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Abstract

Connections between priority queueing models and computer ar-
chitectures are widely known. But, as far as we know, there was no
formulations of exact models for sufficiently general computer archi-
tecture models. This paper has two goal: the first and the smaller
one is just to give this formulation in exact mathematical terms. The
second and the most important one is to present a new approach to
priority networks themselves. This approach is based on recent ad-
vances in the dynamical system approach to queueing networks, which
in some very particular cases becomes some well-known fluid approxi-
mation. This gives a new approach to evaluate performance of a given

* computer architecture. ‘We apply this method here to the simplest
architecture with the unique bus. This paper can be considered as the
first step in the development of this approach. Next steps are: more
complicated architectures, optimization (one optimization problem is
considered here) etc.
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1 Introduction

The goal of this paper and of the following ones is to formulate some global
probabilistic models for computer architectures. Mathematical modeling of
computer architectures presupposes knowledge of statistical structure of all
data flows between different parts of the computer. Everyone understands
that the exact knowledge of such statistics is impossible, because it strongly
depends on the problem that the computer solves at the moment and more-
over it depends also on the “psychology” of the person who has written the
program for solving given problem. But nevertheless some models seem to
be useful if

1) they give rise to interesting mathematics;

i) they give qualitative understanding of some practical phenomena, that
could be of interest for computer designers;

iii) assuming that books on computer architecture are unreadable for math-
ematicians, global exact models formulated on a rigorous level, can make this
field more attractive for mathematicians.

Computer can be a very large and complicated system and can be looked
at from various points of view and also at different scales.

The scale we choose here is the most detailed one: hardware and micro-
programming scale.

The point of view we choose here is to present the computer as a large
system of priority queues. So our models are different from models overviewed
in paper [1] which deals with nonprioritive disciplines: first-come-first-served,
time sharing, no queueing, last-come-first-served. In our exposition we mix
nonrigorous exposition and rigorous models. As our exposition is intended
for mathematicians we explain some points which are trivial for specialists
in computer architectures.

We present here some models in the order of increasing complexity. Sec-
tions 2.1 and 2.2 are based on hardware or microprogramming level. Section
2.3 contains already programming level. In the mathematical part of the pa-
per we have managed (due to time constraints) to analyze only the simplest
computer architecture (the unique bus, see Fig.1)
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Figure 1: Structure of a computer with unique bus

2 Direct Memory Access Models

2.1 Simplest Model

The following Flgure 1 illustrates the unique bus structure shared by all the
units in the computer

The properties of this structure (Model 1) are the followmg

e The memory here is the main memory. Communication can take place
between memory and any other unit in both directions.

¢ Only one communication act (memory «— other unit) can take place
at a time, because there is only one resource (bus) for this communication.

e Units A; can be central or peripheral processors, mass storage, streamer,
display processors, I/O devices (a device is called a direct access device if it
can control by itself, without a processor, memory-memory exchange).

o The system “memory-bus-arbiter” is considered as a server in the sense
of queueing theory and units A; as the sources sending demands to this server.
Our central assumption is that



Assumption 1 All these sources send their demands independently of each
other.

Strictly speaking, this assumption is always wrong. For example, depend-
ing on the program which the processor executes, the memory should take
something from mass storage. It contradicts to that we assume mass storage
sending its demands independently. But it is clear that this approximation
can be reasonable in some cases.

o There exists some priority discipline P,. It can be for example relative
priority P.., absolute priority Pap, (With preemptive resume or not) or oth-
ers. Normally, in this model P, is taken for granted. To each unit A; some
priority number P(7) is prescribed. The problem is to find the function P(z)
which fits better to some important parameters of the computer system.

e Some of the units A; are considered to be “infinite sources”, that is they
send an infinite sequence of unit demands. Some of them are considered to be
“finite sources” where each demand from node : tries to reach the server (at
node 0) independently of the other such demands. There are finite number
of such demands.

¢ The main parameters are following:

(a) for the system as a whole: the distributions of the busy and nonbusy
periods and length of the queue;

(b) for all units also the waiting time of a demand.

Now we describe the mathematical queueing model (see Figure 2) in more
exact terms.

We consider BCMP-type network of mixed (closed-open) structure (see
[1]). There is one “central” node 0 and k other nodes 1,...,k (which corre-
spond to finite sources). For each 1 = 1,..., k there are N; customers, m; of
which are situated in the queue to node 0 and the other N — m; at the node
1. Each customer from node 7, independently of the others goes to node 0
with exponential distribution of intensity A; and goes backwards to node 3
after being served at node 0. The discipline at node 0 is some FP,.

There are also incoming flows k+1, ..., N. They are assumed to be Poisson
with intensities A;. There can be also cases (timers, ...) when demands come
in some regular sequence. They are put to the queue of node 0 and are served
in accordance with the discipline P,. After being served they quit the system.

3
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Figure 2: Mathematical queueing model

Service times at node 0 of the demands of type ¢ are independent with an
(arbitrary) distribution S;.
Priority disciplines.

Any service discipline is a rule which determines which of customers wait-
ing for service should occupy the server when the server node is ready to serve
a customer. Priority disciplines constitute a special class of disciplines which
assume that there are different customer types and these type are of different
importance. Usually one enumerates customer types by natural numbers in
the order of decreasing importance: type ¢ has priority with respect to type j
iff 2 < 3. One distinguishes absolute and relative priority disciplines. Differ-
ence between these two prescriptions consists in what happens in situation
when the server is occupied by some customer but at the same time moment
another customer with higher priority arrives.

In case of absolute priority discipline customer with high priority inter-
rupts service of customer with lower priority and immediately occupies server
node.

1. Discipline is called absolute priority with preemptive resume if inter-
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rupted customer should return to server node (when system becomes
free of customers of more high priority) and be served during the time
remained after the previous service of the customer.

2. Discipline is called absolute priority without preemptive resume if in-
terrupted customer leaves the system.

In case of relative priority a customer with higher priority waits until
server will finish to serve the customer with lower priority.

2.2 Matrix Model

Here the situation is the same as earlier but the units have double indices
(see Figure 3)

Priorities are in the lexicographic order. Index ¢ defines the level, pri-
orities between levels are assumed to be absolute with preemptive resume
(the most often case) or sometimes relative. Inside the levels the priority
discipline is relative priority.
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Figure 3: Matrix model
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Figure 4: System with a subsystem of programming devices

2.3 Direct Access System with Programming Subsys-
tems

Let us consider the following model of direct access system with simplest
subsystem of programming devices (see Figure 4).

