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Abstract: We describe models and algorithms designed to produce efficient and physically
consistent dynamic simulations in the context of Intervention Robotics (i.e., for Robotics
tasks involving strong physical interaction constraints and not necessarily rigid objects).
These models and algorithms have been implemented within the Robot® system which can
be potentially configured for a large variety of intervention-style tasks such as dextrous
manipulations with a robot hand, manipulation of non-rigid objects, tele-programming the
motions of an all-terrain vehicle, and some robot assisted surgery tasks (e.g. positioning of
an artificial ligament in knee surgery). The approach uses a novel physically based modeling
technique to produce dynamic simulations which are both efficient and consistent accord-
ing to the laws of the Physics. The main advantages over previous works in Robotics and
Computer Graphics fields are twofold: the development of a unique framework for simulta-
neously processing motions, deformations, and physical interactions; and the incorporation
of appropriate models and algorithms for obtaining efficient processing times while insuring
consistent physical behaviors. These models are based upon three basic principles : the
energy-based adaptive time step principle, the inertia-based adaptive discretization princi-
ple, and the dynamic surface/surface interaction laws.
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Robot® : Un systeme de modélisation physique
pour des applications robotiques

Résumé : Plusieurs taches robotique exigent la prise en compte d’une interaction
complexe entre le robot et son environnement. Cette interaction peut modifier lar-
gement le comportement du robot (et par conséquent la probabilité du succes de la
tache). C’est le cas quand on manipule un objet rigide ou déformable avec une main
articulée, ou quand on planifie le mouvement d’un véhicule sur un terrain accidenté.

Les modeles géométriques classiques développés dans les domaines de CAO-
Robotique et planification de mouvement ne sont évidement pas adaptés pour étudier
ces interactions. En fait, le but des modeles géométriques est de représenter la forme
et les propriétés spatiales d’un objet, tandis que les interactions entre les objets
dépendent de propriétés physiques comme la masse, la distribution de la masse, la
rigidité/élasticité de 1'objet, la viscosité de ’environnement, la force de la collision.

Ce rapport présente le systéeme de modélisation physique Robot® qui permet de
représenter simultanément le mouvement, les déformations et les interactions d’un
objet avec ’environnement.

Deux approches adaptatif sont développées afin de rendre le systeme plus efficase

La discrétisation adaptative: Il permet de trouver automatiquement la repré-
sentation minimale d’un objet qui respecte sa forme géométrique, sa matrice
d’inertie et sa capacité de déformation.

Le pas de temps adaptatif: Il permet de éviter la divergence numérique , d’esti-
mer ’erreur commise et d’améliorer la vitesse d’exécution d’un facteur variable
qui peut atteindre des valeurs trés importantes comme 10000.

Mots-clé : Physique, dynamique, modélisation, mouvement, interaction, robotique,
discrétisation adaptive, pas de temps adaptatif



Contents

Introduction
Related works
Some notions about particle mechanics

The dynamic modeling system Robot®

4.1 Basic constructions . . . . .. .. .. Lo
4.2 Object modeling . . . . ... ... L oo
4.2.1 Description . . . . ..o o
4.2.2  Object discretization . . . .. .. .. ... ... ...
4.2.3 Inertia-matrix conservation . . . . . . ... .. .. ...
4.2.4  Adding connectors . . .. .. ...
4.3 Motion and deformation . . . ... ... ... ... ... ...
4.3.1 Solving the system . . .. . ... ... ... ... ...
4.3.2 The adaptive time step and the real time processing . . .
4.4 Interactions . . . . . . .. .. ...

Solving Robotic tasks

5.1 Motion generation . . . . ... ...
5.2 Obstacles avoidance . . . . . . . . . . .. ...
5.3 Stabilisation . . . . . . ...

Experimental simulation

Summary and Conclusions



List of Figures

[N

Sy O v W

10
11

12

13

14

15

16
17

18

19

Timoshenko-beam model. . . .

A physical model of an object can be obtained be discretizing it into a

number of particles (the intersection points) related by certain connectors.

LS, TS and JS connectors. . .

A prismatic joint and a revolute joint. . .

The effect of A and g on the motion of a particle.

This pyramid is initially represented by a small number of particles. It
becomes hollow. One relates these particles by facets to give this object a
third dimension. For the visualisation we do not need to see the edges and
the vertexes. . .

Regular discretization needs a large number of particles to give a good
approximation of the real geometrical model. Even when the object has a
simple geometrical form, one needs a large number of particles to respect
the inertia matrix value. The above figure shows the variation of the inertia
matrix of the discretized object as function of the particle number.
Discretization of a convex polygon

Discretization of a convex polyhedron .

Discretization of a palliating object

The adaptive discretization divide the initial object into a set of sub-
objects, each one contains 8 particles.

An adaptive discretization of a table: The upper face of the table is dis-
cretized into a large number of sub-objects because it deforms. Also these
sub-objects are concentrated in the middle which is the weakest point. The
side faces of the table are discretized into a fewer sub-objects and these
sub-objects are concentrated at the upper face.

Linear connectors LS have different reactions against external forces. To
obtain a realistic deformation we have to add torsion 7'S and joint JS
connectors.

The effect of @ on the solution stability: when a = 0 the error is always
negative, when a = 1, the error is alway positive, and when o = 0.5, the
error changes its sign and the solution is always stable

Without a suitable time step the numerical solution can diverge

A good solution to avoid divergence and to accelerate the computational
time is to use an adaptive time step 7 which increases when the function
has a small frequency and decreases else.

When the mechanical energy decrease the solution becomes stable (a), else
it diverges (b). .

The average value of the position error ¢, as a function of the energy error

€e during 10 second and for two different values of p. .

