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Abstract:  This report deals with rational approximation of any specified order n of
transfer functions. Transfer functions are assumed to be matrices whose entries belong to
the Hardy space for the complement of the closed unit disk endowed with the L?-norm. A
new approach is developed leading to an original algorithm, the first one to our knowledge
which concerns matrix transfer functions. This approach generalizes the ideas developed in
the scalar case, but involves substantial new difficulties. The inner-unstable factorization
of transfer functions allows to express the criterion in terms of inner matrices of Mac-
Millan degree n. These matrices form a differential manifold. Based on a tangential Schur
algorithm, an atlas of this manifold is given for which the coordinates vary in n copies of the
unit ball. Then a gradient algorithm can be used to solve this problem. The different cases
which can arise while processing the algorithm are studied : how to switch to another chart
of the atlas, what has to be done when a boundary point is reached. In the neighbourhood
of a boundary point, the criterion can be smoothly extended. Moreover, such a point can be
considered as an initial point for the research of a lower degree approximant. It is explained
how to cope with the decrease and the increase of the degree. The convergence of the
algorithm to a local minimum of appropriate degree is proved and demonstrated on a simple
example.
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Identification
et approximation rationnelle matricielle dans H? :
un algorithme du gradient basé sur ’analyse de Schur.

Résumé : Ce rapport traite de Papproximation rationnelle en norme L2, A degré fixé,
des fonctions de transfert. Une nouvelle approche est proposée qui conduit & un algorithme
original, le premier algorithme matriciel & notre connaissance. Cette approche genéralise
les idées développées dans le cas scalaire, mais nécessite la mise en oeuvre de nouveaux
outils mathématiques. La factorisation intérieure-instable des fonctions de transfert stables
permet d’exprimer le critére en fonction des matrices intérieures de degré fixé. Il s’agit
alors de paramétrer 'ensemble de ces matrices et d’en étudier finement la structure. En
utilisant la théorie des espaces & noyaux reproduisants, on montre qu’il s’agit d’une variété
différentielle dont on construit un atlas. Dans une carte, une matrice intérieure de degré
n est caractérisée par n vecteurs de norme strictement inférieure & 1 appelés paramétres
de Schur. On est alors en mesure de développer un algorithme du gradient permettant de
trouver les minimums locaux. Le probléme majeur posé par cet algorithme réside dans le
fait qu’il peut générer des paramétres de norme 1. L’étude des propriétés du critére au
voisinage de tels parameétres montre alors comment adapter I’algorithme pour garantir sa
convergence.

Mots-clé : identification, approximation rationnelle, systémes discrets, matrices inté-
rieures, espaces a noyaux reproduisants, analyse de Schur, algorithme du gradient.



Matriz rational H? approzimation 3

1 Introduction.

This work takes place in the framework of model reduction : this process consists in replacing
an elaborate model of a physical system by a simpler one which is easier to analyse and to
use, without incurring too much error.

Our systems will be assumed to be linear, time invariant and causal and thus admit a
transfer function (cf. [7]). A transfer function is a matrix of power series which applied to
an input (represented by a vector of power series) gives the corresponding output. A good
measure of the complexity of a system is its order, that is the number of state variables in
a minimal realization. The transfer function of a finite order system is a matrix of rational
functions, and this order can be computed as the Mac-Millan degree of the transfer function
or equivalently its number of poles counted with their multiplicities (see [9]).

We can state our problem of model reduction in terms of transfer functions : given a
transfer function, find another transfer function of significant lower degree with comparable
performance. Now to give the problem a mathematical content, we need a measure of
performance. This will be done by rational approzimation, requiring our transfer function
to lie in a Banach space.

We choose to work in discret time. In this context, a rational system will be stable,
i. e. a bounded input produces a bounded output, if its transfer function T has analytic
entries outside the unit disk U, or else if the poles of T range over the closed unit disk. We
also assume that the transfer function is strictly proper with no lost of generality. Let H?,
1 < p < o be the Hardy space of functions f analytic outside the closed unit disk vanishing
at infinity, which satisfy

T

I fllp = supr>1 / |f(re)|Pdt < oo.

J =T

The entries of T, being rational stable and strictly proper, belong to any Hardy space H?,
for 1 < p < o0, and each corresponding norm provides a measure of performance. Note that
the results can be carried over to continuous time by considering Hardy spaces of the right
half plane (cf. [8]).

In this work, the criterion which is chosen is the L2-norm. The L?-approximation problem
can be stated as follows : given F', a p X m stable transfer function, find a rational stable
function H of degree at most n which minimizes the L?-norm of F' — H. A lot of qualitative
results have been proved in [2], and in particular the following property : if F' is not itself
rational of degree at most n, then a best local approximant H has degree exactly n. Thus,
we can restrict our search to the smooth manifold of stable systems of degree n. The L2
criterion is a good mathematical tool since (H2)P*™ has a Hilbert space structure and is of
interest in a stochastic context : the L? approximation problem is equivalent to minimize
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4 Pascale Fulcheri, Martine Olivi

the mean square error between the output of a given system and the output of a model of
fixed order when both systems have the same white noise input (see [10]).

In this paper, we generalize the results of [3] in the scalar case (single input single output)
to the multivariable case. Recall that in the scalar case the problem can be reformulated as
follows : eliminating the parameters in which the problem is linear, we are led to minimize
a function ¥, defined on the set A,, of monic polynomials g of fixed degree n whose roots
belong to U. This set can be described by the coeflicients of ¢ and is open and bounded in
IR"; the function ¥,, is smooth so that we can think of using a gradient algorithm. Moreover
U, extends to a neighbourhood of A,, and has a nice behaviour : when we meet the boundary
of A,, we are led to solve a problem of lower order, and the solution of a problem of order
k < n provides a boundary initial point for searching a minimum at order k£ + 1. Thus, our
procedure can continue through different orders until we find a local minimum at order n.

Transition from scalar to matrix-valued functions involves substantial new difficulties.
Using the Douglas-Shapiro-Shields factorization (cf. [6]), we prove that we can restrict our
search for an optimum to the set of normalized inner functions of degree n and size p, T2(I),
instead of A,,. This set has a structure of smooth manifold (see [1]), but which is not trivial
any more. We give in this paper a self-contained and simplified proof of this result. It
uses the theory of reproducing kernel Hilbert spaces (cf. [5]) and provides coordinates (the
Schur parameters) to describe inner functions. A function of Z2(I) is computed by iterating
a linear fractional transformation (the Schur transform) which changes an inner function
into another one, the Mac-Millan degree being increased by one. One of the originality of
this work is to give a useful representation of this transformation separating numerator and
denominator. This representation allows us to make a complete study of the function ¥,, on
the boundary of Z2(I) and to prove that it presents the same behaviour than in the scalar
case. The convergence to a local minimum has been generically proved.

Finally, an algorithm has been implemented, which is the first one to our knowledge
which deals with matrix valued functions for the L2-norm. It has already given good results
in a great number of tests, and is under experimentation on a transfer function obtained
from experimental data.