So we are in the situation of Figure 1 but, for one of the units (processor
A)), there is a matrix subsystem. This processor A, is a server for this matrix
subsystem, which has the same priority rules as it was indicated in subsection
2.2. Simultaneously the processor A, sends demands to the bus (the main
server).

Assumption 2 The processor A, sends demands to the bus only while work-
ing ‘as a server (i.e. when there is a queue to A,). Otherwise its demands
are independent of other details (which device a;; is served by the processor,
what kind of demands go to this processor from a;; etc.). In other words, the
processor becomes a (finite or infinite) source during the time it is being a
server.



This assumption is also wrong in all cases but can be a rough approxi-
mation and can give some qualitative information. If A, is a finite source
then this assumption needs to be stated more exactly and this can be done
in different ways.

2.4 Several Subsystems of Programming Devices

The Figure 5 shows more complicated system which is obtained just by con-
catenation of simplest ones from the previous subsection.

So, some of A; can be servers for matrix subsystems M(i) = (a},).
Some of aj, (if it is a processor) can be servers for other matrix subsys-
tems M(i; j, k) and so on by induction. But it is assumed that any processor
can be a server for at most one matrix subsystem. So we have situation of
Figure 6.

So we have finite chains of processors By, A; = By, B,,..., B,, where By
is the main server (memory-bus-arbiter), and B; is the server for Biy1,t =
0,...,n — 1. The main assumption is similar to the Assumption 2.

Assumption 3 The processor B; can send demands to processor B;_, only
while working as a server (i.e. when there is a nonempty queue of demands

from By, ).
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3 Probabilistic Analysis

We shall deal here with model of section 2.1.

This section is organized as follows. In section 3.1 we give rough analysis
of system of infinite sources with absolute priority with preemptive resume.
We do not make any restrictive assumptions concerning input flows and ser-
vice time.

In the next sections we make some assumptions about input flows and
service time to be able to use Markovian description of priority systems.
We consider the following disciplines: absolute priority with preemptive re-
sume, absolute priority without preemptive resume, relative priority. In this
situation priority systems fit into special class of countable Markov chains.
Qualitative analysis of such priority-queuing systems can be reduced to anal-
ysis of special classes of random walks in Z%. This analysis uses ideology
of induced Markov chains and second vector field for the associated random
walk (see [3, 5]). This approach appears to be successful in solving of many
problems ([2, 3, 5]). Our goal is to find ergodicity conditions for priority sys-
tems and calculate some parameters of ergodic regime (mean waiting time,
mean service time, etc.). Mathematical notion of ergodicity or stability of the
queuing system corresponds to situation when mean queue lengths remain
bounded when time becomes larger. This is crucial for designers of computer
architecture to know that system is not overloaded: situation when queue
lengths corresponding to some customer types terid to infinity means practi-
cally that newly coming customers of these types can not be served by the
system in a real time. -

To make our probabilistic analysis more transparent we start with simple
case of two customer types, next we consider systems consisting of several
infinite or finite sources and finish by compound priority systems consisting
of finite and infinite sources. '

Similar analysis can be done also for hierarchical model of section 2.3.

3.1 Absolute Priority Analysis in the General Setting

We consider absolute priority with preemptive resume. Assume first that all
sources are infinite. We do not assume that the input flow is Poisson (but
Assumption 1 is crucial). Let L; be the mean length between subsequent
arrivals of i-type demands and M; be the mean service time. Define the

10



load p; = T‘ Let the notation be such that type i has an absolute priority
i v

with respect to type j if i < j. Take sufficiently large time interval [0,T).

During this time interval approximately I 1-type demands will arrive and

4 1
the mean service time of all these customers is p;T. The bus is free from
1-type customers during the time (1 — p;)T. The same is true for i-type

customers: mean number of arrived customers is o their mean service time

i :
is p;T. The latter fact is easy to see by induction, essential here is that
the customers are served according to the preemptive resume discipline and
so they “do not see” the interruption intervals. So we get the following

proposition.

Proposition 1 Assume all sources to be infinite. Then the system is ergodic'

if
N
Yp<l
=1

The mean free time for all the system ts -
N
Q-2 p)T
=1

The useful notion is the effective time for i-type customer. As the mean
time when the system is accessible for i-type customers is (I—Z;‘:ll p;)T it can
be interpreted as the time itself for i-type customer becomes (1 — Z;;‘l pi)~!
times longer. Then the following is true. We do not give the proof of this
here.

Proposition 2 The waiting time of i-type customer is
Wi=(1=p1—...—pisa)"' WY,

where W) is the mean waiting time of i-type customer in case it has absolute
priority (or, the only type present). Mean service time of i-type customer
(taking into account possible interruptions) is

(1—-p1—...— p;_l)_lM,'

n this propoéition ergodicity means that there exists a stationary regime in which
mean lengths of queues are finite.

11



The case when there are also “finite” sources is more difficult but can be
first analyzed in the same rough way.

3.2 Case of two customer types

We will show in this and subsequent sections that queueing systems with ab-
solute priority disciplines under additional assumptions about input streams
and service time distributions can be considered as Markov processes with
state space Z (these Markov processes appears to be continuous time max-
imally homogeneous random walks, state z(f) of the process is a vector,
component z;;(t) of which is the number of i-type customer in the node j.
In case of relative priority it is possible to consider the queueing system as a
Markov process on a finite union of “octants” Z%. Moreover, the stochastic
evolution inside an “octant” Z is also continuous time maximally homoge-
neous random walk. This make possible to apply new constructive methods
of analysis of countable Markov chains (see [3, 5]) to studying priority queue-
ing systems. It appears that for special class of random walks associated with
priority systems it is possible to give explicit construction of the second vec-
tor field. This approach gives rise to constructive and practically meaningfull
method of rigorous qualitative analysis of priority queuing systems.

We shall use below notations from [3, 5]. For definition of induced chain
and main results concerning classification of random walks via second vector
field (SVF) we refer to Chapter 4 in [3].

