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Abstract

In this paper we consider the numerical solution of the Bellman quasi-variational
inequality (QVI) associated to the problem that consists in finding the minimum of the
maximum of a scalar functional on a trajectory. We present an approximation method
for the numernical solution of the QVI which employs both discretization on time and
on spatial variables. In this way, we obtain a fully discrete problem that has an unique
solution. We give an optimal estimate for the error between the approximated solution
and the optimal cost function of the original problem. Also, numerical examples are
presented.

Résumé

Nous étndions ici la solution numérique d'une inéquation quasi-variationnelle asso-
ciée a la minimisation du maximum d’une fonctionnelle définie sur la trajectoire d’un
systéme dynamique gouverné par une équation différenti¢l ordinaire. Nous faisons la
présentation d’une méthode d’approximation qui emploie des discretisations en espace
et en temps. Nous obténons des estimations optimales pour la vitesse de convergence
des solutions approchées vers le coit optimal du probléme originel.

Keywords: minimaz problems, quasi-variational inequalities, Bellman equation, vis-
costty solufion, numerical solution.

AMS Classification: Primary: 49D25, 49A40 Secondary: 49C05, 49C20
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1 Introduction and description of the problem

1.1 Description of the problem

We consider in the interval [0, 7] a dynamic system which evolves accordmg to the ordma.ry
differential equation

Vi) = glulshals) 0<t<a<T, 1)
with initial condition
y(t) =2 € Q C ®,Q an open domain. (2)
The optimal control problem consists in minimizing the functional J
J: LTI xQxUi¢,T) — R A
(bza() = J2a() = emeup{fs(s)als) s € [T} (3)
The set of controls is denoted by U(t,s), =
U(t,s) ={a:[t,s] —» A CR™: o) measurable}.

This problem arises, for example, when we want to minimize the maximum deviation of
the controlled trajectories with respect to a given special trajectory. This differs from those
problems usually considered in the optimal control literature, where an accumulated cost is
minimized. As considering an accumulated cost is not always the best method to qualify
a controlled system with an unique scalar parameter, problems of this type have received
considerable interest in recent publications (see e.g. [2]).

The objective of this work is to approximate in a numerical way the value function u

u:[0,T]xQ — R
(t,z) — u(t,z)=inf{J(t, 2, o )) a €U, T)}. (4)

The principal results are the following ones:

In §2, we obtain a discrete time approximation using a finite differences scheme and we
give an estimate of the error of this approximation.

In §3, by using linear finite elements, we obtain a fully discrete approximation that con-
verges to the solution of the original problem with rate v/k.

In §4, we generalize the previous results, for the case where the cost functional includes
an integral cost.

In §5, we show the optimality of the estimation Vk.

In §6, we present some numerical applications with computational results.
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1.2 The value function

1.2.1 Technical assumptions

Let BUC(S2 x A) be the set of the bounded and uniformly continuous functions on Q x A.
' We assume that f and g satisfy the following hypotheses:
A)g:Qx AR, g€ BUC(Q x A)

lo(z, )l < My, llg(z,0) — 9(Z,0)|| < Lllz - %) ,V2,Z7€Q,Vae A (5)

A)) f: Qx AR, f € BUC(Q x A)

OSf(z,a)S M; ,If(z,a)—f(i,a)l SLf”z—?E” Vz,Z7€Q,Va€ A (6)

A;) A is compact

A,) The trajectory y(-) remains in Q, for any control that belongs to U(t, T').

1.2.2 Properties of the value function
The following properties have been established by Barron-Ishii in [2]:

e u € BUC([0, T] x ), moreover, the function u is Lipschitz continuous in its second
variable with Lipschitz constant L,

L. = L; exp(L,T). )

¢ The value function u satisfies the following dynamic programming principle V ¢ € [0, T'),
z €N .

u(t, z) = inf {max{ess 8up, i, f(¥(7), a(7)) , u(s,y(s))} : x €U(t,8)}, (8)
with final condition
u(T,z) = min{f(z,a) : a € A}. 9)

o The function u is the unique viscoeity solution of the following quasi-variational in-
equality, t € [0,T), z € Q,

max{w(t, z) + H(t, z, u(t, 2), V,u(t, z)), ?‘1512 f(z,e) — u(t,z)} =0, (10)

where .
H(t,z,r,q) = min{q- g9(z,2): 2 € A/ f(z,2) < r}.
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2 A discrete time scheme of approximation

2.1 The discrete time problem

Here we introduce an auxiliary problem that is a natural discretization of the optimal cost u
defined in (4). We divide the interval [0, 7] into 4 subintervals with common length A = T'/p.
Let us define, for every n=0,...,u

Uh(n) = {a(-) € U(nh,T) : « is constant in [kh, (k + 1)h),k =n,...,u} (11)

IH(ny2,00()) = max. 1(44(K) M (kR (12)
ub(n,z) = ahle.;.(i'l'l(n) JA(n, z, 0P(")) (13)

where y* is a discrete time process. It is recursively defined, Vk=n,...,u— 1, by
{ Yk +1) = yP(k) + hg(y*(k), o* (kh))
) = 2

Remark 2.1 The process y* is the Euler discretization of the continuous system (1). In
(13) the minimum exists because I/*(n) is compact in A*~" and J? is a continuous mapping
from U(n) to R by virtue of hypotheses A;-As.

(14)

2.2 Properties of the function u”

In the following lemma we will establish the dynamic programming principle verified by the
discrete time cost. It gives a recursive way to compute the function u*. The proof follows
classical lines and we omit it for the sake of brevity.

Lemma 2.1 For everyn=20,...,u — 1, ut verifies the recursive relation
ut(n,z) = l;%ii] {max{f(z,a),u*(n+ 1,z + hg(z,a))}}, (15)

and the final condition , »
(s, 2) = min f(z, ). (16)
It is easy to prove —using well known techniques as those that can be seen in [11]- that

~ the function u* is bounded and Lipschitz continuous in its second variable with Lipschitz
constant L,. These results are announced in the following lemma.

"Lemma 2.2 For everyn=20,...,u4, 2z and Z € R, it is valid that

0< uh(na z) < M!) (17)

|ub(n,z) = uh(n,2) | < Lullz - Z||. (18)
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2.3 Approximafion of controls with step functions

To compute the discrete time optimal cost function, in (13), we optimige the functional J*
on the set U*(n), whose elements are step functions. To prove the convergence of u* to u,
we need to establish relations between controls of ¥(nh, T') and UP(n).