10
11
12
12

13

14
15
15
15

16

17

18

18

20
21

22



21

22

23

24

25
26

27
28
29
30

31
32

33

The evolution of 7 when a ball falls down on the earth. Note that 7 decreases
when the ball hits the earth and increases when it leaves the earth. Observe
also that the decrement value depend on the force of the collision which is
greater when the ball is faster.

The variation of the relative position of two particles as a function of the
time. At the left one uses an adaptive time step, the incurred error is
0.00006. At the right one uses a constant time step which is equal to the
average time step obtained by the adaptive approach, the incurred error is
0.003. The used parameters are A = 100 , u =5, 7, = 0.065 , €. = 0.01.
The stiff collision is a phenomenon which needs a very small time step 7,
to be processed, it remains a very small period T,. The elastic collision
remains a larger period of time 7, but it needs a larger time step to be
processed 7. The computational time needed to process each phenomenon
is almost the same because Z—: ~ % ..

F' is a function of the time. 7 is the time step needed at each iteration
to insure stability. 7y is the average time step during each interval of time.
Note that this average changes slowly. .

The collision force is the result of a local deformation at the contact area.
It is proportional to d.

The surface/surface collision.

The friction force is the result of a large number of micro collisions at the
contact point.

The viscous force applied on a facet depends on the area of this facet and
on the angle between the normal on this facet and its velocity.

The physical path planning.

Obstacle avoidance.
Adding LS connectors between the finger-tips guarantee that the sum of
the external forces is null.

Power grasp simulation.

The difference between the behaviour of a wheel which turns and the be-
haviour of a cube which topples over the earth

Some simulations executed using Robot®.

26

26

27

28
28
30

31
32
33

34
34

35
36



1 Introduction

Powerful sensing, planning, and dynamic simulation tools are the essential
components of Intervention Robotics applications such as the maintenance
and decommissioning of equipment in hostile environments (nuclear, space,
deep sea ...), the inspection of damage in contaminated areas after a nuclear
or a chemical accident, or the exploration of new sites (e.g. space explora-
tion). Tasks, in these situations, are extremely complex and involve contact
interactions and forces that may strongly influence the behaviour of the ro-
bot (and consequently drastically reduce the chances of success of the task).
Such situations occur, for instance, when manipulating a rigid or a deformable
object using a dextrous hand [2, 1], when moving an all-terrain vehicle on a
hilly terrain [5], or when searching for appropriate fixture points for an artifi-
cial ligament in order to insure a satisfactory functioning of the knee in robot
assisted surgery [15]. On one hand, it is seldom easy for a human operator
to guess what will be the robot behaviour when the complexities of robot ki-
nematics, environmental collisions and contact, motions and deformations of
interacting objects are combined with the task constraints. On the other hand,
it is obviously out of the state of art to include all these considerations in a
planner. This is why powerful dynamic simulation tools are required.

Classical geometric models developed in the field of CAD-Robotics, and
of motion planning are obviously not adapted to the processing of such in-
teractions. Indeed, the purpose of geometrical models is to represent spatial
and shape properties of objects, while complex contact interactions and object
behaviours mainly depend on physical properties such as mass, mass distri-
bution, rigidity /elasticity factors, viscosity, collision forces. Dealing with this
problem requires making use of appropriate models which have the capability
to represent motions, deformations, and object interactions in unified frame-
work consistent with the laws of the Dynamics. This is why we have developed
a system (the Robot® system [3]) which exhibits such characteristics. This
system uses a novel physically based modelling technique to produce dynamic
simulations which are both efficient and consistent with the laws of the Phy-
sics. The main advances over previous work in the Robotics and Computer
Graphics fields are twofold: the development of unified framework for simulta-
neously processing motions, deformations, and physical interactions; and the
incorporation of appropriate models and algorithms for obtaining efficient pro-
cessing time while insuring consistent physical behaviours. The next four sec-
tions respectively describe the problem to be solved, the main characteristics
of the Robot¢ system, the three basic principles which have been developed
to improve the efficiency and the consistency of the system (the energy-based
adaptive time step principle, and the inertia-based adaptive discretization prin-
ciple), and some experimental results.



2 Related works

Usually, robotics systems combine geometric models and partial physical models?
in order to study contacts [18, 6, 7], to simulate collision effects [17], to avoid
obstacles [19], or to study stability properties[20]. These approaches are ge-
nerally efficient when solving the considered sub-problems, but constructing a
complete dynamic simulation system, requires the combination of three par-
tial physical models : motion, deformation, and contact interaction. Combining
existing efficient partial models is not always possible, and even when it is pos-
sible it may give a non efficient model. For instance, the efficient motion model
"rigid body dynamic” and the deformation model "finite element” [9] can not
be automatically combined because they use paradoxical conditions (rigid and
deformable). Also, the "finite element” is not an efficient model, because it
needs a squared time O(n?) to calculate deformations.

Several physically based models have been developed in the field of Compu-
ter Graphics in order to produce behavioural animation [10, 8, 16, 14]. Among
these models, the “Spring based approaches”, have been widely used [10, 14].
This model was initially developed in the mechanics domain to study the
traction [12] and flexion(Timoshenko-beam model[11]. Figurel) behaviour of
objects.

Figure 1: Timoshenko-beam model.