Our concluding remark is that analysis of continuous time random walks
can be reduced to analysis of discrete time random walks (see [3, 5]). To
do this one should consider imbedded discrete time random walk connected
with jump-times (see section 1.3in [3]). Qualitative behavior and stationary
distribution in case of ergodicity will be the same as for original continuous
time random walk. We will use below this reduction without any additional
comments. ‘

3.2.1 Infinite sources: absolute priority discipline

Let us consider the simplest example of one server node with two customer
types. Customers of type 1 have priority over customers of type 2. We will
suppose also that arrival streams of customers are Poisson and that the ser-
vice time is exponentially distributed. Let A; be the input flow intensity of

\
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customers of type i, u; be service rate for customer of type i." Let n; and
ny be the numbers of customers of types 1 and 2 in the system. So we can
associate the state of the system with a point of positive quadrant Z2. Qual-
itative behavior of this priority system is related to the qualitative behavior
of associated random walk on Z?% defined below.

Let us choose the following jump probabilities pyg.

Ifa € B{2 = {(n,n3) : ny > 0,n2 > 0} ora € BIY = {(n,,0) : n; > 0}
we put

WH1 ifﬁ—a:(_l,o)’
why, i f—a=(L0), _
wh, iff-a=(01),  Pe=l 2 pes

B#o
0, for any other 8 # q,

Pop =

for all priority disciplines mentioned above.
If « € B = {(0,n;): n, > 0} and the service discipline is absolute
priority with preemptive resume we put

wh;, if 8 —a=(1,0),
_ ) wh, ifB-a=(0,1), _
Ped =\ wpy iff—a=(0,-1). ° Pee=172 pen

B#a
0, for any other 8 # a,

If a € B{?} and the service discipline is absolute priority without preemptive
resume we put

w/\l’ lfﬂ_a = (la—l)v
= w/\2’ ifﬂ_a:(oal)a -1 _
P =\ wpy i f—a=(0,—1). ° Pee=17 2 Pes

B#a
0, for any other 8 # a,

For a = (0,0) we put
wh;, if f=(1,0),
pOﬁ = w/\g, lfﬂ = (0, l), y Poo = 1 —_ Zpoﬁ,
0, for any other 3 # 0, B#£0

in both cases. It is assumed that w > 0 is such that w(A; + Ay +p; +p2) < 1.

13



We shall give now the explicit form of second vector field (SVF) in both
cases.
First of all we consider SVF v{12} for the face B{!2}:

‘U{l'z} ='LU(/\1 — U1, /\2)

We note that v}"” > 0, so the face B{Y = {(n;,0) : n; > 0} is always
nonergodic. Face B{# is ergodic if A\; < y; and nonergodic if A, > u,.
Assume that A; < g;. Consider the induced chain £{2}. This is a reversible
Markov chain stationary distribution of which can be given explicitly:

1 ()
Ti=———|=], 120
1= A/ (#1)

So in case of absolute priority with preemptive resume SVF for the face B{%
is equal to

, : A
‘0{2} = ‘w(/\2 has /12)71’0 + w/\g(l - 7!'0) = w[)\z - ;1,2(1 - —l)]

Hi1

In case of absolute priority without preemptive resume SVF on face B{?} is
equal to

A1

‘U{2} = ‘w(/\2 — H2 — /\1)71"0 + W/\g(l - 7!'0) = ‘U)[/\2— (,u'2 + /\1)(1 - ;1,—)]
1
In terms of second vector field, the system of this example is ergodic if and
only if vfl’z} < 0 and v{% < 0. So priority system is ergodic iff

in the case of absolute priority with preemptive resume
A A
a2
Hi H2

< I,

in the case of absolute priority without preemptive resume

AL, B
M p2 + A )

14



3.2.2 Priority system with finite and infinite sources

Let us consider priority system with one server node (node 0 in terms of
section 2.1) and customers of two types. We suppose that the system is
closed with respect to the customers of type 1 and open with respect to the
customers of type 2. There are N customers of type 1 and each of them can
be in the buffer (at node 1 in terms of section 2.1) or waiting for the service
at the server node. Each customer independently of other customers waits
in the buffer exponential time with mean 6~! and goes then to the server
node. Service time for customers of type 1 is exponential with mean pj'.
After service the customer of type 1 goes to the buffer. There is a Poisson
input flow with intensity A, of customers of type 2 to the server node, after
the service customer of type 2 leaves the system. Service time of customer
of type 2 is assumed to be exponential with mean value ;"
We shall consider two cases:

Case 1: customers of type 1 have absolute priority with preemptive resume
over customers of type 2,

Case 2: customers of type 2 have absolute priority with preemptive resume
over customers of type 1.

The state space for this priority system is
{(nl,ng) : 0 <n < N, ng 2 0} = {0,,N} X Z+.

Here n; is number of customers of type 1 in the queue at the server node,
ny is number of customers of type 2 waiting for service in the queue at the
server node.

As before we shall consider associated random walks in a half strip

{0,...,N} x Z,.

Transition probabilities are defined as follows.
In case 1 we put
w(N —-n)f, if —a=(1,0),
Dap = Wi, ifﬁ—a=(—1,0), Paa = 1— Zpaﬁv
whe, if f—a=(0,1), B#o

15



for a € B2ty B_{l} = {(n1,n2): 0 <ny <N, n; >0} and

wNg, if 8—a=(1,0),
Peop = Wz, lfﬁ —a= (Oa _l)a Paa =1 — Z Pags
wh, if f—a=(0,1), el

for a € B{% = {(0,n;) : n, > 0}.
In case 2 we put.

w(N —n,)8, if 8-a=(1,0),
Dap = w/\Za lfﬁ —a= (0, 1)’ Paa = 1 - Z Daops
wysz, if f—a=(0,-1), B#a
for a € B2y B{2} = {(n1,n2): 0<n; <N, n; >0} and

w(N—nl)H, lfﬂ—0’=(1,0)$
Pap = wpr, iff—a=(=1,0),  paa=1-3 pas,
whe, ifB—a=(0,1), p#o

for a € B{t} = {(n},0): n»; > 0}.

Consider the induced Markov chain £{?} with state space Zy = {0,...,N}.
In case 1 the set Zy is the unique class of essential states. So according to
Section 3.1 in [3] MC L% is ergodic iff the second vector field on face B{%

_ Is negative: .
v = mo( Ay — p2)w + (1 — 7o) Aw = Aw — mowpz < 0.