Since the relation U*(n) € U(nh, T'), is obvious, we have to prove that U*(n) approximates
the set U(nh,T) in the following sense

D UNo) = U(o,T),

p=l

where the closure is taken in the weak® topology of L*=(0, T).

For any yu, we take h, = T/ and we divide the interval [0, T}, into u, subintervals I,
where [; = [t.',t.'.,,l), ti=1h,andt=0,...,u4 ~ 1.

Given o) € U(D,T), we transform it by eliminating (in zero measure sets) those values
of a(-) such that f(y(t;),x(s)) is greater than the ess sup {f(y(t:), o:(t)) t € (0,7)}; in
other words, we consider the operator

Q:U@,T)y—~U(,T)
with the following properties:
Q(a(-))(s) = afs) , in a.e. s € I

(19)
ess sup,¢r, f(y(t:), a(s)) = sup F(y(t:), Q(a(-)(s))-

Remark 2.2 The operator Q depends on the chosen partition of [0, T], but we omit that
in the writing to simplify the notation.

Remark 2.3 It is clear that o and Q(a) have the same action on the system (1), in the

sense that
tiy1

] 9(y(t:), Q(a())(s)) ds = / 9(y(t:), o(s)) ds. (20)

IR &

Deflnition 2.1 Let A(w, 1) := {Q(a(-))(s) : s € L} and (e, §) := A(a, 1) z) its closure. Clearly,
by hypothesis A3, I'(a, t) is compact.
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Lemma 2.3 For everyt =0,...,u; — 1, there exists a step function «, that takes at most
r + 1 constant values in I'(a, 1), on I;, such that

] g(y(ts), a(s))ds = [ g(y(t:), wuls))ds, (21)
l}let;gf(y(ta),aw(s» < fggf(y(ta), o(s)). (22)

Proof: As I'(a,t) is compact, using the results of Proposition 4.1 in [13], it is possible to
construct a function o, such that,

i1 tig1

[ 966, QNN d = [ ottt auted) de. @

t 4

By definition of Q(«), we have

/ g(y(t:), Q(a())(s)) ds = ] g(y(t:), o(s)) ds. (24)

¢
From (23) and (24), we get (21).
To prove (22), let us note that if ¢ € L, then Q(a("))(t) € I'(a, ). Therefore,

max f(4(t:), Q())(e) < sup f(u(t)a).
¢ a€l(ay)

In addition, since I'(«, i) = A(a, 1), we have
lg(?x;) f(y(&:), -) = mup{f(y(t:), a) : ¢ € A(, 3)}.
From definition of A(«, t), it results

sup f(y(t:), ") = sup f(y(t:), Q(a())(s)).
Ala,) €L

Taking into account (19), it follows that

- maxf ((t:), Qa(-))(3)) < sup f(y(t:), Q(a(:)(s)) = ess sup,¢;, f (y(t.-), a(s)).
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Remark 2.4 By virtue of Lemma 2.3, we can define an operator £
E:U(O,T)— U(O,T)

such that £(«) is a step function that verifies (21) and (22). To simplify the writing o,
denotes the image of such mapping.

Note 2.1 To simplify the notation and the exposition, C, M and K denote any generic
constant whose value depends on the context where it appears. Such constants only depend
on the functions f and g of the problem but they are independent of the parameters h, k, p

of discretization.

The following lemma gives an estimate for the difference between the original trajectory of
the system and the system’s response corresponding to the step control o, (-).

Lemma 2.4 Let y(-) be the response to the control a(-) and y,(-), the response to the control
aw(-), then

l¥(t) = yo(@®) | < M Ay, (25)

where
M = My(2 + exp(Lyt)). (26)

Proof: We define,Vi=0,...,u-1,

E; = || y(t:) — yo(t:) |-

In consequence, it is valid that

/ (9((s), a(s)) = 9(vu(s), cu(s))) ds

17

Eim < Ei+ y (27)

To estimate the second term of (27), we write

[ @06, a6)) = s(vls) au(s)) s

<

] (9(y(s), a(s)) — g(y(t:), «(s))) ds “

¢

tisl

[ (666, at6) - 9(u(6, xulo)) s

&

<+
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+ ] (9(y(ti), aw(s)) — 9(vu(ti), 2u(s))) ds

+ ] (9 (vmlts), xol2)) — (s}, () s |

From (1) and (5), we have

[ stwe), atenas

¢

ly(s) =y}l = S My(s—t:).

Then, using (5) and (29), we estimate the first term of (28) in the following way:

“ (9(y(s), als)) — g(y(t:), a(s))) ds

< / 1l a(u(s), (o)) — g(u(ts), (o)) | ds

g

tig1 tipr

< I, /Ily(a) y(t)||d3<LM/(s t‘)ds<LM-i.

4

‘We can estimate in a similm' way the fourth term of (28):

L TFRY

/ (9(vw(ts), 2(9)) — 9(vo(s), 2u(s))) ds

t

3
< LM,

From (21), the second term of (28) is zero, i.e.

=0.

] (g(y(ti), als)) — g(y(t:), 2w(s))) ds

From (5), the third term of (28) can be estimated as follows,

" (9(y(t:), w(9)) = 9(yu(t:), @(s))) ds “

(28)

(29)

(30)

(31)

(32)
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.

tig1

< [ oot cule)) = atum(t au(o) 1 do

bt
< I, [196) - w(t) | ds < Bihs. (33)

&

From (27), (28), (30)—(33), we get

Eia < E.'(l + Lghl) + LgMghg .

Taking into account that £, = 0, by induction we can prove that

=1

Ei S LMY (14 Lok,
. §=0

Since _

—1 :

. (1+ L) -1
1+ LAY =

Jza.;( g 1)1 (l + Lghl) -1’

we obtain

Ei S Mghl(l + Lghl)‘.

Let t € I;, for some t = 0,...,u; — 1, we have

. (39)

19) = v < 1965 - wlt) | + / (9(y(s), 2(9)) = 9(vu(s), 2u(s))) do

To estimate (34), we take into account that

S 2Mgh1 ’

[ (atw(o), o) - aluute), cua(s)) ds

and thus, we obtain

| y(t) ~ vu(t) || £ 2Mohy + M hy (14 Lahl)‘ < Mjhy(2 + exp(Lgt)).
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2.4 Approximation of controls with uniform—step functions

The control oy, is a step function which has, at most, r + 1 steps in each interval of length
hy. We are interested in approximating the set 2/(0, T') with uniform-step functions, so we
need a suitable element of #/*(0), that approximates a,, in the sense described below.

