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ABSTRACT : We compare three different stochastic versions of the EM 
algorithm: 
The SEM
algorithm, the  SAEM algorithm  and the MCEM algorithm. We suggest that 
the most relevant
contribution of the  MCEM methodology is what we call the 
simulated annealing MCEM
algorithm, which turns out to be  very close to SAEM. 
We focus particularly on the mixture of
distributions problem. In this 
context, we  review the available theoretical results on the
convergence 
of these 
algorithms and on the behavior of  SEM as the sample size tends to infinity.

The second part is devoted to intensive Monte Carlo numerical 
simulations and a real data study.
We show that, for some particular 
mixture situations, the SEM algorithm is almost always
preferable to the EM 
and 
simulated annealing versions SAEM and MCEM. 
For some very
intricate mixtures, however, 
none of these algorithms can be confidently used. 
Then, SEM  can be
used as an efficient data exploratory 
tool  for locating significant maxima of the likelihood
function. 
In the real data case, we show that the SEM stationary distribution 
provides a contrasted
view of the loglikelihood by emphasizing 
sensible maxima. ���������������������������������������������������������������������������������������������������������������������������������������������
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Résumé : tsvp



Sur des versions stochastiques de l’algorithme EM

RESUME : Nous comparons différentes versions 
stochastiques de l’algorithme EM : les
algorithmes SEM, SAEM et MCEM. 
On suggère que l’utilisation la plus pertinente de MCEM
réside 
dans une version de type recuit simulé qui le rapproche de SAEM. On 
analyse
particulièrement le comportement de ces algorithmes pour 
l’identification d’un mélange de lois de
probabilité. 
Dans ce contexte, on passe en revue les différents résultats théoriques 
sur la
convergence de ces algorithmes et aussi sur le comportement 
asymptotique de SEM. Une
deuxième partie est consacrée 
à la comparaison des algorithmes 
sur la base de simulations de
Monte Carlo intensives et sur une étude de 
cas réel. De ces études, il ressort que SEM est souvent

préférable aux autres, mais que pour des mélanges très imbriqués, 
aucun des algorithmes ne
donnent des résultats fiables. Ainsi, SEM 
peut être vu comme un outil efficace pour détecter les
maxima 
locaux intéressants de la vraisemblance. De plus l’étude du cas réel, 
met bien en évidence
le fait que la distribution stationnaire de SEM 
donne une vue exploitable de la fonction de
vraisemblance en accentuant 
les différences entre les maxima locaux de cette vraisemblance. �����������������������������������������������������������������������������������������������������������
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¼>½�¾ C�G�9�F�7�0�¿-G�'�F�C
À R X�Á¤g�h Z\Â UWbM`\e R1ÃÅÄ�Æ X Ã"[ ]MedXcb q/Ç h�`\bIÈ�hiV>È NÊÉ/Ë `\V�Ì%ÍWÎ*ÎWÏ6`\]Ðh [ U [/É/Z h�buh�V>ÈÑU�Ò�edXcV	X?Ó�Ôj`nXHV�e$h [1[ bMUBh*Ô R

eMU Ã h¶Õ/` Ã�É/Ã:Z `\Ö*X Z ` R UBU/È Ä g Ç Ï�XH]MeM` Ã h�eM`\UWV U*b-Ò�U*b Z U/ÔchieM`\V Â e R X [ UW]MedXcbM`\U*b Ã U­È­X�U�Ò>h�ÈB`\]MeMbd` Ë/É eM`\UWV Ä À h�V/V/XHb
h�V>È±×ØUWV Â Ì%Í*ÙWÎ q�Ú bMXcXcV»Ì%ÍWÍ*Û�hiV>È±×ØXc`mhiV>È À h�V/V/XHb�ÌkÍ*Í*ÛWÏÊÒ�U*b�`\V>ÔjU Ã	[1Z XHeMX�È/h�e?h/Ü�Ý$U�ÞuXcaWXcb q ÈBXH] [ `\eMX
h [/[ X%h Z `\V Â Ò�Xkh�e É bMXc] q e R XÐÁ§gÅh Z\Â UWbM`\e R1Ã·R hi]6]MXcaWXcbIh Z ÞuX Z\Z Y�È­U­Ô É/Ã XcVBedX%È Z ` Ã `\eIhieM`\U�V/]%ß K eM] Z ` Ã `\eM`\V Â¤[ U*]d`\eM`\U*V
Ôch�V�]deMbdU*V ÂWZnà ÈBX [ XcV-È±U*V�`\eM]�]deIh�bdeM`\V Â"[ UW]M`\eM`\U*V q `\ed] bIhieMX�U�ÒÐÔjU*VBa*Xcb Â XcV-Ô?X	Ôch�V Ë X [ hi`\VBÒ É/Z\Z\à ] Z U�Þáh�V-È�`\e
Ôch�V [ bMU�aB`8ÈBX$h�]Ih*È1È Z X [ UW`nVBe6U�Ò-e R X Z `\Ö*X Z ` R UBU/È�Ò É V-Ô?eM`\U*V Ä�Z Ü ÒIÜ�Ï�bIhie R Xcb§e R hiV	h Z U/Ôch Z�Ã hkÕ/` Ã_É1Ã Ü>g
UWbMXcU�aWXcb q
`nV"]MU Ã X¦ÔHh�]MXH] q e R X Ã hkÕ/` Ã `�âkh�eM`\UWV_]deMX [ UiÒ¥Á¤g�`\]$`\VBeMbIhWÔ?eIh Ë/Z X*Ü
p XHa*Xcb?h Z h É e R U*bd] R hka*X [ bdU [ U*]dX%È
a*h�bd`\U É ]uV/U*V1]MeMU/Ô R hi]MeM`8Ô�` Ã"[ bMU�aWX Ã XcVBed]TUWV
e R X_Á§gãh Z\Â U*bd`\e R/ÃäÄ XWÜ Â Ü qÇ U É `n]$ÌkÍ*Ù*å q g
Xc` Z ` æj]MU*V"Ì%Í*ÙWÍ q�L$à Ô R Ö*h�Ì%ÍWÍ*Û q*p ` Z a*Xcb Ã h�V qcç UWV/Xc] q ×D` Z ]MUWV_h�V-È LÊà Ô R Ö*h�ÌkÍ*Í*Û q*Ú bdXcXcV�Ì%ÍWÍ*ÛWÏcÜ

Ý$U�ÞuXca*Xcb q V/U*V/XuU�Ò/e R Xc]MX$` Ã"[ bMU�aWX Ã XcVBed]>bdXc] É/Z edX%È�`\V_h�Ô?U Ã"[/Z XceMX Znà ]IhieM`\]PÒ�hWÔ?eMUWb à a*XHbM]M`\UWV�U�ÒªÁ§gØÜ À R X Ë hi]M`8ÔÃ U*ed`\a*h�eM`\U�V�U�Ò>X%hWÔ R UiÒ>e R Xue R bMXcX$]deMU/Ô R h�]deM`8Ôua*Xcbd]M`\U*V1]TUiÒ>e R XÐÁ¤gäh Z\Â U*bM`\e R/Ã e R h�eAÞmXu]Me É È à `\V�e R X [ bdXc]MXcVBe[ h [ Xcb$`\]medU_U�aWXcbIÔjU Ã X$e R X�h Ë U�a*X?Y Ã XHV�ed`\U*V/X%È Z ` Ã `\e?h�eM`\UWV/]�UiÒ¥Á¤gØÜ À R Xc]MX�]deMU/Ô R h�]deM`8Ô�a*Xcbd]M`\U*V1]$U�ÒTÁ¤gèh�bdX
e R X p Á¤g�h Z\Â U*bM`\e R/ÃéÄPê bdU*V/`8hieMU�Þ$]MÖB` q>o X Z X É Õëh�V>È Æ `\X Ë U Z e q ÌkÍ*ÙWì�h�V>È o X Z X É Õëh�V>È Æ `\X Ë U Z e q Ì%ÍWÙ*í*Ï q e R XpBO Á¤gîh Z\Â U*bd`\e R/Ã�Ä�o X Z X É ÕïhiV>È Æ `nX Ë U Z e q Ì%ÍWÙ*ÍWÏ h�V-È±e R X	g o Á§gîh Z\Â UWbM`\e R/Ã�Ä ×ØXH`mh�V>È À hiV/V/Xcb q Ì%ÍWÍ*Û
h�V>È À h�V/V/XHb q Ì%Í*Í1Ì%ÏHÜ À R X [/É b [ U*]dX�U�Ò$e R X [ bMXH]MXcVBe [ h [ Xcb�`\]�eMUëÔjU Ã	[ h�bMX�e R X
Ô R h�bIhWÔ?eMXHbM`\]Med`¬Ôj]_UiÒÐe R Xc]MX
]MeMU/Ô R hi]MeM`8ÔÑa*Xcbd]M`\U*V/]�U�Ò Á¤g�h�V>È±edU
Ò�U/Ô É ]�U*VØe R X	bdX Z h�eM`\UWV/] R ` [ ] Ë XcePÞuXcXcVDg o Á§gðh�V-È±e R X"ePÞmU�UWe R XHb
h Z\Â UWbM`\e R/Ã ]%Ü
À R X Ã U*ed`na*hieM`\U*V1]$U�Ò$e R X"`nVBedbMU/È É Ô?ed`\U*V±U�Ò h	]d` Ã�É/Z h�eM`\UWV�]deMX [ñÃ hiÖ�`\V Â�É ]MX�U�Ò [ ]dX É ÈBUWbIh�V-ÈBU Ã ÈBb?hkÞ$]

h�e	Xkh*Ô R `\edXcbIhieM`\U*VQh�bdXëV/UWe	e R XØ]Ih Ã X"Ò�U*b p Á§gòhiV>ÈDg o Á¤g Ä�p­O Á¤gó`\]�V1U*e R `nV Â³Ë/É e�hïa*h�bM`8hiV�e"U�Òp Á¤g�ÏHÜ�ô�V	e R X�U*V/X R h�V-È q e R X ]d` Ã�É/Z h�eM`\UWV�]MedX [ U�Ò p Á¤gõbMX Z `\Xc]uU*V"e R X p eMU/Ô R h�]deM`8Ô KPÃ"[/É e?h�eM`\UWV�r6bd`\V>Ô?` [/Z XÄ�pBK r¤ÏHß Ú XcV/Xcb?h�eMX [ ]MX É ÈBU�YMÔ?U Ã	[/Z XcedX%È±]Ih Ã	[/Z Xc] ËBà È­bIhkÞ$`\V Â
[ UWeMXcVBed`¬h Z¤É V/U Ë ]MXHbMa*XkÈ³]?h Ã"[/Z Xc]�Ò�bMU Ã e R Xc`\b
Ô?U*V>È­`ned`\U*V>h Z È­XcV/]M`\e àØÂ `naWXcV±e R X"U Ë ]dXcbMaWX%È³È/hieIh q Ò�UWb�e R X�Ô É bdbMXcVBe�ö>e�U�Ò$e R X [ h�b?h Ã XHeMXcbkÜ�ô�V³e R X	UWe R XHbR h�V>È q g o Á§g÷bMX [/Z hWÔ?Xc]�h�V>h Znà ed`¬Ô�Ô?U Ã	[/É e?h�ed`nUWV�U�Ò$e R X	Ô?U*V>È­`ned`\U*V>h Z X?Õ [ XkÔ?eIhieM`\U*VØUiÒ e R X Z U Â Y Z `\Ö*X Z ` R UBU/È
U�Òme R X	Ô?U Ã"[/Z XceMX�È/h�e?h Â `\a*XcV�e R X�U Ë ]MXcbda*h�eM`\UWV/] Ë�à h�gøU*VBeMX o h�b Z U
h [/[ bMUkÕ/` Ã h�ed`\U*V�Ü�Ý$U�ÞuXca*XHb q ÈBXH] [ `\eMX
ù$ú�û�ü�ýdþ�ÿ������*ÿ����cþ	���Iú
���¥�k���%~��*�H���)��~¤«8��}P�P�c�)���c}¤�����H�?�����)��� ��
�«\�*~d�?�$����}M��}��6�c����
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ÈB`��ªXcbdXcVBe Ã U*ed`\a*h�eM`\UWV/] qBË U*e R p Á§g"Y p­O Á¤gîhiV>È�g o Á¤g÷ÔchiV Ë X	Ô?U*V1]M`8ÈBXcbdX%ÈØh�]�bIhiV>ÈBU Ã [ Xcbde É b Ë h�ed`\U*V/]
U�Ò�e R XØÈB`\]IÔjbMXcedX?Y�ed` Ã XëÈ à V>h Ã `8Ô"] à ]MedX ÃðÂ XcV/Xcb?h�edX%È ËBà Á¤gØÜ À R `\]"`n]"e R X bMX%hi]MU*V�Ò�UWb	e R Xc`\b	] É ÔcÔ?Xc]d]PÒ É/ZË X R hka�`\UWb%ß��A`\bM]de q e R X$b?h�V>ÈBU ÃQ[ XHbMe É b Ë hieM`\U*V/] [ bdXca*XcVBe¤e R Xc]dX¦h Z\Â U*bM`\e R/Ã ]-Ò�bdU Ã ]deIh à `\V Â V/X%h�b§e R X É V1]MeIh Ë/Z X
U*b RBàB[ Xcb Ë U Z `¬ÔTö/Õ/X%È [ U*`\VBeM]�U�Ò>Á¤g q hi]�ÞmX ZnZ h�]¨Ò�bMU Ã `\eM]�]deIh Ë/Z X6ö/Õ/X%È [ U*`\VBeM]�Ô?UWbMbdXc] [ U*V>È­`nV Â edU$`\V/]M` Â V1`�ö�Ôch�VBeZ U/Ôch Z*Ã hkÕ/` Ã h�UiÒ/e R X Z Ü Ò?Ü O ]Th�Ô?U*V/]dX	� É XcV>ÔjX q e R X$h Ë U�a*X Ã XcVBed`nUWV/X%È [ U*]M]d` Ë/Z X¤] Z U�ÞØÔ?U*VBa*XHb Â XHV>Ô?X$]M`\e É h�ed`nUWV/]
U�Ò¥Á§g�h�bdX_hka*UW`¬È­X%È�Ü¤g
UWbMXcU�aWXcb q e R X É V>ÈBXHb Z\à `nV Â Á¤g�È à V>h Ã `8Ô?] R X Z\[ ]$e R X Ã eMU�ö>V-È Â UBU/È"Xc]Med` Ã h�edXc]$U�Ò
e R X [ hibIh Ã XcedXcb6`nV�h�Ô?U Ã	[ hibIhieM`\a*X Z\à ] Ã h Z\Z V É/Ã�Ë XcbAU�Ò�`nedXcbIhieM`\U*V1]%Ü
�A`\V>h Z\Z\à�q e R X$]deIhieM`\]Med`¬ÔHh Z Ô?U*V/]d`8ÈBXcbIhieM`\U*V1]
ÈB`\bMX%Ô?ed`\V Â e R Xu]M` Ã�É/Z h�ed`\U*V�]MedX [ U�Ò>e R Xc]dX¦h Z\Â U*bM`\e R/Ã ] Z X%h*È�eMU�h [ bMU [ XHbmÈ/h�e?hkYMÈBbM`\aWXcV�]IÔHh Z `\V Â U�Ò>e R X$bIhiV>ÈBU Ã[ Xcbde É b Ë h�ed`\U*V/]kÜ K V p X%ÔjeM`\U*V�å q ÞuX [ bdXc]MXcVBe�X%h*Ô R UiÒTe R Xc]MX�e R bMXcX�h ZnÂ U*bd`ne R/Ã ]6`\V�e R X¦]?h Ã X Â XcV/XHbIh Z ]dXceMed`\V Â>q
e R X$`8ÈBX%hi]6Þ R `8Ô R�É V>È­Xcb Z\à e R X Ã hiV>È�e R Xc`\b¤ÖWX à�[ bdU [ XcbMed`nXH]%Ü K V p X%ÔjeM`\U*V	ì q ÞmXu] R U�Þ R U�Þ³e R Xc]MX�h Z\Â UWbM`\e R/Ã ]
h [/[/Z\à eMU�e R X Ã `�Õ/e É bMX [ bdU Ë/Z X Ã Ü Ú `\a*XHV�]MU Ã X bdX?Ò�XcbdXcV>Ô?X Ã X%h�] É bMX q h_ÈBXHV/]M`\e à��¨Ä�
 ÏÊ`\]Ðh´ö>V/`\eMX Ã `ºÕ/e É bdX$U�Ò
ÈBXcV/]d`ned`\Xc]uÒ�bMU Ã ]dU Ã X [ hibIh Ã XceMXHbM`\âcX%ÈÑÒ�h Ã ` Z\à��������§Ä������ Ïuß �����! `ºÒ
Ä Ì*Ü\ÌkÏ ��Ä"
 Ï �$#%& '�(	)

& �§Ä�
*��� & Ï
Ò�U*b�]dU Ã X�ö>V/`\eMX"`nVBedX Â Xcb,+ q Þ R XcbMX
e R X	ÞuXc` Â*R eM] )

&
h�bMX"`\V Ä Û � ÌkÏ�h�V-ÈØ] É1ÃãÉ1[ eMU±U*V1X*Ü À R X Ã `�Õ/e É bMX[ bMU Ë/Z X Ã Ô?UWV/]M`\]deM]u`nV�`8ÈBXcVBeM`ºÒ à `\V Â e R X�ÞmXc` ÂWR ed`\V Â�[ h�b?h Ã XHeMXcbd] ) ( �.-.-	-/� ) # hiV>È�e R X [ h�bIh Ã XcedXcbM] � ( �	-.-	-/�/� #U�Òme R X�ÔjU Ã	[ U*V1XcVBe¦ÈBXcV1]M`\eM`\Xc] q U*V±e R X Ë hi]M`\] UiÒÐh"]Ih Ã"[/Z X�U�Òm`PÜ `PÜ È¨ÜBU Ë ]dXcbMa*hieM`\U*V/] 
 ( �	-.-.-��/
.0 `\]M] É X%È
Ò�bMU ÃÄ Ì*Ü\ÌkÏ?Ü À R X Ã `ºÕ/e É bdX [ bMU Ë1Z X Ã hiV>È
`\eM]�a*h�bM`8hieM`\U*V/] hiV>È
X?Õ/edXcV/]M`\UWV/]�h�bMX�h Ã UWV Â e R X Ã UW]Me$bMX Z XHa*h�VBe¦hibMX%hi]

U�Ò¥h [/[/Z `8Ôch�ed`\U*V	UiÒTe R X_Á¤g Ã XHe R U/ÈBU Z U Â*à"Ä�N X%ÈBV/Xcb�h�V>ÈÑ×³h Z Ö*XHb¦ÌkÍ*Ù�1 q À `\eMeMXHbM`\V Â edU*V q/p­Ã `\e R hiV>È
g�h�ÖWU�a
Ì%Í*ÙWí*ÏHÜ K V p XkÔ?eM`\U*V21 q e R X Ã h�`\V_bdXc] É1Z ed] Ô?U*V-Ô?XcbMV1`nV Â e R X�Ô?U*VBa*XHb Â XHV>Ô?X [ bMU [ XHbMeM`\Xc]$UiÒTe R X¦h ZnÂ U*bd`ne R/Ã ]6Á¤g qp Á¤g qBpBO Á§gãhiV>È�g o Á¤gõ`\V�h Ã `�Õ/e É bMX [ bdU Ë/Z X Ã ]MXcedeM`\V Â h�bMX�bMXcaB`\XcÞuX%È�Ü K V p X%ÔjeM`\U*V
í q ÈBXceIhi` Z XkÈ	g
UWV�edXo h�b Z U�]M` Ã�É/Z h�ed`\U*V/]6` Z\ZnÉ ]MeMb?h�edX¦h�V-È�ÔjU Ã	[ h�bMX�e R X [ bIhWÔ?eM`8Ôch Z�Ë X R hka�`\UWb$U�ÒTXkh*Ô R h Z\Â UWbM`\e R/Ã `\V
]MXcaWXcbIh Z ö>V1`nedXÃ `ºÕ/e É bdX¦]d`\e É hieM`\U*V/]kÜ K V p X%Ô?eM`\UWV Ù q Á§g hiV>È p Á¤g÷h�bdX�h Z ]MU�ÔjU Ã	[ h�bMXkÈ"Ò�U*b�h"bMX%h Z È1h�eIh"]dXce�]Me É ÈB`\X%È ËBàê hi]PÒ�UWbIÈ
h�V>È"g�Ô Ç h*Ô R/Z h�V Ä ÌkÍ*ÙWí*ÏcÜ

3�½�4 ;�+6587÷<�(:96F�9�'8G�;�; <�C�7:'8G�,_,HG�F�¿-;�<�,HG�'�¿ =�+/9�,H'�F�C�,
<�=?> �A@CB���� �EDGFIHIJ�KGL.@NM =
À R X$Á¤gÅh Z\Â U*bd`\e R/ÃQÄPÆ X Ã	[ ]deMXcbPO/Q�R�S�T/Ì%ÍWÎ*ÎWÏ-`n]�hiV�`\eMXcb?h�ed`naWX [ bMU/Ô?X%È É bMX ÈBXH]M` Â V/XkÈ�eMUÊö>V>È�g Ç XH]MeM` Ã h�eMXH]