It is easy to check that for this case
w0 m 1 (&)’ Ly B
= Mt tals) Tt Al '
A
So in case I ergodicity condition has the following form: = < mg.
- T

2
In case 2 MC L{?} has only one essential state {N}. This means that

priority system is ergodic iff second component vil'z} of second vector field

inside B{1?} is negative:
‘ v§"2} = w(Ay — p2) < 0.
So in this case ergodicity condition is very simple
Ay < pia

and does not depend on 4, y;.

16



3.2.3 Relative priority analysis

We shall consider here system with two customer types and one server node.
Our assumptions are:

Both types 1 and 2 are mﬁmte input flows are Poisson, A, and ); are
the intensities of these flows.

Type 1 has relative priority over type 2. This mean that if at the moment
when customer of type 1 arrives the server is occupied by some customer of
type 2 then customer of type 1 waits till customer of type 2 being served and
then occupies the server node.

Service time is exponential for both types, yy and p, are the intensities
of service.

Let us note that knowing only the number of customers of types 1 and 2
in the system is not sufficient to have Markovian description of the system.
To have Markovian system we need additional information about the type
of customer being served at current time moment. So the state space of our
system should be chosen as follows:

S = {0} U {(0’,711,712) o= 132) n; € Z+}

where o is a customer type being served at the server node, n, is a number
of 1-customers waiting for service, n, is a number of 2-customers waiting for
. service; so total number of customers in the system is equal to n; + n, + 1.
The state {#} means that there are no customers in the system.

We are going now to construct the second vector field. Consider the
induced MC £{?} with state space S’ = {(o,n1): o =1,2, ny € Z,} and

transition probabilities
{2} —

’Yl’h ZP(‘n z)i(7259)
where z > 0.

It is convenient to consider Z! as a state space of MC £{2}: state k > 0
means that there are k customers of type 1 in systems and current customer
at server node has type 1; state k < 0 means that there are —k customers of
type 1 in systems and current customer at server node has type 2. It is easy

to see that the transition probabilities are of the following form:

Prk+1 = MW, Prk-1 = 1w, pex =1 —w(h —py) fork>0

Po,—1 = Aw, pop =1 — Mw,

17



Figure 7: Induced chain £{?} in case of relative priority

-

Pk,k—1 = \w, Pk,—k = MoW, Prk =1 — w(/\l - #2) for k<0

(see Figure 7).

It is easy to prove that MC £} is ergodic iff A\; < u,. Moreover its
~ stationary distribution {m,k € Z'} can be found in explicit form by solving
corresponding difference equations. It is easy to check that in case p, #
A1 + p2 we have the following relations

ok =T Mt pe)

/\l k /\1 ( /\l )k—l (/\l)k—l
Tk = T — | + - | — , k>1.
¢ 0[(#1) ﬂ.l_’\2_/12 ( AL+ U2 Hi

Situation when g, = Ay 4+ u, is the resonance case for the corresponding
diflerence equation. In this case stationary probabilities satisfy the following
relations :

A k k
T_p = To (—1> , mp = mok (il—) , k>1.
1 H1

18




Suppose that A; < g;. Then the second vector field on face B{? is equal

v = I:(Z wk) (/\2 — p2) + (Z 7rk) /\2} .
k<0 k>0

It is easy to calculate that in the case g, # A + p2 we have

to

Z”k=7r0/\l+#2 '

b
k<0 U2

Zszno[ A n A1 (/\1+,U2 _ /\1 )jl ) (1)

B1= A1 = A2 — i H2 B — A

The system under consideration is ergodic if and only if v{# < 0. So
ergodicity conditions in the case y; # Ay + p2 have the following form:

Ay <,

At + p2 A1 A AL+ g2 A1
Ag — _
23] (3 p2)+[ﬂl—/\1+#1—/\2—#2( K2 B — A

A2 < 0.

If 413 = M + 2 then we deal with resonance case and equation (1) is not
more valid. In this case we have

= (A A 1
Sm=m i (2] =it
k>0 i=1 \H1 m (l—ﬁ)

1

Sc_) ergodicity conditions in case u; = Ay + p, are of the form:

A1 </‘Lls

A+ B A1

— (X — —— A < 0.
H2 (% #2)+(/\1—#1)2 :
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3.3 Several customer types of infinite type at one
server node

3.3.1 Absolute priority with preemptive resume

Suppose that we have K different customer types, customers of type 1 have
absolute priority (with preemptive resume) over customers of types 2,3,...,
customers of type 2 have absolute priority (with preemptive resume) over
customers of types 3,4,...and so on. We shall suppose also that the following
assumption is true.

Assumption 4 Parameters of the model A\;,p;,1 = 1,..., K, are such that
k

for all k we have ¥ %L # 1.
t=1""

This assumption is not very restrictive because we leave out consideration
a set of parameters of zeroth Lebesgue measure.

As in case of two types, we associate with our system a random walk in
Z¥. We prove here that condition

<1 2
20 (2)

is sufficient and necessary for ergodicity and give explicit description of the
corresponding second vector field.

Proposition 3 (Explicit construction of the second vector field) Second vec-
tor field enjoys the following properties:

1. Face Ay = {1,2,...,K} is outgoing for all (K — 1)~dimensioha’l faces
Ay — {i},t # 1, and is ingoing for face A, = {2,3,...,K} zf—:}il- <1
and outgoing for it 1f;’\‘-f > 1.

2. Second vector field on (K — k + 1)-dimensional face Ay = {k,k +
1,...,K} is equal to

k—1 A
’vAk =w (/\k b (1 - Z —') ﬂka/\k+la---a/\1\"+l) .

i=1 Hi

20
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So face Ay is outgoing for all (K — k)-dimensional faces Ay — {i},i =
k+1,...,K. Face Ay 1s mgomg for face Apyy = {k+1,...,K} if

k
Z L <1 and outgoing for it if Z —* L> 1.

B

3. If Ay is ergodic denote o, i the stationary probability of origin for the
induced chain L1}, Then

,.k—l—z—

i=1 Hi

(In other words o,, i is the stationary probability of event “there are
no customers of types 1,...,k at server node” for the ergodic Markov
chain obtained from whole system by removing customers of types k +

LK)
Proposition 4 Condition (2) is sufficient and necessary for the ergodicity.