2.4.1 Definition of the control o/

We introduce a parameter v and define
hy

h=m,

where (3] is the integer part of s.

For any interval I; = [t;,ti41), ti = thy, we know that «, takes, at most, r + 1 different
values denoted by a;;, ¢ = 0,...,u— 1, 7 =0,...,r. Accordingly, A;; denotes the length of
the subinterval where a,, = «;;.

We define .
Ctio = & 1=0,...,m—1

j-1
ti =+ 2 A J=1,...,r+1
k=0- . | (35)

t‘1=h[t‘1/h] i=0$""l“1—19j=0g~--)r+l.
au(s) = Vse€ ft:j,ﬂ.m)

Therefore, o = o, in I; except at most in r+1 intervals of length 7;;, with n; = t;; — t;; < h.
Then, a/,:, = ay, in I; except in a set which measure is smaller than

r4l

Y i S (r 4 1A, (36)

J=1

2.4.2 Properties of the control o
The procedure of construction of o, implies

oh € Uh(0),

{ah(s),2 € L} = {als), s € I}
By the previous assertion, it is valid that
max f(y(t:), au(s)) = max f(y(t:), cu(s)). (37
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From (22) and (37), we have

max f(y(t:), o5 (s)) < ess sup,er, f(u(ti), () (38)

The following lemma gives an estimate for the difference between the original trajectory of
the system and the response corresponding to the uniform-step control o ().

Lemma 2.8 Let y(-) be the response to the control () and y2(:) the response to the control
0’3('); then ' '

|v@) - i) || < KVh, (39)
where
K=M, 2(’L+ D (4 +3 exp(L,2)). (40)

Proof: To estimate the difference between y(-) and y2(-), we write

| 9(®) = va ) || < Nult) - vult) l + || valt) - vi8) || - (41)

The first term of (41) was analyzed in lemma 2.4 and has the estimate (25).

To estimate the second term of (41),let ¢t € I;, forsome : =0,..., 4 — 1

B ‘ .
lval®) = @) || € || volts) - B || + / (9(vu(2), 2 (2)) = 9(¥i(3), 4i(3))) ds |- (42)
The second term of (42) is bounded by
[ Goated au(s) - ol636), (6D do | < 21 hs. (43)
To estimate the first one, we define Vi =0,...,u — 1
E; = ” Yulti) — y&;(ti) ” ’ (44)
then .
B < Ei+ / (9(vu(t:), 2u(s)) = glya(ti)sal(s))) dsfi. (45)
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To estimate the second term of the right side of (45), we write

: g(yw(s)s aw(s)) - g(yf,(s), (12,(3)) = |
= (9(ya(s) 20(s)) =~ 9(vu(t:), u(s))) + (9(uuti) xu(#)) = 945 (1), @uls))

+ (g(y.',‘,(t-'); aw(9)) — g(vh (), ob(3))) + (a(vh(ti), 2k (s)) — 9(v%(s), 0 (s))) .

It i8 clear that the following estimates hold:

[ 69, o) = sl ) ds | < 2 M5 (49)
](g(yﬁ(ti)» 021.9(3)) - g(yﬁ(*’), aﬁ(s))) ds < LgMg%g) (47)
/ (9(volti), 2u(8)) = g(yb (i), 2u(s))) ds | < LyEihy . (48)
By (.;36), the following result holds
| [ ke ann - sbier ok ) as| <amrh. o

In consequence, by substituting (46)—(49) into (45), we have

Eiz1 < Ei(1 + Lhy) +2My(r + 1)h + LM A3 .

By induction, and taking into account (44), we obtain

: -1
E; < (2M(r + Dh+ LMGh3) Y (1 + LY.

§=0
Since

i-1 . .
(14 Lk -1
1+ L)Y = ,
;( g 1)1 Lghl
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and '
(14 Lyh, ) < exp(Lgt),

we obtain the estimate
E: < (2M,(r + 1)h + LM 1) %‘!t—) . (50)
g/l

The minimum corresponding to the right side of (50) is achieved at

u=‘/3(%{:‘—). (51)

We suppose, for the sake of simplicity, that v is an integer. The general case can be proved
similarly with no difficulty.

Consequently, from (50) and (51), it results

. < exp(Lyt)2Myy / E(L{—’)-ﬁ .
_ 9

@) - i) || < 20, 2(';,' D ep ) VE+2Mhy.  (52)

By using (43), we have

Finally, from (25), (26) and (52) we have the estimate

@) - o) || < KVh,

where K = M, 2(rL+ l)(4 + 3 exp(L,t))
9

2.6 Rate of convergence

In the previous section, for each policy @ € U(0,T) and its associated response y(:), we
have defined an approximating control o® € U/*(0) and we have obtained an estimate for the
difference between the corresponding trajectories. In this section, we will give an estimate
of the difference between u* and u.

We define, for every n = 0,. .., u, the following auxiliary function

u®(n,z) = ahren;li{:(") J(nh, z,o(+)). (53)
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Theorem 2.1 Let u(0, z) be the optimal cost of original problem and ub(0,z) the discrete
time cost defined in (13), then

|u(0, z) — u*(0, z)' < Mvh. (54)

Proof: To estimate the difference between u(0, z) and u*(0, z), we write
| u(0, z) — u*(0, z) I <|u(0,z) —u*(0,z) | + | u*(0,2) — u*(0, z) | . (55)
Taking into account that the error associated to Euler’s integration method applied to the

system (1) is of order h and following the methodology used in [5, 6], it is poeslble to prove
that

| u*(0,2) — u*(0,2)| < Ch. (56)

The proof follows well known techniques and it is here omitted for the sake of brevity.

