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Limit laws for large product-form networks:
connections with the Central Limit Theorem

Guy Fayolle * Jean-Marc Lasgouttes *
March 1995

Abstract

We consider a closed product-form network with n queues and
" m clients. We are interested in its asymptotic behaviour when m
and n become simultaneously large. Our method relies on Berry-
Esseen type approximations of the Central Limit Theorem. This
leads to simple and natural conditions applicable to general net-
works, whereas the purely analytical methods used previously im-
posed restrictions on the queues. In particular, we show that the
“optimal” dependence of m w.r.t. n is not necessarily'linear. An ap-
plication of these results to a transportation network is presented.
We show how some queues can act as bottlenecks, limiting thus
the efficiency of the whole system.

*Postal address: INRIA — Domaine de Voluceau, Rocquencourt, BP105 — 78153 Le
Chesnay, France.



Lois limites pour des grands réseaux a forme
produit : connexions avec le Théoreme
Central Limite

Guy Fayolle* Jean-Marc Lasgouttes *

Mars 1995

Résumé

On s’'intéresse au comportement d’'un réseau fermé a forme pro-
duit comportant n files et m clients quand m et n tendent vers
I'infini simultanément. Notre méthode s’apparente aux approxima-
tions liées au Théoreéme Central Limite. Elle conduit A des condi-
tions simples et naturelles, applicables 4 des réseaux généraux,
alors que les méthodes purement analytiques utilisées jusque ici
imposaient des restrictions sur les files. En particulier, on montre
que la dépendance « optimale » de m par rapport & n n’est pas
nécessairement linéaire.

‘INRIA — Domaine de Voluceau, Rocquencourt, BP105 — 78153 Le Chesnay,
France.



1 . Introduction

In many applications (telecommunications, transportation, etc.), it is
desirable to understand the behaviour and performance of stochastic
networks as their size increases. From an engineering point of view, the
problem can be roughly formulated as follows.

Consider a closed network with n nodes and exactly m cus-
tomers circulating inside. Find all functions f, such that
m = f(n) yields an interesting performance of the system as
1 increases.

In this paper, we start from the famous so-called product-form net-
works, which play an important.role in quantitative analysis of systems.
Although the equilibrium state probabilities have then a simple expres-
sion (see for example Kelly [3]), non-trivial problems remain, due to
an intrinsic combinatorial explosion in the formulas, especially in those
involving the famous normalizing constant. To circumvent these draw-
backs, the idea is to compute asymptotic expansions of the characteristic
values of the network, when m and n both tend to infinity.

This approach has been considered by Knessl and Tier [4], Kogan
and Birman [5, 6, 1] and Malyshev and Yakovlev [8]. However, they
rely on purely analytical methods which are difficult to use in a general
setting and do not really give a structural explanation of the phenomena
involved.

The method proposed in this }')aper has direct connections with the
central limit theorem: for instance, instead of considering the normal-
izing constant as an integral in the complex plane, we express it as the
distribution of a scaled sum of independent random variables. Besides
giving a clear interpretation of the computations, this allows to handle
directly the general case of single-chain closed networks. More inter-
estingly, the results can be interpreted as an insensitivity result: as the
number of stations n and the number of customers m(n) go to infinity,
the network is equivalent to n independent queues, having the same
characteristics and mean total number of customers m(n). It turns out
that the natural scaling parameter is indeed the flow A, in this equiva-
lent network. As a consequence, we can state that m(n) has a priori no
theoretical reason of being proportional to n.

It is worth to emphasize that the problem of computing quantities
(such as the above mentioned normalizing constant) appears frequently
in statistical physics, in particular for Gibbs distributions in Markov



random fields (see for example Whittle [14]). For the sake of complete-
ness, it is of interest to quote the studies by Mitra, McKenna and Ra-
makrishnan [11, 9, 10, 12], where only the number of customers goes to
infinity.

The present paper is organized as follows. The model is introduced
in Section 2 and the main values of interest are expressed in terms of
integrals of characteristic functions. In Section 3, asymptotics of these
integrals are found in the case where the queues are in normal or mod-
erated traffic, while Section 4 deals with the case where some queues
are overloaded. These results are summarized in Section 5, and the
choice of scalings is discussed. Section 6 is devoted to an application of
these results to a service vehicle network (like the PRAXITELE project,
now developed at INRIA); non quite intuitive results are enlightened.
Section 7 contains some conclusive remarks and some bounds used in
Sections 3 and 4 are proven in Appendix A.

