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Abstract

We consider a material © C R" which occupies a convex polygonal bounded domain, with
regular boundary I'=I'; UT, (with %10%2:0) with meas(I'})=|I';| >0 and |[',[-> 0. We assume,
without loss of generality, that the melting temperature is 0°C. We consider the

following steady-state heat conduction problem in Q :
—0; _Ou  _ - _Quy  _
Au=0inQ, 6n|rl_a(u B) , 0n|F2_q

where «, q, B=Const. > 0. In a previous paper (Tabacman—Tarzia, J. Diff. Eq., 77 (1989), 16 - 37)

sufficient and/or necessary conditions on data a, q, B, @, I';, I'; to obtain a temperature u of non- -

constant sign in  (that is, a multidimensional steady-state, two-phase, Stefan problem) were studied.

We consider a regular triangulation by finite element method of the domain © with Lagrange
triangles of the type 1, being h > 0 the parameter of the discretization. We obtain sufficient (and/or
necessary) conditions on data a, q, B, @, I';, T’y , as functions of the parameter h, to obtain a change of
phase (steady-state, two-phase, discretized Stefan problem) in the corresponding discretized domain,
that is a discrete temperature uy of non-constant sign in 2. We continue and use the results obtained

in Tarzia, " Numerical analysis for the heat flux in a mixed elliptic problem to obtain a discrete steady-
state two-phase Stefan problem”, To appear on SIAM J. Numer. Anal. (See Rapport de Recherche
INRIA N° 1593 (1992)).

Résume

On considére un matériel @ C R™ |, un domaine polygonal borné et convexe avec une frontiere

o o
réguliere I'=I'; UT, (avec I'y NIy = 0) avec mes(T';) = ;| >0 et [[,] > 0. On suppose, sans perte de
géneéralite, que la tempeérature de changement de phase est 0°C. On consideére le suivant cas stationnaire

de conduction de la chaleur dans Q :
— Su Ou
Au =0 dans Q, _6nIF1_a(u—B)’ ——5n|F2_q

ou a, q, B=Const. > 0. Dans le travail (Tabacman—Tarzia, J. Diff. Eq., 77(1989), 16 — 37) on a étudié
des conditions suffisantes (et/ou nécessaires) sur les données o, q, B, Q, I';, T, pour obtenir une
température u de signe non-constante dans 2 (c’est-a-dire, un cas stationnaire du probléme de Stefan a

deux phases).

On considére une triangulation .régulier de € avec des triangles de Lagrange de type 1 avec
h > 0 le paramétre de la discretisation. On obtient des conditions suffisantes {(et/ou nécessaires) sur les
données a, q, B, Q, I'}, T, , comme fonctions du paramétre h, pour obtenir un changement de phase
(cas stationnaire discret d’un probléeme de Stefan a deux phases) dans le domaine discréte
correspondante, c’est-a-dire une température discréte de signe non-constante dans . On continue la

recherche faite dans Tarzia, ”Numerical analysis for the heat flux in a mixed ellipt;ic problem to obtain
a discrete steady-state two-phase Stefan problem”, To appear on SIAM J Numer. Anal. (Voir Rapport
de Recherche INRIA N° 1593 (1992)).

Key words : Steady-state Stefan problem, finite element method, mixed elliptic problem, numerical
analysis, variational inequalities, error bounds.

Mots Clés : Probléme de Stefan stationnaire, méthode dséléments finis, probléme elliptique mixte,
analyse numerique, inéquations variationnelles, estimation de lrerreur.