2 The function V,,.

Let H? be the Hardy space of the open unit disk U, while H2 consists of functions of the
Hardy space for the complement of the closed unit disk vanishing at infinity, endowed with
the usual L2-norm. Indeed, each of these spaces can be identify with a closed subspace of
L? of the unit circle T, and we have the orthogonal decomposition

L*(T)= H” @ H.

INRIA



Matriz rational H? approzimation 5

Our transfer functions are assumed to be in (H2)P*™, the space of matrices with entries
in H2. If F = (f;;) lies in (H2)P*™, the square of its norm will be Y Ifi,;113, where
| |2 is the L?-norm. In this way, (H2)P*™ becomes a Hilbert space whose norm and scalar
product will be denoted like those of L*(T), i.e. || ||z and < , >. If M is any matrix of
CP*™, we denote its transpose by M, its conjugate transpose by M* and its trace by TrM.
Let C? and C™ be endowed with the Euclidean norm denoted by || ||. We shall also denote
by ||M]|| the operator norm of the multiplication by M from C? to C™. If F' and G lie in
(H2)P*™ their scalar product is

1 2m o
<F.G>= —Tr/ F(e')'G(e')dt.
27 0

Taking into account the fact that Z = 27! on T, this may be converted into a line integral :
1 = d
< F,G>= fTr/ F(2)G(1/2)=,
2 T ’ Tz

where G(z) = G(z).

The problem of finding a strictly proper rational stable model for F' can be stated as
follows :
Given F € (H2)P*™, minimize the distance from F to the set of rational functions of degree
exactly n, whose poles are in the unit disk.

This subset of (H2)P*™ will be call ¥;. To describe ¥, we shall use the inner-
unstable or Douglas-Shapiro-Shields factorization (cf. [6] and [4]). Recall that an
inner function ) of size p is a matrix of analytic functions in U which satisfies

Q(2) Q(2)" = Q(2)" Q(2) = I, VYzeT, (1)

where I, is the identity matrix of size p. We remark that any of the equalities in (1) implies
the other. Then, we have

Proposition 1 A transfer function T in (H2)P*™ of degree n can be written
T = Q'cC, (2)
where Q is a rational p X p inner function, C some rational matriz analytic in U, and Q!

has Mac-Millan degree n. The matrices Q and C may be chosen left coprime. With this
condition, the factorization is unique up to a common left unitary factor.

To ensure uniqueness, we shall require that the inner factor satisfies the condition

RR n°2520



6 Pascale Fulcheri, Martine Olivi

The set of rational inner functions of degree n will be denoted by Z%, and by Z2(I) we denote
the subset of functions satisfying the extra condition (3).

Now, we come to our approximation problem. Let H = Q@ !C be a minimum of ||F —
R|3, R € T;. Given @, the matrix H belongs to the vector space Vg = (H2)P*™ N
Q1 (H?)P*™ of transfer functions whose left inner factor is equal to (. Therefore, H
must be the orthogonal projection of F' onto V. Thus C depends linearly on @Q; it can
be computed has the projection of QF onto (H?)?*™, and will be denoted by L(Q). Our
approximation problem now consists in minimizing the function

v, : I2(I) - R

Q — |IF-Q'LQ )

Let us explain how ¥,, can be computed from @ and F'. A rational representation of H
can be given. To this end, we need the following lemma :

Lemma 1 Let Q € IE. Then, there exist a p X p polynomial matriz D of degree at most n,
and a polynomial q of degree n whose roots lie in the unit disk U, such that

Q =D/, and Q' = D/q, (5)

where, by definition, q is the reciprocal polynomial of q,

q(z) = 2" q(1/2) = z"q(1/2), (6)

and

D = 2"'D(1/z2). (7)

Proof. Firstly, since ! has degree n, its pole polynomial g also has degree n and qQ ! is
a polynomial matrix whose degree cannot exceed n (Q ! is analytic outside the closed unit
disk). In the scalar case (p = 1), Q™" is a Blaschke product of the form €j/q, where € is a

complex number of modulus one. By analogy, we shall write Q! = b/q, where D is the
polynomial matrix deduced from some matrix D by (7). Now, since @ is inner and rational,
it satisfies the relation Q(z)~! = *Q(1/z), so that Q = D/q. O

Now, we have

Proposition 2 The function V,, can be computed at Q) by

. P _
Va(Q) = |Fl3- <F, rig (8)

INRIA



Matriz rational H? approzimation 7

where P = 271 'P(1/z) and P is a polynomial matriz of degree at most n — 1, given by
RD .
P = —, 9)
q
where D and q are associated with Q as in (5), and R is the remainder in the Weiersirass
division in (H?)P*™ of G(z) = F(1/z)/z by q :

GD = Vg + R (10)

Proof. Since H and F' — H are orthogonal,

¥a(Q) = |Fl3- < F,QTIL(Q) >
The orthogonal projection L(Q) of QF onto (H?)P*™ is easily computed from division (10).

Indeed, applying to equation (10) the transformation M — 2z"~! "M (1/z), yields L(Q) = 1—;',

where R = 271 ‘R(1/z). Now, multiplying (10) by D on the right shows that g divides
RD, so that H is in (H2)P*™. Thus (9) defines a polynomial matrix of degree at most n—1,
and H = L, |

'

Now, we must study the structure of Z2(I). This will be done by a now classical matrix
version of the Schur algorithm. The results presented in the next two sections are elaborate
on [1].

3 Reproducing kernel Hilbert spaces.

A complex Hilbert space H of CP-valued functions defined on some €2 open in C is called a
reproducing kernel Hilbert space if there exists a €7 *P-valued function K (z,w) defined
on  x € such that

(i) Vc € CP, Yw € Q, the function

K(,w)e : & — C?

z — K(z,w)c
belongs to H.
(ii) Vf € H, Vw € Q, Ve € C?, we have
<L E(aw)e> = ¢ f(w). (11)

where < .,. > denotes the scalar product in H, and ¢* = %.

RR n°2520



8 Pascale Fulcheri, Martine Olivi

The function K is called the reproducing kernel, and is unique.

The Hardy space (H?)P is clearly a reproducing kernel Hilbert space whose kernel is

1,
1—wz’

and property (ii) is just the Cauchy formula. Finite dimensional Hilbert spaces of CP-valued
functions are also reproducing kernel Hilbert spaces. Let ( f1, f2,..., fn) be some base of a
finite dimensional Hilbert space. Then its reproducing kernel is easily computed to be

K(‘Za/w) = (fl(_z)afZ(z,)a' .- ’fN(Z))Pil(fl(w)’]%(w)?'" 7fN(w),)*7

where P = (P;;) is the Gram matrix with entries P;; = < f;, f; >.