2 Description of the model

We consider a closed BCMP network B, with n queues and m(n) clients.
The number of clients at queue k at steady state is a random vari-
able Qxn. The service rate at queue k when there are qyx customers
is px n(qx). The routing probability from queue k to queue ¢ is py ¢ n and
P.. denotes the transition matrix supposed to be ergodic, with invariant

measure 7, = (7 n,...,Mn n), defined by:
Ttnpn = Ttn and ™ n + M + T[n‘n = ]. (2-1)
Then it is known that, for any q;,...,qn > Osuchthatq;+---+gn =
m(n}, ’
- o
Pr(Qin=4q1,....Qun=0an) =2 n)nH kn (2.2)

PLkn U-kn(qk)’

with the normalizing condition

S M|
B “Hin(Qi)

Q1+ +qn=mk=1 Hieyn (1

It is worth noting that our analysis applies to any network which
has a product form equilibrium distribution like (2.2). For example, it
includes, with a proper choice of the py ,’s, all systems having transi-
tion rates of the form py ¢ notk n(qi)Ben(qe). See Serfozo [13] for further
examples.



For the sake of brevity, we shall write Z,, instead of Z,,(5,) », whenever
non ambiguous. To each queue k, 1 < k < n, we associate the generating
function

b

MY o)
frn(z d=
kin(2) ‘; i (1 len(CI)

and we define

zmin)

o 1
Fn(z) o H fk,n(ﬂk.nz)-
k=1

To the original closed network B,,, we let correspond a new system
An which is open and consists of n parallel queues, with service rates
Hk,n(x) and arrival intensity A7y at queue k, where the choice of A,
will be made more precise later. The queue length Xy ,, of the k’s queue
of A, has a distribution given by

(AnTin)*
P(Xxn =% - : ,
Koen =) = R b () fen ()
and Xjn,...,Xnn are independent variables. We assume that Xy ,, has

some finite moments of order r > 2 and introduce the following notation:

Mgn £ Exk,m
BM ) E|xk.n"mk.n|r)
o2, ¥ VarXyn = Bich,
Sn d=ef Xln+"'+xn,n)
R
o2 ¥ Var$S, = B2,

Let @y n(8) be the characteristic function of Xy, — my n. Then, for
any real 0,

e : _ f (ﬂk A eie) _
0) & E eiXxn—mun)8 - eniTknn® Jo—imyn8 2.3
(pk,n( ) fk,n(ﬂk,nxn) ( )
and
On(8) EE S ESn® — 5, (8).-- @n.n(B) (2.4)

The reason why A, has been introduced is that the main perfor-
mance characteristics of the network B, can be expressed in terms of
the distribution of Xj 5, ..., Xn n, for a properly chosen value of A:

Lemma 2.1 For any choice of m(n), there exists an unique A, such that

ESn =EXin+ -+ Xqal =m(n). (2.5)



With this choice of An, we have
_FalAn) ™
Zn="" ] own(0)de. (2.6)

The mean number of clients in queue j of By, is given by

FalAn) ™ . n
EQn=min- g5 [ ioja@[ountelde. @D
B k#j

For any ¢ > 0 and q1,...,q¢ > O, the joint distribution of the length
of queues 1,...,Lis

P(Qin=4d1,...,Qgn=0q¢) = (2.8)

* FaAn) ™ (45— )8
[1P0n =) 252 [ Eieitommn® TT gyne
j=1 e

k=0+1

Proof One gets immediately from (2.3)

(ﬂkn )
m = TynAn ,
kn ke fkn(nkn n)
ol. = Tnhn fin(MknAn)

™ frn (M nAn)
+71_2 AZ fkn(ﬂknxn)fkn(""kn)\ ) — fllcz‘n("[k.n)\n)
f%n(ﬂkn}\n)

’

so that

—a—ES o%,n+"'+o'121,n

0An An
The mean number of clients in A,, is thus a strictly increasing func-
tion of A,,, which equals zero when A,;, = 0 and goes to infinity with A,.
This proves the first assertion of the lemma.
For any fixed n we consider the generating function

o0
m _ ﬂk nz Qk
mz=oz Zmn = Z Z H “ pkn(ax)

m=0q1++qn=mk= ,Hk

_ = (Trx nz) 9%
B Z H Hin (1) - Bien (k)

> 0.

qlyeeny an k=1
n

= ka,n(ﬂk nZ) .
k=1



Since m(n) is finite, A, is in the domain of convergence of this func-
tion, and Cauchy formula on the circle € with center 0 and radius A,

yields

1 HE:] fk.n('nk,nz)
Zn = ﬁ,‘tL Zm{n)+1 dz

- = J " Tzt fenlnne™) o-iminsogg 2.9)
2n)_, )\21(“) : )
HLL] fin (T ,nAn) _]__ Jn - fk,n(”k,nxneie) e—im(n)e 39