AMS Subject Classification : 35R35, 35J85, 65N15, 65N30.
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AN

I. INTRODUCTION.

We consider a material @ C R" which occupies a convex polygonal bounded domain, with
regular boundary T' = I'; U T, (with f"l N ?‘2 =0) with meas(I';)) = | T; | > 0and [Ty | > 0. We
assume, without loss of generality, that t'he rhelting temperature is 0°C. We consider the following
steady-state heat conduction problem in Q [11, 12] :

Au=0inQ,

(1) —%[rlza(u—B)onFl,

—-g—g]rz:q onTl, ,

where «, ¢, B = Const. > 0. Its variational formulation is given by [5, 11]

ag(1,v) = Lygp(¥), Vv €V,

(2)
u eV,
where

vV =HY(Q) , v0={VEV/v|r1=0},

3) ag(u,v)=a(u,v) + a J uvdy, a(u,v) = J'Vu . Vv dx,

r, Q
Lan(v)qu(v)—}-aBJ'vd‘y, Lq(v)z—qudy.
I-\1 F?

Problem (2) is equivalent to the following minimization problem
G(u) < G(v), Vv eV,
(4)
u €V,
where

(5) G(v) =1 ag(v, v) - LogB(¥) -

The unique solution u = u(a) = u(a, q, B) of problem (2) is given by

(6) u(a,q,B) =B — q U(a) in Q,



where U = U(a) is the unique solution of the variational equality

ag(U(a),v) = J vdy, Vv E v,
(M) ' Ty
' Ula) € V.

We suppose that © and I' have the necessary regularity so that U(a) € C%(Q) as in [6] ([10,

12] show us three examples in which this condition is satisfied). A evolution Stefan problem with mixed

boundary conditions is considered in [7,8].

In [10] the following results are obtained

THEOREM 1.— (i) Si (a,q) € S%(B) then we obtain a steady-state, two-phase, Stefan problem, with

S*B) = { (e,q) € (R*)? / q(e,B) < q < qp(a,B) },

® B|T, | Ba|T,|
,B) = 21 B)=——ll1l
m(®B) =30 m(® B =717

where A = A(q) is a decreasing function in variable a which verify the following properties :

T,

l i =
A(a) > KR alm_l*_ A(e)=C > 0 ,
i o) = r- 1
(9) allm+ aAlla) =0, (a A(a)) =7 a(uan,uan) ,

A@ = [ V(@) d7 = 35(U(@) , V@),
P?

where ” ' 7 represents the derivative with respect to « .

On the other hand, the constant C > 0 is given by

(10) C= J uz dy = afuz, u3) > 0,
r, '

where u; is the unique solution of the variational equality

a(us,v)zjvdy, Vv € Vg,
(11) Ty
u; € Vg .

(ii) If we have the continuous particular case , defined by the condition



(12) L a(u(e, g, B), u(a,q,B)) = Const. (= C > 0)
. q

then we deduce

(13) A(a):c+”¢g .

Now, we consider Th» @ regular triangulation of the pol'ygonal domain Q with Lagrange
triangles of type 1, constituted by affine-equivalent finite element of class C°, where h > 0 is a
parameter which goes to zero. We can take h equal to the longest side of the triangles T € h and we

can approximate V by (1, 3] :

(14) Vi ={ vy € C°@ /v,

T €M, VT ern}cV,

where P, is the set of the polynomials of degree less than or equal to 1. Let Hh be the corresponding

linear interpolation operator.

We consider the following finite dimensional approximate variational problem, corresponding

to the continuous variational problem (2), given by :
agluy, vp) = Lan(vh) y Vv € Vi
uh = uh(aaq!B) € Vh )

and then we obtain the following results :

THEOREM 2.— (i) There exists a unique solution uy(e,q,B) € V} of the discretized problem (15).
Moreover, up(a,q, B) is given by

(%6) uh(aaq’B) =B-~q Uh(a) P

where Uh(a) is the unique solution of the following variational equality :

ang(Up(a), vy) = J vpdy \/Vv}1 € Vy»
(17) T,
Uh((!) € Vh .

