /tE Jow(U2) = (U2 ds -
k=1 "0
So we get
Bl —vp" < (at+2n) L2 /OtE |obe — vz as

+4t? || BI* | Ky — Ko -

From this last inequality and Gronwall’s inequality we prove the lemma. O

Proof of Proposition 2.2 Let K,, — K as n — oco. We want to prove that
Ak, — Ak as n — o0o. Let U* (resp. U;"") denote the solution of Equation (9)
with control matrix K (resp. K,,) and starting at point w.

From Lemma 2.4,

lim sup E UM —UY|*=0. (10)
eSd—l

n—oo
u

Now we show that the sequence p, 2 Lx, admits a weak limit x and that
p = pg. First, it is clear that the sequence {u,} is tight because S ! is a
compact set. So there exist a sub—sequence, denoted {x,}, and a probability
measure u defined on S? ! such that g, = pu.

Now we prove that 4 = pug. Let f be Lipschitz on S?1, then there exists
a > 0 such that |f(u) — f(v)| < a|lu—v|| for all u,v € S¢ 1, and from (10),
we have

sup |Ef(US™) = Ef(UMP < sup E|f(US) — f(UP)
ugS§d-1 ucSd—1

o® sup E HUtnl’u — U;"H2 — 0. (11)

ueSd—l

IN

INRIA
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From the fact that u,, = p and that w, is an invariant probability measure
for U;" ™, we have

[ BRO ) pldn) = [ fwp () = [ Fw) pldw)
Furthermore
[ EHO ) )~ [ ES(UF) ()
< [, IBAG) = BEFU) ()
| [ BIUE) [ar(d) = ()]
< sup |BSUE™) = BAUNI+ | [, BAU) ldw) = pldu)
u€S§d-1 P
— 0.

Indeed, the first term tends to 0 because of (11) and the second term tend to
0 because the function u — Ef(U}"*) is continuous and i, = p.
At last, we get

EAU) udw) = [ J()uldu), ve=0

pd—1 d—1

that is u = ug.
The invariant measure px is unique, so the whole sequence {u,} converge
to pug.

Finally
A=Al < | [ oK) paldn) = [ a(K,w) pldu)
pd—1 pd—1
< sup lg(Kau) = a(Kw)] +| [ gk, u) [ (du) — pu(du)
u€§i—1 pd=t
which tends to 0. O

2.2 (General case

We go back to the general set up (6)—(8). We make the following

RR n"2397
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Hypothesis 2.5 For allu € P41 and K € M(p x d)
dim Lie Algebra{h(A+ BK,.), M(Ar + B K,.); k=1,...,7}(u)=d—1.

Under this hypothesis, U; admit a unique invariant measure px and the Lya-
punov exponent is given by

M= [ alw) pac(du)

Proposition 2.6 Under Hypothesis 2.5, K — Ak defines a continuous func-
tion defined on M(p x d).

Since M(p X d) is a connected set, we have the following
Corollary 2.7 Under Hypothesis 2.5,
DE (A K € M(p x d)}

1s a connected interval of IR.

Proof of Proposition 2.6 The proof is equivalent to Proposition 2.2. O

3 Examples

In these examples, we consider feedback gain matrices K(«) parametrized by
a one dimensional parameter o € IR. We suppose that {K(a);a € R} is a
connected subset of M(p x d). Let A, (resp. f,) denote the Lyapunov exponent
(resp. the invariant measure) associated with K (a) and

A, = inf A,
* T aem
We provide in this section two examples where A, = —oo and one where A\, = 1.

In all the examples, d = 2 and r = 1. For any 2 x 2 matrix C, h(C,")
defined in (4) is a vector field on P!, and

h(C,0) = (—ci1 + coz) cosf sinh — cjo sin® O + c1 cos® 6

for all 8 € P1.

INRIA
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3.1 Example 1
We identify P! to [—7/2,7/2]. Let

0 1 10 0 —1
A—<1 o)’ B_(o 1)’ Al_(l 0)’ Bi=0.

We consider feedback gain matrices K of the form

a -1
Kla) = ( -1 2a )
parametrized by a € IR.

The Hypothesis 2.1 is satisfied, since
h(A+ BK(c),0) = asinf cosd, h(A;,0) =1, Voc [—g, g] .

We have

q(K(a),0) =a+asin?0, ¢0)=0, Vc —g,g].

Finally we get

™

Ao =+ 04/27r sin?() po(df) < « .

2

So the system is stabilizable because

Iim A, = —00.

a——00

3.2 Example 2
We identify P! and [0, 7], and we take

-1 0 0 O 01
A_<0 _1>7 B_(O _1>a A1—07 Bl_(l 0)7

RR n"2397
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So
h(A+ BK(a),0) = asinf cosf , h(A + B1K(a),0)=a, V8e]0,7],
and
w(K(a),0) = -1+ asin®0, ¢ (K(a),0)=0, V0el[0,7].

The Lyapunov exponent is
Ao =1+ a/” sin?(6) pa(d9) . (12)
0

We want to compute the limit of A, as @ — —oo. We can check that the
projected process U; is solution of

AU, = h(A, U,) dt + ah(A',Uy)dt + a h(A",T,) o dW (¢)

, (00 , [0 -1
v=(5V) w=(17)

. . . ~ A - . .
We make the following time scale transformation Uf* = Uy/42. Uy is solution of

with

- 1 gt - 1 rt ~ t ~ =
07 = Up+— [ WA, O7)ds+— [ B(a,02)ds+ [ B(A",07) odiWs (13)
a“ Jo o JO 0

where Wt“ 2 aWy 2 is a standard Wiener process.
When a — —oo, we get the following limit equation

~ t ~ ~
b, = U, +/ (A", T,) o dW,
0

where Wt is a standard Wiener process. Let (7t = (cosét,sin ét) Because
h(A",0) = 1, we get . }
b, =00+ W, . (14)

Proposition 3.1
fo = U0, 7] as a— —0

where U[0, 7] is the uniform law on [0, 7).

INRIA
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Proof It is clear that p, = g, where ., satisfies the following Fokker—
Planck equation L*u ., = 0 and L is the infinitesimal generator associated
with equation (14). Moreover, . is the uniform law on [0, 7]. a

Then using this proposition and (12) we have
Corollary 3.2

Ay — —00 a8 o — —0 .

3.3 Example 3

Now we present an example which is not stabilizable. We consider the same
coeflicients as in the previous section except for matrices A, By :

Let X; = (X}, X?2), we get the following system

dX} = X}!dt—aX}odW,, X,=z;,
dX? = (14+a)X7dt, Xj=az3, z20#0,

whose solution is X2 = e+t 22 and
1 t, 1 b 2
X} = eah—a [ X2 odW,
0
1 2 [*
= ¢ Ty — ()éLBa/ €t+ade3
0
to 1
= € (zp— Y1)

with
A 2 t as
Ytzozmo/ e* dW, .
0

If 22 # 0, we deduce from

1X ]| > [X7] = et ]

RR n"2397
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that A\, > 1+ «a. If 22 = 0 then z} # 0 (because, zq # 0) and A, = 1. So, for
a>0,,>1.
Let us consider the case a < 0. By the theorem of convergence of martin-

gales, Y; — Y = ong Jy° e** dW, as t — oo and this convergence holds a.s.
and in L2
We deduce from

IXGIR = e {32 + |2f - i)

and from (2) that
_ . 2at|,.2|2 1 2] _
)\a_1+tl}£r}>oglog [e lz5|” + |z — Vi ] =1 as.

(this limit is valid whether z7 = 0 or not). Which proves that the system is
not stabilizable.
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