}\Kt(n) 2 | _n el fin (T nAn) ’

which, taking (2.3) into account, amounts to Equation (2.6).
It is well known that

1 0Z,
EQ]‘n = Zﬂj‘nm.
From (2.9), we get
1 n ; ; nkaé'fk,n(nk,nxneie)
EQn = Iz, Lnﬂj,n?\ne’efj',n(nj,n?\ne‘e) )()\neie)m(n) —do,
FTI(ATL) n [ A X e 2 ! 9] 9 de
Sz | Min05n(0) ~i0] (@) [ | oxn(8)de,
nodn k#j

and (2.7) follows.
For any ¢ > 1, the joint distributions take the form

1 jimn *
P(Qin=a1,...,Qen=0ae¢) = _Z:]-_! m,n(l)-~~wn(Qi)Z ’

¢ s

)=

where Z* is the normalizing constant corresponding to the network of
queues {+1,...,nwith m(n) —ZL] g; = m(n)—3_ qj clients. Following

the same lines as above, we obtain (2.8), since

P(Qin=4d1,...,Qen =qe)

4 qj

njy“ Jﬂ H::C-H fk,n('nk,nxnele)

T 2Zn 3 wn (1) () (Anei®)mm-= a+1

de.

-7

These formulas are used in Sections 3 and 4 to derive asymptotic
expansions. These expansions are given in terms of the operators O
and Q defined as follows:

a(n) = O(b(n)) iff 3K > 0, ¥n, la(n)l < Kb(n)|,

7



a(n) = Q(b(n)) iff a(n) = O(b(n)) and b(n) = O(a(n)),

where 1 is unspecified argument. Unless otherwise stated, all these
bounds are uniform with respect to n and all queue indexes.

3 Asymptotic expansion for normal traffic

In this section, we compute estimates of several performance measures
of B,, when the queues are not saturated (in a sense that will be made
precise in Lemma 3.1). The method that we use to compute our esti-
mates is related to the Central Limit Theorem or, more precisely, to
Berry-Esseen type expansions. The results of next lemma can be in-
terpreted as a proof that (S, — m(n))/on converge in distribution to a
normal law as n — oo. This is not surprising in view of the inversion
relation

P(Sn = m(n) = Z‘—NJ ©n(6)d6.

Further information on this and related subjects can be found, for
example, in Feller [2]. Note that it is possible by truncation methods to
prove similar results without assuming the existence of moments.

Define x7 ,, from Xy n as in Lemma A.1 of the appendix, and let

def 2
X Exint+ o+ < 02

Lemma 3.1 Define, forany0<v <1,

541 _Oon

TR

Let 0 — 00 as n — 0. Then we have the following estimates.

(i) For any integer a > 0,

" 1w 1 e
J’_ﬂe (pn(e)de = ﬁ J_wu e ZTdu+ O(ﬁ?)
1 X353
(i7) When a is an even number, Equation (3.1) holds for 1 < r < 2, pro-
vided that Xy n,...,Xn n admit moments of order 2+r and choosing
102
6n = EW



(iit) For any real number a > 0,

T 1 1 X2 62

-7t

Proof We only prove (i) and (ii), since (iii) follows trivially from the
computations. Define,

o0

. def 7( 0291
I, & J eawn(e)de—J 9%~ do
—TT

-

_ Ji:n 6° (n(6) - e‘lize_z)de

02 2
_J 9°e‘_nze_d9+I 0%pn(0)do,
18]>6n dn<lBI<T

noting that 6, < 1/2. It is known that

eho? 2 e

[+2
J 0%~z do~ me
181>6n 076n

Applying Lemma A.1 to ¢, we get

242

. 2452 242
0%pn(0)do| < J |9|°e“&s&d6 = O(—]—-e"&sin)

]_
181>5n X360 ¢

|J\
bn<lBI<T

Finally,

bn ot
) < j 0%] @n (6) — e~ =5~ |0

—6n

1 o252 1 _x262
+0(mee ) o (g ™).
nvn xnn

We proceed now to estimate the above integral, so that implicitly
8] < 8n. The derivation relies on the following simple inequality, valid
for all complex numbers x;,...,xn and yy,...,yn:

(3.3)

n
i xn =y Ual 3 Il — Yidlyker - cunl, (3.4
k=1

which will be used with x = @1(8) and yy = exp(—of 68%/2).
The characteristic function ¢y , of the random variable Xy ,, satisfies
(see for example Loéve [7])