(ii) Function U, («) verifies the following property :



r
rkl

iii) Function uy (a,q, B) verifies the following properties :
h g
uh(a,q,B) < BinQ , uh(a,q, B) < uh(q,B) inQ ,

(19) = uh(a,q,B) -+ uh(q,B) in V when a - 400,

Mll,r; up(e,q,B) < uy(ayq,B) < M?z; up (o, q,B) in @,
where uh(q, B)=B—qu, , being u,, the unique solution of the following discrete variational equality

a(u3h, vh) = J i dvy, v Vp € voh .

(20) r,
uz € voh ’
where
(21) Von ={vh € C°@ /vyl € P(D) VT € 7w, Ip =0},

(iv) We have the equality
(22) a(up(e,q,B),up(a B)) = a(uy(a, B), u(a, B)) -

(v) We have the following monotony property :
a; < oy, < qp = up(e,q4,B) < up(agqyB)in QVB > 0.

Proof.— We use the discrete variational equalities (15), (16) and (17), and we conclude the proof by

following a method similar to the one developed for the continuous case [10].

We define, for each h > 0, the following real functions

Ap(a) = J Up(e) dy = ag(Up(a), Up(a)) > 0 , Ya > 0,
(23) I

_ By
th(av(ﬂ - Ah(a)

, Va,q>0.



The goal of this paper is to consider the discrete equivalent of the inequalities (8) which define
the set SZ(B). We shall obtain sufficient (and/or necessary) conditions on data «, q, B, h, @, I', and T,
to get that the discrete solution up(a, q, B) is of non-constant sign in € (that is, a steady-state, two-
phase, discretized Stefan problem). We shall obtain error bounds for Aj(a)—A(a) and for
th(a, B) — qp, (@, B), as funtions of the parameter h.. We also will analyse the discrete particular case

corresponding to the continuous particular case (12).

In other words, we shall obtain for the solution of the mixed elliptic discretized problem (15),
defined as uh(q,q,B), analogous conditions to the ones obtained for the corresponding continuous

problem [10], defined by u(a,q,B). For the corresponding numerical analysis, we use ideas developed

in [13).

II. CONDITIONS FOR THE EXISTENCE OF A DISCRETE SOLUTION OF NON-CONSTANT
SIGN.

For each q > 0, a > 0, B > 0, we consider the functions u(a, g, B) € V and u(a,q, B) € V} ,
respectively, as the unique solution of the variational equalities (2) (continuous problem) and (15)

(discrete problem).

Therefore, we obtain the following properties :

LEMMA 3.— We have :

(i) Function Ay () is also given by the expression :

(24) Ap(a) = ag(U(a), Up(a)).

(ii) We have
(25) A(a) — Ap(a) = ag(Up(a) — U(a) , Uy(a) - U(a)) > 0 E

(iii) Functions q;, and th are related by the following inequality :

(26) qm(a’ B) < th(a’B) .

(iv) We have the following integrals expressions :

([ r
(27) up(a,q,B) dy = -IT2| l[ap(e.B) —q], Vh > 0,
I, '
(28) | up(e,q,B) dy = Ay (a) [th(a,B) -q], Yh > 0.
F .

2
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Proof.— (i) It follows from the variational equalities which define U(a) € V and Uy(e) € V, C V.
(ii) We have
0 < ag(Up(a) ~ Ula), Up(a) — U(a)) = ay(Up(a), Up(a)) + ay(U(a), Ua)) —

= 2a,(Uy(a), U(a)) = Ap(@) + A(a) — 2 Ap (@) = A(a) — Ah(a) .

(iii) (26) follows from the fact that A(a) > Ap(a).
(iv) Taking into account (18) and (22) we obtain the expressions (27) and (28) respectivelly.

REMARK 1.— From (27) and (28) we obtain the following equivalences :

(29) uh(a,q,B) dy < 0&q > th(a, B),
. f*2

(30) up(e,q,B)dy > 04> q < qpla,B).
J
Iy

For each h > 0, we define the real function g,: (lR'*')3 = R in the following way
(31) gn(2a,B) = Goqp(up(e,q,B)) = — 5 Lo p(up(eq,B)) =
= - Lay(u(e,q,B) , u(0,q,B) < 0, VayqB>0.
REMARK 2.— Owing to (31) we deduce
h( @) ,

(32) gp(@q,B) = — 4 ~-q*+B |I‘2|—-——-|I‘| <0,Ya,q,B > 0.