Let us now estimate the first term of the right side of (55):
1. As UM0) C U(0,T), we have by definition (53)
‘ u(0,z) < u*(0,2). (57)

2. Conversely, we consider o € U(0,T) and o € U"(O) the control defined in (35), that
is associated to «. Then we have

J(0,2,0},) = ess sup, o 1) f(ya (), 0fﬁ(-"))- (58)
Let s € I,
fa(e)au(s) = (Fra(s), () = F(y(s), (o)) +
+ (F(y(s), ap(9)) ~ F(u(t:), au(9))) + Fu(t:), al(s)),  (59)
by (6) and Lemma 2.5, we have
| (¥5(s), @b (9)) — f(y(s), da(9)) | < CVR, (60)
| F(y(), 0l (3)) = Fly(t:), 2i(3)) | < Ch. (61)
From (38), we obtain

es8 8up, et 7y f(U(1), A5(s) = _max_ {max f(y(s), b (s))}

< . max {ess sup,er, f(y(ti), @(9))} < J(0,z,a(-)) + LyMyh. (62)

$=0y..ppsy —
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Coﬁsequently, from (3), (59)-(62), we get

J(0,z, QZ()) < J(O, z, a()) + M\/f_l,

therefore
u®(0, z) < J(0,2,0%(-)) < J(0,z,a(-)) + MV
Taking the infimum over U in the right side of (63), we have
u¢(0, z) < u(0,z) + MVh.
From (57) and (64), we get’
| (0, 2) — u(0,z) | < MVh.
Finally, from (56) and (65), we obtain

| |{Q(o, z) - u*(0,z)| < MVh.

Remark 2.5 In the previous proof, we suppose, without losing of generality, that

k<l

(63)

(64)

(65)

Remark 2.6 In a similar way as it was done in Theorem 2.1, we can also prove that,

Vn=0,...,u, the following inequality holds

|u(n,z)— "(n,z)l < Mvh.
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3 Fully discrete solutions

In the previous section we have approximated the function u with one obtained by discretiz-
ing the original problem in its time variable. This approximation scheme is not directly
implementable to be computed numerically. To obtain a fully discrete approximation with
this property, we discretize the space (2, using the methodology described in [14, 15].

31 Elements of the discrete problem

We identify the discretization of the spatial variables with the parameter k, which also
indicates the size of the discretization.

3.1.1 Approximation of the domain

We consider a family of quasi-uniform triangulations of 2, which is denoted by {S*}, and
verify,

o For all k£, S* is a finite collection of closed simplices {S% },. contained in .

) US’," = (3, where £ is a polyhedron such that, as k goes to 0, ; converges to € in
J

the following sense

- C _

- V Z compact, Z C 2, 3%(Z) such that Z C Q;, V k < k(Z).
o If .S’;-' € Sk, S:,' € S%, S;-‘ # S:, we have

- int(S}) Nint(S}) = 0.

- Eithe; SN Sk = 8 or S* and S} have in common a whole (r — m) - edge,
m=1,...,r

¢ max (diam(S*)) = &

o 3 h, > 0 for which z + hg(z,a) € U, V2 € U, Va €A VR < h,.

e If d; is the diameter of the simplex S;-‘, then 3 x, > 0, 3 x, > 0 independent on the
discretization, such that

— the simplex SJ’.‘ has a sphere of radius r; in its interior and it results

ri 2 X dj, (66)

— for any simplex S%,
k < X, dj' (67)
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Let Vi = {z',2=1,..., N} be the vertices of Q, arbitranly arranged and ¥ its cardinal.
Every = € 4 is a convex combination of the vertices z* of the simplex to which = belongs.
Hence, ¥V a € A there exists a matrix N XN, with components v;(z*, ), such that:

'yj~(:z‘,a)20, Vi,5;=1,...,N. (68)
y :
Z'y,‘(z‘,a)zl, Vi=1,...,N (69)
j=1 :
‘ N
z‘+hg(m‘,a)=z’yj(z‘,a):c", Vi=1,...,,N. (70)
J=1

3.1.2 Definition of the approximate space F}

We consider the set W, of functions w : Q; — R, w € WH®(8,), such that dw/dz is
constant in the interior of each simplex of 2, i.e., the functions w are linear finite elements
and they are characterized by their values on V. We denote

Fi = (W)
Note 3.1 The elements of F} will be denoted by wi(n,z), n=0,..., 4, z € V4.

3.1.3 Definition of the fully discrete solution

Taldang in mind the equation (15)—(16), we define the fully discrete solution to be the function
u} € Fi such that,Vi=1,...,NandVn=0,...,u— 1, verifies

N . N . .
ut(n,z') = min {ma.x{f(x’,a), Z:‘—yj(z',a)uﬁ(n +1, z”)}} ;

a€A -
j
(71)
h W i
bl ) = min /(z",a).
Remark 3.1 Obviously, the solution of (71) is unique and can be computed recursively.
This allows us to implement the computational procedure.

Remark 3.2 If A is an infinite set, then (71) is not a fully discrete scheme in a strict sense.
To obtain it, the final step consists in approximating this compact set by a suitable finite
one. We have omitted such approximation in this paper to simplify the exposition. Because
of this, from now on, we consider that A is a finite set. To simplify the proof of the following
theorems we also suppose that Q@ = R". In the general case, 2 # R7, it is also possible
to prove them under suitable hypothesis of regularity in the boundary and by an external
approximation of the domain. The corresponding techniques can be seen in [12].
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3.2 Central result

3.2.1 Rate of convergence

To obtain an estimate of the rate of convergence of the fully discrete solution, we establish an
auxiliary result given by the following theorem, which brings an estimate for the difference
between the discrete time cost and the fully discrete cost (defined in (15) and (71), respec-
tively). The proof is based on regularization techniques and the obtained estimate depends
on the regularization parameter p.

Theorem 3.1 Letz € Vi andn=0,...,u, then it results

. 2

Iu"(n, z) — ub(n, z)| S Mp+T (L.,L,p + Lu;’;) . (72)
To prove this theorem, we apply properties established in lemmas introduced in the following
subsection. The proof consists in obtaining estimates for the differences between subsolu-
tions and supersolutions of problems introduced ad-hoc. :

The central result of convergence is given by the following theorem which establishes an
estimate of the difference between the optimal cost and the fully discrete solution.

Theorem 3.2 If there exist constants ¢, and c3 such that

ak < h < ek, (73)

then there exists C such thatVz € V3 andV¥n=0,...,u, it results
|u(nh, z) - uh(n, z)| < CVE. (74)

Proof: By using both the results of theorems 2.1 and 3.1, it results

. 3\
lu(nh, z) — up(n, z)l <CVh+Mp+T (LuLgp + Lu%‘-) . (75)

The estimate obtained in (75) attains its minimum value at p = Ck/vh, in consequence

lu(nh, z) — vh(n, 2)| < © (ﬁ + %) .