In the sequel we shall be concerned with two reproducing kernel Hilbert spaces associated
with inner matrices. The first one, denoted by H(Q) where Q € ZP, is the orthogonal
complement of Q(H?)? in (H?)?:

(H?) = QH*)! & H(Q). (12)

We have H(Q) = Q(H?)P N (H?)?, so that we obtain the projection of some f onto H(Q)
by projecting @' f onto (H2)? and multiplying by Q. We know that H(Q) is an Hilbert
subspace of (H?)? of dimension n, the degree of . We have, Vf € H(Q),

I,c

f>= c f(w),

1—wz’
but of course, the function I,c/1 — wz does not belong to H(Q). However, when we take
its projection onto H(Q), since

Q(w)*c

1—wz’

., Ic
].-.[+ —1 p —
(@) )
where IIT denotes the projection onto (H?)?, we obtain

(Ip = Q(2)Q(w)")e

1—wz

and this function satisfies conditions (i) and (ii) of a reproducing kernel. Thus H(Q) is the
reproducing kernel Hilbert space with reproducing kernel

(I, = Q)Qw))e

Ka(zw) = 1—wz

(13)

Let us introduce the second reproducing kernel Hilbert space that we need, closely linked

with the previous one. Let
_ I, 0
- (5 5)

INRIA



Matriz rational H? approzimation 9

Consider the space (L*(T))? endowed with the sesquilinear hermitian form, V f, ¢ in
(L*(T))?r,

<fig>r=<f,Jg>.
This form is not positive definite, so that (L*(T))?” is not an Hilbert space, but it is non-
degenerate. We shall consider (H?)?? when endowed with this form. In that space, inner

functions are to be replaced by J-inner functions. A rational function ©(z) analytic in U is
called J-inner if it satisfies the condition

O(2)"JO(z) = O(2)JO(z)" = J, VzeT. (14)

Since the form < .,. > is non-degenerate, the space ©(H?)?? has an orthogonal complement
in (H?)?, which we call H(©), that is

(H*)* = ©(H*)* @; H(O).
Moreover the intersection ©(H?)?P N H(O) is zero, and H(O) satisfies
H(©) = OJ(H?)*n (H?)®.

Restricted to H(®), the form < .,. > is positive definite, so that H(®) is an Hilbert

space. As in the case of H(Q), we can see that it is a reproducing kernel Hilbert space with

reproducing kernel

J —0(2)JO(w)*)
1—wz )

and that the dimension of H(©) agrees with the Mac-Millan degree of ©.

Ko(z,w) = (

(15)

To conclude this section, we shall give an important property of reproducing kernel :
reproducing kernels are positive functions in the following sense :
Vr, integer, Ywy, wa, ..., w, € Q, VYc1,c2,...,cp € CP,

r

Z C;K(wj,'wi)ci > 0. (16)

ij=1

Moreover, there is a one-to-one correspondence between positive functions and reproducing
kernel Hilbert spaces (see [12]). In particular, the kernels (13) and (15) are positive, so that,
for all z in U, the matrices I, — Q(2)Q(z)" and J — ©(z)JO(z)* are positive semidefinite,
in other words:

Q(2)Q(z)" <I,, VzeU (17)
O(2)JO(2)"<J, VzeU (18)

These properties are known as contractivity of inner functions and J-contractivity of J-inner
functions, and, they can be deduced from the analyticity in U (and the maximum principle)
and properties (1) and (14) on the unit circle.

RR n°2520



10 Pascale Fulcheri, Martine Olivi

In the sequel, we will also use the following property : a reproducing kernel Hilbert space
is the completion of the linear space generated with the functions z — K(z,w)c, w € 9,
c e CP.

Note that J-inner functions can be defined in a larger context, and may have poles in U,
but in this case condition (18) must be included in the definition. In this paper, all J-inner
functions are analytic in U.

In the following section, we shall see how J-inner functions and H(©) spaces may arise
in the construction of inner functions and, in particular, the one dimensional spaces. The
following is easily verified :

Proposition 3 Let © be some J-inner function of degree 1. Then, H(O) is generated by a
single element of the form
U
(+)

1—wz’
where w € U, v € CP, ||ul]| =1, v € C?, ||v|| £ 1 (so that the inner product < , >j is
positive definite), and O is given, up to some constant J-inner right factor, by

) = 3 1 (1-2)(1-aw) { u T
o0 = I~ o —eg (o) (7 ) 1

When necessary, we shall indicate the dependance in w,u, and v by the notation ©(w,u,v).

4 The Schur transform.

Let A be some inner function of size p and © a 2p x 2p matrix, rational and analytic in U:
0; O,
= . 2
o ( o o (20)
Consider the linear fractional transformation

To(A) = (014A+0,) (0344 0,) 1. (21)

If det (©3A + ©4) does not vanish identically, this defines a new rational matrix of size p,
B = Tg(A). The question is : is B also inner? A partial answer is : if © is assumed to be
J-inner, it will be, as we now show : so suppose that © is J-inner.

INRIA



Matriz rational H? approrimation 11

At first, let us show that (©3A + ©,) is invertible at every point of U. Indeed, condition
(18) implies
0,0; > I[,+030;, inU,

so that @40 is positive definite, and Oy is invertible at any point of U. Now, we have
I, > 0;1(0;1) +(0;'0;)(0;'03)" iU,

so that
[10:(2)105(2)|| < 1. VzeU.

The matrix A, being inner, is contractive in U and
[AG) < 1, VzeU,

so that
||®4(z)7193(z)A(z')|| <1, VzeU.

Finally, (@344 04) = O, (I, + ©;'03A) is invertible at any point of U, and thus B is

analytic in U.

Now, condition (1) for B becomes

* * B
BB—Ip:(B Ip)J(Ip)ZO, on T.

(i ) — @( }i )(®3A+G)4)‘1, (22)

A
I

But since
BB-1, = (@A +007) (40 1) 076 ( 1) (@407
and since condition (1) is satisfied for A, it will be satisfied for B as well.

Note that, if ©(1) is the identity matrix, then A(1) = I, implies B(1) = I, and if A and
O have real coeflicients, B also has real coefficients.

In the next section, we shall work with J-inner matrices @(w,u,v) of the form (19). In
this case, we have

Lemma 2 The matriz B = To(w,uw) (A), satisfies the interpolation condition

B(w)™u = v. (23)

RR n°2520



12 Pascale Fulcheri, Martine Olivi

Proof. Indeed, it can be verified that ©(w,u,v) satisfies the equation

( uw*  —v* )@(w) = 0.

Thus
. V[ Alw)
(w* —v )@('w)( }pv>:0,
and by (22), this implies our interpolation condition. a

Now, the question is the converse : let B be some rational inner matrix, and © J-inner
analytic in U. Can we write B in the form B = To(A) for some inner matrix A? The
theory of reproducing kernel Hilbert spaces gives (cf. [5]) a beautiful answer to this question.

First, remark that if B = Tg(A) then A is the rational function given by
A = (01 — BO3) Y(BO, — 0,), (24)

unless det(©; — BOj3) vanishes identically. But this may not happen, since conditon (18)
for © implies
6I®1 - (‘);@3 = Ip on T.