6? (2+7) ]e|2+r
(pk,n(e) -1+ 0';2(,“7 < Bk,n 7

(3.5)

9



This implies that

ol o2 92 of p82 62

o] < o1+ 0] 1
24T

< B(z+r)|e| o.Z+r|e| B(2+')|9|2+r, (3.6)

We have to find an upper bound for |@y |, assuming first oy ,6n <1,
so that

2 o 9|2+r
Pen(@)l < T—0kn> + BN ] -
e 82 e
= exP(_oﬁ'“_*_Bl((zmr)a:l)z dzf‘bk,n(e). 8.7

Assume now that oy ndn > 1. Then,
—Op o+ BELSY > —0f  + opTST >0,

and |y n(8)l < 1T < Pyn(6).
Since, from the statement of the lemma, 6,0, — 0, we can choose

n to ensure &, > 2/0y. Thus,
82 2

by (0) > exP(—O'ﬁ,nT) > eXP(—Oi?)-

Using (3.4), (3.6) and (3.7), we find

292
ane

2
on(0) — =B 0

0.2
(2+7)|q|2+T _ (2+7)gT Yy .
B+ 101+ exp(—od + BE+TST, + 1))

2
(31(12+r)le|2+r exp (_0.31%)’ (38)

AN

IA

and (3.1) follows, since the integral in (3.3) is bounded by

Bn she? o0 92
J . (0) —e % ]de < ;MJ |e|2+*+°exp(—o§—)de
—00

~&n 8
] #+r)
=0 <l_c1 T) :
On’ 0%1
The proof of assertion (ii) of the lemma is similar, although the com-

putations be more involved. In this case, since a is even , I, can be
rewritten as

[od] 3 o292

Indff e%n(e)de—J (—13“’ )"“—de

—o0

10



where ) = Xy~ sl and B & E Xy —m(n)P? =B+ +Brn.

To find a bound for !I,,{, we have to estimate

242

i@n(e)—( —usm ) - (3.9)

(3)g3 3 22

e i —1+i[§§f’% e,

o262 . pl3le3

< |en(8)—e "7 T

+
The second part of the r.h.s. of (3.9) is trivially less than

P _ohel BHr _ode?
e 2

18
3+my1¥!
B 6 ]

‘B(s)
and the first one is evaluated as above with (3.4) and

92
Wi, (8) = exp(—0f , + Binon )5

We are now in a position to state the main result of this section,
which involves a Lyapounov’s condition, popular in the Central Limit
Problem.

Theorem 3.2 Let s < r be two real numbers such that 0 < r < 2 and
0 < s < 1. Assumethat 0, = O(xn), that B2 exists and B2+ /02" — 0
as N — oo. Then the following asymptotic expansions hold.

(l) (2+r)

(@) Foranyj<mn,

(2+7) (2+s1G2 4 p(2+s) g2
n j,n im n
)+o( :

EQ,n—EX]n+O< . o3

as ).QJD

i) For any ¢ <, if [T {_; mynl/on — 0,
¢
P(Qia=4a1,...,Qun =qe) = [ [PXin = q) [1+O(en)], (3.12)
k=1

2 4
_ (2+r) B( +s) St nlj,n [Z L m n]
€n = o.%+r + o.731+s 0-2 .

11



Proof Equation (3.10) is a simple application of Lemma 3.1 to (2.6),
since

Zn = J H(Pkn

=]
_ Rl [v2r ( ‘“") ( 1 _xiéi)
= = [Un +0 pr +0 Xnénexp( G ) .
Like in (3.5), we can write
@5 n(8) = —0f 0+ O(B{)0'*,

and (2.7) reads:

EQjn =~mj.n+F2( [c%j eHmn

Zn T kA

1 n
+0( ;i:”)f e‘*SHmk,n(e)de]
—TX

e
(2+s)

o B0 () o B

and (3.11) follows. Equation (3.12) is obtained in the same way
from (2.8) and

eiZL‘(Q;—mi.n)e =1 —i[

M-~
X
2

¢
- mj‘n]e + O([Z q; — mj‘n] 2)92.
j=1

4 Asymptotic expansion with heavily loaded
queues

In this section, we analyze the network B,, when some queues become
heavily loaded. This, in particular, implies that the Lyapounov condition
B /g%*" — 0 is no more valid. In fact, after proper scaling, S, —
m(n) will be shown to converge in distribution to a random variable
having a gamma distribution, under the broad assumption that the first
singularities of the relevant generating functions are algebraic.