`nV�e R X�Ô?U*VBedX?Õ/emUiÒ [ hibIh Ã XceMbd`8Ô Ã U/ÈBX Z ]¤Þ R XHbMX�e R X�U Ë ]dXcbMaWX%È
È/h�e?h_ÔHh�V Ë X aB`\XcÞuX%È
h�]u`\V>Ô?U Ã"[/Z XceMXWÜ K V	e R `\]
] É/Ë ]dX%Ô?ed`nUWV q ÞmX Ë bM`\X/U à bMXHa�`\XcÞ�e R X Ã h�`\VïÒ�X%h�e É bMXH]�UiÒ�Á¤gØÜ À R X U Ë ]dXcbMaWX%È·È1h�eIhWV hibMX�] É/[/[ U*]MXkÈDedUË X�`\]M] É X%È Ò�bMU Ã e R X�ÈBXcV1]M`\e àYX6Ä V8Z [�Ï$Þ$`\e R bMXc] [ XkÔ?e_edU
]MU Ã X]\1Y�ö>V/`\eMX Ã X%hi] É bdX_^`V$Ü�ô É b¦U Ë æ?X%Ô?ed`\a*X�`\] edU
Xc]Med` Ã h�edXa[ ËBà S[ � h�b Â¤Ã h¶Õcb Ä [�Ï q Þ R XcbdXdb Ä [�Ï �:Z U Â
X6Ä VeZ [�ÏHÜ À R X Ë hi]M`8Ô6`8ÈBX%hÊU�ÒªÁ§g²`\]�eMU�eIhiÖ*XmhWÈBa*h�VBeIh Â X
U�Òme R X É ] É h Z X?Õ [ bdXc]M]d` Ë ` Z `\e à `\Vëh
Ô Z UW]MX%È Ò�UWb Ã UiÒÐe R X�g Ç XH]MeM` Ã h�eMX�U�Òue R X	Ô?U Ã	[/Z XcedX_È/hieIh�f �®Ä V �/g ÏcÜ
Ý$XcbdX q
g ÈBXHV/U*edXc]_e R X É V/U Ë ]dXcbMaWX%È Ä UWb Z h�edXcVBeIÏ�È/hieIh1Ü À R X	Á¤gîh ZnÂ U*bd`ne R/Ã bMX [/Z h*Ô?Xc]�e R X Ã h¶Õ/` Ã `\â%hieM`ºU*V
U�ÒTe R X É V1Ö�V1U�Þ$V Z Ü ÒIÜIh Ä fPZ [�ÏuU�Ò6e R X_ÔjU Ã	[1Z XHeMX�È/h�e?h,f ËBà ] É ÔcÔ?XH]M]M`\aWX Ã hkÕ/` Ã `\â%h�ed`\U�V/]¤U�Ò¤e R X_Ô?UWV>ÈB`\eM`\U*V-h Z
X?Õ [ X%ÔjeIh�ed`\U*Vji Ä [.k � [�Ï UiÒ Z U Â h Ä fPZ [.knÏ Â `naWXcVYVñÒ�UWb e R X�Ô É bMbMXHV�e�ö>e�U�Òme R X [ h�b?h Ã XceMXcbl[BÜ_g
UWbMX�Ò�U*b Ã h ZnZ\àBqZ XHe]m Ä"g Z V � [�Ï � h Ä fPZ [�Ïon X6Ä V8Z [�Ï ÈBXcV1U*eMX"e R X
Ô?U*V-ÈB`\eM`\U*V>h Z ÈBXcV/]d`ne à UiÒ gñÂ `naWXcVjVDÞ$`\e R bdXc] [ X%Ô?e�edU�]MU Ã X\1Y�ö>V1`nedX Ã X%hi] É bdXA^ g Ü À R XcV
Ä å/Ü\ÌkÏ i Ä [ k � [�Ï �qpIr¤Z U Â�s h Ä fPZ [ k Ïutvm Ä�g Z V � [�Ï*^ gN�
Þ R XcbMXew ÈBXcV1U*eMXH]$e R X�]Ih Ã"[/Z X$] [ hWÔ?X�U�Ò�e R X Z h�edXcVBemÈ/hieIh g Ü Ú `\aWXcV�e R X�Ô É bMbMXHV�e h [/[ bdUkÕ­` Ã h�eM`\UWVA[.x�edU_e R X
g Ç Xc]deM` Ã hieMX$U�Ò�e R X U Ë ]MXcbda*X%È
È/hieIh q e R X¦Á¤gä`\eMXHbIh�ed`\U*V�[.x�y ( �{z 0 Ä [.x*Ï6`\VBa*U Z a*Xc]6ePÞuU�]MedX [ ]%ß À R X¦Á±]deMX [
Ô?U Ã"[/É eMXH]8i Ä [ � [.x¶Ï$hiV>È"e R X�gé]deMX [ ÈBXcedXcb Ã `\V/Xc]8[.x�y ( � hib Â¤Ã hkÕ:|�i Ä [ � [.x¶ÏHÜ À R `\] É/[ È/h�ed`\V Â�[ bMU/Ô?XH]M]�`\]
bMX [ X%h�edX%È É VBed` Z ÔjU*VBa*Xcb Â XcV-Ô?X_`\] h [/[ h�bdXcVBe%Ü
À R X�Á¤g÷h Z\Â UWbM`\e R1Ã R hi]�e R X Ë h�]d`8Ô [ bMU [ XHbMe à e R hie X%hWÔ R `\eMXcb?h�ed`nUWVë`\V>ÔjbMX%hi]MXc]�e R X Z Ü ÒIÜ q `�Ü X*ÜIb Ä [.x/y ( Ï~}b Ä [.x�Ï�Þ$`\e R X	� É h Z `\e à `���i Ä [.x�y ( � [.x¶Ï � i Ä [.x � [.x�ÏcÜ O È­XceIhi` Z X%È±h*ÔHÔ?U É VBe�UiÒÊÔjU*VBa*Xcb Â XcV-Ô?X [ bMU [ XcbdeM`\Xc]�U�Ò

e R X$]dX	� É XcV>Ô?X � [.x   Â XcV/Xcb?h�edX%È Ë�à Á¤géÔchiV Ë XÊÒ�U É V>È�`\V Æ X Ã"[ ]MedXcb�O�QcR�S�T Ä Ì%Í*ÎWÎ*Ï6h�V-È�× É
Ä Ì%ÍWÙ*ìWÏcÜ ^ V>ÈBXcb
] É `\eIh Ë/Z X_bdX Â*É1Z hibM`\e à Ô?U*V-ÈB`\eM`\U*V/] qN� [.x  ÔjU*VBa*Xcb Â Xc]�eMU�h"]MeIhieM`\U*V-h�b à [ UW`nVBe�U�Ò8b Ä [�ÏHÜ ê§É e�Þ R XcVëe R XcbdX�h�bdX



�u�¶�-}���}P *©W���m�*�1�*�? *�H}M�?  �?�*���¶���A��}�¡��?��� �

]MXcaWXcbIh Z ]Me?h�eM`\UWV>h�b à¦[ U*`\VBeM] Ä�Z U/Ôch ZBÃ hkÕ/` Ã h q?Ã `\V/` Ã h q ]IhWÈ/È Z X [ UW`nVBed]IÏ q`� [.x  ÈBUBXc]6V/UWeTV1X%Ô?Xc]d]Ih�bd` Znà Ô?U*VBa*XHb Â X
eMU�h�]d` Â V/`ºöªÔchiV�e Z U/Ôch Z-Ã h¶Õ­` Ã�É/Ã U�Ò
b Ä [�ÏHÜ K V [ bIhWÔ?eM`8Ôch Z ` Ã	[/Z X Ã XHV�e?h�ed`nUWV/] q e R X�Á¤gèh Z\Â UWbM`\e R/Ã²R hi] Ë XcXcV
U Ë ]dXcbMaWX%ÈñeMU Ë X�XjÕ­edbMX Ã X Z\à ] Z U�Þ®`nVñ]MU Ã X Ä ` Ã	[ U*bMe?h�VBeIÏ�h [/[/Z `8ÔchieM`\U*V/]kÜ O ]"V/U*edX%Èñ`\V Æ X Ã	[ ]MeMXHb O/Q_R�S�TÄ Ì%ÍWÎ*ÎWÏ q e R X�Ô?U*VBaWXcb Â XcV>Ô?X±bIhieMX
U�Ò_Á¤g Ä hie Z X%h�]de�Þ R XcVDe R X
`nV1`ned`8h Zu[ UW]M`\eM`\U*Vñ`\]�V/U*e�edU�U±ÒPh�b�Ò�bMU Ã e R X
eMb É X�a*h Z\É X�U�Ò¤e R X [ hibIh Ã XceMXHbIÏu`\] Z `nV1X%h�b hiV>È Â U�a*XHbMV/X%È Ë�à e R X´Ò�bIhWÔ?eM`\U*V
UiÒ Ã `\]M]M`\V Â `\VBÒ�UWb Ã hieM`\U*VAÜ À RBÉ ] q
] Z U�Þ Ô?UWVBa*Xcb Â XcV>ÔjX Â XcV1XcbIh ZnZ\à h [/[ X%hibM]uÞ R XcV	e R X [ bMU [ U*bdeM`\U*V�UiÒ Ã `\]M]d`\V Â `\VBÒ�UWb Ã h�eM`\UWV�`\] R ` Â*R Ü6g
UWbMXcU�aWXcb q
Þ R XcV�e R X Z U Â Y Z `nÖWX Z ` R UBU­È�] É bPÒ�hWÔ?X$`\] Z `\eMeMXHbMX%È�Þ$`\e R ]IhWÈ/È Z X [ U*`\VBeM]mhiV>È�] É/Ë YPU [ ed` Ã h ZBÃ hkÕ/` Ã h q e R X Z ` Ã `\eM`ºV Â[ UW]M`\eM`\U*V"U�Ò¤Á¤g Â bMXkh�e Z\à ÈBX [ XcV>ÈB]�U*V
`\eM]$`\V/`\eM`8h Z-[ U*]M`\ed`nUWV�Ü
<�= < �A@CB±��� � �,D F HIJ�K L	@NM =
À R X p Á§gðh Z\Â U*bM`\e R/Ã�ÄPê bdU*V/`8h�edU�Þ$]MÖB` q¤o X Z X É Õ hiV>È Æ `\X Ë U Z e	Ì%ÍWÙ*ì q hiV>È o X Z X É Õ h�V>È Æ `\X Ë U Z e	ÌkÍ*ÙWí q

Ì%Í*ÙWÎ*Ï R h�] Ë XcXHV ÈBXc]d` Â V/X%ÈñedU hiV/]MÞuXcb�e R X�h Ë U�a*XjY Ã XcVBeM`\U*V/XkÈ Z ` Ã `\eIhieM`\U�V/]�U�Ò¦Á§gØÜ À R X Ë h�]M`8ÔÑ`¬È­X%h É VBY
ÈBXcb Z\à `\V Â�p Á¤g `n]�eMU�bdX [/Z h*Ô?X"e R X	ÔjU Ã	[1É eIhieM`\U*VØh�V>È Ã hkÕ/` Ã `�â%hieM`\U*V
UiÒ�i Ä [ � [.x¶Ï Ë�à e R X Ã�É Ô R ]d` Ã"[/Z Xcb
Ô?U Ã"[/É eIhieM`\U*V�U�Ò m Ä�g Z V � [.x?Ï6h�V>È�]d` Ã�É/Z h�eM`\UWV$U�ÒªhiV É V/U Ë ]MXcbda*X%È [ ]dX É ÈBUW]Ih Ã"[/Z X g x q h�V-È�e R XHV_edU É/[ È/h�edXd[.x
U*V�e R X Ë h�]M`\]�U�Òme R X [ ]MX É È­U�YMÔ?U Ã"[/Z XceMX%Èø]Ih Ã"[/Z X!f�x �²Ä V �/g xcÏcÜ À RBÉ ] q�p Á§g�`\V>Ô?UWb [ U*b?h�eMXH]´hÑ]MedU­Ô R hi]Med`¬Ô
]MeMX [:Ä�p ]MedX [ Ï Ë XcePÞuXcXcVñe R X	Á»h�V>ÈØg ]MedX [ ]kÜ À R `\] p ]MedX [ `\]�ÈB`\bMX%Ô?edX%È ËBà e R X p edU­Ô R hi]Med`¬Ô KPÃ"[/É e?h�eM`\UWV
r6bM`\V>Ô?` [/Z X*ß Ú XcV/XHbIh�edX_h�Ô?U Ã	[/Z XcedX%È"]Ih Ã"[/Z X!f�x �QÄ V ��g xcÏ ËBà ÈBbIhkÞ$`\V Â�g x�Ò�bdU Ã e R X_ÔjU*V>ÈB`\ed`nUWV>h Z È­XcV/]M`\e àm Ä�g Z V � [.xIÏ Â `\a*XcV
e R X�U Ë ]dXcbMaWX%È�È/hieIh�V q Ò�UWb$e R X_Ô É bMbdXcVBe ö-e8[.x�U�Ò¤e R X [ h�b?h Ã XceMXcbkÜ p Á§g Ë h�]d`8Ôch Z\Z\à eMXc]deM]
e R X Ã�É e É h Z Ô?UWV/]M`\]deMXcV>Ô à U�Ò e R X	Ô É bdbMXcVBe ÂWÉ Xc]M]�U�Ò e R X [ hibIh Ã XceMXHb_h�V>È±UiÒ e R X
Ô?U*bdbMXc] [ UWV>ÈB`\V Â±[ ]MX É ÈBU�Y
Ô?U Ã"[/Z XceMX%Èø]Ih Ã"[/Z Xc]%Ü p `nV-Ô?X�e R X É/[ È/h�edX%È±Xc]deM` Ã hieMX][.x/y ( `\]�e R X�g Ç Xc]Med` Ã h�edX�ÔjU Ã	[1É eMX%ÈøU*V±e R X Ë h�]d`\]
U�Ò8f�x q h�V³h�V-h Z\à eM`8Ô�X?Õ [ bMXH]M]M`\UWV³U�Ò�[.x/y ( h�]_h"Ò É V>Ô?ed`nUWVØU�Ò8f�x�ÔchiV Ë X	ÈBXcbM`\aWX%ÈØ`\V³h�Ô Z UW]MX%È Ò�UWb Ã `\V h Z\Z
bMX Z Xca*hiV�e$]d`\e É hieM`\U*V/]kÜ�A`\bM]de q `\e	`\]
ÞmUWbMe R V/U*ed`\V Â e R h�e q `nV�]MU Ã X�]M`\e É h�ed`nUWV/] q e R X³g�]deMX [ UiÒ_e R X³Á¤gòh Z\Â U*bd`\e R/Ã `\]	V/UWe
h�V>h Znà ed`¬ÔHh Z\Z\à eMb?h*Ô?e?h Ë/Z X Ä X*Ü Â Ü q e R X�g ]deMX [ `\V"e R X�Ô?UWV�edX?Õ/e UiÒT×ØXc` Ë/É/Z\Z-Ã `ºÕ/e É bdXc]¤Þ$`\e R Ô?XHV/]MUWbMX%È�È1h�eIh q ]MXcXouR h É aWX%h É ÌkÍ*ÍWå q UWb¤`\V_e R X¦Ôchi]MX�U�Ò�h�Ô?U*VBaWU Z\É eM`\UWV_UWb Ë/Z `\V>È�]dU É b?Ô?X�]MX [ h�bIhieM`\U*V Ã U/ÈBX ZPq ]MXcX Ç hkaB`\X Z\Z X¦ÌkÍ*ÍWì q
h�V>È Ç hkaB`\X Z\Z X hiV>È	gøU É/Z `\V/Xc] ÌkÍ*ÍWí*ÏcÜ p `\V>Ô?X p Á§g Ã h¶Õ/` Ã `�âcXH]¤e R X Z U Â Y Z Ü ÒIÜ�U�Ò�e R X [ ]MX É ÈBU�YMÔ?U Ã	[/Z XcedX%È	È/hieIh q
`ne$ÈBUBXc]�V/U*e$`\VBa*U Z aWX$] É Ô R È­`�Ó�Ô É/Z eM`\Xc]%Ü
À R X�bIhiV>ÈBU Ã ÈBbIhkÞ$`\V Â ] [ bdXca*XcVBeue R X�]MX	� É XHV>Ô?X � [.x  $Â XcV/XHbIh�edX%È ËBà�p Á§g®Ò�bMU Ã Ô?UWV�aWXcb Â `\V Â eMU�e R Xuö>bd]Me

]MeIhieM`\U*V-h�b à
[ U*`\VBe$U�Òme R X Z U Â Y Z Ü Ò?Ü*`\e XHV>Ô?U É V�edXcbM]kÜ O e�X%hWÔ R `\eMXcb?h�ed`nUWV q e R XcbdX�`n]�h�V/UWVBYPâcXcbMU [ bdU Ë h Ë ` Z `ne à U�Ò
h*ÔcÔ?X [ eM`\V Â h�V É/[ È/h�edX%È�XH]MeM` Ã h�eMX![.x/y ( Þ$`\e R Z U�ÞuXcb Z `\Ö*X Z ` R UBU/È�a*h ZnÉ X¦e R h�VY[.xBÜ À R `\]$`\] e R X Ë hi]M`8Ô�bMXkh�]MUWV
Þ R�à�p Á§g�Ôch�V±hka*U*`8È"e R X_]?h*È/È Z X [ UW`\V�ed] UWb e R X_`\V/]d` Â V/`ºöªÔchiV�e Z U/Ôch Z�Ã h¶Õ/` Ã h�U�Òme R X Z Ü ÒIÜ À RBÉ ] q Á¤g�ÔchiVË X"`nV1`ned`8h�eMXkÈ�Þ$`\e R e R X p Á¤g [ hibIh Ã XcedXcb�Xc]deM` Ã hieMX�[.x�Ò�U*b�Þ R `8Ô R e R X Z Ü ÒIÜ�h�edeIhi`nV1]�`\eM] Ã hkÕ/` Ã_É/Ã a*h Z\É XWÜ
Ý$U�ÞuXca*Xcb q/p Á¤g�ÔHh�V Ë X�X?Õ [/Z UW`nedX%È"`\V�h Ë XceMedXcb�Ò�h�] R `\U*V�Ü
À R X�bIhiV>ÈBU Ã ]MX.� É XcV>Ô?X � [.x  �Â XcV/XHbIh�edX%È ËBàëp Á¤g÷ÈBUBXc]�V/UWe¦Ô?UWV�aWXcb Â X [ UW`\V�ePÞ$`\]dX*Ü K e e É bMV/]�U É e�e R hie

e R `\]u]MX	� É XcV-Ô?X�`\]ÐhiV R U Ã U Â XcV/XHU É ]mg h�bMÖWU�a�Ô R hi`\V q Þ R `8Ô R `\]m`\bdbMX%È É Ô?` Ë/Z X Þ R XcV1Xca*Xcblm Ä"g Z V � [�Ï6`\] [ U*]d`\eM`\a*X
Ò�U*b¤h Z\Ã U*]Me�XHa*Xcb à [�h�V-È g Ü À R `\]¤Ô?U*V>È­`ned`\U*V�`n]6]?h�eM`\]�ö>X%È�`\V Ã U*]deTÔ?UWV�edX?Õ/eM]¤Þ R XcbMX p Á¤g ÔchiV Ë X h [/[1Z `\X%È¨Ü K Ò� [.x  e É bdV/]$U É emedU Ë X�Xcb Â U­È­`¬Ô q e R XcV
`\emÔ?UWVBa*Xcb Â Xc]$edU_e R X É V/`?� É X ]deIh�ed`\U*V>hib à�[ bdU Ë h Ë ` Z `\e à È­`n]deMbd` Ë1É eM`\U*V��
U�ÒTe R `\] g�h�bdÖ*U�a	Ô R hi`nVAÜ
p `\V>ÔjX p Á¤g�Ôch�V Ë X"]MXcXHV h�]�h
]deMU/Ô R h�]deM`8Ô [ XcbMe É b Ë h�eM`\UWV³U�Ò e R X�Á§gðh Z\Â U*bM`\e R/Ãëq `\e�`\]�]Med` ZnZ ÈB`\bMXkÔ?eMX%ÈË�à e R X�Á¤g�È à V>h Ã `¬Ôj] Ä ]MXcX Ä 1>Ü\Ì%Ï Ë X Z U�Þ ÏcÜ À RBÉ ] qmp Á§gðÔchiV Ë X"X?Õ [ X%ÔjeMX%È:edUëÈBXcedX%Ô?e"e R X Ã U*]de�]MeIh Ë/Z X