COROLLARY 4.— From (32) we have

2Bl  oBLy
2

(33) ’ Agle) > == ¥ a,qB >0,
q
and therefore, we obtain
(34) A (a) > Ll Va >0
h o T4
THEOREM 5. — (i) We have the following inequalities
(35) ) qm(aa B) < th(aaB) < QM(a, B), Vao,B > 0,

8



therefore the set Sf](B) is non-empty, where

(36) SHB) = { (aq) € (RY)? /ap (0.B) < a < ay(a.B)) # 0.

(ii) If (e, q) € Sﬁ(B), for a given B > 0, then the function up(a,q,B) is of non-constant sign in Q,
that is, we have a steady-state, two-phase, Stefan problem.

Proof.— (i) The second inequality in (35) is obtained from (34).

(ii) It follows from (29) and (30).

LEMMA 6.— (i) We have the following estimates :
u_3h S Uh(a) in g_) N
(37) Cp, < Ayle),

th(a,B) < qoh(B),

where

(39) = fugdr s
I‘2

(ii) The function A= Ay (@) is a decreasing function in o and verifies

(39) % oo An(@) = Cp-

lix
a—
(iii) The function thz th(a, B) is an increasing function in a and verifies the following properties:

(40) am, (07,B) =0 , am, (+00,B) = q, (B) VB > 0.

THEOREM 7. — If q > qoh(B) then up (o, q, B) is a function of non-constant sign in £ when

Tyl
B |[4]

0

(41) a > a(q,B) =

Proof.— If q > qoh(B) then the corresponding discrete problem for u; (g, B) (i.e. a=+00 for u (a,q, B))
is a two-phase one [13] and therefore u; (q,B) < 0 in some part of T, , that is uj (a,q,B) < 0 on some

part of T',.

On the other hand, from (27) we get the following equivalence

(42) J uh(a’qu) d7 > 0 a > ao(QvB)a
Fl

then the proof is completed.



THEOREM 8.— (i) The function g; = g (a,q, B) satisfies the following properties :

d

() Se@aB) = [ uy(aqB) dv.,
I,

(44) @(a B)=-a | u(eq,B)d

als ?Q? - h s Gy 7 L

I
(45) 8_g( B) =1 | [u¥(a,q,B) - B uy( ﬁ)] d
' fa P3P =3 hl® @ h'® 9 v
Iy

(ii} The function A= A} (a) satisfies the following properties :

_ dA B3I, 2B,

(46) il(a) = dah(a) = q|2 : - a q < - # J ufl(a, Q»B) d7 L]

F1
2Bl

(47) Ai](a)z——a% ,Yh >0,

(48) dalo Ap(@)] = 5 a(up(@,a.B). up(@.a B))

(49) Jim o Aj(a) =0 ,¥Yh >0,

6th
(50) lim (,B)=0 ,¥B >0,

a—+00 30

Proof.— (i) We use (31) and the definition of the derivative as the lumit of the incremental quotient.
(it) (46) follows from (32) and (4'3). (47) is obtained from (19) and (46). (48) follows from (31) and
(46). (49) is a consequence of (19), (47) and (48). At the end, (50) follows from (23) and (49).

III. A PARTICULAR DISCRETE CASE.

We define a particular discrete case (PDC), similarly to the continuous case (see (12)) [10}, as

the problem in variables h, «, q, B which verifies the condition

(51) % a(uh(a,q, B), uh(a, q, B)) = Const. .
q

Necessarily the constant must be Const. = Ch > 0 taking o.— 400 in (51). On the other

hand, taking into account (48), we have the equivalence :

(52) (PDC) & #a(uh(a,q,B),uh(a,q,B)) =C, # oAy =Cy .