Lemma 4.1 Assume that we can write for some fixed & > 1
@n(0) = w§(8)Pn(0),

12



where $y, is a characteristic function and

f (] - pn)e_iane
1- pneie

&

wn(0)

]

with 0 < pn < 1 and on 2 pn/(1 — pn). We fixt, 0 <t < 1. Let 65, 277,
{n and 8., be quantities having the same meaning as in Lemma 3.1, but
related to $+(0).

Let &n/0n — 0 and 8,%n — 00 as 1 — oo. Then the following esti-
mates hold:

b oc —
1 "#12~+-r) a.n 241 ";f-f'r) an -1
o o G @) T)
_&R3%
e " 5
*0( iz
m | 1 1 /0 \E-1 e_z('lzlgs‘%1
8pn(8)ld8 = o(—+—- = _)+o(-ﬁ—). (4.2

Proof The proof of this lemma is similar to the proof of Lemma 3.1
and is only sketched here. Define

iu

def e
(u)=l—iu’
and
T oo 2
I, ¥ %J w,ﬁ(e)(ﬁn(e)de—J wHu) ( %

-7 —o0

f:“ wh /o) [Bn (/o) - exp(— 37| du

+J:mn [wﬁ(u/ocn) - w‘*(u)] exp(—a—z—) du
2

62 u
- & Ot
Jmemnw () exp( o2 2 ). 4.3)

The evaluation of these integrals depends on the following straight-
forward estimations, valid for [u| < 7tay,:

1
lwf{(u/“n)l = 0 (m)

3 ok _ L
Wb (/o) — ()] = 0(%““2)&),

13



and from (3.8), which reads for [ul < ot on:

onten)~esp(- (3 3)| -0 (o nn(-55).
T

Moreover, we use the following approximation, valid for a,b > 0 and
for small z:

oo
J(a,b,z) "é‘J e~ dy = O(1) + O(2-9 1),

oo (T+u2)?
These relations, together with (4.3), yield:

| AR £ &n 1 G
In = o(;zﬁ)l(ur,z,z—)+o<&n7)1(2,£,%)

n

G\ &1 vz
+O<(G—n) )J vie T av

On v>1ln

¥n ) &1 vi
+O<(X—") )J v Ee T dv,

&n v2bnXn

and (4.1) follows. Relation (4.2) is obtained from the estimation

00 2

Ji::n uwf;(u/an)@n(u/an)ldu < J_w(_l—%%em(_ %—)du

= oM+ o((?—“:)“‘_z).

R

The estimates of Lemma 4.1 allow to establish the main result of
this section, with the same notation.

Theorem 4.2 Assume that the queues can be split into two categories:

(1) a set 8y of “saturated” queues, for which

‘pk,n(e) = wf{k'n(e)u’k.n(e)»
with Py (8) = O(1) and w‘gm(e) = 0(0), uniformly in k and n;
(it) “normal” queues, with total characteristic function §n(0).

Define &, = Zkesn &xn and let v be a real number, 0 < v < 1.
Assume &n/o — 0, BE7/82Y 5 0 and 8, = O(Rn) as 1 — oo.

Then the following expansions hold.

14



@

n—] —&n
z,, = nAn) & [+ O(ern)], (4.4)

On, ({-n]
with s 1 B2 G \EnnT
fn= (o) Tt ()
(it) for any j <mn,
EQjn=EX;n[1+0(e1n + €20)l, (4.5)
with
2 o2 ,a
o < En—1
£+%1(0-—n) ifjgsm N
— On On ‘O
n = 1 1 En—1
— + o (—) " otherwise;

(iif) forany £ <n, if 8§, N[1,j1 =0

P(Ql.nquy-- QEn'—ql HP xkn—qk []+O(£1.n+€3.n)]»
k=1

(4.6)
with

. me( ai(gl)an ]>'

Proof The proof is essentially identical to the proof of Theorem 3.2.
The first term of (4.1) is evaluated using Parseval’s identity and classical
complex analysis tools, giving

[ et exp(_%%z)du Bt ho(%)].

5 The choice of a good séaling

One thing that has been left out in the previous sections is the deter-
mination of “interesting” values for m(n) or, equivalently, for A,. The
analysis in [4, 5, 6, 1, 8] was done assuming that the number of cus-
tomers in the system should be proportional to the number of stations.
Indeed, we shall see that this is not always the suitable scaling. In
order to exhibit meaningful behaviours, it will be convenient to make

15



additional assumptions on the model. However, it should be pointed out

that the results of Sections 3 and 4.are valid in a more general setting,

which would- allow to carry out special cases via the same methods.
The queues are partitioned as follows:

Fo ¥ {0<k<n : liminfuia(a) < +oo}
def Y _
In = {0<k<n: qlglgouk,n(Q) = +o0},

and we define

Mn = L (1) ifked,

def  MnTlen
Pkn = T’
n

pn ¥ sup pin,

kEFn
1 d=ef i Tk n
D) 2= (1)

‘The analysis is done under the following assumption on the service
disciplines. .