So, ©1 — BOj is invertible at any point of T. But A may fail to be invertible at some point of
U, so that A may not be analytic in U. To ensure analyticity, we must make an additional
assumption.

Counsider the map

T:H(@) — Hzp

f = ! — fl - sz
f2
It is a bounded operator. If © is given by (19), we have

Lemma 3 The conditions

(i) T(H(O(w,u,v))) C H(B),

(i) B(w)*u = v,

are equivalent. If they are satisfied, T defines an isometry from H(©) to H(B).

Proof. Indeed, fi — Bf> belongs to H(B) if and ounly if f = IIT(B~!f;), and

H+(B—1 u ) — B(’IU)*’LL
0z’ 1—wz’

which proves the equivalence. In this case,

<ff>r= Al -1kl = 1415 -1Bfl5 = lfs - Bfls,

INRIA



Matriz rational H? approzimation 13

and 7 is an isometry from H(©) endowed with the scalar product of (H%)?? to H(B) endowed
with that of (H?)P. o

Theorem 1 Let B be a rational inner function, and © J-inner analytic in U. There exists
an inner function A such that B = Te(A), if and only if, T(H(©)) C H(B). Moreover,
degB = deg® + degA.

Proof. Let 7 be the adjoint of 7. Using properties of the reproducing kernel , we obtain

#(atowe) = Kotow (gt e (29

which gives 7* on H(B). Using (25), it can be verified that
[(©1 — BO3)(2)(01 — BOs)(w)” — (02 — BO4)(2)(O2 — BO4)(w)"]c

[(Ip—717")KB(.,w)c](z) =

1—wz o
(26)
Now, assume that
T(H(®)) C H(B).
In this case, 7 shall also denote the map
T: H(O®) — H(B).
This is clearly an isometry, and thus it induces an orthogonal decomposition
H(B) = 7(H(©))® (I, — 77")H(B). (27)

Since 7 is an isometry, the operator I, — 77 is positive. Thus, applied to w, equation (26)
implies that the matrix

(01 — BO3)(©1 — BO3)™ — (02 — BO4)(©, — BO4)”
is positive semi-definite at any point of U. Thus the matrix A given by (24) satisfies
I, — A(w)A(w)™ > 0,

at any point w of its domain of definition, that is almost everywhere on U. But, this implies
that A is bounded almost everywhere and thus defined and analytic in U.

Let us now prove the converse. At first, suppose that © is given by (19). If there
exists A inner such that B = Tg(A4), then by Lemma 2, B(w)*u = v, and by Lemma 3,
T(H(©)) C H(B). Moreover, equality (26) asserts that

(Ip — 17" )Kp(.,w)c = (©1 — BO3)K4(.,w)(O2 — BO4)(w)"c. (28)

RR n"2520



14 Pascale Fulcheri, Martine Olivi

On the other hand, the functions Kg(.,w)e, w € U, ¢ € C? are dense in H(B), while the
functions K4(.,w)(0@2 — BO4)(w)*c are dense in H(A) (since (02 — BO4)(w)*c, ¢ € CP,
describes all of C? except for a finite number of w’s). Thus we have

(Ip—77")H(B) = (01— BO3)H(A), (29)

and these spaces have dimension degA. Finally, the orthogonal decomposition (27) asserts
that
degB = degA+ 1,

and the theorem is proved in this case.

Now let © be any J-inner function, and suppose that B = Tg(A) for some inner function
A. First, we shall prove that
degB = degA + deg0.

If © has degree one, this is obviously true. Let deg® = d. By the Potapov decomposition

(ct. [11]),
0=0,0,...0,

where the @, j =1,...,d are J-inner functions of degree one. Since
T@ = T®1 OT@2 ....OT@d,

and the degree increases by one for any application of Tg, the equality on the Mac-Millan
degrees is satisfied.

Now we have

H(B) = t7"H(B) + (I, —77")H(B),

and thus
H(B) Cc TH(©)+ (I, —77")H(B). (30)

We still have
(Ip — 77" )H(B) = (01, — BO3;)H(A),

so that the dimension of (I, — 77*)H(B) equals degA, while that of TH(©) does not exceed
deg®. But the dimension of H(B) equals degB = degA + deg®. Therefore, in (30) the sum
is direct and the inclusion an equality :

H(B) = TH(©) @& (I, — 77" )H(B).

This proves that 7(H(©)) C H(B). O
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5 An atlas for Z7(I).

In [1] two atlases of Z2(I) are constructed, originated on transformation (21). We choose
to work with the second one, since the range of the charts is then the product of n copies
of the unit ball, which is more convenient. These charts are obtained by using a tangential
Schur algorithm that we shall now describe.

If © is of the form (19), then To(A) and A have the same value at z = 1. We can
construct from the identity matrix I, using n linear fractional transformations of this type,
an inner matrix of degree n satisfying (3), and thus which belongs to Z2(I). Conversely,
any matrix in Z2(I) can be constructed in this way. To show this, we must first invert
the linear fractional transformation Te. Theorem 1 asserts that you can, if and only if the
interpolation condition (23) is satisfied. To this end, we must find w and » as in

Lemma 4 Let B be an inner function and w € U. Then,
Ju e CP, ||B(w)™u| <1.
Proof. Suppose that
Vu e CP, ||B(w)*u| = 1.
Then, for all u € CP,

: > . - 1 — || B(w) ||
IKs(.,w)u|; = v Kp(w,w)u = e = 0,
and
Kp(.,w)u = 0.
So, KB(.,'w) = 0 and the matrix B must be constant. But this contradicts the fact that
B has Mac-Millan degree n. a

Let B € I, (I), w, u as in Lemma 4, and put y = B(w)*u. Then, by Theorem 1, there
exists A € I} (I) such that B = Tg(y,uy) (A4).

The tangential Schur algorithm consists in repeating this construction. Let Q € ZE(I),
and wy, ..., w,, wy € U. Then, for k = 1 to n there exist unit vectors uy in C? such that,

Q™ (wy) ug|| < 1,

where the matrix Q*~1) is defined from Q*), QU™ being equal to Q, by

Q™ = Touw (Q*Y) (31)
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with
O™ = O(wy, ur, yr), (32)

and
ye = [QW (wi)] us. (33)
We have Q) = Ty (I), the matrix Q™ lies in IP(I), and finally

Q = T@(n) (T@(n—l) ...T@(l) (Ip)) )

Let w = (w1, w2,...,wy), and u = (u1,u2,...,u,). Define the subset V(y ) of ZE(I) by

Viw = {Q € TH(I) / 1Q™ (wr) usl| < 13,

and the function ¢y u) by

Pwaw) : Vww — BC)”
i (y17y27--'ayn) ’

where the Q*)’s and the y;’s are defined recursively by (31), (32) and (33).

It follows from Lemma 4 that the collection of sets V(w u) covers IE(I). Let V;, ¢ ranging
in some indexing set, be any refinement of this covering, and ¢; the map defined on V;. We
then have

Theorem 2 The family (Vi,¢;) defines a C™ atlas on IE(I) which is compatible with its
natural structure of embedded submanifold of (H?)P*P.