We have already shown in [5] how this type of model could be applied
with some appropriate improvements inrobotics applications involving strong
physical interaction constraints; we have also shown in [3] that some numerical
problems have to be solved when dealing with robotics applications. Indeed,
robotics applications differ from graphics applications by the fact that graphic
systems try to generate “looks right” animated pictures (even if some basic
principles of Physics are violated), while robotics systems have to control “real”
mechanical systems (and consequently, the dynamics laws govering it, have to
be satisfied at all time). The reason for some inconsistent behaviours exhibited
by the particle based systems comes from the large number of particles of

IPartial physical model represents the motion, the deformation, or the interaction but
not all the three aspects simultaneously



the models and the associated numerical and algorithmic problems (time and
space discretization, error accumulations). Such problems generate numerical
divergences which may lead the system to violate some basic principles of
Physics (for instance, the mechanical energy of an object increases without
any physical reason). This is why appropriate models and algorithms have
to be integrated in these approaches in order to be able to consider robotics
applications.

The Robot® system, which uses a “particle model”, has been devised in or-
der to meet these requirements [3]. In this paper, we will focus on the modelling
and algorithmic problems we have recently solved for making the system more
efficient and physically consistent.We will show how we have drastically redu-
ced the required computing time, and how the consistency properties can be
guaranteed by controlling the incurred errors and the numerical convergence
of the differential equations solver:

e Energy-based adaptive time step : this approach allows us to estimate
the incurred error, to minimise the computational time and to avoid
numerical divergence.

o Inertia-based adaptive discretization: this approach allows us to mini-
mise the number of particles needed to represent an object. With few
number of particles the modeled object becomes hollow, a dynamic sur-
face/surface interaction was developed in order to solve this problem,
and to be coherent with existing CAD models, and to be able to make
use of fast collision checking methods (as proposed in [6, 7]).

3 Some notions about particle mechanics

In order to understand the Robot® dynamic modeling system, some notions
about the particle mechanics have to be introduced:

e The motion of a point mass m is characterized by the general law of
dynamics:

—

F=m7 (1)

where, F is the sum of the external forces applied on this mass, and = its

acceleration. As the acceleration is the derivative of the velocity ¥ = ‘%,
5P

and the velocity is the derivative of the position V= %7 one can write:

—

—

— F —
V=9t+W=—t+W
m

P=_Ft*4+Vot+Py=—t*+ Vot + P
2 2m



e The inertial center of an object behaves as a point mass having the same
mass of the object and subjecting to the sum of the forces applied on
this object.

e For two interacting objects, the force applied on one is equal in magnitude
and opposite in direction the force applied on the other, because of the
action/reaction principle. So, the sum of the internal forces applied on
an isolated physical system is always null. A physical system can be an
object or a set of objects.

e The trajectory of the inertial center of a physical system is not affected
by the internal forces.

e An object is free if the sum of the external forces applied on it is zero.
The velocity of the inertial center of a free object is constant (no energy
dissipation), but the vibration of this object has to stop because of the
interaction between its particles (which is an internal force).

o The kinetic energy Ej of a mass M having a velocity V is Ej = %MVQ.

e The variation of the potential energy £, of a particle P having a position

P and subjecting to a force Fis equal to the work of this force AE, =
— [FHAPF o« §P
P .

e The mechanical energy FE,, of a particle P, is the sum of its potential
energy and its kinetic energy, E,, = Ej + E,. The mechanical energy of
a free system is constant ‘S?—t’" = 0.

4 The dynamic modeling system Robot®

The Robot®dynamic system is based on the damper/spring model [12, 14,
10], or particle model. In this approach an object is basically modeled as a
conglomerate of particles connected by appropriate spring/damper connectors
which play the role of giving the object a certain form. In the sequel, we show
how such an approach has been adapted to solve some robotic problems.

4.1 Basic constructions

A physical representation of an object is given by a set of particles(Figure 2).
These particles have no geometrical dimension but they have masses mg which
verify some physical properties of the real object such as the total mass, the
inertia center, and the inertia matrix.

They are connected by three types of spring/damper connectors in order
to fix all their degrees of freedom:



Figure 2: A physical model of an object can be obtained be discretizing it into a number
of particles (the intersection points) related by certain connectors.

The linear spring/damper connector (LS) connects two particles (a
and b) in order to fix the distance between them (figure 3.a). The force gene-
rated by this connector is expressed by the following equation:

ﬁa = (_)\Ap - /’Lp)k_:u (2)

p=(d—b)k

where A is the stiffness of the spring, Ap the variation of its length (it depends
on its free length pg), p the damping factor of the damper, p the relative
speed of the particle a compared to b, and k., is the unit vector along the two
particles @ and b. The term —up is a damper used to prevent the oscillation
of the system near the equilibrium position of the pair of particles. Such a
connector constrains one degree of freedom for each particle. Consequently
it is not adapted to model a more complex structures such as revolute and
prismatic joints?.

The torsion spring/damper connector (1'S) has been developed to
associate an angular constraint to a set of three particles (a, b and ¢). In T'S,
the forces which are generated onto the non-central particles can be defined
by the following expression:

1 G - o _[; — -
= — = (|le (cb.cb) + |cﬁ | cosf(ca.ca) — ca.cb — cb.ca)
sinf|cal|cb| |cb| |ca

2Such properties may be represented by appropriately combining several LS connectors
(see for instance [14]), but this necessitates the introduction of additional fictitious point
masses and connectors in the model. A consequence of this approach is to artificially modify
the mass distribution and to increase the complexity of the model.

10
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Figure 3: LS, T'S and JS connectors.

where Af is the variation of the angle formed by the three particles (it depends
on its initial angular value ), 0 the angular speed, ca = @ — g, ca=aq—bis
the speed of the vector cld, and k, is the unit vector normal to the direction
defined by the involved pair of particles, figure 3.b illustrates. Because of the
action/reaction principle, the force F. applied to the central particle is equal
to the negative sum of F, and F,. This connector constrains three degrees of
freedom (one degree for each connected particle). But when the equilibrium
angle 0y of this connector is equal to 180°, this connector constrains two degree
of freedom for each particle. This property is very useful in representing stiff
bars or prismatic joints (fig. 4). In the general case this connector is very useful
in representing the morphological modifications of an object. The disadvantage
of this connector is that the two non-central particles are symmetric, so there
is no difference between the angle § and the angle § 4+ 7w, which may cause a
problem when a revolute joint moves more than .