Assumption Al There exist sequences R(q) and T(q) such that
lim R(q) =1,

q—oe

lim T(q) = +o0,

q—00

and, for any q > 0,

Benld) S Rq) forke
Hxn
Benld) S 1y forked,.
Hkn

This assumption holds in particular for any mixing of infinite-server
and multiple-server queues, the number of servers remaining bounded.
Moreover, for the sake of simplicity, we will assume

Assumption A2 {1,(1) = Q(1).

This ensures that the mean service times are bounded away from
zero and from infinity. When this assumption is not satisfied, the results
of this section still hold, with A,, replaced by A, /fin(1) in the error terms.

The first theorem deals with scalings, where no queue of the network
B, becomes saturated.
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Theorem 5.1 Assume that Al and A2 hold and that there exists con-
stants A and B such that

?}Lngo An = +00, (5.1)
pkn < B <1, forall k € Fy, (6.2)
Prn <A, forall k € Jy,. (5.3)
Then the following expansions hold, for all j < n.
2 = B o(1)] o
EQ. = EX. [1 + O(K)}, (5.5)

P(Qin=aq1,...,Qe¢n = qj)
1
= PXin=d1,... Xen = q,-)[l +o(s)] e

Moreover, m(n) = Q(Ay).

- Proof This theorem is a simple rewriting of Theorem 3.2, using Al
and (5.1)—(5.3). For a queue k € F,,, and for all a € IN, we have

7tk i an
Z q¢ MnTlin) Z R < +00.

Kk, 'n. * Hk, n

In particular, fx »(Anmtcn) = Q(1) and

o0

7\n7tk n An""k n)%” ! ( AnTln )
Myn = =0 —== .
kn uk,n( fk n nﬂk n) g * Kk, n(q) uk,n(] )
Similarly, for any r € IN,
: AnTo
() n/tk,n
= O ),
fn (1)
and the results of Theorem 3.2 apply. The remaining computations are
done in a similar fashion for all types of queues. =

Theorem 5.1 can be easily generalized to the situation where some
queues of J,; become saturated, in which case (5.3) fails to be satisfied.

Corollary 5.2 Let Al, A2, (5.1) and (5.2) be satisfied and assume that
the queues for which (5.3) does not hold are infinite-server queues. Then
the conclusions of Theorem 5.1 remain valid, except (5.6), which holds
only for queues satisfying (5.2) or (5.3).

17



Proof This proof relies on the fact that the characteristic function of
the number of clients X in an infinite server queue with parameter p
can be written as

. . : e
Ee% —exp(p(e®-1)) = [exp P (e —1) ] ,
( ) = |exp(57e - 1)
which means that a saturated infinite server queue can be replaced by
several non-saturated infinite-server queues without changing the dis-
tribution of S,,. With this substitution, the proof Theorem 5.1 applies
without change. u

To handle the case of saturated queues in F,, we have to introduce
the subset of ¥,
Sn = {k € Fn : Pin = Pn,

and to assume:

Assumption A3 The cardinal of 8., is uniformly bounded and, for all
k € 8y, fxn(z) has its first singularity at z = uy n, which is algebraic of
order &y ... Moreover, for some & > 0,

LY beneldl

kESH

While this assumption covers a wide range of known queues, other
kind of singularities could be handled via the same method.

The next theorem illustrates what happens when p,, — 1.

Theorem 5.3 Assume that Al, A2 and A3 hold and that there exists
constants A and B such that

n—o00
pkn <B <1, forall k€ Fn\ Sn, (5.8)

() If limy 00 (1 — Pn)*An = 400, then the following expansions hold
for anyj <n:
vl O+ o))
Z, = 1+0
onV2n An - AR (1 - pn)?

EQ,. - Ex,n[wo(;“ 4)] if 5 ¢ S,

18



subnet 1 subnet 2 subnet s,

______________________________________________________

______________________________________________________

Figure 1. a compound network of tandem queues

1
EQn = EXin[1+0(5 5y

P(Qin=4qi1,...,Qen = q;)

= I_nIP(Xk,n = Qk.){] + 0()\]—n + m)]

k=1

)],ifjesm

(i) if limn_00(1 — Pn)?An = O, then the expansions of Theorem 4.2 hold
withr=1and
B =Q(n), 67 =Q(An),

%=Q<1——]pn)' m(n)=Q<1_]pn)+Q(7\n).