Since (16) and (51}, we deduce

10



(53) Cp = a(Up(@)sUp()) = Ay(a) - a J Ui () d7,
I‘1

(54) (PDC) & Ay(a)=Cp +a J UZ(a) dv .
1‘1

THEOREM 9.— The following propositions are all equivalents to the particular discrete case (52) :

(OD) uh(QvB) - uh((’x q, B) = @ |F1] in Qv
- q T,
(56) uh(as(JaB)lr‘ =B~ a |F1| on Fl )
(57) U, (a,q,B))p = Tl onT
' h 1 q, Fl - o |r1| 1
- Tyl
(58) Ap(@) =Cy + 5
(59) Lo Ay@l =Gy .

Proof.— Firstly we remark if we have u} (q,B) - up(@,q,B) = Const. in © in condition (55), then the
constant must necessarily be given by Const.=q |T';|/a |T;| because we integre equality (55) on T,
and we use (27) and the fact that uh(q, B)]F1 = B. Similarly, the propositions (55) = ?56) and
(56) = (57) are true.

(57) = (58). It follows from (54). .

(58) = (59). We obtain (59) by deriving the expression (58).l

(59) = (55). We deduce the following equivalence :

.

uh(q3 B) - uh(av q, B) = COHS‘_,. in Q& a’(uh(q) B) - uh(aa q, B)vuh(q’B)_uh(a’ q, B)):O
Aad a’(uh(a» 9, B)a uh(aa 9, B)) = a(uh(q9 B)a uh(q’ B)) Aad (52)
REMARK 3.— For the particular discrete case we have obtained an analytical expression for the

function Ay (a). given by (58), and therefore the description of the set Sfl(B) is completed.

IV. ERROR BOUNDS AS FUNCTIONS OF THE PARAMETER h. .

If we take into account the following interpolation result [1, 3]
(60) "v - Hhv”.V < D, pr—1 ”V”r,Q Vv € HY(Q) (D, > 0),

11



and we suposse the regularity property U(a) € H'(Q) with r > 1 [2, 4, 6, 9] (see in [10,12] three
examples in which the function U(a) is C°°) then we deduce the following aproximation results in
function of the discretization parameter h.
THEOREM 10.— (i) We have
Aa) = Ap(a) = ay(Up(a) = U(a), Up(a) — U(a)) =
(61)
= #aa(u(a, q,B) — uy(e,q,B), u(e,q,B) — uy (a,q,B)) > 0.

(ii) We have

(62) aa(U(a) - Uh(a)»Uh(a)) =0, /

(63) ag(U(e) = Up(e),vp) =0,V vy € V.

(iii) We have that U (a) = P%,h(U(a)) is the projection of U(a) over the space V) with respect to the

norm associated to the scalar product a, given by

(64) vl = Vag(v,v) YveVv.

(iv) We have the following abstract estimate :

(65) [U@ ~ Up@)fy < Ma Inf | [U(@) = vy ly
with
v _l2al _ L+ejrf
@7 dg T A Inf(l,e)
(66)

Ay = A Inf(1,0) ,

where A, > 0 is the coercive constant of the bilinear form a, (a, is the particular case of a, when
a=1), that is
(67) a(v,v) > X\ ||vn{, ,Vv eV,

being 75:V — L?(T') the trace operator.

(v) We have the following abstract estimate :

(68) 0 < A(a) — Ap(a) < lnef vhaa(.vh = U(a),vp — U(a)).

Vh
(vi) If we have the regularity property U(a) € H'(Q) with r > 1, then we deduce the following

12



estimates:

(69) ”U(a) - Uh(f’)”\/ < Cy(a) pr1 ,
(70) 0 < A(a) — Ap(e) < Cylayr) p2(r=1)
C,(a,
(71) 0 < th(a,B) —qm(a,B) < fz\((a)l') o (a, B) h2(r l),
where
- (72) Cy(a) = Dy M, ||U(a)||r’Q ,  Cyla,r) =D? e ”U(“)“r,Q .