The joint spring/damper connector (J5S)is developed in order to avoid
the symmetry of the T'S relation and consequently to be able to represent a
revolute joint (fig. 4). The JS connector (fig. 3.a) is similar to a 7'S connector
provided by a fourth particle which allows the definition of a positive rotation
direction. The forces which are generated onto the non central particles can be
defined by the expression:

Fy = (=\(0 — 6g) — pb)k,

1 |cal

(|c%|

cos@(c_l;.c_l;) + —cos@(c_d.cld) — Ch.ch— c_()).cld)

h 3in0|c_d||c_l;| |cal

11



- -. prismatic and revolute axis

Figure 4: A prismatic joint and a revolute joint.

The physical behaviour of a connector depends on the values of A and pu.
Figure 5 shows the effect of A and p on the relative position of two connected
particles.

()

iny
UUU t

A>> U }\Qp A<<u

Figure 5: The effect of A and p on the motion of a particle.

4.2 Object modeling
4.2.1 Description

To model an object, we decompose it into a set of particles, and we connect
these particles appropriately in order to obtain a complete structure (i.e. all the

12



degrees of freedom of the particles are constrained). Figure 8 shows a possible
representation for convex polygon.
The obtained object has no geometrical dimension, to give it this dimen-

sion one has to relate the neighbourhood particles by implicit surfaces (figure
6). The role of these surfaces is not only to give the object the geometrical di-
mension but they play a very important role when processing the interaction
between two objects (§ 4.4).

Figure 6: This pyramid is initially represented by a small number of particles. It becomes
hollow. One relates these particles by facets to give this object a third dimension. For the
visualisation we do not need to see the edges and the vertexes.

An efficient automatic method to construct the physical model of an object
has to respect the following constraints:

e The mass of each particle has to be determined such that the modeled
object has the same inertia-matrix and the same inertia center as the
real one.

e Position of these particles has to be chosen so that the geometrical form
of the modeled object coincide with the geometrical form of the modeled
object after adding surfaces between these particles.

e The positions of the particles have to be parallel to the principal axis of
the object because this minimises the incurred error in behaviour.

e Deformable objects (this is the case when A is small) need a large number
of particles, but rigid ones (X is large) need relatively few particles.

4.2.2 Object discretization

It is clear that uniform discretization does not satisfy the above-mentioned
criteria, because it needs a large number of particles to respect the geometrical
form of an object and its inertia center (figure 7).

So an adaptive discretization which minimises the number of particles and
respects the symmetry of the object, its inertia matrix, and its inertia center
is proposed. One distinguishes three cases:

13
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The real value of the inertia matrix
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2500 5000 7500 10000 —— Real Contour

Figure 7: Regular discretization needs a large number of particles to give a good approxi-
mation of the real geometrical model. Even when the object has a simple geometrical form,
one needs a large number of particles to respect the inertia matrix value. The above figure
shows the variation of the inertia matrix of the discretized object as function of the particle
number.

Polygon discretization: To discretize a facet one begins by discretizing its
contour. If this facet has four edges, then we project two edges on the two
others. If this facet has more than four edges, one extrapolates the lines
relating each contour point with the inertial center of the facet (figure 8).

Polyhedral primitives: To discretize a polyhedral object, one begins by dis-
cretizing its facets, then one extrapolates the lines relating each surface
point with the inertia center of the object. This is the same principle of

the Russian doll (figure 9).

Sweeping primitives: In this case the object is defined by two facets. First,
one discretizes each facet, then one projects one of these facets on the
other by adding a set of intermediate facets (figure 10).

This method of discretization respects the symmetrical properties of the
object, which is important in order to have a correct behaviour. Also, it allows
us to minimise the number of particles needed to represent an object. When
the object is rigid, one needs a very small number of particles to represent it,
and one comes near the complexity of a geometrical model. When the object
is deformable, one needs a finer discretization to insure that the inertia matrix
is preserved during the deformation (§ 4.2.3).

4.2.3 Inertia-matrix conservation

Conserving® the inertia matrix of the object consists in finding the mass value
m; of each particle ¢ in order to have the same inertia matrix of the initial
object. These masses can be obtained in solving the following equation system

3This work has been performed during the DEA stage of Manuel Da Vinha, and it has
been supervised by Ammar Joukhadar and Christian Laugier. This DEA report will be
published in details in June 1995.
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Figure 8: Discretization of a convex polygon
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Figure 10: Discretization of a palliating object
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(at the left the inertia matrix of the real object and at the right the inertia
matrix of the discretized object):

A —-F —-F Syt +zh)xm; =Y axxyxm; —Sxkzkm;
-F B —-D | = —Yxxy*rm; Y (x4 %) km; =Dy xzEm,
-FE —-D C =Y T *z*my =3 Yk 2k my Z($i2‘|‘yi2)*mi

Zmi*(Pi_Pc):O
=1

where P, is the position of the inertial center of m;.

Figure 11: The adaptive discretization divide the initial object into a set of sub-objects,
each one contains 8 particles.