The proof of this theorem is straightforward and is therefore omitted.
There is also an obvious equivalent of Corollary 5.2, (when (5.9) does not
hold) which will not be explicitly stated.

As pointed out at the beginning of this section, there are cases of
interest with A, = o(n) and m(n) = o(n). This will be illustrated in the
next example.

Example Consider a closed network consisting of s, subnetworks of
M/M/1 queues having each a unique entry point, in which a fixed num-
ber m of tasks circulate. The queues are subject to failures, taking place
with some probability f. When a failure occurs, the task returns to the
entry point of its current subnetwork. Tasks visit the various subnet-
works according to some probability matrix.

This model exhibits tight bottlenecks, when the number and the size
of the subnetworks grow. This fact, for the sake of simplicity, will be il-
lustrated on a very simple topology, presented in Figure 1: all subnet-
works are associated in tandem, and each of them consists itself of £,
queues in tandem, with unit processing rates.

Here, the invariant measure of the routing matrix has the form

(7O e T T e, TR ),
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where 7y is the invariant probability associated to the k-th queue of any
subnetwork. A straightforward computation, using symmetry proper-
ties, yields
o = 1 0= )k
sn I — (1 —=F)tn"

Therefore, the s, entry points of the subnetworks will act as bot-
tlenecks for the system, since the size of the queues remain uniformly
bounded if, and only if, A,71; < B < 1. It suffices to take

snB
f-f)

"Thus, from Theorem 5.1, it follows that

An <

m(n) = Q(An) = Q(sn).

Thus, since n = {,sn, the function m(n) has an arbitrary asymptotic
behaviour.

6 Application to a service vehicle network

Consider a fleet of vehicles serving an area consisting of n stations form-
ing a fully connected graph. These vehicles are used to transport goods
or passengers. Vehicles wait at stations until they receive a request, in
which case they go to an other station. The routing among stations is
done according to some routing matrix P,,. When a request arrives to
an empty station, it is immediately lost. The request arrivals form a
Poisson stream at each queue.

We model this system as follows: for all 0 < k < n, station k is rep-
resented as a single-server queue with service rate uy n which is equal
to the arrival rate at station k, since arrivals are lost when the station
is empty. When a vehicle leaves station k, it chooses its destination ac-
cording to the Markovian routing matrix P, = (px¢n). The duration of
the journey between two stations k and ¢ is represented by an infinite
server queue placed on the edge between them. The service rate of this
queue when there are q vehicles traveling between k and { is py¢nq.
Note that, contrary to the convention used throughout this paper, the
total number of quéues is n2 + n. Let (m ns-«-»Tnn) be the invariant
measure of P, defined as in (2.1). Then, with obvious notation, for all
k,0€{1,n], for all 8 € [—m, 7],

def Anﬂk,n

Px. )
" ZUk,n
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def pk,n
1-— Px.n '

st (11— I
(pk.n(e) = 1_— pk‘“eie

def Anﬂk,np kén
pke,n = _2—'__
Hken

mke = pke.n\
©ken(0) = eXp(pken(e‘e—l—ie))

n —imy 0

e 1_
®n(0) o exp[ —1-10) Z Pke n] H P 0
K, e=1 k=1 ]_pk €

Some questions of interest come to mind:

(2) what is the maximal efficiency that can be expected from this sys-
tem?

(i) how many vehicles should be provided?

Among all performance measures which can be derived from Theo-
rems 5.1 and 5.3, we define the loss probability as

] n
Moreover, we introduce the mean station time and the mean travel
time of a vehicle, respectively defined as:

(s) Z“ ik
s def N
Tn = y

- ] Zuk‘n

_(t)  def Tk,nPkén
™ = Z e

and we assume that these quantities are uniformly bounded
£ =0m =00,

so that A2 holds. Note that when these assumptions are not fulfilled,
the system can be considered as flawed. Define §,, as in Section 5 and
assume that its cardinal is some fixed integer K > 1. This implies that
assumptions Al and A3 hold. Theorems 5.1 and 5.3 can then be rewrit-
ten as:

Theorem 6.1 Assume that (5.8) holds. Recall from Section 5 that

21



(@) if limpo0(1 — Pn)2An = +00 then

_ ZkESn P'k,n(] - pk,n) l 1 _
Poln) = S0 (54 )|
mn) = Q)

(i5) if limy_00(1 — Pn)2An = O then

Pro(n) = 2 xgs, Bkn(l = Pxn) [] N O(—]——)], K=,

ZE:] Hkn \/A—n
Pross(n) = Z“S;:?":‘Sk_ Picn) [1 +0(1 - pn)], ifK > 2,
min) = 0(7=) + Q0.