Taking into account (73), we obtain

[u(nh, z) ~ (i, 2)| < OVE.
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3.2.2 Definitions and auxiliary properties
Let S(-) € C®(R’), with the following properties

ﬂ(z) 2 0) . Vze€ 8?',
supp(f) C B(0,1), (76)
Jor B(z) dz = 1.
We define :
Be(z) = p~"Blz/p), Vpe€ER (77)

We define Vn = 0,..., u, the function uﬁ, regularization of the function u*, as follows

ub(n,z) = A Wz~ y)Be(y) dy. (78)
By virtue of the convolution properties, V z, z € Q, the function u’; ;'eriﬁee

|ub(n, z) — b, 3)] < Lullz - 2], (79)

|ub(n, ) — u*(n,z)| < Lup. ) (80)

Remark 3.3 The proofs of the following lemmas are presented in the appendix in order to
clarify the exposition, arriving directly to our central result of convergence.

Lemma 3.1 For everyz € V4, n=0,...,u— 1, it results

u::(n, z) < Eg} {max {f,(z, a), u';(n + 1,z + hg(z,a)) + LuLghp}}, (81)
where f,(z,a) = f(z,a) + Kp and K = Ly + L.(2 + Lgh).

From the previous lemma, we get the following corollary which esiablishes that the function
u? is a subsolution of the perturbed problem (82), or in other words, that the inequality (83)

(4

holds.

Corollary 8.1 Letz € V4, n=0,...,u— 1, and v, € C(Q)*** be recursively defined by
vp(n, z) = Eg? {max{f,(z,a), vp(n+ 1,z + hg(z,a)) + hL.Lgp}},
(82)

v(2) = min f,(z, ).
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Then,
up < v, (83)

Definition 3.1 u’;,,, denotes the linear interpolation of u’;. In other words, the element of
Fy, such that,
Vn=0,...,u, and V z € Vj, verifies

Upu(n,2) = 4y (n, ). | (84)

In [19], it is proved that the difference between u and its linear interpolation can be esti-
mated in the following way: )

Vz € ,

'u'p",,(n, z) - u.’p'(n, z)' < Lu% . (85)
The following lemma establishes that the function u}) is a subeolution of the problem (86).

Lémma 3.2 Letz € Vi, n€{0,...,u—1}, and e,y be the element of Fi recursively defined

by
. ’ k?
EPJ‘(") z) = ?Elf {mx {fp(za a}), 5PJ6("' + 1,z + hg(z, a)) + hLyLgp + Ln;’}} s
(86)
CPJ‘(“) z) = :‘g} fp(z) a)’
then, _
“:,h Seoh- (87)

The following lemma establishes a relation between the element ¢,; of Fj defined in (86)
and the solution of the fully discrete problem.

Lemma 3.3 Let z € Vi and n € {0,.. , 1}, then

eon(n,z) <ub(n,z)+ Kp+T (LuLgp + Lg) : (88)

Definition 3.2 Let {a, : n=0,...,u} be a sequence of elements of A and z the function
recursively given by: ,
z(n, z) = mu{f(za aﬂ)’ z(n + l) z+ hg(z) an))})
. (89)
2(uyz) = f(z,04),
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Remark 3.4 The function z(-,z) is the cost corresponding to the functional (3), where,
although the control policy {a,} can be non-stationary, it does not depend on the initial
position of the system. Although the function z depends on {a,}, we do not explicitly write
this dependence in order to simplify the notation.

The function z has properties similar to those of u, i.e.

lz(n,z)| < My,
[z(n,z) — 2(n, )| < Ly|jz =% .
Definition 3.3 We denote z, the regularized function of z,1e.,, Vn=20,...,p

zy(n,z) = /3; z(n, z — y)B,(y) dy, (90)
where [, is the function defined in (77).

By the properties of convolution, it is valid that

,zp(n) 2:) - Z(n’ .'Z,')l < Lup‘ (91)

Definition 3.4 Let 2,4 be the linear interpolation of z,. In other words, the function of F
such that, Vz € Vi, Vn=0,..., 4, venfies

zp,kl(n, £) = zp(n, z). (92)

We use again the result obtained in [19], which establishes that the difference between 2,
and its linear interpolation can be estimated, ¥ z € (2, in the following way

k2
|704(m2) = 25(n, 2)| < Lu—. (93)
{
Lemma 3.4 Letz € V,, n € {0,...,u} and @ = {Gmn :m=0,...,u} be a policy whose
restriction for the values nyn + 1,...,p i3 an optimal policy from the initial conditions
(n, z); i.e
Jh(n) z,d) = uh(n) z), (94)

then, Vm=n,...,u .
z(m, y5(m)) = u*(m, yi(m)), (95)
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where y? is defined by the recurrence

va(m +1) = yh(m) + hg(yh(m), Gm)
(96)
vh(n) = =

and z is the function defined by (89), where {an} is replaced by the special sequence {G,}.

The following lemma and its corollary establish that the function z, is a supersolution of the
problem (98) defined below.

Lemma 3.5 For everyz € Vi andn=0,...,u— 1, it results
z5(n, z) > max {};(z, 8n), zo(n + 1,2 + hg(z,d,)) — hL.,Lgp} , (97)

where f,(2,8,) = f(z,8n) — Kp, and K = Ly + L,(2 + L,h).

Corollary 3.2 Let z € Vi, n € {0,...,u— 1}, and ¢, € C(Q)**! be recursively defined by

$p(n,z) = max{fy(z,a),8p(n+ 1,z + hg(z,Gn)) = hLuLgp},
(98)
¢p(#) z) = }:;(z)&#)‘
Then,
2,2 $p. (99)

The following lemma establishes that the function 2, given by definition 3.4 , is a superso-
lution of the problem (100) introduced below.

Lemma 3.8 Letz € Vs, n=0,...,u—1, and 0,5 be the element of F}, recursively defined
by
-~ ’ k3
ook(nyz) = max {fp(z, dn), 0pk(n+ 1,2 + hg(z,8n)) — AL Lyp — Lu.—p—} ,
(100)
UPJ‘(F‘» z) = fp(x' a#))

then,

Zpk = Tpk- (101)
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The following lemma establishes that the solution of the fully discrete problem defined in
(71) is a subsolution of the maximizing stopping time problem (102), defined as follows.

Lemma 8.7 Letz € Vi, n € {0,...,u— 1}, and & be the element of Fj, recursively defined
by ‘

Eh(n’ z) = max{f(za &n)»fk(n +1,z+ hg(z’ &n))} )
(102)
&lpy ) = f(z, &“),

then, for everyn=20,..., u we Aave

& > up.  (103)

The following lemma establishes a relation between the solution of the problem (102) and
the solution of the problem (100).