It is obvious that this equation system has an infinite number of solu-
tions, and when the object deforms, a given solution can be no more correct.
The above-mentioned discretization approach divides the object into a set of
sub-object. Each sub-object constitutes 8 particles (figure 11). Within these
solutions, one chooses the one which conserve the inertia matrix of each sub-
object. Solving the above-mentioned system for these 8 particles and their
inertia center can give sometimes negative values of m;. In order to avoid that,
one divides each sub-object into a set of tetrahedra. Solving the above sys-
tem for a tetrahedron gives an unique solution, because the inertial center of
an tetrahedron is the same as its geometrical center. So one can replace a
tetrahedron by 5 particles (figure 12) whose masses are:

) 55M s a particle which is put on a vertex
Ty A M disa particle which is put on the inertia center

So to respect the inertia matrix of a hexahydron we can divide it into
tetrahedra; we have developed several methods to do it:

16



Figure 12:

Symmetric exact method: In this case, one begins by adding a particle in

the inertial center of the hexahydron and a particle in the inertial center
of each facet. Then each facet can be divided into 4 triangles, each tri-
angle forms a tetrahedron with the inertial center of the hexahydron. One
replaces each tetrahedron by 5 particls to obtain a symmetric and exact
representation of the hexahedron. In this case, one needs 39 particles to
represent a hexahedron.

Non-symmetric exact method: In this case, one divides the hexahydron

into 5 tetrahedra and replaces each one by 5 particles. One needs, in this
case, 13 particles.

Symmetric approximative method: In this case, one behaves first as in

the first method by dividing the hexahydron into 24 tetrahydra, then one
eliminates the inertia center of each tetrahedron by dividing its mass bet-
ween the vertex of this polyhedron, and one eliminates the inertia center
of each facet in dividing its mass between the vertex of this facet. The
hyxahedron now is represented by 9 particles, and has an approximative
inertia matrix value. To ameliorate this precision one can give a ratio
of the vertex masses to the inertia center. This ratio can be determined
recursively. For 10000 tests, the avarege relative precision was 0.0003. In
this case, One represents the hexahydron by 9 particles.

The proposed discretization method has two adaptive aspects:

The number of sub-objects: The difference between the inertia matrix of

the real object and the inertia matrix of the modeled one, changes during
the deformation of the object. 10000 tests has shown that if one particle
from a sub object changes its position of 10% relatively to the sub-object
dimension, the inertia matrix relative error increases of 0.1%. One can
measure this error and choose the precision of discretization as a function
of this error.

The position of sub-objects: The deformation of a sub-object depends on

its position in the object, for example, the center of a table deforms more
than their edges for the same forces. Also the side facets of this table do

17



not hold any things and their is no forces on theme. In this case a good
choice of the position of the sub-object is near its upper face (figure 13.

Figure 13: An adaptive discretization of a table: The upper face of the table is discretized
into a large number of sub-objects because it deforms. Also these sub-objects are concen-
trated in the middle which is the weakest point. The side faces of the table are discretized
into a fewer sub-objects and these sub-objects are concentrated at the upper face.

4.2.4 Adding connectors

At this stage the object is replaced by a set of point masses which respect its
inertia matrix and we have relate these point masses by some connectors in
order to obtain a rigide object.

Linear connectors LS have to be added between every two neighbourhood
particles (figure 11). These connectors can fix all degrees of freedom and they
are sufficient when the object is non-deformable. But LS connectors do not
have the same reaction against external forces and when the object is defor-
mable we can not have a realistic deformation using only linear connectors
(figure 14). So we add a torsion connector T'S between each three collinear
particles and a joint connector J.S between each three non-collinear successive
particles (figure 8). These connectors can correct the reaction of the linear ones
and we can obtaine a realistic behaviour (figure 14).

by,
My,
My,
sl

F

sl
sl
My,
sl

F

sl
by,
by,
T
oy,

Figure 14: Linear connectors LS have different reactions against external forces. To obtain
a realistic deformation we have to add torsion 7'S and joint JS connectors.
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4.3 Motion and deformation

The motion and the deformation of a physical object are the result of the
motion of its elementary particles. The position and the velocity of these par-
ticles are given by applying (in parallel) the general law of dynamics F=m 5
on each one, where F' is the sum of the forces (internal and external), m the
mass of the considered particle, and 7 its acceleration. The external force F
comes from the internal connectors (LS, T'S, and J.S), from the collision force
between objects, and from the control force imposed by the user on the sys-
tem. Applying the general law of dynamics gives a differential equation system
which the general form is:

{miPi = Fu + f(P], P!, P}, Pi) \ 1j are particles}
where m; and ]5;2 are respectively the mass and the position at time t of

the particle P;, F..;! is the sum of the external forces applied by the user on

P, P is the derivative of the position function ]3, and f is a function which
givese collision and connector forces. It is obvious that f is neither continuous
nor linear.

4.3.1 Solving the system

This system has to be solved numerically because it is virtually impossible to
solve it analytically:

e f is a non-continuous and non-linear function.

e User put usually the dynamic system in a control loop, thus it is impos-

sible to predict their control forces Femi.

Some methods for solving a differential equation system: Numerical
methods are based on one of the following notions|[4]:

Finite difference: This approach expresses the derivatives of a function U,
in terms of the function values. Houbolt gives the following implicit*
solution which is stable irrespective of the value of 7.

o1
U = 6—(11Ut+7— - 18Ut —|— 9Ut_7— - 2Ut_27—)
T

. 1
U= A2 —(2Usr — 5Uy + 44U — Us_g;)

If we replace the values of U and U in the differential equation, we obtain
another non linear equation system in which Uy,Usy,, Uy, and Ut+7 are
unknown.