ö/Õ/X%È [ U*`\VBe¤U�Ò¤Á¤g `\V	h�Ô?U Ã"[ h�b?h�ed`naWX Z\à ] Ã h Z\Z V É/Ã�Ë XHb¤U�Ò6`nedXcbIhieM`\U*V1]%Ü À R X�ÈBX Â bdXcX�U�Ò�]deIh Ë ` Z `\e à U�ÒTh´ö/Õ/X%È[ UW`nVBe�UiÒ¦Á¤gî`\] Ã X%h�] É bMXkÈ ËBà e R X Z h�b Â Xc]Me�Xc` Â XHV�a*h Z\É X�U�Ò e R X Ã h�eMbd`ºÕ Ä��	��

� (� 
������ Ï Ä [��/Ï q Þ R XcbMX � `\]
e R X�`8ÈBXcVBeM`\e à�Ã h�eMbd`8Ô?X q hiV>È 
 � Ä [��/Ï�h�V-È 
������?Ä [��/Ï�hibMX�e R X	ÔjU Ã	[1Z XHeMX�h�V>È U Ë ]dXcbMaWX%Èj�A`\] R Xcb�`nV­Ò�U*b Ã h�ed`\U*VÃ h�edbM`8Ô?Xc] q bMXc] [ X%ÔjeM`\a*X Z\à
Ä ]MXcX q XWÜ Â Ü q¶Æ X Ã"[ ]MedXcb8O/Q
R�S�T q Ì%ÍWÎ*Î q hiV>È N X%ÈBV1Xcbmh�V-È�×³h Z ÖWXcbmÌkÍ*Ù�1�ÏcÜ O ]6] R U�Þ$V ËBà
V É1Ã Xcbd`¬ÔHh Z XcaB`8ÈBXcV>ÔjX q6Ä ]dXcX q X*Ü Â Ü o X Z X É Õ hiV>È Æ `\X Ë U Z e�Ì%ÍWÙ*í q ÌkÍ*ÙWÎ q ÌkÍ*Í1Ì¦hiV>È p U É/Ë `\bIhiVWO�Q�R�S�T6Ì%Í*Í1Ì%Ïue R X
]MeIhieM`\U*V-h�b à ÈB`\]MedbM` Ë/É ed`nUWV��DUiÒ¥e R X p Á¤gè]dX	� É XcV>Ô?X	ÔHh�V Ë X�X?Õ [ X%Ô?eMXkÈ±eMU�ÔjU*V>Ô?XHV�edbIhieMX	h�bdU É V-È	e R X�]MeIh Ë/Z X
ö/Õ/X%È [ U*`\VBe¤U�Ò¤Á¤gäÒ�U*b¤Þ R `8Ô R e R X `\VBÒ�U*b Ã h�ed`nUWV_hka*h�` Z h Ë1Z XuÞ$`\e R U É euÖ�V1U�Þ$`nV Â e R X Ã `\]M]d`\V Â È/h�e?h q�
�� (� 
 ����� q
`n]$e R X Z h�b Â Xc]de%Ü À R `\]$`\]$`\VøhWÔcÔ?UWbIÈ/hiV>Ô?X�Þ$`ne R e R X_h [/[ bdU�h*Ô R U�Ò¤×D`\V>È R h Ã hiV>È ouÉ e Z Xcb Ä ÌkÍ*Í*åWÏ q Þ R U Ë h�]dX
e R Xc`\b$Xc]deM` Ã hieMX�U�ÒTe R X�V É/Ã�Ë XcbuU�Ò Ã `ºÕ­e É bMX�Ô?U Ã"[ UWV/XcVBeM]$UWV	e R X�] Ã h Z\Z Xc]Me§Xc` Â XcVBa*h Z\É X�UiÒ 

� (� 
������ Ü
À R `\]6`\]¤h$]M`\e É h�ed`nUWV�a*XHb à ]d` Ã ` Z hib>edU�e R hie [ bMXca*hi` Z `\V Â `\V�e R X ê h à XH]M`8h�V�h [/[ bMU�hWÔ R�q X?Õ>Ô?X [ e¤e R hie��ëÔchiV/V/UWeË X�a�`\XcÞuX%È"h�]mh����! /QoO�"�#$�%" [ bdU Ë h Ë ` Z `ne à bMXc] É/Z eM`\V Â Ò�bMU Ã ê h à XH]¤Ò�UWb Ã�É/Z h1Ü O ]m`\V�e R X ê h à Xc]d`8h�V [ XcbM] [ X%ÔjeM`\a*X q

h Z\Z e R Xu`\VBÒ�UWb Ã hieM`\U*VuÒ�U*b�`\VBÒ�XcbMXcV-Ô?XmUWV][$`\]6Ô?U*VBeIhi`\V/X%È�`\V�e R X [ bdU Ë h Ë ` Z `\e à ÈB`\]MeMbd` Ë/É eM`\UWV&�±h�V-È e R XuX Ã	[ `\bd`¬ÔHh Z
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Ã X%hiV Ë hi]MX%È�UWV	h�] É Ó�Ô?`\XcVBe Z\à_Z hib Â X$V É/Ã�Ë Xcb6U�Ò�]d` Ã�É/Z h�eM`\UWV/]�UiÒ � [ bMU�aB`8ÈBXc]mh [ UW`nVBe¤XH]MeM` Ã h�eMXuU�ÒC[BÜ p `nV-Ô?X
e R X�]d` Ã�É/Z h�eM`\UWV_]deMX [ U�Ò [�`\V�h�V à�ê h à Xc]d`8h�V
]Ih Ã	[/Z `\V Â h ZnÂ U*bd`ne R/Ã Ä ]MXcX Ë X Z U�Þ ÏÊ`\]$bMX [/Z hWÔ?X%È
`\V p Á¤g ËBà h
ÈBXceMXHb Ã `\V/`\]deM`8Ô$g Ç ]MedX [�q e R X�a*h�bd`8h�V>Ô?X Ã hieMbM`ºÕ_UiÒ �:ÔchiV Ë X¦XjÕ [ X%Ô?edX%È eMU Ë X�] Ã h Z\Z Xcb¤e R h�V"e R X�`\VBa*Xcbd]MX�U�Ò
e R X�U Ë ]MXcbda*X%ÈWYMÈ/hieIh��A`\] R Xcb$`\VBÒ�U*b Ã hieM`\U*V Ã hieMbM`ºÕ�Ü
K VØh ê h à Xc]M`8h�V [ XcbM] [ X%ÔjeM`\a*X q e R X�eMb?h*Ô?e?h Ë ` Z `\e à U�Òme R X�ÔjU Ã	[1Z XHeMX�È/h�e?h Z `\Ö*X Z ` R UBU/ÈYh Ä V �/g Z [�Ïu`n]�aB`\XcÞuX%È

h�]$e R h�e$U�Ò6e R X����! /QoO�"�# �%"mÈ­XcV/]M`\e à U�Ò [ Â `\a*XcV
e R X´ÔjU Ã	[1Z XHeMX¦È1h�eIh q
Ä å/Ü�åWÏ � Ä [ Z V ��g Ï � �§Ä V �/g Z [�Ï�� Ä [�Ï��� �§Ä V �/g Z �>Ï�� Ä �-Ï ^�� �
Þ R XcbMX	� Ä [�Ïu`\]ue R X [ bM`\U*buÈBXcV/]d`ne à UWV [BÜ K V"e R `\]$Ô?U*VBeMXjÕ­e q `\e¤`\]mV>hie É b?h Z eMU�bdX [/Z h*ÔjX¦e R X¦gõ]MedX [ UiÒ p Á¤g ËBà
h�]MeMX [ U�Ò¤]M` Ã�É/Z h�ed`\U*V	UiÒ [.x�Ò�bdU Ã � Ä [ Z V �/g ÏcÜ À R `\] `\]�h*Ô?e É h Z\Z\à e R X�XH]M]MXHV>Ô?X	UiÒme R X Æ h�e?h O É/ÂWÃ XcVBe?h�eM`\UWV
h Z\Â UWbM`\e R/Ã UiÒ À h�V/V1Xcb h�V>È"×ØUWV Â	Ä Ì%ÍWÙ*Î*Ï q Þ R `8Ô R ÔHh�V
e R XHbMX?Ò�UWbMX Ë X_Ô?UWV/]M`8ÈBXHbMX%È�hi] e R X ê h à Xc]M`8h�V
aWXcbM]d`nUWV
U�Ò p Á§gØÜ O Z eMXcbdV>h�ed`\a*X Z\àBqªp Á¤g ÔHh�V Ë X�bdX%Ô?U�a*XHbMX%È Ò�bdU Ã e R X Æ hieIh O É/ÂWÃ XcVBe?h�eM`\UWVøh Z\Â U*bd`\e R/ÃäËBà e?h�ÖB`\V Â
h�] É `\eIh Ë/Z X�V/U*V/`\VBÒ�U*b Ã h�ed`naWX [ bM`\UWb
� Ä [�Ï�h�V>È"bdX [/Z h*Ô?`\V Â e R X�]M` Ã�É/Z h�ed`nUWV_]deMX [ U�Ò [.x�Ò�bMU Ã � Ä [ Z V �/g Ï ËBà hiV
` Ã"[/É e?h�eM`\UWV	]MedX [ Þ R XcbMX�[.x�`\] É/[ È1h�eMXkÈëhi]�[.x�y ( � � [�� Ä [ Z V ��g xcÏ ^ [BÜ p XcX Æ `\X Ë U Z e¦hiV>È N U Ë XcbMe Ä ÌkÍ*Í�1�Ï
Ò�U*b Ã UWbMX¦È­XceIhi` Z ]$`\V	e R X Ã `�Õ/e É bMX Ô?UWVBeMX?Õ/e%Ü�A`\V>h Z\Z\àBq e R X pBK rëÔHh�V Ë X$X?Õ [ X%Ô?edX%È�edU [ bMU�aB`8ÈBXÐh�]?h�eM`\]�Ò�h*Ô?edU*b à È/h�e?hkYMÈBbM`\aWXcV Ã h Â V/`\e É ÈBX6Ò�UWb�e R X$bIhiV>ÈBU Ã[ Xcbde É b Ë h�ed`\U*V/]$UiÒ p Á¤gïÜ �/UWbm`\V/]deIh�V-Ô?X q Þ R XcV
e R X�]Ih Ã"[/Z X$U�Ò6U Ë ]dXcbMaWX%È
È/h�e?h�`\]$] Ã h Z\Z hiV>È	Ô?UWVBeIh�`\V/] Z `\eMe Z X
`nV­Ò�U*b Ã h�ed`\U*V�h Ë U É e�e R X�edb É X�a*h Z\É X�UiÒ¥e R X [ hibIh Ã XcedXcb�[ q e R X�a*h�bd`¬hiV>Ô?X�UiÒ¤e R Xc]dX_b?h�V>È­U Ãä[ Xcbde É b Ë h�ed`\U*V/]
e É bdV/]_U É e�eMU Ë X%ÔjU Ã X Z hib Â XWÜ À R `n]�`n]�V>hie É b?h Z ]M`\V>Ô?X
`\VØ] É Ô R h�Ôchi]MX
V/U Â*É XH]M],[.x�UiÒ�[�`\]�aWXcb àØZ `\Ö*X ZnàBq
]MU	e R h�e$e R X É/[ È1h�eMXkÈY[.x�y ( hibM`\]M`\V Â Ò�bdU Ã e R X [ ]dX É ÈBUiY�Ô?U Ã	[/Z XcedX%È"]Ih Ã	[/Z X!f�x � Ä V ��g xcÏ Â XcV/Xcb?h�edX%È
Ò�bMU Ãm Ä�g Z V � [.xIÏ�`\]_Ô?U Ã	[ hibIhieM`\a*X Z\à Ò�h�b�Ò�bdU Ã [.x"Þ$`\e R±R ` Â*R±[ bMU Ë h Ë ` Z `\e à h�V>È±e R X�a*h�bd`¬hiV>Ô?X�U�Ò$e R X"]Me?h�eM`\UWV>h�b à
ÈB`\]MeMbd` Ë/É eM`\UWV � U�Ò p Á¤gè`\] Z h�b Â X*Ü pBÉ Ô R hiV�XHbMbIhieM`8Ô Ë X R hkaB`\U*b Ã h�ÖWXc] p Á¤g�ÈB`ºÓ�Ô É1Z e$edU R h�V-È Z X Ò�U*b$] Ã h Z\Z
]Ih Ã"[/Z X�]M`\âcXc]kÜ À R `\]�`n]�e R X�bdX%h�]dU*VØÞ RBà ÞmX R hkaWX_`\VBeMbdU­È É Ô?X%È±e R X pBO Á§g h ZnÂ U*bd`ne R/Ãëq È­Xc]IÔ?bd` Ë X%Èï`\Vëe R X
V/X?Õ/e$] É/Ë ]MX%Ô?ed`\U*V�Ü<�=
� �A@CB±���	��� �EDGFIH J�K L.@CM =
À R X pBO Á¤g�h Z\Â U*bM`\e R/Ã Ä�o X Z X É Õëh�V>È Æ `\X Ë U Z e�Ì%ÍWÍ*åWÏ¤`\]¦h Ã U/ÈB`ºöªÔch�ed`\U*V	UiÒ¤e R X p Á¤g�h Z\Â U*bM`\e R/Ã ] É Ô R

e R hie	Ô?U*VBa*XHb Â XHV>Ô?XØ`\VDÈB`\]MeMbd` Ë/É eM`\UWV·Ôch�V Ë X�bdX [/Z h*ÔjX%È ËBà h/Ü ]%ÜáÔjU*VBa*Xcb Â XcV-Ô?X hiV>È:e R X [ U*]M]d` Ë/Z X�XcbMb?h�ed`¬ÔË X R hka�`\UWb¦UiÒ p Á¤g Ò�U*b�] Ã h Z\Z È/hieIhÑ]MXced]�ÔchiV Ë X	h�edeMXcV É hieMX%È±Þ$`\e R U É e�]?h*Ô?bd`�ö�Ô?`\V Â e R X_]deMU/Ô R h�]deM`8Ô�V>hie É bdX
U�ÒTe R X_h ZnÂ U*bd`ne R/Ã Ü À R `\] `\] h*ÔcÔjU Ã	[1Z `\] R X%È ËBà"Ã h�ÖB`\V Â�É ]MX�UiÒ¥h�]MX.� É XcV>Ô?X�UiÒ [ U*]M`\ed`naWX�bMX%h Z V É/Ã�Ë XcbM] Ä�� x ÏÈBX%Ô?bdX%h�]d`nV Â eMU
âcXcbdU Ä Þ$`\e R����]� ÌkÏ q Þ R `¬Ô R±[ h�b?h Z\Z X Z ] e R X�eMX Ã"[ XHbIh�e É bMXH]�`\V p ` Ã�É/Z hieMX%È O V1V/X%h Z `\V Â Ä ]MXHX q
X*Ü Â Ü q a*hiV Ç h*hib R U�aWXcVëh�V-È O h�bdeM]�Ì%ÍWÙ*Î*ÏHÜ$g
U*bdX [ bdX%Ô?`\]MX ZnàBq `ºÒc[.x�`\] e R X�Ô É bMbdXcVBe ö-e U�Òue R X [ h�bIh Ã XcedXcb aB`8hpBO Á¤g q e R X É1[ È/hieMX%È h [/[ bdUkÕ/` Ã h�ed`nUWV�eMU�[�`\]
Ä å/Ü�ìWÏ [ x/y ( � Ä Ì ��� x/y ( Ïo[ x�y (����� � x�y ( [ x�y (����� �
Þ R XcbMX�[ x�y (��� Ä bdXc] [ Ü [ x�y (����� Ïu`\]me R X É/[ È/hieMX%È�h [/[ bdUkÕ­` Ã h�eM`\U�V�U�Ò [�a�`8h�Á¤g Ä bdXc] [ Ü p Á§g�ÏcÜ
pBO Á¤g `\] Â U*`\V Â Ò�bMU Ã [1É bMX p Á§géh�e6e R X Ë X Â `\V/V1`nV Â edU�ÞÐhibIÈB] [/É bMX�Á¤g h�e§e R X�XcV>È�Ü À R X¦Ô R UW`8Ô?X$U�Ò�e R X

bIh�edX UiÒ¥Ô?UWV�aWXcb Â XcV>Ô?X�edU�Û�U�Ò � x `\]ua*Xcb à ` Ã	[ U*bdeIhiV�ekÜ À à�[ `¬ÔHh Z\Z\à�q h�] Z U�ÞDbIhieMX�U�Ò¥ÔjU*VBa*Xcb Â XcV-Ô?X�`n]uV/X%ÔjXc]M]?h�b àÒ�U*b Â UBU/È [ XHbPÒ�UWb Ã hiV>Ô?X*Ü��/bdU Ã h [ bIhWÔ?eM`8Ôch Z¤[ UW`\V�e�U�ÒmaB`\XcÞ q `\e�`n]�` Ã	[ U*bMe?h�VBe$e R h�e � x ]deIh à ]�V/X%h�b ���]� Ì
È É bM`\V Â e R X ö-bM]Me$`\edXcbIhieM`\U*V/]ueMU Z Xceue R X�h Z\Â U*bM`\e R/Ã hka*U*`8È�] É/Ë U [ eM` Ã h Z ]deIh�ed`\U*V>hib à a*h Z\É XH]mUiÒab Ä [�ÏcÜ �1bMU Ã h
e R XcUWbMXced`8Ôch ZA[ UW`nVBeuU�Ò¤aB`\XcÞ q ÞmX�Þ$` Z\Z ]MXcX�`nV p X%Ô?ed`\U*VY1�e R hie q `nV"e R X Ã `ºÕ/e É bdX$]MXcedeM`\V Â>q ÞmX�Xc]d]MXcVBed`¬h Z\Znà V/XcX%È
e R X_ÔjU*V>ÈB`\ed`nUWV/] Z ` Ã x���� Ä�� x n � x/y ( Ï � Ì_hiV>È � x � x �"! eMU	XHV/] É bdX_e R X�h/Ü ]%Ü-Ô?U*VBa*XHb Â XHV>Ô?X�U�Ò pBO Á¤gèedU
h Z U/Ôch Z�Ã hkÕ/` Ã `ºâcXcb¤UiÒTe R X Z U Â Y Z Ü ÒIÜ b Ä [�Ï$Þ R hieMXcaWXcb e R X�]MeIhibMed`nV Â�[ UW`nVBekÜ<�=$# �A@CB�� ��� ���,D FIH J�K L	@NM =
À R X�g o Á¤g h ZnÂ U*bd`ne R/ÃÅÄ ×ØXc`>hiV>È À h�V/V/XHb Ì%ÍWÍ*Û*Ï [ bdU [ U*]dXc]Ðh�g
U*VBeMX o hib Z U�` Ã	[/Z X Ã XcVBeIh�ed`\U*V�U�Ò�e R X�Á

]MeMX [ Ü K embdX [/Z h*ÔjXc]$e R X�Ô?U Ã	[/É eIh�ed`\U*V�U�ÒCi Ä [ � [.x�Ï ËBà e R h�euU�ÒThiV	X Ã"[ `\bM`8Ôch Z a*Xcbd]M`\U*V�i x�y ( Ä [ � [.x¶Ï qBË h�]dX%È�UWV% Ä %'&óÌ%Ï�ÈBbIhkÞ$`\V Â ]$U�Ò g Ò�bdU Ã m Ä"g Z V � [.xcÏcÜ�g
U*bdX [ bMXkÔ?`\]MX Z\àBq e R X)(ke R ]MeMX [ `\]%ß Ä h*Ï Ú XcV/Xcb?h�eMX	hiV�`PÜ `�Ü�È�Ü
]Ih Ã"[/Z X g x Ä Ì%Ï �	-.-.-��/g x Ä %	Ï§Ò�bdU Ã m Ä"g Z V � [.xcÏmhiV>È Ä�Ë Ï É1[ È/hieMX�e R X�Ô É bdbMXcVBe h [/[ bMUkÕ/` Ã hieM`\U*V�eMU,i Ä [ � [.x¶Ïuh�]
Ä å/Ü 1BÏ i x/y ( Ä [ � [ x Ï � Ì