Proof.— (i) and (ii) follow from the definitions of U(a), U} (a), A(a) and A} (a). From (63) we deduce
(iii).

(iv) The bilinear form a,, is coercive with a coercive constant A, ,that is

(73) ag(v,v) > A, ||vn{, , Vv € V.

For vy, € Vh we have
Ao [Ul@) = Up(e) |y < aq(U(a) = Up(a), U(a) = Up(a)) = ag(Uq = Up(a), U(a)) =
(74) = ag(Ug = Up(a), U(@) = v)) < JJag | U(e) = Up(e) |y [U(e) = vy
which implies (65). On the other hand, we have

lag(u,v)| < la(u,v)| + J lu jvl dy < Huly #viy + elul v
(75) Iy

< (L4 a7 [P) lulhy ViR

L2y Ve =

that is (66).

"(v) We have
A(@) — Ay(e) = ag(U(a) = Up(), U() = Up(a)) = | U(@) = U@, <

(76)
< JU(e) - v, |E, = an(U(a) — v, U(a) —vp), ¥ vy €V,

that is (68).

(vi) Taking into account the interpolation result (60) and the fact that II; (U(a)) € V|, , then from
(65) and (68) we deduce (69) and (70) respectively. On the other hand, we have

13



B |T,| A(a) — Ay (a) < Cy(a,r)

(77) Sy (00B) = (e B) = g1 =g < D 2(r-1)

«,B) h
that is (71).
REMARK 4.— If U(a) € V (no necessarily U(a) € H(Q2) with r > 1) then when h - 0 we have [1,3]:

(78) 0 < A(a) — Ap(a) < ||U(a) - nh(U(a))|ﬁ-.o , when h—-0.

We define the function

Cy(a,r) b2~ 1)

(79) Z(a,h,r) =1 — Ala)

<1, Va,h > 0.

and we have the following equivalence (forany 0 < ¢ < 1):

(80) € < Z(a,h,r) < 1 & h < hy(e,a),
where
(1 —¢) Ao)
(81) hy(e,a) = , 0 <e<la>0.
‘ Do Ca(e1) [[U()IIF g

THEOREM 11.— If we let h,B > 0, and 0 <e¢ < 1 (¢ is a parameter to be chosen arbitrarily), then

we have as functions of the parameter h, the following estimates

(82) Gy (@B) < L qm(aB) ,Vh < h,a),
B |T,| Cylent) | 2(r—1 |
(83) 0 < am, (@ B) — ap(aB) < ﬁh =1 vh < hyea).
Proof.— From (71) we deduce
(84) Z(a,h,r) th(a, B) < qp(a,B)

and therefore (82), because the equivalence (80). From (71) and (82) we obtain (83). -

COROLLARY 12. — We have the following limit

(85) lim  qp, (o,B) = q(a,B) ,Vo,B > 0.
h—ot h
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LEMMA 13.— If the continuous and discrete cases are particular cases then we have

(86) 0 < A(a) = Ap(@)=C-Cp < C% |uy |:Q hz(rfl)’
Ba |l
(87) “4my (0 B) < TS| = qp(«, B) ,
B Cg [T 2 2(r—1)
(88) Iy, (2 B) — am(@,B) < 2L lugllf o gy W

Proof.— If the continuous and discrete cases are particular cases then A{a) and Ah(a) are given
explicitely by (13) and (58) respectively, and we obtain (86) taking into account [13]. On the other

hand, we have

B |l Ba [T
= a,B),
I, o - am(eB)

+.—_
h C'|r1"

(89) qlnh(aa B) =
C

that is (87). Moreover, from (71) and (87) we obtain (88).

REMARK 5.— If U(a) € H2(Q) N C°(Q) then the convergence of Ay (e) to A(e) and th(a,B) to
Gm(a, B) is of order h? when h — 0.
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