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Quelques remarques concernant le probleme
de Riemann des équations de
Hamilton—Jacobi du premier ordre sur des
géometries quelconques

Résumé : Nous nous intéressons au probleme de Riemann le plus général
des équations de Hamilton—Jacobi du premier ordre. Nous proposons deux
inégalités que vérifie la solution de viscosité. Ces inégalités généralisent un
résultat de Bardi et Osher.

Mots-clé : Equations de Hamilton—Jacobi du premier ordre, probleme de
Riemann



The Riemann problem for first order Hamilton—Jacobi equations 3

We are interested in the solutions of
¢+ H(V¢) =0 in IRV x (0,+00) (1)
with an initial condition
¢’ () = #1(z) + pp(z), = € RV (2)
when
1. H € C(RY),
2. ¢Y et ¢Y are respectively convex, concave and uniformly Lipschitz.

At t =0, ¢ is also uniformly Lipschitz and continuous.

This Cauchy problem admits a unique viscosity solution in U C’w(]RN X
[0,77]), the space of function which are uniformly continuous in z € IRY uni-
formly in ¢t € [0,7]. We want to generalize Bardi and Osher’s inequalities
[BO91] on the exact solution of problem (1-2). Their inequalities deal with
the solution of problem (1-2) when ¢} and ¢ are :

qb(l)(a;) = qbl(a;la"'va) ) qbg(x) = ¢1($p+1,"‘,«151v)

for some p, 0 < p < N. The starting point is Hopf’s formula that gives the
solution when 9" is either convex or concave :

e for a convex initial condition,

é(z,t) = sup [m.v — ¢™(v) — tH(v)] ,

velRN

e and for a concave initial condition,

¢(z,t) = inf [:c.v — ¢%(—v) — tH(v)} )

veRN
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4 Rémi Abgrall

1 General solution

We denote by 9* the Legendre transform of 1. If 9 is convex,

$*(v) = sup [z.0—9(z)],

z€RY
if 7 is concave,

P*(v) = inf [—z.v — ¢(x)].

z€elR

In both cases, 9 is the Legendre transform of its Legendre transform. We
denote by D, the set defined, for a convex function by

Dy = {v e RY,¢*(v) < +o0}
and for a concave function by
Dy = {v e R",¢*(v) > —o0}.
We start by solving (1-2) with
Ty(z) = di(z) —z.v - ¢3"(v) > ¢'(). (3)
This is a convex function because ¢! is convex. We compute ¥Y*. By definition,

W) = s lrw— W)
= SUP, RN [x(’U + w) - 925(1)(37) + ¢8*(v)]

+00 else

_ { (o) + ¢ (v +w) i ve Dy

UY* is finite if and only if v € Dy and v + w € Dyo. In the following, we say
that W*(w) = ¢%*(v) + ¢¥*(v + w) = 0 if v & Dgz. This changes nothing to
the results.

Hopf’s formula [BE84] says that the solution is

U, (z,t) = Sell]}f\ [a: cw — U (w) — tH(w)] )

INRIA



The Riemann problem for first order Hamilton—Jacobi equations )

Standard inequalities on viscosity solutions and (3) show that the viscosity
solution ¢ of (1-2) satisfies :

inf sup [z.w— ¢3*(v) — $1°(v +w) — tH(w)| > é(z,1).
veRY welRN

The same arguments show that

sup inf [w v+ w— @Y (v) — tH(w)] < f(z,t).
vEDq,)(l] weRY

This generalizes the result of [BO91].

Proposition 1.1 The viscosity solution ¢ of the Cauchy problem (1-2) satis-
fies, when ¢° = ¢{ + @3 for a conver ¢\ and a concave ¢ :

inf, pv sup,epy [z (w — v) — #5*(w) — ¢1°(v) — tH(w — v)] > ¢(z, )

> sup, ey inf epmy [z (W — v) — ¢5*(v) — ¢V (w) — tH(w — v)]

Remark 1.2 When ¢ is identically vanishing, the previous inequalities pro-
vide the viscosity solution because ¢3* = —oo except for v = 0. Similarly, with
Bardi and Osher’s assumptions, we us set x = (za,zp) when 4 € IR? and

zp € RN P, If ¢9(z) = ¢3(x4) and ¢9(z) = ¢3(zp), clearly we have

<,‘bg*(v) _ { +00 if wvp#0

#*(va) else.

A similar result can be obtained for ¢3* : Bardi and Osher’s results can easily
be deduced.

2 Application to the solution of Riemann’s
problem on general meshes

We consider (1-2) for a piecewise linear initial data. More precisely, RY is
partitioned in angular sectors €2y, ---,€2,. We define ¢ by :

r€ Q¢ (z)=A+U;. . (4)

RR n " 2442



6 Rémi Abgrall

A piecewise linear function is convex if and only if
Vie {0,---,n}, Ve € Q;,Vj € {0,---,n},(U; = U;) .z <O0. (5)

For a piecewise linear concave function, the < of (5) is modified into a >.
We notice that ¢’ is the sum of two piecewise linear functions ¢; and ¢s,
respectively convex and concave. This decomposition is not unique, but ¢ and
¢4 is another one, there exists a linear function v such that ¢} = ¢; + ¢ and
@ = ¢po — 1. This result is recalled in Appendix A.
What remains is to compute the Legendre transform of a piecewise linear
convex function. We have

VeeQ,z.v—¢(z) =A+z.(v-U)).