*If Piyr = f(P;) and = <=t the approach is explicit (incremental), else it is implicit.
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Limited development: This approach expresses a function U; in terms of
its derivatives:

+1

Upr = 3. UM + O(—— U
“ ZO: n! ! + ((n + 1) )

When using this approach to solve the general dynamic law equation
F = m#~, the data are the external forces which are equivalent to the
second derivative, so we have to develop until the second order. Newmark
and Wilson have approximated the third derivative of the function 4 by
472 and they have obtained the following implicit approach which is
unconditionally stable if & > 1; 8 > L(a + 1)*

Vier = Vi+ 7 (1 — @) 7s + @ Feyr)

2

— — — T 5 5
Pt-|—7=Pt-|-7'vt+5((1—ﬂ)%+%3%+r)

P

2 t

a=1

a=0.5

t 47
Figure 15: The effect of a on the solution stability: when oo = 0 the error is always negative,

when a = 1, the error is alway positive, and when a = 0.5, the error changes its sign and
the solution is always stable

It is obvious that implicit methods can not be used to solve our differential
equation system, because of two principal reasons:

e Our dynamic system is an interactive system which allows users to ma-
nipulate objects. The intentions of the user are not known in advance,
consequently one can not express the system state at ¢ + 7 in terms of
its state at ¢, which is very important when using an implicit method.

e Even when the user does not intervene, the collision forces are disconti-
nuous functions for which there is no mathematical formulation.

So explicit methods are unique solutions to our differential equation sys-
tem. Using such a method, the dynamic system state depends only on its past.
Consequently, the equations which define our differential system becomes inde-
pendent, the next position of a given particle P;_T depends only on its position
at t and on the external forces at t—7. So we have one equation for each particle
and the execution time becomes linear.
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Our choice was to use the limited development method because it gives a

better result comparing to the explicit finite difference method®. In approxi-
t—Vt—7

mating the value of the third derivative ¥ by X one obtains:

‘_/;—FT = ‘775+7-((1 +O[) Vt_a%‘—v) (3)

2

— — — T
Pror = Prt 7 Vit (14 8) % = B 7-r) (4)

The disadvantages of an explicit method applied on a dynamic formulation
are:

e [t is very sensitive to the chosen time step: if the time step is too large,
then the incurred error will produce an inconsistent behaviour as the
numerical divergence (figure 16); if the time step is too small, then the
execution time is prohibitive.

e There is no way to determine the time step which insure stability, be-
cause it depends on many factors like the collision rigidity, the collision
nature, the deformability, etc. So we have to repeat the test many times
to experimentally determine this time step.

e Even if the time step, which insures stability, is experimentally determi-
ned, one can not estimate the incurred error.

””””” numerical solution
analytical solution

Figure 16: Without a suitable time step the numerical solution can diverge

SWe have compared the two methods in applying them on a minimal physical object
using Maple, which is a computer algebra system, with powerful symbolic, numeric and
graphics routines
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Adaptive time step and error estimation: Given the function deriva-
tives, the limited development approach gives the following solution:

2

— — T .
Vier =Vit7n+ 0(5%) (5)
Pt+T:Pt+T‘/;+5’Yt+O(€7‘/t) (6)

One notes that the incurred errors in the values of \_/;+T and ]5;+T depend
on two factors:

The time step 7: when 7 decreases, the incurred error decreases.

The value of 7: if the value of 7 decreases, the incurred error decreases too.

It is clear that we can not control the value of 7, the only solution to de-
crease the error value is to decrease the time step value. Consequently, decrea-
sing the incurred error implies an increase in the computational time, which is
not practical.

An optimal solution consists in using an adaptive time step 7 (figure 17)
which the value, increases when the value of 4 decreases, and decreases other-
wise in order to keep a constant value of the error and to go as fast as possible.

F

Figure 17: A good solution to avoid divergence and to accelerate the computational time
is to use an adaptive time step 7 which increases when the function has a small frequency
and decreases else.

Normally the value of ¥ is not known, so we need another constraint to
detect and estimate errors. Equation 5 represents the position P and the ve-
locity V of a physical object. Thus the obtained solution has to verify the
energy conservation principle: The mechanical energy F,,, which is the sum of
the potential energy F, and the kinetic energy Fj, is constant AFE,, = 0. It
depends on P and V:

—

P+aP , . ]
AE, = E, + Ey = —/ 6P + mAV?
P
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This constraint AF,, = 0 can practically be expressed by |AF,,| < ¢. one
then detects the value of |AFE,,| at each time step and chooses the greatest
time step which satisfies |[AFE,,| < e.

Mechanical energy

/

a b

]l
N

Figure 18: When the mechanical energy decrease the solution becomes stable (a), else it
diverges (b).

In fact, the stability of the solution can be verified using the constraint
AFE,, < 0, but the correctness of this solution needs to verify the constraint
|IAE,,| < e.

The algorithm which determines the greatest value of the time step which
makes the error less than € is the following:

Let P, be the actual position of the object.
Let V, be its velocity.
Let E be its total energy.
LOOP
Calculate the force F; acting on the object.
Calculate P;T and Vt:_T using (eq.5).
Calculate AF.
IF |AE| > ¢ THEN
LOOP
r=1
Calculate P;.T and V,,:;T using (eq.5).
Calculate AF
UNTIL |AF| < ¢
ELSE
T=23:T

UNTIL oo

3
2
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The figure 20 shows the evolution of 7 when a ball falls down on the earth.

Let T, be the required time to achieve an iteration using an adaptive time
step, I, the number of performed iterations to achieve the simulation using an
adaptive time step, 7. the required time to achieve an iteration using a constant
time step, I. the number of performed iterations to achieve the simulation using
a constant time step, 7 the current time step, 7, the time step which verifies
the desired constraint, and I,k the iteration number needed to reach 7.
The characteristics of this algorithm are:

e As one divides 7 by 2 at each iteration, [,k f. has a very small value:
Livokfor = log, T — log, 7,
e Because of the continuity of the motion, 7, and 7 are very close, so
Lok for = 1 when 7, < 7 and ljpokfor = 0 when 7 < 7,
T, =15x*T,
e The gain in computational time during ¢ second is proportional to the

relationship between the greatest frequency of the function P, and the
average frequency of this function.