Lemma 3.8 For everyz € Vi, n=0,...,u, it results

2
opi(n, ) 2 éu(n,z) — Kp—T (L.,Lgp + Lu}l:—p) . (104)

3.2.3 Proof of a preliminary estimate

Now we can prove Theorem 3.1. To do that, we write

uh(n’ z) = u,I:(n’ z) = (uh(na z) - u:(n’ z)) + (u:(n) z) - u:,h(n) z))
+ (b4 (n, 2) — £oa(n, 2)) + (eph(n, 2) — uf(n,z)) . (105)
The terms of (105) can be estimated in the following way:

By virtue of (80), we have

uh(n’ z) - uﬁ(n, z) < Lyp,

also, by (84)

u:(n, z) - u';,,,(n, z)=0,
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by Lemma 3.2
. up (1, z) ~ e,0(n, 2) <0,

and by Lemma 3.3

3
eoh(nyz) —ub(n,z) < Ko+ T (LuL,p + L“:—p) .

Therefore 2
wn,z)~ub(n,z) < Mp+T (L..L,p + L“;;;) . (106)

Let now n and z be arbitrary elements and & a control policy such that, taking into account
Lemma 3.4, has the following property: its restriction to the values m = n, ..., u, is a discrete
optimal policy for the functional J* and the initial values (n, z). The function z used in the
remains of the proof is chosen according to this G. To obtain an inequality similar to (106)
but where the sign > holds, we write

uh(n, z) — uh(n,z) = (P(n,z) - 2(n, z)) + (2(n, ) — 25(n, z))
+(25(m 2) = 204(n, 2)) + (2p4(n 2) = Tpa(n, 7))

- +(oouln,z) = &ln, 2)) + (Guln,2) — ui(n,2)) . (207)

These terms are estimated in the following form.

By Lemma 3.4
u*(n,z) - z(n,z) = 0,
by (91)
z(n) z) - zp(n) z) 2 —Lyp,
by (92)
2p(n, 2) = 2p4(n, 2) = 0,
by Lemma 3.6

zon(n, z) — opn(n, z) 2 0,
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by Lemma 3.8
. . Jxi
oon(n, z) — &u(n,z) 2 —Kp—-T (L.,Lgp + Lu;;)

and, by Lemma 3.7

&n, z) - ub(n,z) > 0.

Consequently,

2
u*(n,z) -~ ub(n,z) > -Mp—-T (L..Lgp + L,;’E;) . (108)

From (106) and (108), we obtain the inequality (72), i. e.

| 3
lub(n, 2) - wh(n,2)| < Mp+T (L.,L,p + L";%) ,
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4 Generalization to accumulated costs

Similarly as we have done for function (3), we can deal with the general problem of minimising
a functional J that includes an integral cost. Especifically, we consider the functional

J(t, , o)) = ess sup { / b(y(6), a(8)) d8 + f(y(s), als)) : s €, T)} ,
¢
where y(-) is the solution of the dynamical system (1) and the function b is bounded and
Lipschitz continuous in z. Here, the optimal cost function u takes the form
u: (t,2) € [0,T] x Q > inf {f(t, z,a()) : & €ULL, T)} . (109)
Similarly to (71), we define recursively the fully discrete approximation of u as follows,
Ve Vi, ub(y, 2*) = ?éiilf(x",a) and,Vn=0,...,u—1
. . | . “ . .
ub(n,z') = ng {max{f(z', a), hb(z*,a) + Z'yj(z', a) ub(n + 1, z’)}} : (110)
J=1

where v;(z*, a) are the functions defined in (70).

Also for this problem, it holds the following convergence result:

Theorem 4.1 If there erist constants c; and ca such that c;k < h < cak, then there erists
a constant C such thatVz € V4, Vn=0,..., u

lu(nh, z) — ub(n, z)' < CVk. | (111)

Hence, for the general problem we can get fully discrete approximations and an estimate of
convergence of the same order as that obtained for the original problem.



26 A numerical procedure for minimiging the maximum cost

5 Optimality of the estimate

In this problem, even though the data f and g are semiconcave in z, it is not possible to
improve the estimate v which appears in (54), as it was done in the problem studied in
{13, 15]. There, under semiconcavity hypothesis on f and g, it was shown that the optimal
cost function u also results semiconcave. In that case, the estimate for ||u — u?|| can be
improved to order k, improvement that was critical to prove an estimate of type k% for the
fully discrete approximation. The following example shows that, for the minimax problem,
an improvement of this type is not possible.

Let the dynamic of the system be

dy, _ (01
2oy = (0 o) veel o

y(0) = zeR

We define the instantaneous cost function as follows

f®) = (1- (G + 13() ne), (113)
where y;(:) is the i-th component of y(-).

The system moves freely in 2 and the functions f and g verify the hypotheses A,-A,.
Clearly, they are semiconcave. '

Let r = /23 +z3. It is easy to check, after elementary calculus that the optimal cost

function is

w0,2) = max £(4(t)) =1+, (114

which is not semiconcave.
The discretization procedure introduced here coincides with the methodology studied in
(14]. In that work, the authors proved that the estimate V% is critical. In fact, here we can

prove — using the triangulation shown in Fig. 1 and calculations entirely similar to those
employed in [14, 15] - that the error |u(0, ) — u}(0, z)| verifies

[u(0, 2) - u}(0,2)| 2 OVE. - (115)

In consequence, we have that for approximations of this type the better error that can be
expected, is of order Vk.
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6 Numerical example

The problem consists in the calculus of the optimal trajectory from a given initial position, in
a rectangular domain ) = [-2, 2] x [-2, 2]. The optimal trajectory minimizes the maximum
value of f along its way, i.e. the cost functional is given by ‘

I (¢, () = es8 sup,egy 71 (u(s), 9). < (116)

The function f is independent on the control and has the shape shown in the Fig. 2 (this
figure corresponds to the function f(z,0)).

We consider a regular discretization {2, whose set of nodes is V4 = {z*,i = 1,. .. .»N}. The
nodes of ; have the general form (ik, jk),s = —Ny,..., Ny, j = =Ny,..., Ny, k = 2/N;

The system evolves up to T = 5. We divide the interval [0, 5] into u sub-intervals with
common length A =T/u .