Remark. 1t follows from results of subsection 3.3.2 that condition (2)
is not necessary for ergodicity of the system with absolute priority without
preemptive resume discipline.

Proof It is easy to show that £{?3%} is ergodic 1f <1and o, =
1— 2+, We are able now to calculate exphatly the second vector field on face

Ay = {2,3, ..., K}. We get that if & 2L 4+ 22 < ] then face Az is ingoing and
cut-off system £{12} obtained by removing all customers of types 3,4,..., K
is ergodic. Consider the flow balance equation for customers of type 2:

Ay — (01 - 01,2)#2 = 0.
We get immediately that
Al A

o2=1-———

M p2

It is easy now to finish the proof by induction. Flow balance equation for
type k has the following form

Ak — (o1, k-1 — 01, k) & = 0.

We leave details to the reader.
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Definition. The time interval between the moment when server starts
service of a customer of type : and moment when this customer leaves system
forever is called real service time for type t.

In case of absolute priority with preemptive resume real service time M;
for type i consists of time during which the customer is served at server node
and of interruption intervals.

Proposition 5 In ergodic case mean waiting time (in stationary regime) of
customer of type i is equal to

. i—1 y -1
A I
Wi= (1_2—) (i — Ai)?

=1 Hi

and mean real service time is equal to

i—1 A -1 1
M; = (1 -3 —‘> —.

Remark. Let W? be mean waiting time and M? be mean service time
in situation when type 7 has highest priority. Then W? = p;/(u; — A;)? and
M? = 1/[1.'. v

Let us lIook on behavior of ergodic system during very long time [0, T)].
From above results and law of large numbers we get that during time of

i—1
order (1 -3 %‘) T system will be free of customers of types 1,2,...,7 — 1
i=1"" .

and i-customers, as having highest priority, during this period of time can be

. i
served. Remaining part of time (of order (Z %) T), service of i-customers
i=1""
is blocked by customers with higher priority. This means that passage of -
i1, \!
customers through the system is (1 - %1) times slower than the passing
=1

in case when i-customers have highest priority. It is natural to call factor

i-1 -1
e = (l -3 %:) effective time for customers of type 1.

1=1

3.3.2 Absolute priority without preemptive resume

In this section we suppose that the following assumption is true.

[S™]
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Assumption 5 Parameters of the model A;,p;y,1 = 1,..., K, are such that

A
forlt e have £ P £

We shall prove here that in case of absolute priority without preemptive
resume system of K different infinite sources is ergodic iff

A Az A3 Ak

—+ + +-- 4+ < 1. 3
p1 p2+ A opzt A+ A P+ M+ -+ Ak ®)
Denote

.Skz Al AQ As /\k

— + + 4+ + ' .
Hi /‘2'*')\1 #3+A1+/\2 i #k+’\1+"'+/\k—l

Proposition 6 (Explicit construction of second vector field) Second vector
field enjoys the following properties:

1. Face A, = {1’2’ SRR I\,} is outgoing for all (K ~ 1)-dimensional faces
~ {i},7 # 1, and is ingoing for face A, = {2,3,..., K} if %}L <1
and outgoing for it zf%t >1

2. Second vector field on (K — k + 1)-dimensional face Ay = {k,k +
1,...,K} is equal to

v = w (A~ (1 = Sk=1) B, Akt 1y -« -, AR 41) -

So face Ay is outgoing for all (K — k)-dimensional faces Ay — {i},i =
k+1,...,K. Face Ay is ingoing for face Ay, = {k+1,...,K} if
Sk < 1 and outgoing for it if Si > 1.

3. If Ay is ergodic denote 0y, i the stationary probability of origin for the
induced chain L. Then '

k
A.
Tk ¢ gu;+,\1+---+/\,~-1

Proposition 7 Condition (3) is necessary and sufficient for ergodicity.
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Proof. Proof is similar to the proof for the previous case. The only
difference consist in that flow balance condition for type k has the form

Ak = (o + A+ + Memr)(01, k-1 — 01,.6) = 0.

Proposition 8 In ergodic case mean real service time is equal to

1

M,'= N
Bit At 4 A

mean waiting time (in stationary regime) of customer of type i is equal to

Bt Mt 4 i
(i X+ diy = A2

Wi=(1-38)""

Remark. 1t is easy to see that in ergodic case the stationary probability
of event that given customer of type i will be lost (interrupted before the end
of service) is equal to

M+ A
JTHE D VI EERE - H
Knowing these parameters is important for computer designer who wants to
chose optimal priority order P(z).

3.3.3 Fluid approximation for systems with absolute priority

Absolute priority with preemptive resume.

We are in situation of section 3.3.1 and suppose that Assumption 4 holds.
Let n be such that

§£<1 but iﬁ>1
i=lyi‘ i=l#‘ ‘

According to the Proposition 3 the only ergodic faces are A;,...,A,. We
recall that the second vector field is defined only on ergodic faces (see (3]).

Our next goal is to construct some deterministic dynamical system in Rf
which is related to the original stochastic system in Z%.

We introduce the following faces in RX:

/"\kz{x=($1,...,$i\’)€Rf: Ty ==k =0, xk>0""’xl\'>0}‘
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Consider the following vector field v(z) on RE:
v(z) = oM if zeA\A,,
v(z)=vr1 i z€Aag\Aa,

v(z)=vd if z€A,.

In case than n = K + 1 we put v(0) = 0. This vector field determines
dynamical system U;,¢ > 0, on Rf;,

%Uﬂ: =v(Uix), Usz ==z.
This system is well defined for all z € RX.

Let z € RK. Suppose that initially we start from the configuration
[2N] & ([21N], ..., [zx N]), i.e. we Have at time s = 0 queue from [z1N]
1-customers, ..., queue from [zx N] K-customers at server node. Denote by
X, ([x N]) the state of the system at time s.

Proposition 9 (Euler limit) For any z € RX the following deterministic
limit exists

%X[,N](:cN) - Uz, (N = o) (almost sure).

It is clear from the Proposition that the dynamical system U, defined
above describes evolution of large queues: if at time 0 state of priority system
is [z N] then at time ¢t N state of the system will be “approximately” equal to
[(Uiz) N]. The word “approximately” means that deviation of the true state
at time tN from value [(U;z) N] is of order less than N.