Proof. We have just shown that the sets V; cover ZE(I). On the other hand, the map

S(w,u) : III: X B((Dp) — Im S(w,u) (34)
(4,9) = B =Towuy(A)

is an homeomorphism. Indeed, B is a rational function of the coefficients of A and y, and in
(H?)P*?_if a sequence of normalized rational functions of bounded degree converges to some
rational function, then the coefficients also converge. Since the matrix B is inner and thus
bounded in the unit disk, |B(z)|| < 1, Vz € U, the Lebesgue theorem implies that Sy, )
is continuous. In the same way, A depends continuously on B and moreover, the mapping
B — B(w)*u is continuous, so that S(w,u) 18 an homeomorphism. So, it follows that the ¢;
are homeomorphisms.

Furthermore, the map

¢iop; : B(CP)" — B(CP)",
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is a rational function, and thus is C'*°. a

Remark : A covering of Z2(I) that we shall use in practice is obtained in the follo-
wing way :

1) w=(w,...,w), where w is fixed in U; in particular, w = 0 is a nice choice.

2) the components of the u’s are chosen among n independent unit vectors of C?, for instance
€1...,€n, where e = (6},...,07).

The yp’s defined by (31) and (33) are called the Schur parameters.

In practice, transfer functions have real Fourier coefficients. In this case the inner func-
tions involved in the inner-unstable factorizations also have real coeflicients, so that we may
need a parametrization of the set RZ2(I) of functions of Z2(I) that have real coeflicients.

This case can be viewed as a particular case of the complex one. Indeed, in Lemma 4 «
can be chosen real, and if A and © have real coeflicients, To(A) also has real coeflicients.
We can eventually construct an atlas for RZE(I), for which the w;’s lie in | — 1, 1], the u;’s
and the y;’s have real components. The range of the charts is thus the product of n copies
of the unit ball of IRP.

6 Study of a Schur iteration.

We shall call Schur transform the map S, ,,) defined in (34). It will be useful in the sequel
to have an explicit representation for S, (4, y). More generally this representation can
be computed for any A € I}. Using (19) yields

o — u* A ’ s _ AN 1
S(w,u)(Aay) = (IP+(1_ﬂw)u(z_7y’l:y)) (IP+(1_ﬁw)y(Zi_7;:y)) )

with

(=l

w
Puw = 5,

w

[~k

where
bu(z) = (z — w)(1 — w).
Consider the mapping of C? into C?
(g —utA
T i v vt (1= ) =AY,
L—y7y

If v is orthogonal to w — Ay then T'(v) = v, and T'(y) = (1 +(1- ﬂw)%> y. So, we

have two T-invariant complementary subspaces of C?. From these considerations, we can
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compute the inverse mapping to be
(y" —u"A)v
L —uAy — fu(y™y —u Ay

T7': v—v—(1-py) )y
We finally have

1 - ﬂw
1 —u*Ay — Bu(y*y — v Ay)

Write A in the form A = Dy4/da (cf. Lemma 1), we get for B the same form. Indeed,
B = Dgp/{p where

DB = (Bw_'y*ybw)DA

_(I;w - bw) (u U*DA +DAy y* - ‘jA 'U'*y+

’LL*DAy DA - DA’y UJ*DA) (36)
qa
B = (bw =Y Ybw)ja — (bw — bw)u™D4y. (37)

Remark : in equation (36), g4 does indeed divide v*Dgy Da — Day uw*Dy4. To see
this, put

w=" (w1, e up); Yy ="y, 0 yp), Da = (dij).

A straight forward computation shows that

(u"Day Do — Day u™Dy)ij = E(dlmdij — dimdy; ) u1Ym,

Im

where dimd;; — dimdy; is a minor of order 2 of Dy, and since A is inner, ¢4 divides all the
minors of order 2 of D 4.

Formulas (35), (36) and (37) are given for Schur parameters of norm strictly less than
1. However, it is of importance for later usage to note that these formulas remain defined
also if some Schur parameter has a unit norm, while ©*Ay # 1, and even if this norm
become greater than 1. Of course, in this case, they do not have the same interpretation.
An important result is that S, ) extends continuously in the neighbourhood of a Schur
parameter with unit norm such that v*Ay # 1.

Proposition 4 Let (y;) be a sequence in B(CF) converging to some y, such that ||y|| = 1,
and (A;) a sequence in T, converging to some A € I%. Let B; = S(yu)(Ai, yi).
(i) if u*Ay # 1, then (B;) converges in (H?)P*P to the inner function of degree at most k :

(w— Ay)(y* —u*A)
(1 —u*Ay) '

B = Swu(4y) = A+ (38)

(i) if u* Ay = 1 identically, then (B;) has no limit.
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Proof. Let us suppose that the sequence (A;) is constant; the result for any sequence will
then follow from the continuity of the map A — Sy ) (A, ). Formula (35) yields

1- ﬂw
= A+ - - -
(1= Buw)(l = wAy:) + Bu(l — y;yi)
(z) if w*Ay # 1, then (B;) converges to (38) at every point of U. The matrix B is inner

and, from the Lebesgue theorem, the sequence (B;) converges to B in the L*-norm. The
denominators gp, of the (B;)™!’s converge to

B;

(1= Ays)(g; = 0’ A).

4B = (bw — by)(q — y* D au),

while the numerators Dp, converge to

- . . ‘ -  y*DauDg—Dauy D
Dp = (‘bw—bw) (DA—DAu uw  —yy " Da+qa yu*—y At Aq AvY A).
A

We first notice that gp has degree k + 1. Indeed, this will be so if ¢(0) # 0. But,
G5(0) = (1= |w]*)§a(0)(1 - u"A(0)y),

is not zero, because §4(0) # 0 and the maximum modulus principle applied to the analytic
function y* Au implies that 1 — u*A(0)y # 0. Next, gp has its roots in U. In particular, 1
is the unique root of b,, — by and thus of gB. But the factor (z — 1) simplifies in B, since it
also appears in Dp. So, the degree of B does not exceed that of A. Since B is inner, this
simplification occurs for any root of modulus one of gg. Now, £ is a root of modulus one
of gp if and only if it satisfies 1 = y* A(¢)u = y* A(€)*u, that is y = A(£)*u. Finally, we
have

degB = degA — card{¢ € T,y = A(£)"u}.

Moreover,

B0 = (1, + A=) )

does not equal A(1).
(%) if w* Ay = 1 identically, then ©*A is a constant vector equal to y*. Thus,

8, = ((bw — bw) (1 — ¥;y) + bw(l — ¥7y))qa,

so that ¢, — 0 as y; — y and the limit of B; does not exist. Let A € ]0,1[, and S, be the
hypersurface in C? defined by the equation

z €S\ 1l—z"z=2)1-1z"y|.
Suppose that y; converges to y with the y;’s in Sy :

g8, = (bw + (22 = 1)bu)(1 = 4;y)qa.
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Then ~
by + (2X — 1)by,
detB; = Lu T ) 4ot A,
(bw + (2A - ]-)b'w)
and so B; converges to some inner function of degree n depending on A. O

Remark : in practice, it is not easy to check condition (ii). However, it follows from
the proof that the three conditions

1) w*Ay = 1 identically,

2) w*A(0)y = 1,

3) qB (0) = 07

are equivalent. As we shall see, the 3rd one will be particularly convenient.