In this problem, A = {0, 1,2,3,4}, and the admissible controls are five admissible direc-
tions of movement given by

9(31,23,0) = (l - (21 - l)+ - (’.'31 + l)-)+ X (1 - (:Bg - l)+ - (22 + l)—)+ X g,(a), (117)

where
(0, 0) fa=0
(1,0) fa=1
gola) = { (0,1) fa=2
(-1,00 fa=3
0,-1) fa=4.

Taking into account the description above, the fully discrete problem becomes

Vi=l,....NandVn=0,...,u-1,

up(n,z') = max {f(-"’is nh), ngu;:(n +1,2* + hg(z', “))} )
(118)
) = SR ~
The system (118) gives us a recursive procedure to compute the optimal cost at each time
and at each node. At each iteration, we store the direction that produces the optimum,

operation which enables us to construct the optimal trajectories, like that one shown in Fig.
3. .
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7 Conclusions

Here, we have developed a discretigation procedure to obtain the numerical solution of the
problem of minimizing the maximum cost, analyzed from the continuous point of view by
Barron-Ishii in [2]. :

The numerical procedure obtained is easily implementable and it converges to the solution
of the original problem, with an error estimate of the form

lu—ub| < CVE. (119)

This estimate was shown to be optimal.

The optimality of the estimate (119) stems from the fact that this minimax problem is
a disguised differential game problem, where the controller is trying to minimize the cost

I(t, 2, (), 7) = fy(7), (7)), (120)

while an unidentified opponent — using fully information of actions of the other player —
chooses at any instant the stopping time 7 of the process. As a result of the complete game,
the pay-off (120) is given.

This action of the second privileged player has as an effect that the first player must -
in a strict way — minimise a functional that is not semiconcave with respect to the spatial
variable y.

In this way, once a fully discretization — using finite differences or finite elements - is applied,
the resultant fully discrete optimal control problem reflects this property in the validity of
the estimate of type Vk.

Except for very special trajectories, where some carefully chosen triangulations may be used,
it seems not possible in general to get approximations with better convergence properties.

In fact, the error worsens as time grows and for the case T = oo, the phenomenon of
non-convergence arises. This undesirable effect is studied more detailed in our work [10].
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Proof of Lemma 3.1: Let z € V, and n = 0,..., u — 1; as we have proved in Lemma 2.1,

wt(n,z) = min {max {f(z,a),u*(n+ 1,2+ hg(z,a))} },

min f(z, a),

v*(u,z) = min

then, ¥V a € A, u? satisfies

ut(n, ) < max{f(z,a),uP(n+ 1,z + hg(z}, a))}.

Let R=L;+ L,(1+ L,h).
We analyze two cases concerning max{ f(z, a), u*(n + 1,z + hg(z, a))}
o max{f(z, a){u’f(n +1,z+ hg(z,a))} < f(z,a) + Rp

It results from (121)
ut(n,z) < f(z,a) + Rp.
By using (80), we have
u:(n, z) € uM(n,z) + Lup;

consequently, from (122), it follows that

wM(n,2) + Lop < f(2,0) + Ro + Lup = f(z,0) + Kp = f,(2,0).

From (123) and (124), we obtain

u’;(n, z) < fo(z,a).

o max{f(z,a),u*(n+ 1,z + hg(z,a))} > f(z,a) + Rp

This condition implies

max{ f(z, a), “h(n + 1,z + hy(z,0))} = uh(n + 1,z + hg(z, a)).

(121)

(122)

(123)

(124)

(125)

(126)
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Let us see that V y € B,(z) (where B,(z) denotes a ball centered on z of radius p),
the following inequality holds,

uh(n,y) < wM(n+1,y + hy(y, a)). (127)
Let us suppose that (127) is false, i.e., 3 §j € B,(z), such that

| uh(n’ 7 > uh(n + 1, + hg(d, a)) (128)

As '
u*(n, §) < max{f(§,a), u*(n + 1,5 + hg(§,a))},

the inequality (128) implies
f@@,a) > ub(n+ 1,5 + hg(§, a)). - (129)

By virtue of the fact that f is Lipsechitz continuous and (18), we obtain
fma)+Lip 2 f@Ga) > uP(n+1,§+hg(j,a))

> wP(n+1,z+hg(z,a)) = La(1 + L,h)p.

Hence, ' '
ut(n+1,z + hg(z,a)) — f(z,a) < Lyp+ L.(1+ L h)p = Rp,

which contradicts (126).
By convolution of u* with 8, we have, by virtue of (127),

uh(n,z) = ut(n, z — y) B(y) d
ne) = [ e B0

< /E( )u"(n+l,z—y+hg(z—y,a)) Bo(y) dy

IA

¥ O o=y ho(e,0) A(6)dy
+/ L,)|z -y + hg(z — y,a) — (z — y + hg(z,a))|| B,(y)dy
B,(=)

< uﬁ(n + 1,z + hg(z,a)) + L,.L,h/B ( ),B,,(y) dy

= u:(n + 1,z 4+ hg(z,a)) + LoLhp.

(<3
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Consequently,
uz(n, z) < uﬁ(n + 1,2+ hg(z,a)) + Lo Lghp. | (130)
From (125) and (130), ¥V a € A, .uﬁ verifies

| “:(n’ z) < max {fp("’) a)) u':(n + i’ z '+ hg(z, a)) + L“Lyhp} )

then
ub(n,z) < min {max { f,,(g, a),ub(n + 1,z + hg(z,a)) + LuLghp}} . (131)
a
Proof of Corollary 3.1. For n = 4, the following relation holds
Up (4, 2) < u*(,2) + Lop = min £(z,0) + Lop < min f(z,8) = v,(u, 2). (132)
From (131), (132) and (82), we can prove by induction the following inequality
u'P' < v,. (133)

From (132), the relation (133) holds for n = u. Let us assume that it is true forn =m +1
and we will prove that the same happens for n = m. From (131), the induction assumptions
and (82), we have

u’;(m, z) S ng {mu {fp(z) a)) u:(m + l) z+ hg(z) a)) + LﬂLth}}

< :‘gf {max {fp(z’ a), ”p(m + 1,z + hg(z,a)) + LuLyhP}} = "P.(m’ z)°.