There are two different cases:

(n = K + 1) This correspond to the situation then all faces A,,...,Ax and
Ak41 = {0} are ergodic.and hence total priority system is ergodic.
In this case trajectory U,z of any point z € RX reaches point 0 for
finite time (see Figure 8a). Denote by 7(z) time of reaching origin by
trajectory of dynamical system started from z:

Uiz # 0 for t < 7(x) and Uz =0 for t > 7(z).
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Figure 8: Dynamical system U; in ergodic (a) and nonergodic (b) cases.

(n € K) In this situation faces A,,...,A, are ergodic but all components
of the second vector field on face A, are strictly positive and hence
total priority system is not ergodic. In this case any trajectory U,z
reaches the face 1~\n in finite time 7,,(z) and remains on this face forever
(without going to faces of less dimension). In terms of priority systems
this means that after time 7,(z)N lengths of queues of customers of
types 1,2,...,n—1 will be of order less than N but queues of customers
of types n,n +1,..., K will grow proportionally to N (see Figure 8b).

Now we are going to calculate the time to reach the origin 7(z) in ergodic
cases.

Lemma 10 For the ergodic system time 7(z) to reach the origin by the dy-
namical system U, is linear in the initial point z. Namely,

7(z) = (b,x) = bjz1 + - + brzk
where vector b = (by,...,bx) has the following form
b1 = 62(1+C3)(1+€4)...(1+6K+1)//11,
b2 = 63(1 +€4)(1 +6[{+1)/ﬂ2,

br-1 = ex(l+ent1)/pr-1,
bk = exw1/UK,
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where we have denoted

we(i-52)"

Remark. Note that quantity e is the same what we have called in section
3.3.1 effective time for type k.

Proof of the Lemma. Let = € 1~\1\1~\2. It is easy to check that trajectory .
U,z reaches face A, at time

Suppose that trajectory has reached face Ax_y at time Tk—1(z). Then it will
reach face A at time

Ck

Te(z) = Te-1 + (1 + ex) o1 ().

Hk-1

Note that 7(z) = Tk41(z). It is easy now to finish the proof. O

Design optimization problem Above analysis gives rise to the following
optimization problem. We restrict ourself to ergodic case. Imagine that we are
computer designers and the characteristics A;, #;,i = 1, K of infinite sources
are known. We want to choose a priority order 2,,1,,...,2x such that the
" corresponding priority system starting from some “far enough” state [z N]
reaches equilibrium quickest possible. In other words we are looking.for a
permutation x: (1,...,K) — (i1,...,2x) to ensure the smallest time 7,(z)
to reach origin starting from z. It is easy to see that for fixed = we should
choose such priority order x for which vector b, has the smallest projection
on direction z.

So we come to the following definition. Let us fix some finite measure ¥
on (K — 1)-dimensional sphere Ax = {a: eRK: 224... 42 = l}. This
measure should be chosen by the computer designer according to some ex-
ternal reasons which are not discussed here. If we have no reasons to give
preference to some directions v € Ag we should take ¥ equal to the uniform
distribution on Ag .
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Definition. Priority order x is optimal for a given choice of measure ¥

if
() % [ 1) d() = min 7.(9)
Ak
where minimum is taken over all permutations ¢ : (1,...,K) = (2),...,k).

Proposition 11 If ¢ is the uniform distribution on Ak then priority order
X s optimal iff vector b, has the smallest projection on direction (1,1,...,1).

Absolute priority without preemptive resume

In the situation of section 3.3.2, suppose. that Assumption 5 is true.
Fluid analysis of this case is similar to the analysis for the case of absolute
priority with preemptive resume. All differences are related to the fact that
the second vector fields for these cases are different.

First of all we fix integer n such that

n-1 A n /\
- <1 but - - > 1.
,z___;,ui+/\1+-“+)\i-1 §#i+/\1+“-+)\i_1
It follows from Proposition 6 that the only ergodic faces are Ay,...,A,.

On these faces second vector field is well defined. In the same way as for
absolute priority with preemptive resume we define vector field v(z) on Rf
which generate a well defined dynamical system U;,t > 0, on RX:

d
B—t-U,a: =v(Uiz), Uz =r.

Denote by X, ([xN]) the state of the queueing system at time s provided
that we start at time s = 0 from the following configuration of queues [z N] =

([x1N], ..., [z N)).

Proposition 12 (Euler lifnit) For anyx € RX the following deterministic
limit exists

1
NX[,N](:BN) = Uiz, (N — o) a.s..

All subsequent analysis is similar to the case of absolute priority with
preemptive resume. We want to mention only the expression for the time
T(x) to reach the origin for the trajectory U,x,t > 0, in ergodic cases.
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Lemma 13 In ergodic case the time 7(z) to reach the origin by the dynam-
ical system U, is equal to

7(z) = (b, 2)

where the vector b = (by,...,bx) has the form (§), where the quantities ey
are defined as follows

k-1 A: ’ -1
er=1{1-— . .
* ( Zu.-+/\1+---+z\,~_1)

1=1

3.3.4 Relative priority

As we have mentioned above this case is more delicate due to more com-
plicated state space. State space in case of K infinite types with relative
priority should be chosen as follows

S={0u{,...,K} x zX.

Here the state {0} means that there are no customer in the system, state
{1} x (n1,...,nk) means that there are queues of n; customer of type 1, ...,
of ng customers of type K and the server node is occupied by customer of
type 2, so total number of customers in system equals to n; + --- + ng + 1.
It is easy to write down the transition probabilities. This situation can be
also analyzed by method of induced chains (see section 3.2.3 for introductory
example). ' ‘

3.4 Necessary ergodicity condition for special class of
priority disciplines

We restrict ourself to the systems with infinite sources of customers of types
1,...,K. We suppose that discipline is such that the following conditions
hold: )

Condition 1 Service time for given customer of type k coming to the
server node is determined before starting the service and is exponentially
distributed with mean uj'.

Condition 2 No customer can leave the system before its service time is
exceeded.
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Remark. For absolute priority with preemptive resume and relative prior-
ity conditions 1 and 2 hold. For absolute priority without preemptive resume
condition 2 is not true.

Proposition 14 (Necessary ergodicity condition) Suppose that both condi-
tions 1 and 2 hold and the system is ergodic. Then the following inequality
holds ’ X :
2y,
k=1 Pk

Remark. Condition 2 in the above proposition is essential. To see this
consider absolute priority discipline without preemptive resume in case

I\,=2, /\1=/\2=1, ﬂ1=ﬂ2=2.