%
*%
+ '�( Z U Â h Ä V �/g x Ä-, Ï	Z [�Ï -
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Ä ÔcÏ À R XHV q e R X_g ]deMX [ [ bMU�aB`8ÈBXc]8[.x/y ( � h�b Â¤Ã h¶Õ:|�i x/y ( Ä [ � [.x*ÏHÜK Ò % � Ì q g o Á§g�bdX%È É Ô?XH]�eMU p Á¤gØÜ K Ò
%è`\]¦aWXcb à±Z h�b Â X q g o Á¤g÷ÞmUWbMÖB]_h [/[ bMUkÕ/` Ã hieMX Z\à"Z `\ÖWX_Á¤g��
e RBÉ ]$`\e R h�]$e R X�]?h Ã X�ÈBb?hkÞ Ë h*ÔdÖB] h�] Á§gØÜ>g
UWbMXcU�aWXcb q `ºÒ %��QÌ q/Ã hkÕ/` Ã `�âc`\V Â i x/y ( Ä [ � [.x¶Ï$ÔHh�V�e É bMV
U É eeMU Ë X�V1X%h�b Znà h�] ÈB`ºÓ�Ô É1Z e$h�] Ã hkÕ/` Ã `\âc`\V Â i Ä [ � [.x�ÏcÜ
×ØXc`uh�V>È À h�V1V/Xcb Ã UWeM`\a*h�edX%È
e R X�`nVBedbMU/È É Ô?ed`\U*V±U�Ò$e R X	g o Á§gîh Z\Â UWbM`\e R/Ã hi]_h�VØh Z edXcbMV>hieM`\a*X�Þ R `8Ô R

bMX [/Z hWÔ?Xc]¦hiV>h Z\à eM`8Ô$Ô?U Ã	[/É eIh�ed`\U*V�U�Ò6e R X�`\VBeMX Â bIh Z `nV Ä å1ÜnÌkÏ ËBà V É1Ã Xcbd`¬ÔHh Z Ô?U Ã"[/É eIhieM`\U*V�UiÒ¥h�g
U*VBedX o hib Z U
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e R X�]Ih Ã X¦Ô?UWVBeMX?Õ/e É V>ÈBXcb$e R X_h�]d] É/Ã"[ eM`\UWV�e R hie$e R XcbdX�X?Õ/`\]Med]¦h [ UW]M`\eM`\a*X�Ô?UWV/]Me?h�VBe��Ø] É Ô R e R hie
(�� ���WÄ % Ä (�ÏdÏ Ä ( � ! ÏcÜ

�ª½_4 ;�+Ø,c'?;�0�(*<BG�'�F¨C �/9�F�¿-+/7A0�9�+
ô�V/X [/É b [ UW]MX
U�Ò e R `\] [ h [ Xcb_`\]�eMUØÔ?U Ã"[ h�bdX�e R X [ bIhWÔ?eM`8Ôch Z$Ë X R hkaB`nUWb�U�Ò�Á¤gðhiV>ÈØh Z\Z e R X [ bMU [ UW]MX%È

]MeMU/Ô R hi]MeM`8ÔuaWXcbM]d`nUWV/]6`\V�hiV_U Ë æ?X%Ô?ed`naWX$ÞÐh à Ü À U e R `\]6XcV>È q ÞmX [ bdU­ÔjXcX%ÈBX%È"`\VBeMXcV1]M`\a*X$g
U*VBedX o hib Z U�V É1Ã Xcbd`¬ÔHh Z
X?Õ [ Xcbd` Ã XcVBeM]kÜ À R X XjÕ1h Ã	[/Z Xc]§e R hiemÞuX R hkaWX¦Ô R UW]MXcV
bMX�U>X%Ô?e�h�V>ÈÑ] É/Ã"Ã h�bd`\âcXm]dU Ã X$e à�[ `¬ÔHh Z ]M`\e É hieM`\U*V1]mÞuX
ÞÐhiV�e�edU [ UW`\V�e�U É e%Ü6Ý$U�ÞuXcaWXcb q ÞuX¤eMbd`nXkÈ Ã hiV à$Ã U*bdXT]d`\e É hieM`\U*V/]�V1U*e�] R U�Þ$V R XcbdX*Ü À R X Â XcV/Xcb?h Z ÈBXc]?Ô?bM` [ ed`nUWV
U�Ò�e R X¦]d` Ã�É/Z h�eM`\UWV [ bdU/Ô?X%È É bdX�`\V	e R `\]m]dX%Ô?eM`\UWV�`\]uV/X%Ô?XH]M]Ihib à eMU	ÔHh�eIÔ R e R X Þ$`8ÈBX�bIhiV Â X�U�ÒTe R X�X?Õ [ XHbM` Ã XcVBekÜ
��=?>I= ��� L	K M�� L.KGH � =�A`\bM]de q ]M`\V>ÔjX p Á¤géÈ­U�XH]¤V/U*e [ bMU�aB`8ÈBX ÈB`\bMXkÔ?e Z\à h [ UW`\V�ePÞ$`\]dXmXc]deM` Ã hieMX q ÞuX É ]MX%ÈÑe R X$ePÞuU�Ò�U Z\Z U�Þ$`\V Â p Á¤g
]IÔ R X Ã Xc]�eMU±ÈBXcbM`\aWX�] É Ô R hiVëXH]MeM` Ã h�eMXWÜ À R XH]MX	]?Ô R X Ã XH] R hka*X Ë XcXcV [ bMU [ UW]MX%È ËBàØo X Z X É Õ³h�V>È Æ `\X Ë U Z e
Ì%Í*ÙWí q Ì%ÍWÙ*Î�h�V>È±Ì%ÍWÍ/ÌWÜ

Y �������oMjB �!� `\]Ðh�ePÞuU�YP]MeIh Â X p Á¤g [ bMU/Ô?XkÈ É bMXWß O�� ÞÐhib Ã Y É/[�� ]deMX [ Ô?U*V/]d`\]MeM`\V Â U�Ò6]MXcaWXcbIh Z `\eMXHbIhkY
ed`\U*V/]$UiÒ p Á¤g�Ò�bMU Ã `\eM]�]MeIhibMed`nV Â	[ U*]M`\ed`nUWV
`n]Êö>bM]de [ Xcb�Ò�U*b Ã X%È q eMU"bMX%hWÔ R e R X�]Me?h�ed`nUWV>h�b à bMX Â ` Ã X*Ü



�u�¶�-}���}P *©W���m�*�1�*�? *�H}M�?  �?�*���¶���A��}�¡��?��� �

À R XcV³ÞuX	hka*Xcb?h Â X	e R X	Xc]deM` Ã hieMXc]�U�aWXcb�e R X	V/XjÕ­e�`\eMXcb?h�ed`nUWV/]%Ü À R `\] [ bdU�a�`8ÈBXH]�h [ U*`\VBe�Xc]deM` Ã hieMX[ � ��� Ü
Y �������I� � `\]¦h�V R�àBË bd`8È�h Z\Â UWbM`\e R1Ã Þ R XHbMX�]MXcaWXcbIh Zmp Á¤g `\eMXcb?h�eM`\UWV/]¦hibMX�ö>bM]de [ Xcb�Ò�U*b Ã X%È Ä h�]�h� ÞÐhib Ã Y É/[�� ÏcÜ À R XHV�ÞuX�b É V�Á¤gõ]Me?h�bMed`\V Â Ò�bMU Ã e R X [ U*]M`\ed`nUWV	Þ R `8Ô R hWÔ R `\Xca*X%ÈÑe R X Z h�b Â Xc]de$a*h Z\É X
UiÒTe R X�U Ë ]MXcbda*X%È Z `\Ö*X Z ` R UBU/È�Ò É V>Ô?ed`nUWVYb Ä [�Ï q Þ R `¬Ô R `\]$] É/[1[ UW]MX%È
edU Ë X�h Â UBU/È	]deIhibMeM`\V Â�[ U*]d`\eM`\U*V
Ò�U*b$Á¤gØÜ�1U*b Ë UWe R e R XH]MX p Á¤g�h ZnÂ U*bd`ne R/Ã ] q ÞuX_Ô R UW]MX�e R X_È É b?h�ed`nUWV
U�Ò¤e R X�ÞÐhib Ã Y É/[ ]MeMX [ h�]�h�ö/Õ/X%È [ bdU [ U*bPY

eM`\U*V Ä ì n�1�YPe R Ï�U�Òue R X�edU*eIh Z V É1Ã�Ë Xcb�UiÒm`\eMXcb?h�eM`\UWV/] q e R X�]Ih Ã X�Ò�U*b�h Z\Z e R X	h Z\Â U*bd`\e R/Ã ] Ä ]MXcX"]MX%Ô?ed`\U*V³í/Ü�ìWÏcÜ
Ý$XcV>ÔjX e R X Â XcV/XHbIh Z-[ bdU­ÔjX%È É bdX´ÔjU Ã	[ h�bMXH]Te R X$ö-a*X h Z\Â U*bM`\e R/Ã ]kß>Á¤g qBp Á¤g�Y Ã X%h�V q�p Á§g"Y�Á§g q�p­O Á¤g hiV>È
g o Á¤gØÜ �1U*b pBO Á¤g q ÞuX É ]dX%È�e R X Ô?UBU Z `\V Â ]?Ô R X%È É/Z X�ÈBX?ö>V/XkÈ�Ò�bMU Ãá[ bdXcaB`nU É ]¤X?Õ [ XcbM` Ã XcVBeM]¤`\V o X Z X É Õ�hiV>ÈÆ `\X Ë U Z e�Ì%ÍWÍ*å q `PÜ X*Ü

� x � Ô?U*] Ä (��6Ï >�� � � x ��� ��� � +� ( >�� x�� � ��� � Þ R XcbdX³Ô?U*] Ä åWÛ �6Ï � +� å*Û
� Û - ì

�1U*b�g o Á¤g q h�V±X	� É `\a*h Z XcVBe¦ÔjU�U Z `nV Â ]IÔ R XkÈ É/Z X�`\]¦U Ë eIhi`\V/X%È Ë�à Ô R U�UW]M`\V Â e R X	h [/[ bdU [ bd`8h�eMX)% x É ]d`nV ÂÄ 1>Ü�åWÏ � Ä 1>Ü�ì*ÏHÜ
��= < = �l@NBYMjK�"�L��NJ�B!��� ����B J ��H ��� K ��B J�� L.KGH � =
×ØX�Ô?UWV/]M`8ÈBXcb Ã `�Õ/e É bMXc]uU�Ò É V1`na*hibM`8h�edX Ú h É ]d]M`8h�V�ÈB`\]deMbM` Ë/É eM`\U*V/] q Þ R XcbdX_e R X [ hibIh Ã XceMXHb$U�ÒmÔ?U Ã"[ UWV/XcVBe

ÈBXcV/]d`ned`\Xc] �¤Ä�	 ��� Ï$`\] � � Ä�

� \ � ÏHÜ À R X�]MX Z X%Ô?edX%ÈØa*h Z\É Xc] ÞuXcbdX�Ô R UW]MXcVØedU Â `\aWX_]d`ne É h�ed`\U*V/]�]MU Ã X R U�Þ R h�b?È
eMU�`8ÈBXcVBed`�Ò à �6UiÒ¦Ô?U É bM]MX q Ò�U*b�ÞuX Z\Z Y�]dX [ h�b?h�edX%È Ã `�Õ/e É bMXc] q e R XÑö>a*X
h Z\Â UWbM`\e R1Ã ] [ Xcb�Ò�U*b Ã ÞmX ZnZ Ü ê X Z U�Þ q ÞuXÂ `\a*X�e R X�eMb É X [ h�b?h Ã XHeMXcbd]A[ �®Ä ) ( �.-	-.-/� ) # � ( �/� ( �.-	-.-/��� # Ï�UiÒme R X Ã `ºÕ­e É bMXH] É V>È­Xcb�Ô?U*V/]d`8ÈBXcbIhieM`\U*V ��e R XÔ?U*bdbMXc] [ UWV>ÈB`\V Â ÈBXcV1]M`\eM`\Xc]�h�bMX�ÈBX [ `8Ô?edX%È
`\V�ö ÂWÉ bMX�ÌWÜ

� ÌWß O V	`\VBeMbd`¬ÔHh�eMX�ePÞuU�YMÔ?U Ã"[ UWV/XcVBe Ã `�Õ/e É bMX q Þ$`ne R	Ã X%h�V/]$Ô Z U*]dX�XcV/U É1Â*R Ò�U*bue R X�bMXH] É/Z eM`\V Â È­XcV/]M`\e à edUË X É V/` Ã U/È/h Z h�V-È	]dÖ*XcÞuX%È
edU�e R X�bd` ÂWR e%Ü À R X [ hibIh Ã XceMXHb$`n]
[ � Ä ) ( � Û - ìWì �/� ( �QÄ Û � Ì%Ï ��� � �QÄ Û - Ù � å - å*íWÏMÏ -

� å1ß O ePÞmUiY�Ô?U Ã	[ U*V/XHV�e Ã `�Õ/e É bMX q Þ$`\e R ]?h Ã X�âcXcbdU Ã X%h�V1]_h�V>ÈØÈ­`���XcbdXcVBe_a*hibM`8h�V>ÔjXc] q bdXc] É/Z ed`nV Â `\V³hÉ V/` Ã U/È/h Z ] àBÃ	Ã XceMbd`¬Ô$È­XcV/]M`\e à Þ$`ne R
R X%hka à e?h�` Z ]%Ü À R X [ h�b?h Ã XHeMXcb$`\]
[ � Ä ) ( � Û - ìWì �/� ( �»Ä Û � Ì%Ï �/� � � Ä Û � Ì�)*ÏdÏ -

� ì1ß O Ò�U É bPYMÔ?U Ã	[ U*V/XcVBe Ã `ºÕ/e É bMX q Þ$`\e R ePÞmU�ÞmX Z\Z YP]MX [ hibIhieMX%È�] É/Ë/[ U [/É/Z hieM`\U*V/]¤hiV>È�ePÞuU�`\V�edbM`8ÔchieMX$U*V1Xc]%ÜÀ R X [ h�bIh Ã XcedXcbP[�`n]
Ä )
& � Ì	n�1�Ò�UWb " � Ì �.-	-.-o� 1 �$� ( �»Ä Û � Ì%Ï ��� � �QÄ å � å - å*íWÏ �/��
 �QÄ Í � å - å*íWÏ �/���
� Ä Ìkí � å - å*íWÏMÏ -
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Fig. 1 : True mixtures densities
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Á¤hWÔ R g
UWVBeMX o h�b Z U"X?Õ [ Xcbd` Ã XcVBe�ÞÐhi] Ë h�]dX%È�UWVëí*Û"edbM`8h Z ] Ä bMX [1Z `8ÔchieM`\U*V1] Ë h�]MXkÈ�UWVëí*Û
ÈB`���XcbMXcVBe�`\V>ÈBX?Y[ XcV-ÈBXcVBe�]Ih Ã	[/Z Xc]?Ï q Ò�U*b�]dX Z X%Ô?edX%È:]Ih Ã	[/Z X�]M`\âcXc]�Ò�bMU Ã ] Ã h Z\ZPq ( � ÌkÛ*Û q edU Z h�b Â X q�( � å*Û*Û q íWÛ*Û q hiV>È

]MX Z X%Ô?edX%È�V É/Ã�Ë Xcbd]TUiÒª`\edXcbIhieM`\U*V/] 	 � Ì%Û*Û q å*ÛWÛ q )WÛ*Û q Ì%ÛWÛ*Û$UWb¤XcaWXcV�Ì%Û�Û*ÛWÛÊÒ�U*b6]MU Ã X$Ôch�]dXc]%Ü À R X$Þ$h�b Ã Y É1[
]MeMX [³Ä Þ R XcV�V/XHX%ÈBX%È/Ï�Ô?U*V/]d`\]MeMXkÈ�UiÒ¥e R X�ö>bM]de´ì 	 n�1�`\eMXHbIh�ed`\U*V/] q h�V-È
e R X�bMXkÔ?U*b?ÈB`\V Â ]deMX [ñÄ UWb¦Á¤g ]MedX [ Ò�U*bp Á¤g"YMÁ¤g�ÏuUiÒTe R X Z h�]Me 	 n�1_`\edXcbIhieM`\U*V/]kÜ
��=$#�= � �NKGL.K��*DGK�� � L.K?H � =�1U*b$X%hWÔ R edbM`8h Z % Ä % � Ì �.-	-.-o� í*ÛWÏ q U*V1X¦`\V/`\ed`¬h Z>[ U*]d`\eM`\U*V�[ �� * � ÞÐhi] Ô?U Ã"[/É eMXkÈ É ]d`nV Â U*V/X�U�Ò¤e R X�e R bMXcX`nV1`ned`8h Z `\â%h�ed`nUWV_]?Ô R X Ã XH] ÈBX?ö>V/XkÈ Ë X Z U�Þ�Ü O�Z\Z e R X�h Z\Â U*bM`\e R/Ã ]¤e R XcV É ]MX%È�[ �� * � hi]$e R XH`nb$`\V/`\ed`¬h Z>[ U*]d`\eM`\U*V�Ü
×ØX�Ô?UWV/]M`8ÈBXcbdX%È
e R X�Ò�U ZnZ U�Þ$`\V Â e R bMXcX�`\V/`\ed`¬h Z `nâkh�eM`\UWV_]?Ô R X Ã Xc]kß

� "�� OHßªæ É ]Me$]deIh�bdeM]ÊÒ�bMU Ã e R X�edb É X [ h�bIh Ã XcedXcb��
	�
 � R�S�ß ÔjU Ã	[1É eMXc]$UWV/X p Á§g p YP]MeMX [ ]Me?h�bMed`\V Â Þ$`\e R & � + � Ì	n`+õÒ�U*b hiV à �mhiV>È ,­q e R XcV�e R X p Á¤g g"Y�]deMX [Ä ì/Ü�Ù*Ï à `\X Z ÈB]me R X�`\V/`\eM`8h Z>[ hibIh Ã XcedXcb��

��
�� O/R��  cß È­bIhkÞ$]P+é]dXcX%ÈB] + ( �.-	-.-/� + # É V/`ºÒ�U*b Ã	Z\à h Ã U*V Â e R X ( U Ë ]MXcbda*h�ed`nUWV/]$h�V>È"e R XcV�h Â*Â bMX Â h�edXc]me R X (
U Ë ]MXHbMa*h�ed`\U*V/] hibMU É V>È"e R X + + ] É ]M`\V Â h�V1X%h�bdXc]Me�V/Xc` ÂWR�Ë U*b [ bMU/Ô?X%È É bMX ��e R X�bdXc] É/Z ed`nV Â +"Y [ h�bMed`\eM`\U*V
È­XceMXcb Ã `\V/Xc]$e R X�a*X%Ô?edU*bd] U�Ò¤`\V>ÈB`8ÔchieMUWbM] ���Iq � � Ì �	-.-.-���(Øq Ò�bdU Ã Þ R `8Ô R e R X p Á§g�g"YP]MeMX [³Ä ì/Ü�Ù*Ï§`\][ Xcb�Ò�U*b Ã X%È qBà `\X Z ÈB`\V Â e R X�`\V/`\eM`8h Z>[ U*]d`ned`\U*V [ � Ü

��= � = �,B!� L�� J�L�� =
×ØX�]MU Ã Xced` Ã Xc]uV/XcX%È±edU	bMXH]MeIhibMe�e R X p Á¤g�Y Ë hi]MX%È±h Z\Â U*bM`\e R/Ã ] q Þ R XcV±e R X�e R bMXc] R U Z È±Ô?U*V-ÈB`\eM`\U*V Â `\a*XcVË�à X	� É h�ed`nUWV Ä ì1Ü�Î*Ï�`\]¦V1U*e�Ò É/Z ö Z\Z X%È�Ü p `\V>Ô?X�U É b Â U�h Z `\]�eMU Â `naWX�hiVëX.� É h Z Ô R hiV>Ô?X�U�Òu] É ÔcÔjXc]M]�edU�Xkh*Ô R U�Ò

e R X�h Z\Â U*bM`\e R/Ã ] q ÞmX R h*È"edU�ÈBXjö>V/X_h�Ô?U*V-ÈB`\eM`\U*V"]M` Ã ` Z h�b6eMU Ä ì/Ü�Î*ÏTÒ�U*b$e R X�h Z\Â UWbM`\e R/Ã ]6Þ R `8Ô R ÈBU�V/UWe R hkaWX
e R X"V/XcX%ÈïU�Ò¦h bMXc]deIh�bde [ bMU/Ô?XkÈ É bMX q V-h Ã X Znà Á¤gðhiV>ÈØg o Á¤gØÜ pBÉ Ô R h
V>hie É b?h Z Ô?U*V-ÈB`\eM`\U*VØ`\]�U Ë eIhi`nV1X%ÈË�à bMX [1Z hWÔ?`\V Â e R X � x� + ]�`nV Ä ì/Ü�Î*Ï ËBà e R X [ bdU Ë h Ë ` Z `\ed`nXH] &ox� + Ò�UWb Á¤g q U*b�e R X�]M` Ã�É/Z hieMX%È�Ò�bMX	� É XHV>Ô?`\Xc] �*x� + Ò�U*bg o Á¤gØÜ
O�Z ]dU q eMU Â `\aWXmh�V�X	� É h Z Ô R h�V>Ô?X�eMU�X%hWÔ R h Z\Â U*bd`\e R/Ã±q ÞuXÐÈBXjö>V/X%È�e R X$bMXc]deIhibMeM`\V Â�[ bMU/Ô?X%È É bMX�Ò�UWbTUWV/XueMbM`8h ZÄ ]Ih Ã	[/Z X%Ï�%Åhi]¤Ò�U Z\Z U�Þ$]%ß O ]deIhibMeM`\V Â�[ UW]M`\eM`\U*V�[ �� * � `\]mÔ?U Ã	[/É edX%È É ]d`nV Â UWV/X UiÒ�e R X Ã Xce R U­È­] Â `\a*XHV�`nV	í1Ü 1 qh�V>ÈÑX%h*Ô R h Z\Â UWbM`\e R1Ã ]deIhibMeM]ÊÒ�bMU Ã e R `n] [ U*]d`\eM`\U*V�Ü K Ò¥hiV�h Z\Â UWbM`\e R/Ã Ò�hi` Z ]§eMU�Ò É/Z ö Z\Z `\eM]$e R bMXc] R U Z È
Ô?U*V-ÈB`\eM`\U*V