7 A generic algorithm to find a local minimum.

The closure of ZE(I) in (H?)P*P, Th(I), is a compact set, so that we can think of using a
gradient algorithm to find a local minimum of ¥,, defined in (4). The elements of Z2(I) will
be represented by the Schur parameters described in the previous section. Thus, we shall
work with the restrictions of ¥,, to the ranges of the charts. Let (V,,, ¢,) be some chart of
7E(I), and

Ty, : B(C)"

y=1---yn) n(@Q)=IF - Q' L(Q)I3-

Let Q7! = D/q, where D = D™ and q = ¢ are computed recursively from the Schur
formulas (36) and (37) :

DM = (bwk =YYk l;wlc)b(k_l) = (buwy, — i)“’k)
o i} e B . y*D(kfl)uk D(k*l) _ b(kfl)uky*b(kfl)
(D(k Vg uj + yyp DY — g7 yrug + 7 E=Y )
(39)
q(k) = (buwy, — YiYk bu, )q(k_l) — (bwy = buy) yzb(k_l)uka (40)

from D(® = I, and q® =1.

Remark : recall that, if ¢*) is the polynomial computed at the k** step of the Schur
algorithm, then

(1) ¢ has degree k, as follows from the study of the Schur transform.

(ii) ¢ (2) = 2#q*¥) (1/z) and D®)(2) = 2F 'DF)(1/2).
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If the norm of some Schur parameter goes to 1 when integrating the opposite of the
gradient, one and only one of the following possibilities occurs :
1) the chart is no more available and we must choose another one,
2) the boundary of Z2(I) is reached.

In practice, if |jyx|| ~ 1 for some k, we check if |§*)(0)| is smaller than a fixed small
positive number e. If it is, we choose another chart, if not, the boundary is reached. Since
divisions by the leading coefficient of ¢*) are involved in (39) and (10), this test is particularly
adapted to the problem.

7.1 The boundary of Z2(I).

We are going to prove that for any inner matrix ) of degree strictly less that n, we can find
a unitary matrix & and a chart (V,, ¢p) of ZE(I), such that UQ is a boundary point of V,
and condition (i) of Proposition 4 is satisfied at each step.

Let @ € ZH(I) for some d < n. Let y = (y1,...,yq) its Schur parameters in a chart
(V4, ¢a) defined by w = (wy,...,wq), and u = (uy,...,uq).

The Schur transform S, . applied to some unitary matrix & and some unit vector y
such that y # U*u will give another unitary matrix. Thus, we can construct a unitary
matrix U in the following way :

Iy = Ur = Stwt ) (Ipy ¥1) = Us = S(uy ) U, ys) = oo = U =St y(Un—a—1,Y5_q);

where wi,...,w!,_,, are chosen arbitrarily and uf,...,u!,_, 91,...,y,_g4 are unit vectors
in C?, satisfying for k=1 ton —d,

uh Up_1yl # 1, with Uy = I,.

Then, to compute U from the matrix U, we shall use the following property of the
Schur transform which can be verified on formula (35) : if U is a unitary matrix, then

S('w,Uu) (UAa 'U) = z/{S(w, u) (Aa 'U)

Hence, UQ can be computed by the following algorithm :
Iy = Ur = Stwt ) (Ipy y1) = Us = Sty U, yz) = oo = U =St v \(Un—a-1,Y5_q)

- Z’{Q(l) = S(w1,l/{u1)(u7 yl) - UQ(Z) = S(’Wzyuuz)(uQ(l)?yZ) s T uQ
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Let w' = (w,...,w), g wi,...,wq), 0 = (uf,...,u,_ u1,...,uq), and let (V,, ¢,) be
the chart of Z2(I) defined by w',u’. Then U@ will be considered as a limit point in this
chart with Schur parametersy’ = (y1,.-..Yh_g,¥1,--- > Yd)-

Lemma 5 For k = 1 to n, the polynomial ¢® computed from w', 0’ and y' by formulas
(39) and (40) has degree n, or equivalently ¢*)(0) # 0.

Proof. We have already proved this property for the usual Schur algorithm, but here, the
first few Schur parameters have norm one. However, since (' may be obtained by a limit
process from the usual Schur algorithm, this property is still valid as we shall see.

Indeed, for k. = 1 to n — d, ||y}|| = 1 and the algorithm builds unitary matrices
Uy ..., U,—qg =U. The Schur formula for the polynomial denominator yields

G = (buy, — bug )iV (1 = u Ui ayh).

Since u} Uy 1y, # 1, we get recursively that ¢*)(0) # 0. Moreover, ¢**) has degree k,
has all its roots on the unit circle and divides D), since the matrix D(k)/(j(k) is unitary.
This is true in particular for ¢"~%. But it is clear from the Schur formulas (39) and (40)
that ¢(»~% keeps on dividing the matrix numerator and polynomial denominator at the
subsequent steps. When we reach the step n; = n — d 4+ 1 we are back to the usual Schur
algorithm, that is the norms of the Schur parameters are now strictly less than 1 again. We
have

q(nl) — q(n—d) (Bwl — yfylbwl)(l - 'U/Iuyl)v

and more generally, for k£ > ng, ¢ is the product of ¢~ % and the polynomial we should
have obtained if the Schur algorithm had started at the step n — d. But we know that this
one does not vanish at zero (cf remark after (40)), and thus ¢*)(0) # 0. O

7.2 Recursive properties of ¥,,.

We are now able to prove

Proposition 5 Assume that G(z) = 'F(1/z)/z is analytic in D, = {z, |z| < r} for
some v > 1.Let Q € TH(I) and Q' = UQ be the boundary point of IE(I) with coordinates
Y =W, esyh) in (Vn, ¢n) (cf. section 7.1).

Then, ¥y, extends smoothly in the neighbourhood of y' to some function denoted by Wn;n.
Moreover, we have

Ty, (y) = Q).
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Proof. We first extend the expression of D and q as given by the Schur algorithm, by means
of the formulas (39) and (40). To this end, we must observe the two following properties.

Lemma 6 The cocfficients of the polynomials ¢*) and Dgfcj) are rational functions of the
Schur parameters yy, ya,. .. .yn, their denominators being ¢V (0)¢g»(0)....¢*~1(0).

Proof. Obvious. O

Lemma 7 There exists a neighbourhood W of y', such that in W the coefficients of the
polynomials Dij and q are bounded rational functions of the components of the Schur para-
meters. In particular, they depend smoothly on these components and their differentials are
bounded in W.