This system is ergodic but 2t + ‘% = 1.

Proof of the proposition. Let a be the type being served at the node at
current time moment. Event {a = 0} means that there are no customers in
the system. Suppose that system is ergodic and P, is its stationary distri-
bution. It is evident that '

Pa{a=0}+Pu{a=1}+--+Py{a=K}=1.
Flow balance condition for type k has the form |
M — urPo {a =k} =0.
So we get
K A,

;L_k':l—Pst.{azw}
k=1

and proposition is proved.
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3.5 System of several infinite and finite sources
3.5.1 Absolute priority with preemptive resume

We consider system with customers of the following types:

},...,Kl‘,&-*-l,...,f\,l +L1‘,I\’1 +L1 +1,...,Z(1\’[ +Ll) (5)
Py g =1
I F,

Customers of type ¢ have absolute priority with preemptive resume over
customers of type 7 if 1 < j. We assume that types

&...,I\,lj!\,l-*-Ll+1,...,I\,1+L1+IX’%,...

I] 12

correspond to infinite sources and types

r—1

Ki+l,...,Ki+Ly,....0 (Ki+ L)+ K+ 1, (K + L)

P i=1 =1 B

~

F

correspond to finite sources. We assume also that intensity of input flow for

infinite type k = {Zi([\’,- + L)+ Ki+v € I is A, service time is exponential
= .

with mean ( O -

Consider any group F; of finite types as separate priority system. This
is an irreducible finite Markov chain which is always ergodic. Denote by 7r(()1)
stationary probability of event “there are no customers at server node” (all
customers are in the buffer).

_ Suppose that the whole system is ergodic. Our goal is to get necessary
ergodicity conditions. Denote I1() the stationary probability of event “there
are no customers of types from groups I1, Fy, ..., I in system”. Define “total

load” R of the group I; as

VK; A0
RO =37 =5
i=1 M
The following relations hold
| N0 =m¢-Y7{D RO 1>2 0O®=1-RW, (6)
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iFrom ergodicity assumption it follows that all probabilities (6) are positive.
This gives rise to the following necessary ergodicity conditions

RM <1,
{ R < H(I'l)n((,'—l), 1=2,3,...,r. (M)

These conditions appear also to be sufficient for ergodicity.

Proposition 15 Compound system of different finite and infinite sources
with absolute priority with preemptive resume is ergodic iff conditions (7)

hold.

Our goal now is to write expressions for mean real service time and for
mean waiting time for a customer of infinite type k in ergodic case. Suppose
that system is in the stationary regime. For any k¥ < K|, consider

def
opnF  BFLLLLk =

def p { there are no customers of types from the groups I', F*,...,I', F! }

and of the first k types from the group I't! in the system

Lemma 16
k /\(1+1)

l '
o pg,. = 07 — > )

=1 [y

Proposition 17 Mean waiting time for infinite type k (see notation above)

I+

(pgﬂ) _ A£l+l)) 2

wo — ’ -t
k= 011.Fl,....l’,F‘,l,...,k)
and mean real service time is equal to

1

1 -1
M}E) — (ap,pl ,,,,, ILFLL,.., k) I+
Hi

Analogous formulae can be written for customer of finite type.

32
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3.5.2 Absolute priority without preemptive resume for infinite
sources

Consider system of different customer types (5) with the following disciplines:
if one or both of types i or j are from finite sources then discipline between 1
and j is absolute priority with preemptive resume; if both of types are infinite
then discipline between ¢ and j is absolute priority without preemptive resume.
As usually : has priority over 7 if ¢ < j.

In this case conditions of ergodicity also have form (7) where 7}’ and II®)
are defined in the same way as above but “loads” R() are defined as follows

/\(‘) N /\(1)
(1) + Z: (/\() 4+ /\53) (1) /\(l) + 2 (/\() 4 )‘2)')

: (8)
-1 . .
p 20 4 a0+ ) (/\({)+'”+Ag’)e)

Proposition 18 Priority system is ergodic iff conditions (7) hold where IV
are defined by (6) and R are defined by (8).

Our next goal is to write expressions for mean real service time and for
mean waiting time. Suppose that system is ergodic and is in stationary
regime.

Lemma 19

A 1
on gy DL, k=n(l)7f(())"

-y

i=1 u$1+1) + )‘§1+1) 4+ (1+1) + Z (/\() 4 /\g))

A0+

Mean real service time for infinite type of order k from group [;4, is equal
to

-1
M’ = (ﬂ‘k’“’ F A D Z (A + Aﬁ\))) |
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and mean waiting time is equal to

/M
/M = A¢+)?

WISI) = (UI‘.Fl,....I’,F‘.l.....k)_l (

Similar formulae can be written for customer of finite type. We leave this
to the reader.

3.5.3 Second vector field and fluid approximation for compound
systems

We consider the mixed model of section 3.5.1 consisting of many infinite and
finite sources (5) with absolute priority with preemptive resume. We shall
denote this priority system by L. States of the system L are strings of the
following form .

(n;,. ey NK MK 41y« - yMEK 4Ly - - "mz,:,l(KH'LxHKr'i'l" .. ’mZ,'=,(’\':+Ll))

where m; is number of queueing customers of finite type 7, n; is number of
queueing customers of infinite type j, m; € Zy, = {0,...,N;}, n; € Z,. So
state space of the system is ’

r

K\+L 1 1(K’+Ll)
4 1 1 - =
S =7K x X Zn X - x ZFrx x Zn. .
+ A ' + :
i=Ki+1 r—1

i= Y (Ki+ L)+ K41

=1

Induced random walk in Z¥1+-+K-

In this section we shall deal with induced Markov chain £’ with state
space

§' = Zhrti (9)

which we define below.

Let 71'((,') be the stationary probability of 0 for the finite MC correspond-
ing to the group F; of finite sources (see page 31). Let us consider first an
auxiliary Markov chain £*'* with state space (9) and transition probabili-

aux

ties p35*, a, 8 € &', which corresponds to priority system with the following

34
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infinite sources

L. KyKi+Li+1,...,Ki+ Li + Ky, ...
I RS

and absolute priority with preemptive resume between them. Note that if
pag > 0 then only one component of vector 8 — a can be negative (and
automatically be equal to —1).