Define the minimum loss probability

T{oss(n? = m(?rgglN Pross(n).

Since, as n — oo,

infy <k<n %t-:
n

it is useless to increase the number of vehicles in the system beyond a
quantity of order

*

loss (T‘l.) ~1-

m(n) = n( inf —““-“) :
1<k<n My n

Consequently, having a number of vehicle proportional to the number
of stations can be a poor choice, especially when some stations are more
loaded than the others. These stations act as bottlenecks of the system,
which can be removed by changing the routing probabilities.

7 General remarks

(t) In Section 3, the reader may be tempted to raise questions about
possible caracterizations of the original network by means of other
families of limit laws. For example, it is easy to choose a proper
normalization a, ensuring that

S_n_ xl,n+"'+xn.n] w

Qn Qn
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under standard assumptions, where P(A) denotes a Poisson law
of parameter A. The key point is then to “lift” these results onto
the original network, otherwise they would be of little interest. In
fact, this might well be the case for the following reason: most
of the estimates in Section 3 were in fact obtained by computing
deviations of S,, around ES;, = m(n). In the case just quoted (i.e.
Poisson limit law), there is no natural reason for working “around
the mean”. ' '

(27) In the case of saturated queues, additional assumptions had to be
introduced. The main reason is that, in this case, the standard .
“uniform asymptotic negligeability” conditions do not hold, which
means in particular that we are no more in the classical framework
of the Central Limit Theorem.

A Appendix: a bound on periodic characteristic
functions

One of the problems arising in the computation of convergence rates in
the Central Limit Theorem is to find upper bounds on the modulus of
a characteristic function ¢(8) for 6 away from 0. One typical property
used is usually stated as follows:

there exist 8o > 0 and a < 1 such that, for all 18] > 6y, [@(8)| < a.

It is pointed out in Feller [2] that this condition is usually easy to
fulfill in practice, as long as X does not have a lattice distribution. Un-
fortunately, we are in the lattice case and we must cope with problem
of periodicity of ¢.

We show therefore in next lemma how a bound on |@(8)| can be de-
rived for |6] < .

Lemma A.1 Let X be an integer-valued random variable with distribu-
tion P(X = k) = py, k € IN. Define

oo
2 def P2kP2k+1
= retrerr
o P2k T P2k

where the summands are taken to be zero when pyx = pax+1 = 0. Then,
for any 6 € [0, 7|, the characteristic function ¢ of X satisfies:

2
l0(6)] < exp(-%-62). (A1)
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x? is always less than min(Var X, 1/4). If, in addition, there exists a
real number p such that pyx+1 < ppy then

1-Po _ 2 PPo+0)
4ol =X = +pp - @Y

Proof We have

8)| = 'Z Pkelke‘ < Ipzk +Ppaxs1€®).

Moreover,

P2k + P2k+1 eiel = \/ (P2 + P2x+1 c08 0)2 +p3, sin® @

(P2x +P2x+1)% — 2p2xpak+1(1 ~ cos B)

P2kP2k+1
< + P+t — —————(1 —cos).
P2 T P P2k + P2k+1
Hence, for 8 € [0, 7,
< PakP2k-
lp(B)] < 1—(1—cosg)y —FZTZAT .
2 2.2
S ] - ?9 X
2 2

< exp(-62),

which gives (A.1). That x* < Var X can be seen by a Taylor expansion of
@ in the neighborhood of 8 = 0, while the relation x? < 1/4 follows from

the trivial inequality
P2xP2k+1 < P2k + P2k+1
P2k +P2k+1 4 '

To prove (A.2), remark that, when py41 < ppy,

Z —_— Z P2k+1- (A.8)
s

Since

OZDzkH 2 ZD2k+2 =1-po— ZP2k+1,

k=0 k=0
inequality (A.3) becomes

XZZ _]__]_po)
T+p1+p

24



and the first half of (A.2) is proved. The second half is proved in the
same way from the inequality

[o o}
2 P
X< —— P
]+'ok=0
[ |

x has the desirable property to be zero when X is an integer variable
with a span strictly greater than 1, in which case the period of ¢ is
less than 2n. Another desirable property would be that x — oo when
the moments of X are unbounded; since x < 1/4, this is obviously not
_ possible here. That this “feature” is somehow unavoidable can be seen
on the following example:

2+€e® 1 & elkd
T IS E—)

o(8) ¥

i0 . .
_ | S 4 (1= ¢®)In(1 - ¢®).

The random variable having ¢ as characteristic function admits no
finite moment of order greater or equal to 1, but no bound on |¢]| is
substantially better than (A.1).
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