Proof. This is a consequence of Lemma 5. |

In the sequel, we shall assume that in W, |§(0)| > p, for some g > 0.

Now, we can extend ¥}y, to WW. We shall use the expression of ¥,, given by Proposition
8. Of course, the polynomial matrices D, R and P, and the polynomial ¢ depend on y. A
well-known integral representation for our remainder (cf. [13]) is

1 [ GDq(§)—qlz)
Re) = g f

If y belongs to W, the roots of ¢ are no longer in U, but since ¢ depends continuously on y,
we can restrict W so that the roots of ¢ lie in a disk Dy = {z,|z| < s} for some s, 1 < s <.
Let T be a contour lying in the open annulus between D, and D,. We can extend R in W

by putting X
1 [ GDq(§)-al2)
R = dg. 41
#) = 2 /p (. -z )
The coefficient of order k of R is given by

Ry = L G—D(5n7k71Qn+---+Qk+1)d§-
2im Jp g
Lemma 7 and the inequality
lg(&)[ > p (T, Ds)",
imply that the integrand is bounded, and its derivatives (it is smooth) are also bounded.
Finally, Lebesgue’s theorem say that the integral representation (41) defines a smooth func-
tion. The extension of R is still the remainder of the division

GD = Vg + R
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In W, q keeps on dividing RD and the quotient smoothly extends P. As for R, ¥y, extends
smoothly by the integral representation

I N
Wy, (V) = 1P - 5=Tr [ G

At y’, the Schur formulas give (_Q')_1 = 1;)—,, where ¢’ has degree n. On the other hand,

’

Q@) '=Q U and Q7 = D/q, where ¢ has degree d, the two fractions being linked by
the relations ¢’ = uq and D' = uDU™?, for some polynomial « having all its roots on the
unit circle. It follows from the properties of the division that if GD =V q + R’ and
GD =V qg + R, then R = wRU™; and if P = RD/q and P = RID’/q', then P’ = uP.
Finally,

’ ~

— ) P .
Ty, () =|IF3- < F.= >=||F|3- < F, P 4(Q).

'Q\l >~Ui

Let us give two important consequences of Proposition 5.

Lemma 8 Let Q € IL(I) for some k < n, y = (y1,...,Yx) its Schur parameters in some
chart (Vi, ¢r) defined by w = (wi,...,wi), and w = (u1,...,ur). Let wg € U, ug and yo
two distinct unit vectors, and

(20 = y0) (w0 = y0)"

U=1,—-
P 1 —ugyo

Then, QI = UQ is a boundary point of Vit1 defined by w' = (wo,w1,...,wy), and 0 =
(wo, Unt,. .., Uuy), and y' = (yo,y1,...,Yx) are its Schur parameters. Moreover,

§|Vk+1 (yl) = \Il|Vk (y)

Corollary 1 Suppose that y is a local minimum of ¥y, . Then, the gradient of EIWH at
!

y' is orthogonal to the surface S = {(yo,...,yn), |lwoll =1, |lyjll < 1, j =1,...n} and
points outwards.

Proof. From Proposition 5 we see that the projection of the gradient of EIV;CH at y' on
S is just the gradient of ¥}y, at y, whence orthogonality holds. Moreover, it cannot point
inwards because this would imply that Q' which is rational of order £ is a local minimum
at order k + 1, and this is impossible except if F itself has degree k+ 1 (cf. [2]). O

We are now able to describe our algorithm.
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7.3 The algorithm.

Recall that G(z) = 'F(1/z)/z is assumed to be analytic in D, = {z, ||z|| < r} for some
r > 1. We shall make two extra assumptions in what follows. First, we shall assume that
grad ¥;, does not vanish on the boundary of Z7(I), for 1 < k < n. Second, we shall require
all the critical points of ¥, in Z%(I) to be nondegenerate, i.e. to have a second derivative
which is a nondegenerate quadratic form. These two properties hold generically, that is for
almost every F' in some sense, and we refer the reader to [3] for the first one, and [2] for the
second one. They ensure in particular that critical points in Z%(I) are finite in number.

Taking this for granted, we are now able to describe a procedure to determine a local
minimum of ¥,,. The algorithm proceeds as follow.

Choose some y¢ in some chart V,, of Z2(I) as an initial condition, and integrate the
vector field -grad W¥,,. There are two possibilities : either we reach a critical point or the
norm of some Schur parameter goes to 1. In the first case, if the critical point is a minimum,
we are done. Otherwise, since it is nondegenerate, the critical point will be unstable under
small perturbations, thereby allowing us to continue the procedure. Since ¥,, decreases, we
cannot meet the same critical point twice, and because such points are finite in number, we
succeed unless the norm of some Schur parameter goes to 1.

If the norm of some Schur parameter goes to 1, there are still two possibilities : either
the chart is no more available (condition (ii) of Proposition 4 is satisfied at some step of
the Schur algorithm) and we must choose another one, or we have reached some boundary
point Q4 of degree d, with d < m. In this case, we first multiply Q4 by a unitary matrix in
order to satisfy (3), then we look for some chart in which Q4 can be represented, and finally
we compute its Schur parameters. The degree d is nonzero, since ¥y is a constant function
whose value [|F||3 is the maximum of ¥,, on ZE(I). So, we can begin all over again replacing
n by d in the case of a boundary point. We are bound to reach a local minimum of ¥y, for
some k satisfying 1 < k < n, at some point of Z% (I).

Starting from this point, we construct a boundary point of I,’:_i_l (I) as in Lemma 8.
By Lemma 1, the gradient of Ewkﬂ at this boundary point is orthogonal to the surface
S = {(o,---»yn), llvoll = 1, |ly;ll < 1, 5 = 1,...n} and points outwards. Therefore,
integrating -grad Ewkﬂ from this point leads us to penetrate into the interior of I,f_{_l(f),
so that the whole process can be carried over again, with n replaced by k + 1.

Since the value of the criterion decreases continuously, we never meet twice the same
critical point and this ensures that the procedure eventually comes to an end.
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8 Numerical examples.

We have run a number of examples using the software package Scilab. In particular, it
contains the function ode for computing the solution of a system of differential equations.
The purpose of the following is to demonstrate the procedure of computing a local minimum.

Let
1+2 1
z2—2z+1/4 z—1/2
F(z) =
—2242+41 z—1/4

234+1/222-1/42—1/8 2242z+1/4
or else F' = N/d, where

22 +22245/4z4+1/4 22 +1/222 —1/42 - 1/8
N(z) = ;
23 +3/2224+1/22-1/2 2> -5/422 +1/22-1/16

and

d(z) = z* —1/22* + 1/16.

The function F' is given, as input of the program, by the 200 first Fourier coefficients of
its rational entries.

We present several ways of approximating this 4th order system at its own order from
different starting points. Of course, we must recover the function F' itself, and this situation
is particularly simple since from consistency, the criterion has no other critical points.

We have noticed (cf. Section 5) that one choice for w is enough to describe IZ(I). In
the following, we shall work with a single value for w : w = 0. Thus, a point is given by a
chart’s parameter u and a Schur parametery.