Let us define now transition probabilities p;p for induced Markov chain

L'. We put for a #
p;ﬁ = p:uﬁx if ﬁj — Oy Z 0 for all j,

P;ﬁ = (7’(()1)7"(()2) oo W(()k)) Pap i B; — a; = —1 for some j,

™M=

_ & ‘
(Ki+L)<3 <& Igl(lx’; + L) + K41,

=1

and p::a =1- Eﬂ#a p:zﬂ

It appears that qualitative behavior of original Markov chain £ is tightly
connected with qualitative behavior of induced Markov chain L'

The following statement shows the usefulness of studying the induced
chain L. ‘

Proposition 20 Markov chain L is ergodic if and only if Markov chain L’
is ergodic.

We recall that MC L corresponds to the mized system of several infinite
and finite sources but MC L’ corresponds to the priority system of several
infinite sources which was studied in sections 3.3.1 and 3.3.3. So the study
of our original priority system £ can be reduced to the analysis of MC L'
which can be done in the spirit of sections 3.3.1 and 3.3.3. In particular, long
time behavior of long queues of customers from infinite sources of compound

system L is determined by the properties of the second vector field for the
Markov chain £'.

Second vector field
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In this subsection we consider an induced MC L’ states
integer valued vectors

K +-+K
(ﬁlv--s"l\’y?h’wh---’"K1+Kz;---) € Z_*_l .

11 12

Let us consider the following faces in ZK1+-+K-

Alk—{ZK +kZK +k+1,. ZI\’;}.
=1

=1

Note that A( K+l = A[+1 1.

of which are

We give in the following proposition a full descrlptxon of the second vector

field for the MC C'.

Proposition 21 (Explicit form of SVF for induced chain)

1. The face Ao, is always ergodic (by definition). The second vector field

on this face is equal to

vAo'l = (’\gl) - ﬂ'gl)v ’\g)’ ey /\5\1'3, /\?), sy )‘X’Z) .

So if ,\ﬁ S ugl) then the face Ao, is outgoing for any face of codimen-

sion 1; if ,\ﬁ" < ygl) then the face Ao, is ingoing for Ao

and outgoing

for any other face of codimension I; hence the face Agq is ergodic if

2D < D,

2. In the case when the face Ag2 is ergodic the stationary probability of
(1)
the origin for the ergodic MC A"} is equal to 0y = 1 — i}-y

Hy

3. If the face Ao is ergodic then SVF on Agy is given by

von" = (0, . .,/\i.l) - #ﬁl)a ..... k- l,’\ﬂzla . ’\5:3

.....

).

is outgozng for all subfaces of codzmenszon 1; zfz (/\(1)/;1“)) <1 then

the face Ao is ingoing for Agx+1 and outgoing for any
of codimension 1; hence in the latter case the face Ao 4

36
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. In case when Aoy is ingoing for Aoy the stationary probability of the
origin for the ergodic MC A1} is given by

k /\El)

o1k =1- Z o

i=1 Y
. Suppose that the face Ay, ‘is ergodic. Then SVF on Ay, is given by

! l l { r
vAo,k = (Oa KR ] ’\g o ﬂg +1)011,...,I; 71’(() )’ ’\g-H)a cet ’\3\2)
(here oy, .1, & Tia. 5 k) S0 if /\(1‘“)/#(11“) > 0q,, 7r((,1) then the

face A; is outgoing for all subfaces of codimension I; if /\SIH)/#SHI) <

for any other subface of codimension 1; hence in the case /\SIH)/;L(IIH) <

yyyyy

. In case when Ay, is ingoing for A;, the stationary probability of origin
for the ergodic MC AlhIu1} s given by

(1+1)
_ o _ A

011 ..... L1 - UI),...,I] 7r0 - T+_T)-
1

. If face Ay is ergodic then SVF on Ay is given by

] r
vA°-“ = (0, fe ,/\g-H) - ,uffl)a]l Iid,nk—1s /\g:ll), RN /\5\'2)

def ' £ (1)
(here 01]"-'vllyylv"'1k_l - 0’1'2"“'21 IK"""E§=1 K'+k_l)' SO 2fAk /l‘t

On,..li1....k~1 then the face Ay is outgoing for all subfaces of codimen-

£l+l) >

ston 1; if /\il“)/ugH) < o5..Ii....k—1 then face Ay is ingoing for
Ai k41 and outgoing for any other subface of codimension I; hence in
the latter case the face A4 1s ergodic.

. In case when Ay is ingoing for A; k41 stationary probability of the origin
for the ergodic MC AllTulik} 4s given by

AU+ kU4
_ Ak ) i
011,...,1‘,1,...,16 - UI] ,...,I[,,l,...,k—l - (l+l) == 011 ,....I[ 7r0 - Z (l+l) .
K i=1 [
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Fluid approzimation

Consider a deterministic dynamical system U,,t € R, on Rf‘+"'+K'
generated by the second vector field of MC L’ (see section 3.3.3).

Let Y, = (y1(s),y2(8),...) € S be the state of MC L at time s. Consider
a random process X, = (y;(s), j € I1,...,I.) € §' which is the “projection”
of Y,. Note that process X, is not Markovian. Restricting ourselves to the
process X, means that we are interested only in infinite sources and do not
take care about finite sources.

Let us choose the following initial configuration for C :

Yo = (i€ F,...,F, [z;N],j € L,...,I,).
In other words, we take any configuration of finite sources queues
Y=0wYiehR,.. F)
and configuration of long infinite sources queues
([z;N),j € h,..., L), = € Rf”'"”‘".

Denote by X,([zN];y°) the “projection process” X, which corresponds to
this choice of initial configuration.

Proposition 22 (Euler limit for compound system) For any choice of y°
the following convergence takes place for all z € Riﬁ““'”"

1

NX[tN]([:cN];yO) = Uz, (N = 00) a.s.

As in section 3.3.3 we are able now to calculate explicitly, the time 7(z)
for the dynamical system U, to reach the origin, starting from the point
z, (this can be done, of course, only in situation when priority system is
ergodic). This gives rise to the effective way for solving optimization problem
consisting in proper choice of priority order between different customer types
(see section 3.3.3).

Similar analysis can be done also for compound models of section 3.5.2.
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