Proof of Lemma 8.2: From the definition of u» and (84), we have
wbalt ) = b (4, 2) < cpalis 2). | (134)
letz€eViandn=0,...,u—1; from Lemma 3.1, it follows that, Va € A,

u:(n, z) < max { f,(z,a), up(n + 1,z + hg(z,a)) + hL.L,p} .
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o If max {fp(z’ a), u:(n +1,z+ hg(z)va)) + h{LuLgp} = fp(z’ a)r (84) implies

uz’,,(n, z) = uh(n, z) < f.(z,a). (135)

o Ifmax {f,(2,a),ul(n +1,z + hg(z,a)) + hLsLyp} = ub(n+1,z+hg(z,8))+ AL Lyp,
from (84), it results

y:,,,(n, z)= u.';(n, z) < u:(n + 1,2+ hg(z,a)) + hloLgp.

Since z + hg(z, a) € 4, using (85), we obtain

Lt
s
For each a € A, at least one of the inequalities (135) or (136), must be true. Consequently,

u';',,(n, z) < u';,,,(n + 1,2+ hg(z,a)) + AL Lyp + L, (136)

ub,(n, 2) < max {f;(z, &), wba(n + 1,2+ h(z,a)) + hLo Lo + L%} ,

then, since a is an arbitrary element of A, we have

| u:’,,(n, z) < ?Elf {max {fp(z, a), u:",,(n + 1,2+ hg(z,a)) + hLsLyp + L..%:—}} . {137)

From (134) and (137), also by induction, we can prove as we have done in Corollary 3.1 that

u’;’,. < Cok -
a
Proof of Lemma 3.3:
We use backward induction for n =0, ..., .
From (71), we have :
“2(“‘» z)= ngf(z) a). . (138)

By definition of ¢, 4, we obtain

¢on(w, 2) = min f,(z,a) = min f(z,a) + Kp = uj(u, z) + Kp.

Let us suppose that for a generic n,

3
eoa(n, 2) < ur(n,z) + Kp + (u— n) (hL..Lap, + L.%) .
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Note 9.1 The previous inequality also holds in points o{ the form z + hg(z a) that do not
necessarily belong to Vi. This is because the functions u} and ¢, are in F,., so they venfy
the property of linearity and the assumption (70).

We must prove the inequality for n — 1

ep,,.(n ~-1,z)= {ma.x {f,(z a),€ph(n, z + hg(z,0)) + Alulyp + L Ez.}}

| <%,f{max{fp(z,a),uk(ﬂ,z+hg(z a)) + Kp+(u—n+1) ("L Lop+ Lo )}}

<ﬁ:}{max{fp(z,a),u,‘(n,z+hg(z a)}}+Kp+(p—n+1) (hL L+ L, )

i3
=ul(n-1,z)+ Kp+(u—-n+1) (hL Lgo + L., p)
Consequently, by induction,

3
eon(0,2) € ub(0,z2)+ Kp+u (hLuL,p + L“%)

< ub(0,2)+ Kp+T (L“L,p + L,,f—;—) .

Proof of Lemma 3.4: By definition of {3, :n=0,...,u},if n=0,...,u— 1, we have

wt(n, 95, (n)) = J (n, 4}, (n), @) = max {f(y} (n),Gn), u*(n + 1,45, (n) + Ag(4], (n),Gn)}

WPu vk, (1) = G5, (1), ),

then, Vn =0,...,u, it follows that

2(n, 4}, (n)) = vM(n, 3, (n)). (139)
' o

Proof of Lemma 3.6 and Corollary 3.2: They are similar to the proofs of Lemma 3.1
and Corollary 3.1 respectively, and they are here omitted. '
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Proof of Lemma 3.8: Let z € V; and n = 0,...,u4 — 1. According to the definition
of z,5 and the result of Lemma 3.5, the following relations are valid:

2o4(n, 2) = 2,(n, 7) 2 fo(z, 8n), (140)
2o4(ny &) = 2,(n,2) 2 25(n+ 1,z + hg(z,d,)) — AL Lyp. (141)

As z + hg(z, Gy ) € S, using (93), we obtain

z(n+ 1,z + hg(z,8n)) 2 2,4(n + 1,2 + hg(z,8,)) L..k; . (142)
From (141) and (142) we arrive to
zoh(ny 2) 2 2o6(n+ 1,2 + hg(z,Gn)) — ALy Lgp — L,,-k;- . (143)
Therefore, from (140) and (143), z, 5 verifies
z,4(n, 2) > max {f(z, Gn), Zop(n + 1,2+ hg(z,8n)) — ALgLgp — L,.E;-} . (144)

The inequality (101) can be proved by induction as we have done in Lemma 3.1 because the
relation for the final condition is obviously true. Rather than use this, we do the proof using
a discrete maximum principle verified by the operator associated to (100). (c<f [3]).

Let us suppose that (101) does not hold. Then, there exists an index m such that it is
the maximum element of the set {0, 1,..., s — 1} for which

min (z,4(m, £) = gp4(m, z)) < 0. (145)

Since z, and ¢, belong to Fj and, for every z € Vj, z+hg(z,a) can be written as a convex
sum of elements in Vj, it follows from (145) that

zﬁ."(m +Lz+ hg(z’a)) 2 a,,,;.(m+ Lz+ hg(z) a)) ' (146)

From (144), (145), (100) and (146) we have

zPJ'(m’ z) 2 max {f;’(z’ am)) zp,"(m +Lz+ hg(z) am)) - hLuLgP - Lu%}
-~ k2
> max { (e, am), opalm + 1,2+ ho(e,6m) ~ hlulp — L}

= ogpu(m,z).
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This contradicts (145). Thus,

Zoh 2 Oph
a
Proof of Lemma 3.7: Taking in mind the definition of &, we deduce
fk(l‘) z) = f(:l!, aﬂ) 2 ng f(z’ a) = u;:(l-" z)' _ ' (147)
Given an=0,...,u — 1, let us suppose that,V z € V,,
Glp—n+1,2) > ub(p-n+1,2) (148)

As we have seen in Note 9.1, this inequality also holds at any point of the form z + hg(z, a)
belonging to ;.

Let us see that the inequality also holds in 4 — n.

fk(# - n, z) = mu{f(z) alt'-ﬂ)) fh(# -n+lz+ hg(z’ aﬂ'—ﬂ))}
> max{f(z,dun), up(s — n+ 1,2 + hg(z, Gun))}

2 min {max{f(z,a), ui(s ~ n+ 1,z +hg(z,a))}} = (s ~ n, 2).

Consequently, by induction we prove, Yn=20,...,u4, |

b ) > ub(n ).

Proof of Lemma 3.8: It is similar to the proof of Lemma 3.3 and it is here omitted.
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