, I,  The greatest frequency
Gainy = — = > 1
I.  The average frequency

We have experimentally found that the ratio between the greatest time
step and the average time step obtained with this method is generally
very significant (for instance, it can reach a large value such as a ratio of

10000 for a stiff collision).

e We do not use the same factor when increasing (one multiplies by 1.5)
and when decreasing (one divides by 2) the time step in order to not get
always the same values and to converge to the ideal value if it exists.

e To estimate the velocity error at each iteration, one can assume that in
the worst case, the energy error €, will be transformed totally to kinetic
energy and one can write:

1 2e.
AE, = —mAV? 5 e, = 4| =
2 m

e To estimate the position error €, one can write:

P=Vxtea e, =¢c,*%T

e Experiments show that the average incurred error in position during x
seconds is proportional to the used e (figure 19).
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e
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Figure 19: The average value of the position error €, as a function of the energy error .
during 10 second and for two different values of p.

0.5

0.25

first contact. second contact. third contact.

Figure 20: The evolution of 7 when a ball falls down on the earth. Note that 7 decreases
when the ball hits the earth and increases when it leaves the earth. Observe also that the
decrement value depend on the force of the collision which is greater when the ball is faster.
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Figure 21: The variation of the relative position of two particles as a function of the time.
At the left one uses an adaptive time step, the incurred error is 0.00006. At the right one
uses a constant time step which is equal to the average time step obtained by the adaptive
approach, the incurred error is 0.003. The used parameters are A = 100, y =5, 7, = 0.065
, € = 0.01.

4.3.2 The adaptive time step and the real time processing

For real time processing we needs to update the environment state at a constant
interval of time [, so the gain is limited to Gain;. In practice, the gain is very
large when the function contains a very heigh frequency (stiff collision, for
example) and small when it is not the case. So the adaptive approach behaves
as a filter which makes the execution time quasi- constant during the different
intervals of time.

-

T, T,
Stiff Collision Elastic Collision

Figure 22: The stiff collision is a phenomenon which needs a very small time step 7, to be
processed, it remains a very small period 7). The elastic collision remains a larger period of
time T, but it needs a larger time step to be processed 7.. The computational time needed
T, . T

to process each phenomenon is almost the same because 2= ~ =
.
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The real time constraint needs that one is limited by the smallest compu-
tational time, one will not loose very much because the computational time is
almost the same during these intervals. The efficiency of this filter is propor-
tional to the width of the time interval (figure 23).

F

1 second _

Figure 23: F is a function of the time. 7; is the time step needed at each iteration to insure
stability. 77 is the average time step during each interval of time. Note that this average
changes slowly.

4.4 Interactions

When objects move in a real environment they may interact with each other.
The Robot® system distinguishes between three types of interactions: collision,
friction and external viscosity.

Collisions:  When two objects collide with each other, they locally deform
(figure 24). Consequently, they store potential energy, which will be trans-
formed into kinetic energy when the objects return to their initial forms. In
practice, this deformation is detected by measuring the inter-penetration bet-
ween the two objects.

When two points from two objects collide, the interpenetration is simply
equal to the distance d between them, so the collision force can be expressed
as:
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Local deformation

Figure 24: The collision force is the result of a local deformation at the contact area. It is
proportional to d.

=1\ (7)

. (=Ad — pd)k  Ifd <0
0 Else

where X is the rigidity factor of the collision, g is a damping factor (which
represents the dissipation of the energy), d the distance between these two
points, and k the unit vector along the two points. The distance d is considered
negative if each point penetrates the other object.

Practically, it is very expensive to discretize the object surface into a large
number of points in order to evaluate the collision force which is the case in

14].

Figure 25: The surface/surface collision.

Our solution is to decompose the object surface into triangular facets. The
collision between two facets is considered as an infinite number of point/point
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collision. To calculate this collision force, when two triangles X and Y intersect
(figure 25.A), one proceeds as follow:

e Finding the part of Y which is inside the object containig X and the
part of X which is inside the object containig Y (figure 25.B).

e Projecting each triangle on the other in the direction of 77, where 7 is the
average of the normals on each facet.

e The collision force is proportional to the sum of the distances between
one point on X and the correspondant point on Y. So the value of the
collision force is proportional to the volume of the shape (a,b,c,d, ¢, f)
determined by these two projections F. = —A * V(s a5 (figure 25.C).
This force has to be applied in the inertia center of this shape P..

e Only particles have masses and can be subjected to external forces, so the
collision force has to be distributed between the closest particles which
are the vertexes of the triangle in contact (Py, Py, Ps). One has to apply a
force F; on each particle P; that the value and the moment of F. remain
respected:

Fo=F+F+ Fs
F.P.= F\P, + FyP, + F;P;
When a particle 7 is subjected to a collision force it can lose energy. This
energy dissipation can be represented by a force F; which is proportional
to its velecity:
Fc% =i rlelative
where p is the energy dissipation factor, and 1%

relative

city of the particle ¢ comparing to the other object.

is the relative velo-

Friction: When two objects collide, they are subjected to a friction force.
Friction is basically a statistical notion. It is the result of a large number of
elementary collisions on surfaces in contact (figure 26).

In practice, to represent this force, it should be necessary to decompose
the object into a large number of particles, but obviously it is not a realistic
solution. In practice, the magnitude of the friction force |F}| can be considered
as proportional to the magnitude of the normal force |F,| (Coulomb’s law).
Then, this force can be defined as follows ©

—c|F, |‘—:, IfV#0 (sliding)
ﬁf =< _g |F |% If |ﬁt| > 8| fn| (intermediate) (8)
—F, Else (sticking)

60ther approach consist in representing the static friction by a spring connecting the two
colliding objects[13].
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Figure 26: The friction force is the result of a large number of micro collisions at the
contact point.

where ¢ is the kinetic friction parameter, s the static friction parameter (s > ¢),
V the relative speed of the colliding particles, and F, the tangential force
applied by one particle on the other.