Since each €; is invariant by similarity, if v satisfies : there exists i € {0,---,n}
et z € (); so that
(’U — UZ) . > 0,
then ¢*(v) = +oo. Hence,
¢*(v) < +oo <= Vi€ {0,---,n}, Ve € Q;,(v—-U;).z <0, (6)

and we have ¢*(v) = A because 0 € €2,. We characterize this set. It is convex, it
contains each Uj, j € {0,---,n} since ¢ is convex, thus their convex envelope
Ky4. Assume now there exists v € K so ¢*(v) < +oo . Their exists w and «
such that w.v > aand U;.w < a for all i € {0,---,n} thus w.(v —U;) > 0
and then ¢*(v) = +00. We have proved

A if ve IC¢
¢*(v) = (7)

+o0o  else.

The formula (7) is still true for a concave function if we change the +o0o into
—oo and replace Ky by K_,. Clearly, K_, is the symetric of Ky with respect
to the origin. Thus, We obtain the following inequalities on the solution of the
Riemann problem :

A+infyex,, supyex,, (7. (w +v) — tH(w +v))
A+ sup,ex, infuex,, (7. (w+v) —tH(w +v))

IA IV

=

8

=
S

INRIA



The Riemann problem for first order Hamilton—Jacobi equations 7

Note that (8) is independent of the decomposition of ¢. This formula helps to
understand how to discretize this type of PDE on an unstructured mesh. These
equations are models for a wide variety of physical phenomenons (propagation
of flames for example), they are helpful for computer vision, mesh generation,
etc. These problems have to be studied on complex geometries.
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A Decomposition of a piecewise linear func-
tion

Let us assume that R2=Q,; U--- U .., each angular sectors meet at O. We
recall how is built the decomposition of a piecewise linear function ¢ as the sum
of piecewise linear convex and concave functions, where both are continuous.

We consider the convex envelope of the graph of ¢. It is the graph of a
continuous piecewise linear function ¥. We want to show that ¢/ = ¢ — ¢ is
the sum of two piecewise linear function, where one is convex wheras the other
one is concave.

Since the graph of ¢ is the convex envelope of ¢, ¥’ is the sum of functions
that are zero everywhere except in a collection of angular sectors that meet
at O. Moreover it is a negative function. Each of these angular sectors is the
collection of several §2;. In order to simplify the text, we assume that there are
only two of them, Q; and Q,, as on Figure 1. We set Q = IR> — Q; U Qs, and

RR n° 2442



8 Rémi Abgrall

D,

(951

Q2

D>

Figure 1:

we consider the case of a function ¢ > 0 defined by :
0 in €
QS(.T) = Ul..’L' in Ql
U2 . in Qz.
We define the lines D, Dy et D,, and the sets 2}, Q) by :
e Uy.x=Us.zon D,
e Uy.xz=0o0n Dy,
e Uy.xz=0o0n D,

e U1.2<U;.2<0o0n Q) and Uy.z < U;.z <0 on .

To say that v’ is neither convex or concave means, because of the concavity—
convexity criterion of §2 :

o Up.o <Uz.zon QUQ, with0<U;.z <Us.z on Q,

INRIA



The Riemann problem for first order Hamilton—Jacobi equations 9

o Up.z <Uj.zon QUQ,, with0< Us.z <Ujp.z on Q.

Let us notice that ¢ is concave on €24 U €)5. Let ¢ be :

0 in Ql U QQ

$1(z) =< vi.xz in Q)

vg.z in Q.
We are looking for a continuous ¢; : ¢; is vanishing on Dy and D5, hence v; =
a1U; and vy = apUs on one hand and on the other hand we have v; .2 = vy.
on D so that a; = ay = a. With the criterion of §2, we check that ¢; is convex

if @ < 0 because Uy.z < Uy .z on 2] and we have the inverse inequality on
Q). Let us compute ¢ = ¢ — ¢ :

—alU;.z in Q)
—alUs;.z in Q)

d)g(l'): Ul.IL‘ in Ql
UQ.IL‘ in Qg

and check that ¢ is concave for a < —1 :

o z c ), we have :

1. —a(Uy —U;).z > 0 because a < 0 and by definition of Q,
2. (14 a)Uy.z >0 because 1 + o < 0 and by definition of ],
3. (Uz+ alUy).z > (Uy + aUy).z > 0 for the same reasons.

e z c ()y, we have :

1. —a(Uy —Uy) .z > 0 because @ < 0 and by definition of Q4,

2. (=Ur—als).z(Us+alUs,) .z > 0 because 1+a < 0 and by definition
of Ql,

3. (Uy — Uy).z > 0 for the same reasons.

e For z € Q) ou 2y, we have the same results for the same reasons.

Any continuous piecewise linear function is the sum of two continuous pie-
cewise linear functions where one is convex and the other one is concave. If
two decomposition are possible, ¢1 + ¢o = 11 + psio, Where phiy, 11 are convex
and ¢, ¥y concave, then the convex piecewise linear function ¢y — 15 is equal
to the concave piecewise linear function ¢, — 91 , so that they are linear.

RR n’ 2442
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