1) We first start from the initial point parametrized by y in the chart given by w,u :

N 1 0 1
0 0 1 0
05 | =05 | 05 0.5

Y| —05 | =05 | 05 | —05

At this point, the criterion is equal to 7.3324036. We get a minimum in this chart for

) 0.4947911 —0.5709638 0.2658280 0.1465519
Ymin | _0.3200608 0.3282461 0.2025660 —0.1293104

with a criterion less than 1078, The best approximant computed from these parameters
agrees with F' up to 6 decimal places.
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2) An example in which the boundary is reached.

Step 1. The starting point is given by

N 1 0 1
0 0 1 0
05 | 05 | —05 | 05
Y1 05 | 05 | —05 | 05

and the criterion is equal to 9.1099142. We meet the boundary at

0.5093948
0.8605213

0.3573557
0.5500306

—0.6598669
—0.4055843

0.5560878

Ybound 0.2648168 |’

where the first parameter has a norm nearly equal to 1, while d(l)(O) = 0.4906052 stays
away from 0. The criterion is equal to 3.7862344.

Step 2. This point is converted into an initial point for a 3rd order approximation, with
the same criterion, applying Lemma 8 with uy = *(1 0) and yo = *(0.5093948 0.8605213) :

u 0.5093948 0.8605213 0.5093948
0.8605213 —0.5093948 0.8605213
0.3573557 —0.6598669 0.5560878
Y| 0.5500306 —0.4055843 0.2648168
We find a 3rd degree minimum for
_ —0.5744981 0.0214156 0.2054699
Ymin | 06522001 | —0.4332472 | 0.4280223 |’

where the criterion is equal to 0.9973472 and the relative error to 0.0507508.

Step 3. This point provides starting points for 4th order integrations. For instance,
applying Lemma 8 with ug = *(1 0) and yo = *(0 1), let us start from

u 1 0.8605213 —0.5093948 0.8605213
0 0.5093948 0.8605213 0.5093948
0 —0.5744981 0.0214156 0.2054699
Y11 0.6522901 —0.4332472 0.4280223

The integration leads to some point for which the first parameter has a norm equal to
0.9870436 and Q(l)(O) = 0.0136804. The approximant computed from this point agrees
with F' with only 2 significant digits. The low value of cj(l)(O) = 0.0136804 can explain
the poor agreement of the results, and in this case, we had better choose another chart
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(cf. Proposition 4 and the following remark ). We have observed that the results become
inacurate when some ¢(*) becomes less than 0.125.

Step 4. Restart the integration. At

_ 0.8796394 —0.6880990 0.1692177 0.2642769
Ymin | 0,0062381 0.1018120 0.232071 —0.0267232 |’

the value of ¢(0) is less than 0.125, and this could induce an important error in the compu-
tation. It is better to find another chart. To this end, we choose at each step of the Schur
algorithm, uj among (1 0) and *(0 1) in order to get the smallest Schur parameter. Our
point in this new chart is given by

u 1 1 0 1
0 0 1 0
.6316952259 —.5785967337 2621593118 1566999089
Y| 2779806122 —.3369857917 1922908023 —.1421830569

Step 5. The integration can continue, and the minimum is reached for

_ 0.4951705 —0.5709872 0.2658132 0.1465757
Ymin | _(.3199460 —0.3282689 0.2025562 —0.1293524

The approximant computed from these parameters agrees with F' with 4 significant digits.
This point can be compared with the result of example 1 in the same chart.

3) In many real datas examples, the choice of the initial point is very important. In a
great number of cases, the computation leads to a local minimum and not the global one.
The following procedure has a good chance to provide the global minimum,

Order 1. We start from the boundary point

w 0
u 1
0
-1
Y1 o
and we get a first order minimum at
—0.7739451

Y1 _0.1598369

where the criterion is equal to 9.553057 and the relative error to 0.4861148.
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Order 2. This minimum provides a starting point with the same criterion for a second
order approximation :

w 0 0
N 0

0 1

0 | —0.7739451
Y1 1| —0.1598369

We get a minimum at

—0.7182560 —0.4167791

Y21 _0.2769471 0.6720201

where the criterion is equal to 2.5090541 and the relative error to 0.1276752.

Order 3. This minimum provides a starting point for a 3rd order approximation :

w 0 0 0
1 -1 0
"o 0 1
-1 —0.7182560 —0.4167791
y 0 —0.2769471 0.6720201
We get a minimum at
—0.6264395 —0.2041812 0.0900264

y

—0.2980447 0.1589819 0.6333477 |’

where the criterion is equal to 0.9974956 and the relative error to 0.0507584.

Order 4. This minimum provides a starting point for a 4th order approximation :

w 0 0 0 0
u 1 0 0 -1

0 -1 1 0

0 —0.6264395 —0.2041812 0.0900264
Y1 a1 —0.2980447 0.1589819 0.6333477

which leads to the minimum with a very good accuracy.

9 Conclusion

We have described here a gradient algorithm which nearly solved our initial matrix rational
approximation problem, problem useful in the framework of identification of linear systems :
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“given F', a pxm stable transfer function, find a rational stable function H of degree at most
n which minimizes the L?-norm of F — H”. We have proved that our algorithm converges to
a local minimum of the L? criterion. This is to our knowledge, the first algorithm of this type.

We have implemented this algorithm using the matrix-based scientific software Scilab. This
choice was very well adapted to improve our method. The algorithm succeeded in many
simple examples demonstrating the procedure of computing a local minimum. Concerning
the numerical aspects of the algorithm, it seems that our implementation does not offer a
sufficient computation speed, and computer programs are being written to test the algo-
rithms on real-data. For instance, with our prototype, considering an identification problem
of hyperfrequency filters we have only found local minima of order 8.

If we want to solve the whole initial problem, we must now answer this question : “how
can we reach the global minimum ?”. It is possible to consider the difficulty as intrinsic and
cope with it, trying to find the global minimum at any cost. One may think of initializing the
algorithm at enough points to reach all local minima and compare between them. But we do
not know what “enough” means and we do not have a bound for the number of initializing
points. Consequently, more efficient strategies should be investigated. For instance, we can
try to find as many local minima of order £ — 1 as we can to initialize our procedure at
order k, by replacing them on the boundary of Z%5(I), as we have shown in Lemma 8. We
begin with k = 1, and so on, step by step, until £ = n. But even though, we are not sure to
find the global minimum, and this method is very slow . Except for very special functions,
for instance the case of functions which have only one minimum, we do not know a better
method. However, in many problems, we hope that some more information or engineering
judgement, could help us to select an initial point which ensures rapid convergence of the
procedure to the global minimum.

An interesting and useful extension of our work could be to allow F' to have poles both
inside and outside the unit disk. We can think about considering unitary matrices instead
of inner matrices. That could be done by allowing the norms of the Schur parameters to be
greater than one, using an extension of our “polynomial tangential Schur algorithm”.
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