Ò�U*b¤]dU Ã X$`nedXcbIhieM`\U*V ( � Û q `\eu`\]¤bMXc]deIhibMeMXkÈ  oJ�H M L	@NB � � MjB2K��NK L	K#� D �
H � K L.KGH � [ �� * � q h�V-È�`ned]mÞ R U Z X [ h�e R`n]$Ô?U Ã	[/É edX%È	h Â hi`nVAÜ K Ò¤h�V�h Z\Â UWbM`\e R1Ã ÒPh�` Z ] Ã UWbMX e R h�V�åWÛ*Û*Û�Ô?U*V/]dX%Ô É ed`\a*X�ed` Ã Xc]u`nV"e R `\]$Þ$h à�q h´Ò�h�` Z\É bMX�`\]
bMX%Ô?UWbIÈBXkÈ
`\V/]MedX%h*È"U�Ò¤h�V"Xc]Med` Ã h�edX$Ò�UWbme R h�e h ZnÂ U*bd`ne R/Ã h�V>È"e R h�eueMbd`¬h Z %�Ü L U*eM`8Ô?X�ö>bd]Me�e R hie¤Ò�UWb Á¤g q UWV/X
bMXc]deIh�bde�`\] `8ÈBXcVBed`¬ÔHh Z eMU
` Ã	Ã X%ÈB`8h�edX$Ò�hi` Z\É bdX�]M`\V>ÔjX_e R X	Á¤g ]MX	� É XcV-Ô?X	`\]¦È­XceMXcb Ã `\V/X%È ËBà e R X_]?h Ã	[1Z X�hiV>È
e R X�]MeIhibMed`nV Â�[ UW]M`\eM`\UWV�ÜC�1U*b6e R X UWe R Xcbd] q e R X b?h�V>ÈBU Ã ÈBbIhkÞ$`\V Â ]mh Z U*V Â e R X edbIhcæjX%Ô?eMUWb à
ÄPp Y�]deMX [ ] q UWbmg
UWV�edXo h�b Z U�]MeMX [ ]¤Ò�U*b¤g o Á¤g�Ï Â `\a*X$h�Ô R h�V-Ô?X$U�Ò�] É ÔHÔ?Xc]M]uÒ�U*b6X%h*Ô R bdXc]Me?h�bMe§Ò�bdU Ã e R X$]Ih Ã XP[ � Ü L UWeM`8Ô?X h Z ]dU�e R hie
e R `\] [ bdU/Ô?X%È É bdX�Ô?U*V/]d`\]MeM`\V Â `\V_e?h�ÖB`\V Â h Æ `\bIhWÔ�� |�� h�eP[ � hi]me R X$bMXc]deIhibMeM`\V Â ÈB`\]MedbM` Ë/É ed`\U*V�`\]¤V/UWem`\V�Ò�hkaWU*b6U�Ò
e R X p Á¤g Ã XHe R U/ÈBU Z U Â*à Ü K V>ÈBXcXkÈ q U*V1X�U�Ò¤e R X Ã hcæjU*bubMX%hi]MU*V1] Ò�U*b¦hiV p Á¤g"Y Ë h�]dX%È±h Z\Â UWbM`\e R/Ã eMU�ÒPh�` Z `\]¦h[ UBU*bu`\V/`\eM`8h Z-[ U*]M`\ed`nUWV Ä X*Ü Â Ü q eMUBU�Ô Z U*]MX�edU�e R X Ë U É V>È1h�b à ÏHÜ À R XcbMXjÒ�U*bdX q h�V>hie É b?h Z bMXc]deIh�bde ]deMbIhieMX ÂWà ÞuU É/Z ÈR hka*X Ë XcXcVñeMU É ]dX�h�È­`�� É ]dX	bMXH]MeIhibMe	ÈB`\]deMbM` Ë/É eM`\U*V q `\VëUWbIÈBXHb_edU�bMXc]deIhibMe�Ò�bdU Ã h [ UW]M]M` Ë/Z\à±Ë XHeMeMXHb�`nV1`ned`8h Z[ UW]M`\eM`\U*VAÜ À R X [ U*`\VBe$`\] e R h�e É ]d`\V Â ] É Ô R h�]MedbIh�edX Â*à ÞmU É/Z È R hka*X Z X%h*È"eMU �NH � � ��H M�� � J����CD B edbM`8h Z ]%ß K V
e R hie Ôch�]dX q Ò�UWb$X%h*Ô R eMbd`8h Z % q ÞuX�ÞmU É/Z È�`\V Â XcV/XHbIh ZAR hka*X�U Ë ]MXcbda*X%ÈøbMXc] É/Z eM] Â `\a*XcV ËBà h Z\Â UWbM`\e R1Ã ]¤]deIh�bdeMX%È
Ò�bMU Ã ÈB`���XcbMXcVBe¤`\V/`\ed`¬h ZB[ UW]M`\eM`\U*V1] q ]?h à [ �� * � Ä Á§g�Ï q [ �� * � Ä�p Á¤g�Y Ã X%h�V/Ï q [ �� * � Ä�p Á§g"Y�Á§g�Ï q [ �� * � Ä�pBO Á¤gëÏ6hiV>È[ �� * � Ä g o Á¤g�ÏHÜ
��=�� = ����K L �.@NK#�CF�L.@NB B!� L	K M�� L.B!� =
ô�V/X�ÞmX Z\Z YPÖ�V1U�Þ$V [ bdU Ë/Z X Ã hibM`\]M`\V Â `\V_e R X Ã `ºÕ­e É bMXu]MXHeMeM`\V Â `n]§e R hie¤e R X Z `nÖWX Z ` R UBU­È¦Ò É V>Ô?ed`\U*V	h�edeIhi`nV1]T`\ed]Z hib Â Xc]Me Z U/Ôch Z/Ã hkÕ/` Ã_É1Ã h�e6]MXHa*Xcb?h Z ÈB`��ªXcbdXcVBemÔ R U*`8Ô?XH]¤U�Ò�[ Ä ]MXHX q XWÜ Â Ü q*N X%È­V/XcbmhiV>È�×³h Z Ö*XcbuÌ%Í*Ù�1�ÏHÜ K V>È­XcX%È q

e R X�a*h Z\É X�U�Ò b Ä [�Ï�Þ$` Z\Z V/U*e Ô R hiV Â X�`�Ò¤e R X_Ô?U Ã	[ U*V/XcVBe [ hi`\bM] Ä ) �/��� � Ï�h�V>È Ä ) + �/� + Ï§Ò�U*b ]dU Ã X �uh�V>È , h�bdX`nVBedXcbIÔ R hiV Â X%È `\V [BÜ À R `\]�X/�ªXkÔ?e�U�Ò h Z h Ë X Z ]dÞ$`ne?Ô R `\V Â `n] É ] É h Z\Z\à U�ÒmV1UøÔjU*V>Ô?XHbMVØÞ R XcV±e R X Â U�h Z `\]¤æ É ]de
eMU�ö>V>È
h�V
Xc]deM` Ã hieMX$Ò�U*b$h [ h�bdeM`8Ô É/Z h�b Ã `ºÕ/e É bMX UWV
e R X Ë hi]M`\]$U�Ò6bMX%h Z È/hieIh q ]d`\V>Ô?X�U*V/X�Xc]deM` Ã hieMX�`\]ªæ É ]Me hi]Â UBU/È	h�] hiV à U*e R Xcb U Ë eIhi`nV1X%È"e R bdU É/ÂWR h Z h Ë X Z ]MÞ$`\e?Ô R `nV Â Ü
^ VBÒ�U*bde É V-h�eMX ZnàBq `nV	h�g
U*VBeMX o hib Z U�X?Õ [ XcbM` Ã XcVBe Ë h�]dX%È�UWV�]MXcaWXcbIh Z bdX [/Z `8Ôch�ed`\U*V/]uU�Ò�e R X�]Ih Ã Xu]M`\e É hieM`\U*V q



�u�¶�-}���}P *©W���m�*�1�*�? *�H}M�?  �?�*���¶���A��}�¡��?��� "�"

e R `\]$]MÞ$`\e?Ô R `nV Â `\] UiÒ Â bMX%hie ` Ã	[ U*bdeIhiV>Ô?X*Ü$Á6aWXcV�`\V
]M`\e É hieM`\U*V1] Þ R XcbdX_h Z hib Â XH]Me Z U/Ôch Z�Ã h¶Õ/` Ã�É/Ã `n] � X%hi] à
eMU"ö>V>È �-q e R X�]dX	� É XcV>ÔjX [.x Â XcV1XcbIhieMX%È ËBà h�V³Á§g÷U*b p Á§g"Y�e àB[ X�h ZnÂ U*bd`ne R/Ã ÔchiV h*Ôje É h ZnZ\à ÔjU*VBa*Xcb Â X�edU
h�V à U*V/X
UiÒ´e R XY+��¤X.� É `na*h Z XcVBe Ã hkÕ/` Ã h	U Ë eIhi`\V/X%È ËBàØZ h Ë X Z ]MÞ$`\e?Ô R `nV Â h Ã U*V Â e R X [ h�`\bM] Ä ) � �/� � Ï�Ò�U*bÌ ��� � +ïÜ K V�e R h�e¦ÔHh�]MX q Ô?U Ã"[/É ed`nV Â ]deIh�ed`\]MeM`8Ô?]�] É Ô R h�]�hka*Xcb?h Â XH] U�a*XHb ]MXHa*Xcb?h Z bMX [1Z `8ÔchieM`\U*V1]¦ÔchiV Ä hiV>È
U�Ò�edXcV�ÈBUBXc]?Ï Z X%hWÈ	edU_Þ$bdU*V Â ÔjU*V>Ô Z\É ]d`\U*V/]kÜ
�/UWb$X?Õ>h Ã	[1Z X q Þ$`\e R ePÞmU�Ô?U Ã	[ U*V/XcVBed]$U�Ò¥hiV	`\VBeMbd`¬ÔHh�eMX Ã `�Õ/e É bMX
Ò�U*bAÞ R `8Ô R e R XuX	� É `\a*h Z XcVBe Ã hkÕ/` Ã huh�bMX Ã�É e É h ZnZ\à Ô Z UW]MX Ä ] É Ô R h�] � ÌkÏ q e R X Z h Ë X Z ]MÞ$`\eIÔ R `\V Â ÔchiV_U/ÔcÔ É b¤Ò�U*b
bMU É1Â*R/Z\à í*Û�� U�Ò�e R X¦edbM`8h Z ]kÜ o U Ã	[/É ed`\V Â e R X´hkaWXcbIh Â X�U�a*Xcbue R X�edbM`8h Z ]uÞ$`ne R U É eme?h�ÖB`\V Â ÔchibMX�U�Ò¤h [ U*]d]M` Ë/Z XZ h Ë X Z ]MÞ$`\eIÔ R `\V Â ÞuU É/Z ÈÑU Ë aB`nU É ] Z\à bMXc] É/Z e `\V�hkaWXcbIh Â `\V Â�R XcedXcbMU Â XcV/XHU É ]�Ô?U Ã	[ U*V/XcVBeuXc]Med` Ã h�edXc]%Ü
À U�U�a*Xcb?Ô?U Ã Xme R `\] [ bMU Ë/Z X Ãëq ÞuX R h*È�eMU�ÈBXcedXcb Ã `\V/X$Þ R Xce R XcbuU*b6V/U*e¤h Z h Ë X Z ]dÞ$`ne?Ô R `\V Â U­ÔHÔ É bMbdX%È"`\V_e R X

]MX	� É XcV-Ô?X�Þ R `8Ô R
[ bMU/È É ÔjX%È
h�V
Xc]Med` Ã h�edX8[ q Ò�UWbmXkh*Ô R
[ h�bdeM`8Ô É/Z h�b$edbM`8h Z Ü O bdX%h�]dU*V>h Ë/Z X�`¬È­X%h�`\]$edU�Ô?U Ã	[ hibMX
e R X�Xc]Med` Ã h�edX S[ Â `\a*XcV ËBà e R X�h Z\Â UWbM`\e R/Ã²É V-ÈBXcb Ô?UWV/]M`8ÈBXcb?h�ed`nUWV	Þ$`\e R e R X�ÖBV/U�Þ$V"eMb É X [ h�bIh Ã XcedXcb [ 3 q X*Ü Â ÜË�à Ô?U Ã	[/É eM`\V Â ]dU Ã X � ÈB`\]deIh�V-Ô?X � ^ Ä S[ � [ 3 Ï q hiV>È�e R XcV�edb à `\V Â eMU�ö>V>È�Þ R `8Ô R_[ Xcb Ã�É eIh�ed`\U*V_h Ã U*V Â e R X [ h�`\bd]Ä�S) � �*S� � Ï `\V S[ Ã `\V/` Ã `ºâcXc]�^ Ä S[ � [ 3 ÏcÜ�×ØX�Ô R X%ÔdÖ*XkÈØ]MXHa*Xcb?h Zu[ UW]M]M` Ë/Z X�X?Õ [ bdXc]M]d`\U*V/]�Ò�U*b!^ q�Z `\Ö*X�h�VØÁ É Ô Z `8ÈBX%hiV
ÈB`\]MeIhiV>Ô?X q U*b�h	ÈB`\]deIh�V-Ô?X Ë h�]dX%È U*V�æ É ]Me�UWV/X�ÔjU�UWbIÈB`\V>hieMX�`\V [BÜ�×ØX�ö>V>h ZnZ\à bMXHeIh�`\V/XkÈ�e R bMXcX Ã Xce R U­È­] Ò�U*b
ÈBX%Ô?`8ÈB`\V Â Þ R Xce R Xcb�U*b�V1U*e�h
]MÞ$`\e?Ô R U/ÔcÔ É bMbdX%È q h�V-È±eMb à `\V Â eMU
]dÞ$`ne?Ô RØË h*ÔdÖ±eMU�e R X�bM` Â*R e [ Xcb Ã�É e?h�ed`nUWV�ÜÀ R Xc]MX Ã Xce R U/ÈB] Ë X R hkaWX%È [ bdU [ Xcb Z\à Ò�UWb¤e R X ]M` Ã"[/Z X¤]M`\e É h�eM`\UWV/]¤Þ R XcbdX�ÞmX Ô?U É/Z È�]dÞ$`ne?Ô R�Ë h*ÔdÖ�eMU�e R X�bM` Â*R e[ Xcb Ã�É eIhieM`\U*V Ë�à æ É ]de Z UBU*ÖB`\V Â Ô Z U*]MX Znà h�e§e R X$bdXc] É/Z ed]%Ü¤×ØXuX?Õ [ X%Ô?e$e R h�e¤e R X à ÞmUWbMÖ�h Z ]MU�`\V Ã UWbMXu`nVBedbM`8Ôch�edX
]M`\e É hieM`\U*V1]%ÜA×ØX¦edbM`\X%È"e R X�e R bdXcX�Ò�U Z\Z U�Þ$`\V Â�Ã Xce R U/ÈB]kÜ
� O/R��/ß ê h�]dX%È±U*V±e R X	ÈB`\]MeMbd` Ë/É eM`\UWV Ã X%h�V/] 
 & ���TÄ�� Ï�Ò�U*b �
	 �§Ä����/� & Ï q e R `\] Ã Xce R U/È�edbM`\Xc]�edU	ö-V>È

e R X�]MÞ$`\eIÔ R `\V S[�Ò�UWb$Þ R `8Ô R e R X�ÈB`\]Me?h�V>Ô?X
^ Ä S[ � [ 3 Ï �$#%& '�( Z S
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`\]�e R Xë] Ã h ZnZ Xc]de%Ü O ]
X?Õ [ X%Ô?edX%È q e R `n] Ã Xce R U/ÈñÞmUWbMÖB]	ÞuX Z\Z Þ$`ne R:Ã `ºÕ/e É bdXc]	Þ$`\e R ]d` Â V/`ºöªÔchiV�e Z\à
È­`���XcbdXcVBe Ã X%hiV/]%Ü

� R%"Hß p h Ã Xuh�] � O/R � q*Ë1É e Ë hi]MX%ÈÑU*V	ÈB`\]MedbM` Ë/É ed`\U*V�a*h�bM`8hiV>Ô?Xc]kÜ À R `\] Ã Xce R U/È�ÞuU*bdÖB]¤ÞmX ZnZ Þ$`ne R�Ã `ºÕ/e É bdXc]
Þ$`\e R ]Ih Ã X Ã X%hiV/]ÐhiV>È"]M` Â V1`�ö�Ôch�VBe Z\à ÈB`���XcbMXHV�e�a*h�bd`¬hiV>Ô?Xc] q ] É Ô R hi] � å/Ü
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 S R! � cß À R `n] Ã Xce R U/È É ]dXc] h Ã X%h�] É bMX$UiÒTh*ÔcÔ É bIh*Ô à U�Ò�e R X Xc]deM` Ã hieMX q V-h Ã X Znà e R X [ Xcb?Ô?XcVBeIh Â X�U�Ò�`\V>È­`naB`8ÈWYÉ h Z ]6`nV�e R X ]?h Ã"[/Z XÐhi]M]M` Â V/X%È ËBà e R X h Z\Â U*bM`\e R/Ã edU�e R XH`nb§U*bM` Â `nV-h Z ] É/Ë/[ U [/É/Z hieM`\U*V�Ü À R `\] Ã X%hi] É bdX
`\]$ÈB`\]IÔ É ]M]MXkÈ	`\V
í/Ü�Î Ë X Z U�Þ�Ü À R X Ã Xce R U/ÈÑeMbM`\Xc]ueMU�]MÞ$`\e?Ô R
Ë hWÔdÖ�eMU�e R X [ Xcb Ã�É e?h�ed`nUWV Ã h¶Õ­` Ã `ºâc`\V Â
e R `\] Ã X%h�] É bMX q h�V-È ÔHh�V Ë X�X?Õ [ X%Ô?edX%È:eMU Ë X R hkaWX
ÞmX Z\Z Ò�U*b Ã U*bdX Â XcV/XHbIh Z ]M`\e É h�eM`\UWV/]_e R h�V:e R X[ bMXcaB`\U É ]$UWV/Xc]kÜ

��=��I= ��HIM�� � J�K��NFYL.@NB$� DGFIHIJ�KGL.@NM � =
ô�V/X�U�Ò�e R X Ã hcæ?U*b�È­`�Ó�Ô É/Z eM`\Xc]¤Þ$h�]6eMU�X?Õ/edbIh*ÔjeÐh Â UBU/È�Ô?U Ã"[ h�bd`n]dU*V�UiÒªe R X h Z\Â U*bM`\e R/Ã ] É V-ÈBXcbmÔ?UWV/]M`8ÈBXHbPY

h�eM`\UWV�Ò�bMU Ã e R X�bdXc] É/Z ed] Â `\a*XcV ËBà e R Xc]dX�X?Õ/eMXHV/]M`\a*X�]M` Ã�É/Z h�ed`nUWV/]%Ü�ô�V/X�U Ë aB`\U É ]uÞ$h à eMU�ÈBU_e R `\]m] R U É1Z È Ë X
eMU�ö>V-È�e R X¦h Z\Â U*bM`\e R/ÃáÂ `naB`\V Â e R X Ã UW]Me¤h*ÔHÔ É bIhieMX�Xc]deM` Ã hieMXc]kÜ ê§É eue R `\V Â ]ÐhibMX V1U*e¤]dU_]d` Ã"[/Z X q ]d`nV-Ô?X e R XcbMX
h�bMX Ã h�V à bMXc] É/Z eM]�Ò�UWb�X%h*Ô R³Ã `ºÕ­e É bMX � Ì q � å
UWb � ì q ÈBX [ XcV>ÈB`\V Â U*VØa*h�bd`\U É ]�]?h Ã"[/Z X�]M`\âcXc] q V É/Ã�Ë Xcb
U�Ò `\eMXcb?h�ed`nUWV/] q `\V/`\ed`¬h Z `nâkh�eM`\UWV�]IÔ R X Ã Xc]%Üj�A`\V>ÈB`\V Â hiVØU�a*Xcb?h Z\ZuË X R hka�`\UWb�Ò�U*b�e R X�h Z\Â U*bM`\e R/Ã ]�`nVØ]dU Ã h�V à
]M`\e É hieM`\U*V1]$`n]�V/U*e�X%h�] à Ü�Ý$XcV>ÔjX_ÞuXÐæ É ]Me�U É e Z `\V/XkÈ	]d` Â V/`ºöªÔchiVBe eMXHV>ÈBXcV>Ôj`nXH]�bMXcaWX%h Z X%È Ë�à e R X�X?Õ [ XcbM` Ã XHV�ed]%Ü
×ØX Ë hi]MX%È
U É b�æ É È Â*Ã XHV�ed]¤U*V
e R X�Xc]deM` Ã hieMXc]$h�V>È"e R X�Ò�U Z\Z U�Þ$`\V Â Ô?UWV/]M`8ÈBXcb?h�ed`nUWV/]%Ü
ô�V/X"` Ã"[ UWbMe?h�VBe [ bMU [ Xcbde à `\VØe R X Ã `�Õ/e É bMX�]MXcedeM`\V Â `\]�e R X
h Ë ` Z `\e à Ò�U*b�e R X	XH]MeM` Ã h�eM`\UWV [ bMU/Ô?XkÈ É bMX
edU[ bMU [ Xcb Z\à ]dX [ hibIh�edX$e R XuÔ?U Ã"[ UWV/XcVBeM]kÜ À R `n] Ã X%hiV/]�e R h�eTh Ã X%hi] É bdX Z `\Ö*X6]MU Ã XmÁ É Ô Z `¬È­X%h�V_È­`n]deIhiV>Ô?X Ë XcePÞuXcXcV

e R X�eMb É X [ h�bIh Ã XcedXcb¦hiV>È `ned] Xc]deM` Ã hieMX�`\]�V/U*e�V/X%ÔjXc]M]?h�bM` Z\à e R X Ë Xc]de_h�V>ÈøU*V Z\à Ô R U*`8Ô?X Ä ÞuX�È­`¬ÈøV/U*e�XcaWXcV
Ô?U Ã"[/É eMXu] É Ô R h�ÈB`\]Me?h�V>ÔjX ]M`\V>ÔjX e R XcbMX�`\]¤V/U Ã X%h�V1`nV Â Ò É/Z Þ$h à U�ÒTÔ R UBUW]M`\V Â ÞuXc` Â*R eM]¥Ò�U*b¤e R X¦ÔjU�UWbIÈB`\V>hieMXc]?ÏcÜ�/UWb e R `n]�bdX%h�]dU*V q ÞmX�Ô?U Ã	[/É edX%È�h Ã Xkh�] É bMX�U�Òme R X	h Ë ` Z `\e à edU	ö-V>È Ë h*ÔdÖ�e R X_UWbM` Â `\V>h Z�[ hibMeM`\ed`nUWVëh Ã U*V Â
e R X,+�Ô?U Ã	[ U*V/XcVBed] q ÈBXcV/UWeMX%È `\V�e R X_e?h Ë/Z Xc] ��
 S R! � cÜ À R `\] Ã Xkh�] É bMX�`n]6æ É ]de e R X_b?h�eM`\U Ä `\V [ XcbIÔ?XHV�e?h Â X%Ï
U�Ò¤e R X�V É1Ã�Ë Xcb$UiÒ¤`nV-ÈB`\a�`8È É h Z ]m`\V
e R X�]Ih Ã	[/Z X q hi]M]M` Â V/X%È ËBà h�V�h Z\Â U*bM`\e R/Ã eMU"e R XH`nb [ bMU [ XHb¦Ô?U Ã	[ U*V/XcVBekÜp `\V>Ô?X ÞuX É ]MX�]d` Ã�É1Z hieMX%È�È/hieIh q e R X�eMb É X�Ô?U Ã"[ UWV/XcVBe6Ò�bdU Ã Þ R `8Ô R Xkh*Ô R U Ë ]dXcbMa*hieM`\U*V 
 � R h�] Ë XcXHVëÈBbIhkÞ$V q
]Ih à�� 3� q `\]$ÖBV/U�Þ$V�ÜA×ØX�ÈBX?ö>V1X�e R X�hi]M]M` Â V Ã XcVBe S� � Ã h*È­X ËBà h�V�h Z\Â U*bM`\e R/Ã Ò�U*b$e R X�U Ë ]dXcbMa*hieM`\U*V 
 � ËBà
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��/� S[�Ï Â `\aWXcV Ë�à Ä ì1Ü 1BÏ$h�V>È S[�`n]$e R X [ U*`\VBe Xc]deM` Ã hieMX Â `\aWXcV Ë�à e R X�h Z\Â UWbM`\e R/ÃõÄ e R X�Ô?U Ã Y[/É eIhieM`\U*V�UiÒªe R `\]mXH]MeM` Ã h�eMX È­X [ XHV>ÈB]$U*V�e R X ]dX Z X%Ô?edX%È
h Z\Â UWbM`\e R/Ã ÏcÜ-×ØX$U Ë eIh�`\V�e R X ��
 S R  � ËBà ÔjU Ã	[ h�bM`\V Â� 3� hiV>È S� � Ò�U*b�Ì
��� � ( Ü$r6bMX Z ` Ã `nV-h�b à XjÕ [ Xcbd` Ã XcVBeM]$Þ$`\e R ÞmX Z\Z YP]MX [ hibIhieMX%È Ã `ºÕ­e É bMXH]$] R U�ÞuX%È
e R h�e$e R `\]Ã X%hi] É bdX `\] h�U*V/XjY�ÈB` Ã XcV/]M`\UWV>h Z-Â UBU/È�`\V>ÈB`8ÔchieMUWb%Ü L UWeMX�e R h�e$e R `n]$`\V>È­`¬ÔHh�eMUWb R h�] h Z bMX%hWÈ à	Ë XcXcV�X Ã	[/Z U à XkÈË�à�Ú hiV/Xc]?h Z `\V Â h Ã Ä ÌkÍ*Ù*ÍWÏ hiV>È o X Z X É ÕØh�V>È Ú U�a*h�Xcbde Ä ÌkÍ*ÍWì*Ï$edU	Xca*h Z\É h�edX�e R X [ XcbPÒ�UWb Ã h�V>Ô?X�U�Ò Ã `�Õ/e É bMX
Xc]Med` Ã h�ed`nUWV Ã Xce R U/ÈB]%Ü
×ØX_h Z ]MU [ bdU�a�`8ÈBX�]dU Ã X�hWÈ/ÈB`\eM`\U*V-h Z `\VBÒ�UWb Ã hieM`\U*V�edU R X Z\[ Ô?U Ã	[ hibM`\]MUWV/]%Ü À R Xc]dX�hibMX�X?Õ [/Z h�`\V/X%È Ë X Z U�Þ�ÜÀ R X àØÃ hi`\V Z\à ÔjU*V>Ô?XHbMV:e R X"V É/Ã�Ë XHb�U�Ò$Ò�hi` ZnÉ bMXc]�h�V>È±bdXc]Me?h�bdeM]�V/X%ÔjXc]M]?h�b à Ò�UWb�hiV³h Z\Â UWbM`\e R1Ã eMU ö>V>ÈØhiV

Xc]Med` Ã h�edX*Ü
��=�� = �,B � ��K��NFYL.@NB�L�� �ND B!� =
Á¤hWÔ R e?h Ë/Z X6`\]�bMX Z hieM`\a*X§eMU UWV/X¤X?Õ [ XcbM` Ã XcVBe%Ü�ô�V/XuX?Õ [ XHbM` Ã XcVBe6Ô?U*V/]d`\]MeM]6UiÒ­e R X¤]dX Z X%Ô?eM`\UWV_UiÒ­e R X§Ò�U Z\Z U�Þ$`\V Â

Ò�h*Ô?edU*bd]�ß
Ä ÌkÏ�h Ã `ºÕ/e É bMX Ä � Ì q � å�U*b � ìWÏ �Ä åWÏ�h�]Ih Ã	[/Z X�]M`\âcX ( �Ä ìWÏ�h�V É/Ã�Ë XcbmUiÒ¤`nedXcbIhieM`\U*V1] 	 �Ä 1BÏ�hiV	`\V/`\eM`8h Z `\â%hieM`\U*V Ã XHe R U/È Ä � "�� O q 	�
 � R�S q � 
�� O/R �  MÏ �Ä íWÏ�h�]MÞ$`\e?Ô R `nV Â�Ã Xce R U/È Ä � O/R�� q � R " q ��
 S R! � MÏ �

h�V>ÈÑU�Ò¤e R X�Ô?U Ã	[/É eIh�ed`\U*V�U�ÒmíWÛ�bdX [/Z `8Ôch�ed`nUWV/] Ë hi]MX%È"U*V
e R Xc]MX´Ò�h*Ô?edU*bd]%Ü
K VDXkh*Ô R eIh Ë/Z X q e R XHbMX±`n]�UWV/XëÔ?U Z\É/Ã V Ä À N$^ Á§Ï�Ò�U*b"e R X�edb É X a*h Z\É Xc]�UiÒ´e R X [ hibIh Ã XcedXcbM] q h�V>ÈñUWV/X

Ô?U Z\É/Ã V Ä g Ç Á¤Ï�Ò�UWb�e R X Ã hkÕ/` Ã_É/ÃäZ `\Ö*X Z ` R UBU/È	XH]MeM` Ã h�eMXH]�U�Ò$e R X [ h�bIh Ã XcedXcbM] q�Ë h�]MXkÈ±U*VØe R X	Ô?U Ã"[/Z XceMX
È/h�e?h Ä `PÜ X*Ü�ÖBV/U�Þ$`\V Â e R X `\V>ÈB`8ÔchieMU*b �
� U�Ò�e R X¦Ô?U Ã	[ U*V/XcVBe¤ÈBXcV1]M`\e à Ò�U*b§X%h*Ô R U Ë ]MXHbMa*h�ed`\U*V���ÏcÜ À R `\]¤Xc]deM` Ã hieMXÂ `\a*Xc]§`nV1]M` Â*R emh Ë U É eme R X¦hka*hi` Z h Ë/Z Xm`\VBÒ�U*b Ã h�ed`nUWV�`\V�e R X�Ô?U Ã"[/Z XceMX�È/h�e?h Ä hiV>È R X Z\[ ]medU�Ô R XkÔMÖ�e R X�bIhiV>ÈBU Ã
V É1Ã�Ë Xcb Â XcV/XHbIh�edU*b?ÏcÜ À R X¦] É/Ë ]dX	� É XcVBe¦Ô?U Z\É/Ã V/] Â `\a*X�e R X�Xc]deM` Ã hieMXc]$h�V>ÈÑU*e R Xcb$`\VBÒ�UWb Ã hieM`\U*V´Ò�U*bue R X�ö>aWX
]MX Z X%Ô?edX%È�h ZnÂ U*bd`ne R/Ã ]kÜ
À R X�`nV­Ò�U*b Ã h�ed`\U*V Â `\a*XcV ËBà e R X ö-bM]Me�]MXce�U�Ò6bMU�Þ$] h�bdX�ß�>hi` Z X%È¨ß LÊÉ/Ã�Ë Xcb$U�Ò¤eMbd`8h Z ] Ä U�aWXcb¦íWÛ�bMX [/Z `8ÔchieM`\U*V/]?Ï§Ò�U*b�Þ R `8Ô R e R X_h ZnÂ U*bd`ne R/Ã Ò�hi` Z XkÈ�È É bM`\V Â åWÛ*Û*Û�ÔjU*V/]dX%ÔdYÉ eM`\a*X�bMXc]deIh�bdeM]kÜN Xc]deIhibMeM]kß LÊÉ/Ã�Ë XcbmUiÒTbdXc]Me?h�bMed] q hka*XHbIh Â X%È"U�a*Xcb$e R X�] É ÔcÔ?Xc]d]PÒ É1Z edbM`8h Z ]kÜN X [>N Xc]de%ß LÊÉ/Ã�Ë XcbmUiÒT] É ÔcÔ?Xc]d]PÒ É1Z eMbd`¬h Z ]mÞ R `8Ô R bMX	� É `\bdX%È � L,D B � � L U*V/X�bdXc]Me?h�bMekÜÀ ` Ã X Ä�Ã ]IÏcß O a*Xcb?h Â X¦X Z h [ ]MXkÈ
eM` Ã X [ Xcb�eMbM`8h Z6Ä U*V�h p/^ L Y p­[ h�b?Ô�Ì%Û�ÞmUWbMÖB]Me?h�ed`nUWV>ÏcÜLÊË>p Þ$`\eIÔ R ß8�1bMX.� É XcV>Ô à U�Ò¤Ô?U Ã"[ UWV/XcVBeu]MÞ$`\eIÔ R `\V Â�[ Xcb$eMbd`8h Z Ü

� ouZ hi]M]kß À R X Ã X%hi] É bdX Ä e R X�U�a*Xcb?h Z\Z X Ã"[ `\bM`8Ôch Z ] É ÔcÔ?Xc]d]_b?h�eMXkÏ q ÈBXc]?Ô?bM` Ë X%È±`\Vëí/Ü�Î q hka*Xcb?h Â X%È
U�a*XHb¦e R X�] É ÔdY
ÔjXc]M]�Ò É/Z edbM`8h Z ]kÜ

À R X�] É/Ë ]MX	� É XcVBe$bdU�Þ$] Â `\a*X$e R X [ hibIh Ã XceMXHb¤Xc]Med` Ã h�edXc] q eMU Â Xce R XcbuÞ$`\e R e R Xc`\bu]Me?h�V>È/hibIÈ�ÈBXHa�`8hieM`\U*V	Ô?U Ã Y[/É eMXkÈ
U�a*Xcb�e R X�í*Û�bMX [/Z `¬ÔHh�eM`\UWV/]%Üu×ØX [ UW`\V�e$U É e e R h�e L.@NK � � L��!��� � J � ��B���K�� L.K H �6K � �NHIL �jMjB � � �NJ�BH! 8L.@NB�� � J�K#�!����B�H  �L.@NB B!� L	K M�� L.B!� Ü
��=�� = ��HIM�� �CL.B J � � ����H  oL���� J�B!� =
À R X [ bMU Â b?h Ã ]¥Ò�U*bmÔjU Ã	[1É eM`\V Â e R X ]M` Ã�É/Z hieM`\U*V [ bdU­ÔjX%È É bdX_ÈBXc]?Ô?bM` Ë X%È"`nV�e R `\]m]dX%Ô?ed`nUWV	ÞuXcbMX�Þ$bM`\eMedXcV	UWV

h p/^�LQp r O¦N$o Ì%Û��/í/Ì�ÞmUWbMÖB]Me?h�ed`nUWV	`\V p r O¦N$o U Ã	[ ` Z Xcb¤r O¦p1ouO¦Ç ì/Ü�Û1ÜnÌWÜ q�É ]M`\V Â È­U É/Ë/Z X [ bMX%Ôj`n]d`\U*V�Ü À R XU>U�hieM`\V Â�[ U*`\VBem]dU�Ò�ePÞ$h�bdX$Ò�U Z\Z U�Þ$] K Á¤Á¤Áñ]Me?h�V>È/hibIÈ
Î*í�1 q h�V>ÈÑe R X [ ]dX É ÈBUWbIhiV>ÈBU Ã V É/Ã�Ë Xcb Â XHV/XcbIhieMUWb É ]MX%È
`n]�e R X�bdU É ed`\V/X	� 
������

�� ���ÑÈBX?ö>V/XkÈ�`\V±e R X K Á¤Á¤Á Ã h�e R
Z ` Ë bIhib à���������� 
-Ü��A` Â*É bMXc]�ÞuXcbMX	ÈBb?hkÞ$V É ]d`nV Â
� RvQ�� O � R.Q #��/R��`T! *Ü

"ª½$# +/(W+>¿-G�+/7:9�+>,H0�(cG�,
O ]	ÞuX�]Ihi`¬È Ë X?Ò�UWbMX q e R X±bMXc] É/Z eM] Â `\a*XcV:`\V:e R `\]	]dX%Ô?ed`nUWVDbMX�U>X%Ô?e
e àB[ `8Ôch Z�Ë X R hkaB`nUWbM]
h Ã UWV Â bdU É/ÂWR/Z\à

Ì%å*ÛÑX?Õ [ XHbM` Ã XcVBed] q Ò�UWb e R X�e R bdXcX Ã U/ÈBX Z ] � Ì q � å
h�V>È � ì/Ü K V [ hibMeM`8Ô É1Z hib q ÞuX Â `naWX Ã U*bdX�bMXc] É/Z eM]�Ò�U*b
]M`\e É hieM`\U*V � Ì q Þ R `8Ô R `\]ÐÈB`ºÓ�Ô É1Z eueMU R h�V>È Z X*Ü
��=?>I= �qK�"�L��NJ�B ��KGL.@ B
% � � D MjB �!��� =
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×ØX�bIh�V"]MXcaWXcbIh Z X?Õ [ XHbM` Ã XcVBed]¤Ò�UWbme R X Ã `ºÕ­e É bMX Ã U/ÈBX Z � å q ]MXcaWXcbIh Z ]Ih Ã"[/Z X$]M`\âcXc] q `\eMXHbIh�ed`\U*V�V É/Ã�Ë XcbM] q
h�V>È e R X"e R bdXcX	`\V/`\ed`¬h Z `nâkh�eM`\UWV�]?Ô R X Ã XH]%Ü K e�h [/[ X%hibMX%Èïe R hie�e R X p Á¤g"Y Ã Xkh�VØh�V>È p Á¤g"YMÁ¤g�h Z\Â UWbM`\e R/Ã ]
ÞmXcbdX_h Z\Ã U*]Me$h Z Þ$h à ] Ë XceMedXcb�e R hiV�Á¤gèU*b$e R X�]d` Ã�É1Z hieMX%È"h�V/V1X%h Z `\V Â a*Xcbd]M`\U*V/] pBO Á§g�h�V>È g o Á¤gØÜ À R X
ÈB`��ªXcbdXcV>Ô?X
Þ$h�] Ã UWbMX�]M` Â V/`ºöªÔch�VBe�Ò�U*b�e R X 	�
 � R�SAU*b ��
�� O/R��  �`\V/`\ed`¬h Z `nâkh�eM`\UWV/] q ]M`\V>Ô?X"`\V³e R U*]MX�Ôchi]MXc]�[ �
Ôch�V Ë X�h	aWXcb à Ë h*È ÂWÉ Xc]d]%Ü À R X_e?h Ë/Z X	Ì Ë X Z U�Þ ] É/Ã"Ã h�bd`\âcXc]$e R X_e àB[ `8Ôch Z bMXH] É/Z eM]�ÞmX�U Ë e?h�`\V/X%È�Ò�U*b�e R hie
]M`\e É hieM`\U*V
h�V>È Ã U­È­XcbIhieMX ]?h Ã"[/Z X ]M`\âcXH] q Þ$`\e R h Z h�b Â X�V É/Ã�Ë XHbmUiÒT`\eMXcb?h�ed`nUWV/] Ä 	 �Då*ÛWÛ*ÏcÜ
×ØX R ` ÂWR/Z ` Â*R e_e R X�U�aWXcbIh ZnZ�Ã X%hi] É bdX�U�Ò_hWÔcÔ É b?h*Ô à ��
 S R  � q Þ R `8Ô R `\] [ h�bMed`8Ô É/Z h�b Znà ]M` Â V1`�ö�Ôch�VBe q hiV>È

]MX [ hibIhieMXc]"e R X p Á¤g�Y Ë hi]MX%È:h ZnÂ U*bd`ne R/Ã ] ÄPp Á¤g"Y Ã X%hiV hiV>È p Á§g"Y�Á§g�Ï�Ò�bMU Ã � DGD e R X
U*e R Xcb�U*V/XH]%Ü À R X
Xc]Med` Ã h�edXc]	h�bdX h Z ]dUØ]M` Â V1`�ö�Ôch�VBe Z\àñË XcedeMXcb"Ò�UWb p Á§g"Y Ã X%h�V:h�V>È p Á¤g"YMÁ¤g q Xc] [ X%Ôj`¬h Z\Znà 
 � q \ � ( hiV>È \ �� Üg
U*bdXcU�a*Xcb q ]deIhiV>È/h�b?È�ÈBXcaB`8h�ed`nUWV/]¤U�aWXcb6bMX [/Z `8ÔchieM`\U*V/]uh�bMX h Z ]MU�] Ã h Z\Z Xcb¨Ò�U*b p Á¤g�Y Ã X%h�V�h�V>È p Á¤g"YMÁ¤gäe R hiV
Ò�U*b�h�V à U�Ò$e R X�U*e R XcbM]kÜ�×ØX_Ôch�V±]MXHX�e R hie p Á¤g"Y Ã X%hiV�V/XcX%È­X%È )*íÑbMXc]deIh�bdeM]�`\Vëhka*Xcb?h Â X [ Xcb�bMX [1Z `8ÔchieM`\U*V qË/É e¤V/XHa*XcbuÒ�hi` Z XkÈ�U�a*Xcb¤e R X¦íWÛ�eMbd`8h Z ] Ä e R `\] Ã X%h�V1]¤e R hiem`\e¤V1Xca*Xcb$V1XcX%ÈBX%È Ã U*bMXue R h�V�åWÛ*ÛWÛ bdXc]Me?h�bdeM]IÏHÜ L U*edX
e R hie Á¤g�`n]ue R X�U*V Z\à UWV/X�Þ R `8Ô R Ò�hi` Z XkÈ�ePÞ$`8Ô?X*Ü

À h Ë/Z X_ÌWß Ã `ºÕ/e É bdX � å q ( � å*ÛWÛ q 	 � )*ÛWÛ q `\V/`\e � 
�� O�R �  q ]dÞ$`ne?Ô R `\V Â � R%"
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À R X Ã `ºÕ/e É bdX � Ì$`\] R hibIÈBXcb$edU�bMXkÔ?U�a*Xcb$e R h�V � å/Ü À R `\]¤`\]Ðh´]M`\e É hieM`\U*V�Þ R XcbMX�e R `nV Â ]¤ÞuU*bdÖ Ë XceMedXcb$Ò�U*bp Á¤g�`\V�]dU Ã X¦XjÕ [ Xcbd` Ã XcVBeM] q h�V-È�Ò�U*b Á¤g�ÔjU*V/]d`¬È­XcbM`\V Â U*e R Xcb X?Õ [ XcbM` Ã XcVBeM]%ß OáÂ XcV/Xcb?h Z edXcV>ÈBXHV>Ô à `\]$V/UWe

Ô Z X%h�bkÜ O ÈBXceIhi` Z XkÈ�È­`n]?Ô É ]d]M`\U*V�h Ë U É e$e R `\]$]M`\e É h�ed`nUWV	`\] Â `\aWXcV	`\V
]MX%ÔjeM`\U*V�Î/Ü
×ØX�ö>bd]Me V1U*eM`8Ô?X�e R hie q `\V
e R X � Ì�]d`\e É hieM`\U*V q e R X�U�aWXcbIh ZnZ X Ã	[ `\bM`8Ôch Z ] É ÔcÔ?XH]M]�b?h�eMX ��
 S R! � mUiÒ�eMXcV
]dX [ hkY

bIh�edXc]$e R X�ö>a*X�h ZnÂ U*bd`ne R/Ã ]§`nVBedU_e R bMXcX�]MXced]%ß
Y	e R X�Á¤gèh Z\Â UWbM`\e R1Ã �
Y	e R X p Á¤g"Y Ë hi]MX%È�h Z\Â U*bd`\e R/Ã ] ÄPp Á¤g"Y Ã Xkh�V�hiV>È p Á¤g"YMÁ¤g�Ï �
Y	e R X�]M` Ã�É/Z h�edX%È�h�V1V/X%h Z `\V Â�Ë h�]dX%È�h ZnÂ U*bd`ne R/Ã ] ÄPpBO Á¤g h�V>È"g o Á¤g�ÏHÜ

À R `\]m`\]$]M` Â V/`ºöªÔch�VBe$`\V	e?h Ë/Z Xc] å�hiV>È	ì q hiV>È�`\]$`\V�Ò�hkaWU*buU�Ò É ]d`nV Â e R `\] Ã X%hi] É bdX Ò�U*b Ô?U Ã	[ hibM`\]MUWV/]%Ü�1U*b�e R h�e Ã `�Õ/e É bMX q hi]¦XjÕ [ X%Ô?edX%Èñ`\Vë]dX%Ô?eM`\UWV³í/Ü*) q h Z h Ë X Z ]MÞ$`\e?Ô R `nV Â Þ$h�]�ÈBXHeMX%Ô?edX%È ËBà e R X�]dÞ$`\eIÔ R `\V ÂÃ Xce R U/È Ã UWbMX�e R hiV�1�Û �²U�Ò¤e R X�eM` Ã X*Ü
� � �NDGB < T K V�eIh Ë1Z X�å q e R X Ã X%h�] É bMX ��
 S R  � T`\]mÔ Z X%hib Z\à `nV�Ò�hkaWU*b¤UiÒ p Á§g"Y�Á§géh�V-È p Á¤g"Y Ã X%hiV�h Â hi`nV1]Me

e R X�U*e R Xcb�h Z\Â UWbM`\e R/Ã ] q�Ë1É e$e R X�Xc]deM` Ã hieMXc] hibMX�V/UWe h�] Â UBU/È
h�]u`\V�e R X [ bMXHa�`\U É ] ]d`ne É h�ed`\U*V�Ü
K Ò6ÞmX�Ô?U*V/]d`8ÈBXcbue R X�h Ë ` Z `\e à edU�]MX [ h�bIhieMX�e R X Ã Xkh�V/] 
 ( � Û�h�V>È 
 � � Û - Ù q e R XcV p Á§g"Y Ã X%h�V [ Xcb�Ò�U*b Ã ]Ë XcedeMXcbkÜ ê§É eue R X p Á¤gõXc]Med` Ã h�edXc]6Ò�UWb ) ( hiV>È,\ �( h�bMX [ UBUWb%Ü6×ØX h Z ]dU R ` Â*R/Z ` Â*R e6e R X ÒPh*Ô?e¤e R h�e p Á¤g�Y Ã X%h�VV/XcX%ÈBXkÈ Ã U*bMX�e R hiVëì*ÙWÎ�bMXH]MeIhibMed]�`\Vëhka*Xcb?h Â X�eMU"] É ÔcÔjXcX%È q hiV>È p Á¤g�Y�Á¤g÷å*íWÍ�bMXc]deIhibMeM]kÜ O Ô?UWV/]MX	� É XHV>Ô?X

`n]�e R h�e p Á¤g"Y Ã Xkh�V±bMX	� É `\bMXkÈ Ã U*bdX�ÔjU Ã	[1É eM`\V Â eM` Ã X�e R hiVØe R X"U*e R XcbM]kÜ�g
U*bdXcU�a*XHb q¤p Á¤g�Y Ã X%h�V Ò�h�` Z X%È
å�1�eMbM`8h Z ]$U É e UiÒTe R X_í*Û�UWV/Xc] q ]dU�e R X�Xc]Med` Ã h�edX´hkaWXcbIh Â Xc]$ÞuXcbdX�Ô?U Ã	[/É eMX%È"U*V
e R X Ë hi]M`\]$U�Òmå )�] É ÔcÔ?Xc]d]PÒ É/Z
eMbM`8h Z ]uU*V Znà Ü



" � � ���k���k~��*�c���)��~��/}����)���?�*���?�/�)�*}T�-�»�����c�?�����)���
×ØX�] R U É1Z È
h Z ]dU�V/U*ed`8Ô?X�e R h�e$`\V
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À R X±g
U*VBeMX o h�b Z U±X?Õ [ XHbM` Ã XcVBed] R hkaWX�] R U�Þ$V:e R X±ÈB`ºÓ�Ô É/Z e à Ò�U*b�e R Xc]dX h ZnÂ U*bd`ne R/Ã ]�eMUØbMXkÔ?U�a*Xcb
e R X

`nVBedbM`8Ôch�edX Ã `ºÕ/e É bdX � Ì*Ü À U ö Â*É bMX�U É e�Þ RBà e R X�]deIhieM`\U*V>hib à ÈB`\]MeMbd` Ë/É eM`\UWV³U�Ò p Á§g È­`¬ÈñV/UWe�]MXcX Ã edU
h Z ÞÐh à ] Ô?UWV>Ô?XcVBedbIh�edX	UWV�e R X Ã h¶Õ/` Ã h�U�Òue R X Z `nÖWX Z ` R UBU­ÈÑÒ É V>Ô?eM`\UWV q ÞmX�eMbd`nXkÈ�edU [1Z UWe e R X [ h�e R ]¦UiÒm]MU Ã Xp Á¤g"Y Ã X%hiV�hiV>È	Á¤g�edbM`8h Z ]%Ü
Á¤hWÔ R ö ÂWÉ bMX Ë X Z U�Þ `\]¤bdX Z h�ed`naWX edU�U*V/X�eMbd`¬h ZPq `PÜ X*Ü*h�]MX Z X%ÔjeM`\U*V"U�ÒTh�]dXce$U�Ò�Ò�hWÔ?eMUWbM] Ä ÌkÏ � Ä í*Ï6`\V�]dX%Ô?eM`\UWVøí1Ü�Ù q

h�V>È�ÔjU Ã	[1É eIhieM`\U*V"U�ÒmUWV/X�b É V�Ò�UWb e R X�]MX Z XkÔ?eMX%ÈØh Z\Â U*bd`\e R/Ã ] q Þ$`\e R e R Xc`\b [ UW]M]d` Ë1Z X´Ò�h�` Z\É bMXH]¦h�V-È
bMXc]deIhibMeM]kÜp `\V>Ô?X�ÞmX�hibMX�`\V�edXcbMXH]MeMXkÈ�`\V	UWV Z\à UWV/X�eMbM`8h Z�R XcbMX q e R XcbMX�`\]$V/U�V1XcX%È"Ò�UWbÐh�]dÞ$`\eIÔ R Ü
Á¤hWÔ R ö Â*É bdX [ `¬Ôje É bdXc]¤e R X [ bdU%æ?X%ÔjeM`\U*V�U�Ò�e R X [ hie R U�Ò p Á§g"Y Ã X%h�V Ä h�V-È�]MU Ã Xced` Ã Xc]�Á¤g�Ï q U�a*XHb Ä 
 ( � 
 � ÏHÜÀ R Xm] Ã h ZnZ Xcb�È­U*eM]¤hibMXue R X p Á¤g"Y Ã Xkh�V�UWb¥Á§gÅ`\eMXHbIh�ed`\U*V/] q e R X Ë ` Â È­U*eM]¤hibMXu`nedXcbIhieM`\U*V1] [ bMX%Ô?XkÈB`\V Â huÒPh�` Z\É bMX

Ò�U*b p Á¤g�Y Ã X%h�V Ä `PÜ XWÜ Z U­ÔHh�eM`\UWV/]�Þ R XcbMX p Á¤g"Y Ã Xkh�V�V/XHX%ÈBX%ÈñeMU
bdXc]Me?h�bMe?ÏcÜ K VØh*È/È­`ned`\U*V q ]dU Ã X [ h�bdeM`8Ô É/Z hibZ U/ÔchieM`\U*V1] U�Ò¤`\VBeMXcbdXc]Me�h�bMX�] R U�Þ$V�ß À R X�eMb É X�a*h Z\É X Ä 
 ( � 
 � Ï q e R X�]MeIhibMed`nV Â�[ U*]d`\eM`\U*VY[ � q e R X p Á¤g�Y Ã X%h�VXc]Med` Ã h�edX q hiV>È
e R X�Á¤g Xc]deM` Ã hieMX�Þ R XHVëÁ¤g `n]�Ô?U Ã"[/É edX%È�Ü�× R XcV [ bMXH]MXcVBe q e R X�Á¤g `nedXcbIhieM`\U*V1]¦ÔchiV Ë X
X%h�]d` Z\à ÈB`\]Med`\V Â*É `\] R X%È´Ò�bMU Ã e R X p Á§g"Y Ã X%h�V�`nedXcbIhieM`\U*V1] q ]d`nV-Ô?X$e R X È­`n]deIhiV>Ô?X Ë XcePÞmXHXcV�ePÞmU�Ô?UWV/]MXkÔ É eM`\aWX Á¤g
`nedXcbIhieM`\U*V1]$`n]l� É `\eMX�] Ã h Z\Z ß À R X_Á¤g [ h�e R
É ] É h Z\Z\à	Z UBU*ÖB] Z `\Ö*X�h�Ô É bda*X%È Z `\V/X�Ò�bMU Ã e R X�]Me?h�bdeM`\V Â	[ U*]d`\eM`\U*V
eMU�e R X_Á§géXH]MeM` Ã h�eMXWÜ
� K F �NJ�B < T À R `n]�ö ÂWÉ bMX
ÈBX [ `8Ô?ed]_e R X	bdX%Ô?U�a*XHbM`\V Â U�Ò Ã `ºÕ/e É bMX � Ì q Ò�bMU Ã hø] Ã h Z\Z ]?h Ã"[/Z X�hiV>È Z h�b Â X

V É1Ã�Ë XcbuU�Ò6`\eMXcb?h�eM`\UWV/]%Ü
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�A`\bM]de�V/U*ed`8Ô?Xëe R h�e p Á§g"Y Ã X%h�V:V/XHX%ÈBX%È h RBÉ/Â X±V É/Ã�Ë Xcb	UiÒ_bMXc]deIhibMeM] Ë X?Ò�U*bdX�ö-V>ÈB`\V Â h�VDXH]MeM` Ã h�eMXWßÀ R XcbMX�h�bdX	Ì )WÎ*Ù�bdXc]Me?h�bMed]�bMU É/Â*R1Znà"Z U­ÔHh�eMXkÈ
U*V�e R X�ePÞmU Z `\V/Xc]	%�Ì � Û - )�hiV>È %	å � Û - )/Ü À R Xc]dX�bMXc]deIh�bdeM]

Ô?U*bdbMXc] [ UWV>È�e àB[ `8Ôch ZnZ\à edU�]M`\e É h�ed`nUWV/]¤Þ R XHbMX p Á¤gäeMbd`nXkÈ�eMU´ö>emh É V1` � É X Ú h É ]d]M`8h�V [ U [/É/Z h�ed`\U*V q�Â `\a�`\V Â e R X
U*e R Xcb Ô?U Ã"[ UWV/XcVBe$h�ÞmXc` ÂWR e )

&
��Û1Ü

À R `\]�ö ÂWÉ bMX�` ZnZ\É ]deMb?h�eMXH] e R X�h Ë ` Z `\e à Ò�U*b�e R X�]Me?h�eM`\UWV>h�b à È­`n]deMbd` Ë1É eM`\U*V U�Ò p Á¤g eMU
Ô?U*V>ÔjXcVBeMbIhieMX�UWVëe R X
ePÞmU�X	� É `\a*h Z XcVBeu] àBÃ	Ã XceMbd`¬Ô Ã hkÕ/` Ã h�U�ÒTe R X Z `\Ö*X Z ` R UBU/È�Ò É V>ÔjeM`\U*V"U Ë e?h�`\V/X%È ËBà e R X�]MÞ$`\eIÔ R `\V Â U�Ò6e R X�ePÞuU
Ô?U Ã"[ UWV/XcVBeM] Ä Ô Z UW]MX�edU Z U­ÔHh�eM`\UWV/] Ä Û � Û - ÙWÏ¦hiV>È Ä Û - Ù � ÛWÏMÏcÜ À R X�`\V/`\eM`8h Z `\â%h�ed`\U*V Ã Xce R U/È 	�
 � R�S Â `\a*Xc]�h [ �R h Z Ò�Þ$h à Ò�bMU Ã e R X�ePÞuU_X	� É `\a*h Z XHV�eu] àBÃ"Ã XcedbM`8Ô Ã h¶Õ­` Ã h1Ü �1U*bde É V-h�eMX ZnàBq `nV"e R hie$eMbd`¬h ZPq e R X p Á¤g�Xc]deM` Ã hieMX
ÞÐhi]´ÔjU Ã	[1É eMX%È±Þ R ` Z X�e R X [ h�e R ÞÐhi]�Ô Z U*]MX"eMU Ä Û - Ù � Û*Ï q h�V>È±e R X�Xc]Med` Ã h�edX�`\]¦bdX%h�]dU*V>h Ë/Z X Ä Þ$`ne R h Z h Ë X Z
]MÞ$`\eIÔ R `\V Â ÏcÜA×ØX¦Þ$` Z\Z ]MXcX�`\V
e R X¦V1X?Õ/e$ö ÂWÉ bMX�e R h�e$e R `n]$`\]$V/UWe$V/X%Ô?XH]M]IhibM` Z\à e R X�Ôchi]MX*Ü
À R XØÁ¤g [ h�e R ö>bd]Me
ÞÐh Z Ö*X%È:V1X%h�b
e R Xë]dÞ$`ne?Ô R X%È Z U/Ôch Z�Ã hkÕ/` Ã�É/Ã�q h�V>È e R XcV»ÞuXcVBe�edU h � bMXH]MeIhibMe

ÈB`\bMX%Ô?ed`\U*V � ß O Ô?U Ã"[/É eIhieM`\U*V�U�aWXcb$]MU Ã X Ã U*bdX `\eMXHbIh�ed`\U*V/]uÞmU É/Z È R hkaWX Z Xkh*È"eMU	Á¤g � ]uÒPh�` Z\É bMX*Ü
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fig. 2 : EM & SEM-mean iterations
 N=100, n=600, init Equal, no switch
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� K F �NJ�B � T À R `\]Êö Â*É bdX_ÈBX [ `¬ÔjeM]�e R X�]Ih Ã X�]M`\e É hieM`\U*V q/Ë/É e�U*V Z\à
p Á¤g"Y Ã X%hiV
`n] [1Z UWeMedX%È�Ü L U*eM`8Ô?X�e R hie
e R X
`\V/`\eM`8h Z `\â%hieM`\U*V Ã Xce R U/È ��
�� O/R��  Â `\a*XH]	h±]MeIhibMed`nV ÂØ[ UW]M`\eM`\U*VDÔ Z X%hib Z\à³Ë X Z U*V Â `\V Â eMUØe R X R h Z Ò8Y [/Z h�V1X
Ô?U*VBeIhi`\V/`\V Â e R X�]MÞ$`\eIÔ R XkÈ
a*h Z\É X Ä Û - Ù � ÛWÏcÜ
À R XHbMX
ÞmXHbMXëÌ 1�ÍWì
bMXc]deIhibMeM]kÜ K e_`\]�`\VBeMXcbdXc]Med`\V Â edU�]MXHX�e R h�e p Á¤g"Y Ã X%hiV³Ô?U*V-Ô?XcVBeMb?h�eMXH]	h Â hi`\V hibMU É V>È

e R X�ePÞuU³] àBÃ	Ã XHeMbM`8Ô Ã h¶Õ/` Ã h q ÈBXc] [ `\eMX±e R X±`\V/`\eM`8h Z$[ U*]d`ned`\U*V�Ü²Ý$U�ÞuXca*XHb q e R XëXH]MeM` Ã h�eMX±Ô?U Ã"[/É eMXkÈ ËBà
hka*Xcb?h Â `\V Â e R X¤`\eMXcb?h�eM`\UWV/]�`\V¦e R X p Á§g²]Me?h�eM`\UWV>h�b à bMX Â ` Ã XA`n]-ÒPh�`\b Z\à$[ U�UWb qkR h Z Ò�ÞÐh à Ò�bdU Ã e R X¤ePÞuU$X	� É `\a*h Z XcVBe
eMb É X�a*h Z\É Xc]kÜ À R X�bMX%hi]MUWV±Ò�U*b�e R `n]�`\]�Ô Z X%h�bkß K Vë`\ed]¦]deIhieM`\U*V>hib à bdX Â ` Ã X q�p Á¤g a�`\]d`nedX%È±h Z eMXcbdV>h�ed`\a*X Z\à e R X
ePÞmU±] àBÃ	Ã XceMbd`8Ô Ã hkÕ/` Ã h"UiÒ¦e R X Z `nÖWX Z ` R UBU­È Ò É V>Ô?ed`nUWV q h�V>Èï`\eM]�]Me?h�ed`nUWV>h�b à ÈB`\]deMbM` Ë/É eM`\U*V [ bdXc]MXcVBed]�ePÞuU
X	� É `\a*h Z XcVBe Ã U/ÈBXc]kÜ K V�] É Ô R h	ÔHh�]MX q ÔjU Ã	[1É eM`\V Â h�VëhkaWXcbIh Â X�U�a*XHb ]MXHa*Xcb?h Z `\eMXcb?h�eM`\UWV/]¦ÔchiV Z X%h*È"edU	bMXkh Z\Z\à[ UBU*b$XH]MeM` Ã h�eMXH]%Ü
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fig. 3 : SEM-mean iterations
 N=100, n=600, init Kmeans, no switch
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À R X È1h�eIhÊ]MXce É V>ÈBXcb¤Ô?UWV/]M`8ÈBXHbIh�ed`\U*V�ÞÐhi]Te?h�ÖWXcV�Ò�bMU Ã Ý�h Ë/Ë X Ã h q Ý$Xcb Ã hiV/]ThiV>È�a*h�V�ÈBXcV ê bMUBXcÖ Ä Ì%Í*Î�1�ÏHÜK eTÔ?UWV/]M`\]Med]¤`\V�h [ U [/É/Z h�ed`\U*V�UiÒªÎ*íÊÞmU Ã XcV Ä 1Bí�ÞmXcbdXÐÝ�h�X Ã U [/R ` Z `8h O ÔHh�bMbd`\XcbM]mhiV>È�ì*Û$ÞuXcbdX$V/U*e?Ï�ÈBXc]?Ô?bM` Ë X%ÈË�à ePÞmU�a*hibM`8h Ë1Z XH] � ( � Ì%ÛWÛ Z U ÂBÄ ����� h*ÔjeM`\aB`ne à Ï$hiV>È � � � ÌkÛ*Û Z U Â*Ä ����� Y Z `\Ö*X�h�VBeM` Â XcV>ÏcÜ À R `\]�È/h�e?h�]MXceR h�] Ë XcXHV É ]MX%È ËBà�ê h�]PÒ�U*bIÈ±h�V-Èëg�Ô Ç h*Ô R/Z hiV Ä ÌkÍ*Ù*íWÏ$edU�` Z\Z\É ]MedbIhieMX�e R X [ UW]M]d` Ë ` Z `\e à UiÒ Ã�É/Z eM` [/Z X�bMUBUWeM]�U�Ò

e R X Z `nÖWX Z ` R UBU­È"X	� É hieM`\U*V1] Þ R XcVØh�V-h Z\à âc`\V Â h Ã `ºÕ/e É bdX¦UiÒ Ã�É/Z eM`\a*hibM`8h�edX V/UWb Ã h Z ÈB`\]MedbM` Ë/É ed`nUWV/]%Ü K V±e R Xc`\b
Ôch�]dX�]Me É È àBqÐê h�]�Ò�U*b?ÈDh�V-È g Ô Ç hWÔ R1Z hiVDÔ?U*V/]d`8ÈBXcbMXkÈDe R X�V/UWb Ã h ZmÃ `ºÕ­e É bMX Ã U­È­X Z Þ$`\e R X.� É h Z a*hibM`8h�V-Ô?XÃ h�edbM`8Ô?Xc] Ä�R U Ã U*]?Ô?X%È/hi]MeM`8Ô Ã U/ÈBX Z Ï$hiV>È"Þ$`\e R
É V/X	� É h Z a*h�bM`8hiV>Ô?X Ã hieMbM`8Ô?XH] Ä�R XceMXcbdU*]?Ô?X%È/hi]MeM`8Ô Ã U­È­X Z ÏmhiV>È
e R X à `8ÈBXHV�ed`ºö>X%ÈØe R X Z `nÖWX Z ` R UBU­È Xc]deM` Ã hieMXc] ËBà h [/[/Z\à `nV Â e R X
Á¤g�h Z\Â UWbM`\e R1Ã Ü ^ ]M`\V Â h
Þ$`8ÈBX
Ô R U*`8Ô?X
U�Ò
]MeIhibMed`nV Â a*h Z\É Xc] q e R X à Ô?U*V>Ô ZnÉ ÈBX%È�edU_e R X XjÕ­`\]deMXcV>ÔjX¦UiÒ�ePÞmU Z U/Ôch Z>Ã hkÕ/` Ã h§Ò�UWb¤e R X R XcedXcbMUW]IÔ?XkÈ/h�]deM`8Ô Ã U/ÈBX ZÄ ÈBXcV1U*eMXkÈ�[ ( � [ � hiV>È:ÈB`\] [/Z h à X%È±`\V³eIh Ë/Z X�Î*Ï�h�V>Èïe R bdXcX Z U/Ôch ZuÃ h¶Õ­` Ã h�Ò�UWb_e R X R U Ã U*]IÔjX%È/h�]deM`8Ô Ã U/ÈBX ZÄ ÈBXcV1U*eMXkÈY[ (3 � [ �3 hiV>È�[ 
3 h�V>È ÈB`\] [/Z h à XkÈ�`\V
eIh Ë1Z X�ÙWÏcÜ K V
e R `\]$]MX%Ô?ed`\U*V q e R X [ h�b?h Ã XceMXcb$] É/Ë ]?Ô?bM` [ ed]¦ÈBXcV1U*eMXe R X	Ô?U Ã	[ U*V/XHV�e�`\V>ÈB`8ÔchieMUWb%Ü	ÝÊXcbMX q ÞuX É ]dX	e R `n]�È/hieIh
]dXce�edU�` ZnZ\É ]deMb?h�eMX�e R X Ë X R hkaB`\U*b�U�Ò p Á¤g"YMÁ¤gîhiV>Èp Á¤g"Y Ã X%hiV q È­X?ö>V/X%È `\V p X%ÔjeM`\U*VØí/Ü\Ì q h�V>È eMU
ÈBXc]?Ô?bM` Ë X�e R X Ë X R hkaB`nUWb UiÒme R X�]Me?h�ed`nUWV>h�b à ÈB`\]MeMbd` Ë/É eM`\UWV�U�Òp Á¤g÷`\V³h�]d`\e É hieM`\U*V±Þ R XcbdX�e R X	XjÕ­`\]deMXcV>ÔjX�UiÒ ]MXcaWXcbIh Z$Z U­ÔHh ZuÃ hkÕ/` Ã h�`\]�] É ] [ X%Ô?edX%È�Ü K VñU*b?ÈBXcb�eMU R hkaWX
h Â UBU­È Xc]deM` Ã hieMX�UiÒÐe R X p Á¤g ]Me?h�eM`\UWV>h�b à ÈB`\]MedbM` Ë/É ed`nUWV q ÞuX�bIhiV p Á§g Ò�U*b�Ì%Û
ÛWÛ*Û�`\edXcbIhieM`\U*V/] Ä Þ$`ne R V1U
ÞÐhib Ã Y É/[ ]deMX [ Ï�Ò�bMU Ã È­`���XcbdXcVBe	]Me?h�bdeM`\V Â a*h Z\É XH]	Ô R U*]MXHV·h�e�b?h�V>ÈBU Ã UWb	Ô R U*]dXcV·h Ã U*V Â e R X�]dU Z\É ed`nUWV/]
X?Õ R ` Ë `\eMX%È ËBà	ê hi]PÒ�UWbIÈ
h�V-È�g Ô Ç hWÔ R1Z hiV�Ü
K V Ë UWe R ]d`\e É hieM`\U*V/] q�p Á¤g"YMÁ¤g�h Z Þ$h à ] Z X%h*È
edU	e R X [ h�bIh Ã XcedXcb XH]MeM` Ã h�eMX�Þ R `8Ô R [ bMU�aB`8ÈBXc]�e R X Â*Z U Ë h ZÃ hkÕ/` Ã�É/Ã UiÒTe R X Z U ÂWZ `nÖWX Z ` R UBU­È¦Ò É V>Ô?ed`\U*V�Ü ^ V>ÈBXcb R U Ã U*]?Ô?X%È/hi]MeM`8Ô?`\e àBq e R `\] ÂWZ U Ë h Z/Ã h¶Õ­` Ã `\âcXcb6`\]P[ (3 Â `\a*XcV`nV"eIh Ë/Z X´Ù1Ü ^ V>È­Xcb R XcedXcbMUW]IÔ?X%È1h�]Med`8Ô?`\e à�q e R X [ h�b?h Ã XceMXcb
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[ bMU�aB`8ÈBXc]�e R X Z U ÂWZ `nÖWX Z ` R UBU­È � )/Ì%å - Û*Í/Ü K e�`\] ÞuU*bde R V/U*ed`\V Â e R h�e�e R X_] É bMaWX à Y�bdX?ö>V/X"]MeMb?h�edX Â*à U�Ò ê h�]�Ò�U*b?È
h�V>È
g�Ô Ç h*Ô R/Z h�V q ÔjU*V/]d`n]deM`\V Â `nV
`\V/`\eM`8hieM`\V Â Á¤gèÒ�bMU Ã h�V É/Ã�Ë Xcb UiÒ§È­`���XcbdXcVBe [ U*]d`\eM`\U*V/] q Ò�hi` Z XkÈ	edU Z U/Ôch�edX
e R `\] Â*Z U Ë h ZBÃ h¶Õ­` Ã�É/Ã ÜªÝÊXcV>Ô?X q�p Á§g"Y�Á§g h [/[ X%h�bd]¤eMU Ë X h Ë XcedeMXcbu] É bMa*X à YPbMXjö>V/X ]deMb?h�eMX Â*àBq hie Z X%hi]Me¤Þ R XcV
e R X [ hibIh Ã XceMXHb$] [ hWÔ?X�`\]mUiÒ R ` Â*R È­` Ã XcV/]d`nUWV�Ü
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×ØX$V/U�ÞDÔ?UWV/]M`8ÈBXHbme R X R U Ã UW]IÔ?X%È1h�]Med`8Ô Ã U/ÈBX Z Ü��A`\bM]de q `\emh [1[ X%hibM]ue R hie [ 
3 `\] �NH L h�ö1Õ­XkÈ [ U*`\VBe¤U�Ò�Á¤gØÜO Ô?e É h Z\Z\à�q b É V/V1`nV Â Á¤gäÒ�bMU Ã e R X�`\V/`\eM`8h Z�[ U*]d`\eM`\U*V�[ 
3 Ò�U*b$h�] É Ó�Ô?`\XcVBe Z\à_Z hib Â X$V É/Ã�Ë Xcb¤UiÒ�`\eMXcb?h�eM`\UWV/] Z X%h*È­]eMU�h �IB J�� � D H � ÔjU*VBa*Xcb Â XcV-Ô?X�eMU�[ �3 Ü Ä �1U*b$h�] Ã h Z\Z V É/Ã�Ë XHbmUiÒ�`nedXcbIhieM`\U*V1] q [ 
3 ]dXcX Ã ]$edU Ë X�h�ö1Õ­XkÈ [ U*`\VBeU�ÒTÁ¤g qBR XcV>Ô?X�e R X�bMXc] É/Z e$`\V ê h�]PÒ�U*bIÈ"h�V>È"g�Ô Ç h*Ô R/Z h�V�Ü�Ï K e Ã�É ]Me Ë X [ U*`\VBeMX%ÈÑU É eue R hieÐh�] R U*bMe$b É V Ä ÌkÛ*Û
`nedXcbIhieM`\U*V1]IÏ�UiÒ p Á¤g"YMÁ¤g Ò�bdU Ã e R X"`\V/`\eM`8h Z6[ U*]M`\ed`nUWV [ 
3 Z X%hWÈB]_edUëh�V³Á§g ö/Õ/X%È [ U*`\VBe�V/UWe_ÈBXcedX%Ô?eMXkÈ ËBàê hi]PÒ�UWbIÈ
h�V>È"g�Ô Ç h*Ô R/Z h�V��1e R `\]$V/XHÞ Á¤gõö/Õ/X%È [ U*`\VBe$`\]

[ �3 � Ä Û - ÙWÍ*Û ��� å/Ì - å ��� Û - Í � � 1Bí - 1 ��� å�1 - Î � åWì*í � )�1 � Ì )*Î�Ï
h�V>È�`\eM] Z U ÂWZ `\ÖWX Z ` R U�U/È�`\] � )1Ì%Î - ÎWÎ/Ü À R XcbMXjÒ�U*bdX q Ò�U*bue R `n] R U Ã U*]?Ô?X%È/hi]Med`¬Ô Ã U/ÈBX ZPq*p Á¤gõbMXcaWX%h Z ]u`\eM]MX Z Ò¤h�]mhiV
X?Ó�Ô?`\XcVBe$]MedbIh�edX Â*à edU�hkaWU*`8È�] Z U�Þ»Ô?U*VBa*XHb Â XHV>Ô?X�]M`\e É hieM`\U*V1] Ã XcemÞ$`\e R Á§gØÜ
×ØX�V/U�ÞDe É bMV eMU�e R X´hiV>h Z\à ]M`\]uU�Ò6e R X p Á¤g�]MeIhieM`\U*V-h�b à ÈB`\]MedbM` Ë/É ed`nUWV�Ü
À R `\]mhiV>h Z\à ]M`\]6` Z\ZnÉ ]MeMb?h�edXc]6e R X [ U*]d]M` Ë ` Z `ne à Ò�U*b p Á¤gäedU [ bMU/È É ÔjX¦h Z h Ë X Z ]MÞ$`\e?Ô R `nV Â hi]¤`\]¤h [/[ hibMXcVBe6Ò�bMU Ã

ö Â*É bdX!1 q Þ R `¬Ô R È­`n] [/Z h à ]$e R X R `n]deMU Â bIh Ã U�Ò¤e R X [ bdU [ U*bMed`\U*V ) ( Ò�U*b$U*V1X p Á¤gèb É V
U�Ò Ì%Û�ÛWÛ*Û�`\eMXHbIh�ed`\U*V/]kßÀ R `\]ÐÈB`\]deMbM` Ë/É eM`\U*V"`n]uV/X%hib Z\à ] àBÃ"Ã XcedbM`8ÔuÞ$`\e R bdXc] [ X%Ô?e�edU�Û - í1Ü�×ØX [ bMU [ UW]MX R XcbdX�e R X Ò�U Z\Z U�Þ$`nV Â R X É bM`\]Med`¬Ô
`nV�h�V�h�edeMX Ã"[ e6eMU�U�aWXcbIÔjU Ã X§e R `\]¤]dÞ$`ne?Ô R `\V Â ÈB`ºÓ�Ô É/Z e à ß�×ØX$U*V Z\à ÔjU*V/]d`¬È­Xcb¤e R X p Á¤gä`\eMXcb?h�ed`nUWV/]¤] É Ô R e R hie

) ( �áÛ - íÑ`�Ò Ã UW]Me$UiÒÐ`\eMXHbIh�ed`\U*V/]�]IhieM`\]PÒ à e R `\]�Ô?U*V>È­`ned`\U*V q hiV>È `nedXcbIhieM`\U*V1]$Ò�UWb¦Þ R `¬Ô R ) ( �²Û - í�UWe R XcbdÞ$`\]MX*ÜK e´h [/[ X%h�bd]�e R hie�e R `n] J�B!� L	J�K ��L.B!� p Á¤g÷]Me?h�ed`nUWV>h�b à ÈB`\]MedbM` Ë/É ed`\U*VØÈBUBXc]�V/UWe´È­X [ XHV>È É/[ U*V±e R X�]MeIhibMed`nV Â[ UW]M`\eM`\U*VAÜ À h Ë/Z XëÍ±] É/Ã"Ã hibM`\âcXc]�e R `\]�ÈB`\]MedbM` Ë/É ed`\U*VñÒ�bMU Ã hï]Me?h�bMed`\V Â a*h ZnÉ XøÔ R UW]MXcVQh�e"bIhiV>ÈBU Ã÷É ]d`nV Â
e R X 	�
 � R�S�]?Ô R X Ã X	È­Xc]IÔ?bd` Ë X%Èñ`\V p X%Ô?ed`nUWV³í/Ü 1>Ü K e_Ôch�V Ë X�V/UWeMX%È±e R h�e�e R X Ã XkÈB`8h�V�UiÒ X%h*Ô R Ô?UBU*b?ÈB`\V>h�edX
ÈB`\]MeMbd` Ë/É eM`\UWV	`\] Ô Z U*]dXcb$eMU�e R X_Ô?UWbMbMXH] [ U*V>ÈB`\V Â ÔjU�UWbIÈB`\V>hieMX�Ò�U*bue R X ÂWZ U Ë h Z>Ã hkÕ/` Ã `nâHXcb [ (3 e R h�V
e R X Ã X%h�VAÜ�1U*b¤e R X [1É b [ U*]dX U�Ò R hkaB`\V Â h Â b?h [/R `¬ÔHh Z aB`\XcÞ:U�Ò�e R X p Á¤gõbMXc]deMbM`8Ô?edX%È"]Me?h�eM`\UWV>h�b à ÈB`\]deMbM` Ë/É eM`\U*V q h�ePÞmUiY
ÈB` Ã XcV/]d`\U*V>h Z�R `\]MeMU Â b?h Ã `\]¦ÈB`\] [/Z h à X%È"Ò�U*b e R X [ bMU [ UWbMeM`\UWV ) ( hiV>È Ã Xkh�V 
 �� Ü O Ô?e É h Z\Z\à�q e R X [ bMU [ UWbMed`nUWV`n] hiV
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 �� `\]h Ë/Z X edU	ÈB`\]IÔ?bd` Ã `\V>h�edX Ë XHePÞmXcXHV�e R X�ö/Õ/X%È [ U*`\VBeM]$UiÒ¥Á¤gØÜI�A` ÂWÉ bMX�í�] R U�Þ$]$e R h�e p Á¤gèÔ?U*V>ÔjXcVBeMbIhieMXc] Ã UW]Me
U�Ò¤e R X�eM` Ã X�h�bMU É V>È
e R X ÂWZ U Ë h Z�Ã hkÕ/` Ã `\âcXcbP[ (3 Ü ê Xc]M`8ÈBXc]�e R X [ X%h�Ö�h�bdU É V-ÈY[ (3 e R XcbdX_`\] h Z U�Þ·bd`8È Â X Z `\V/Xæ?U*`\V/`\V Â e R X�V/U*V­Y�ÈBXH]M`\bIh Ë/Z X Z U/Ôch Z�Ã hkÕ/` Ã hl[ �3 q [ 
3 h�V-È�[ �3 Ä Ô?U*bdbMXc] [ UWV>ÈB`\V Â edU�e R X�] Z U�ÞQÔ?UWV�aWXcb Â XcV>Ô?X�h�bMXkhÒ�U*bmÁ§g�ÏcÜ À R�É ] q e R X p Á¤g ]deIh�ed`\U*V>hib à ÈB`\]MedbM` Ë/É ed`\U*V�ÔHh�V Ë X�]MXcXHVøhi] [ bMU�aB`8ÈB`\V Â h�Ô?UWV�edbIhi]MeMXkÈ	aB`\XcÞDUiÒTe R XZ U Â*Z `\Ö*X Z ` R UBU/È�Ò É V>Ô?ed`nUWV ËBà U�h�eMedXcV/`\V Â `\V/]dXcV/]M` Ë/Z X Z U/Ôch Z�Ã hkÕ/` Ã h¦hiV>È"X Ã	[1R h�]d`nâH`nV Â ]MXcV1]M` Ë/Z X Ã h¶Õ/` Ã h1Ü

À h Ë1Z X�Î/ß À R X ê h�]�Ò�U*b?ÈWY�g Ô Ç hWÔ R1Z hiV
]MU Z\É ed`\U*V/] É V-ÈBXcb R XcedXcbMUW]IÔ?XkÈ/h�]deM`8Ô?`\e à
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fig. 4 : Marginal stationary distribution of SEM
  for the proportion p1 (10 000 iterations)

fig. 5 : Marginal stationary distribution of SEM
  for (p1,mu_22) (10 000 iterations)
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×ØX R hkaWX¦]dXcXcV±e R hieuÒ�U*b$]dU Ã X Ã `ºÕ/e É bMX ]d`\e É hieM`\U*V/]$] É Ô R h�] � å q UWb$Xca*XcV � ì q e R h�e$`\] Ã `ºÕ/e É bdXc]$Þ$`\e R
X	� É h Z�Ã X%h�V/] q UWb Ã `ºÕ­e É bMXH]mÞ$`\e R ]MU Ã X$ÞuX Z\Z YP]MX [ h�b?h�eMXkÈ [ U [1É/Z h�eM`\UWV/] q e R X p Á¤g"Y Ë h�]dX%È
h Z\Â UWbM`\e R1Ã ]¤h�bdX¦`\VÂ XcV/XHbIh ZAË XHeMeMXHb e R h�V�Á¤g�U*b$e R X�]M` Ã�É/Z hieMX%È�hiV/V/X%h Z `\V Â a*XHbM]M`\UWV/]%Ü�1U*b Ã U*bdX�`nVBedbM`8Ôch�edX Ã `ºÕ/e É bMXc]�] É Ô R hi] � Ì q V/U Â XcV1XcbIh ZT[ bMX?Ò�XHbMXcV>ÔjX�ÔchiV Ë X [ bMU [ UW]MX%È�Ü À R X_ÈBXce?h�` Z X%È
X?Õ/X%Ô É ed`nUWV/] ] R U�Þ»e R X Ë hi]M`8Ô�bMX%hi]MU*V Þ R�à
p Á¤g"Y Ã Xkh�V Z X%hWÈB]$eMU [ UBU*b$Xc]deM` Ã hieMXc]kß À R X�hka*Xcb?h Â `nV Â_Ã Xce R U/ÈÉ ]MX%È Ò�U*b�Ô?U Ã"[/É ed`nV Â h [ UW`\V�e�XH]MeM` Ã h�eMX"`\]�V/U*e	hWÈ/h [ edX%ÈñeMU³h±]deIh�ed`\U*V>hib à ÈB`\]MedbM` Ë/É ed`\U*V:Þ$`\e R:Ã�É/Z eM` [/Z X
X	� É `\a*h Z XcVBe Ã U/ÈBXc]%Ü�1U*b�] É Ô R `\V�edbM`8ÔchieMX Ã `ºÕ/e É bdXc]�Ò�U*b�Þ R `8Ô R V/U*V1X�UiÒ�e R Xëh Z\Â U*bd`\e R/Ã ]´ÔHh�V Ë X É ]MX%È�Ô?U*VBö�ÈBXcVBe Z\àBqÐp Á¤g
bMXcaWX%h Z ]�`ned]MX Z Ò¦hi]_h�VñX?Ó�Ô?`\XcVBe�È1h�eIhøX?Õ [/Z U*bIhieMUWb à eMUBU Z Ü À R X"` Z\Z\É ]deMbIhieM`\U*V1]�`\V±ö Â*É bdXc]�åëhiV>ÈØì
eMU Â Xce R Xcb
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