T_)he resulting force applied by one particle ¢ on another particle j is given
by: Fregu = X Fi— T F.

If p is a point on the triangle abe then:

P_;D:aﬁa—}_ﬂp’b—l"}/ﬁc

abc are subjected to a projective transformation, so «, 3, and  are constants.
If one derives, one obtains:

V, =aV, + 8V, + 4V,

Viscosity:  When an object is moving, it interacts with the environment
(air, water, vacuum). This collision has an important effect on the motion
of the robot and on the interaction between the robot and the manipulated
object. For example, the rotation of a falling object is the result of its collision
with the air. Representing this collision force (called viscosity), requires to
associate a physical representation of the environment. But a representation of
fluid involving a very fine decomposition is not applicable in practice. This is
why we make use of a macroscopic representation of the resulting phenomena
by considering that the generated force F, is proportional to the speed of the
particle”: F, = —k\?, where k is the viscosity factor and V the velocity. For an

“This approximation is true only for an object moving in the air with a small velocity.
Which is the case for actual robots (for the liquids this force has the form F, = —k V?)
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infinitesimal surface ds : ﬁj = —kV,. For the complete surface S

ﬁvz—k/\z&s:—k/
S S

—

5ﬁ nertia—Center T
FU =—kS ! t(st Cent =—kS ‘/Inertia—Center

Obviously, only those particles which are colliding with the oncoming fluid are
subjected to this force. The viscosity force is maximum when V' x 7 = |V and

5P, § [ =
5 0s = —ka/spscss

it is zero when V x 7 < 0, where 7@ is the external normal vector to the object
surface at the particle location, So,

Vi

0 else

-

(9)

= — ‘7 . e —
n { -k S (‘/Inertia—Center X n)T if ‘/Inertia—Center xn >0

.
When the considered surface is a triangle, which is our case, the Vi,crti0—center

is:
-
Zi is a vertex Vi

3

.
‘/Inertia—c’enter -

<u
=

3

&)
3

1

y

Figure 27: The viscous force applied on a facet depends on the area of this facet and on
the angle between the normal on this facet and its velocity.

5 Solving Robotic tasks

The purpose of the Robot® system is to make it possible to create a virtual
world in which objects and robots have a physical behaviour consistent with
the real world. This possibility is obviously very useful to program or to plan
robot tasks involving complex contact interactions which can not be processed
using classical geometric models. This section shows how the concept of the
physical world can be used to solve some of the main problems of robotic
programming.
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5.1 Motion generation

One of the main aspects of a physical object is its ability to be manipulated
by an external force. This property can be used to plan the motion of a robot.
Two cases have to be considered: mobile robots and manipulators.

Mobile robot: A straightforward way to bring a mobile robot to a new
desired position is to attract it by a “physical attractor”. This attractor is a
virtual duplication of the robot itself. It is located at the new desired confi-
guration. The actual robot is connected to the virtual one by means of an
appropriate set of spring/damper connectors (figure 28.a). The choice of the
type and the location of these connectors depends on the tasks to be achie-
ved. If the new configuration is completely defined (position and orientation)
we have to connect (by means of LSs connectors) at least four non coplanar
particles of the real robot with their corresponding one on the virtual one. T'S
connectors are useful to constraint the trajectory to be followed by the robot
(straight lines or arcs of circle).

A
/ Real robot
Virtual robot
B

Switched
off

\ joints

Virtual tool

L

Figure 28: The physical path planning.
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Manipulator: A physical way to move a manipulator to a desired confi-
guration is to temporarily switch off their joints while attracting its tool to
a virtual one located at the desired position. As the switched off joints do
not resist the external forces, they will follow the tool according to their me-
chanical characteristics (figure 28.b). A switched off joint (or passive joint) is
characterised by A = 0 and p ~ oo. At each time step, the joints values are
sent to the real robot, which will generate the same motion.

5.2 Obstacles avoidance

Physical objects are capable of interacting with each other. When an object
collides with an obstacle, the collision force (§ 4.4) will prevent it from conti-
nuing to move in the same direction. So the object will slip (when applying
this algorithm, one does not consider the friction force between the object and
the obstacle) along the surface of the obstacle (figure 29.a). A simple way to
avoid the collision with the obstacle when physical contacts are not allowed, is
to expand the obstacles by a given security distance. Local minima are charac-
terized by a null speed of the moving object. Avoiding local minima is possible
by adding progressively virtual obstacles in the local minimum (the local mi-
nimum will be progressively filled). At the next attempt the object will slide
along the surface of the local new virtual obstacle (figure 29.b). This method
is efficient when the robot has no constraint on its motion.

B 3 - L 1
""""""""""""" E. b T Goal

Goal

Figure 29: Obstacle avoidance.

5.3 Stabilisation

Any object can automatically search its equilibrium state (i.e the state corres-
ponding to a minimum potential energy). This state is characterised by a null
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external force. An object is free if the sum of the external forces applied on
it is null. The speed of the inertial center of a free object is constant. If the
initial speed of a free object is null, the only possible motion of this object is
to rotate around its inertia centre. In a constrained environment this motion
will stop because of the collision with other objects. This property is useful to
ensure the stability of a grasp executed by an articulated hand. In this case
the object is initially stable, the environment is limited by the hand, and the
external forces applied by the hand on the object are null if the finger-tips
are attracted to each other by means of LS connectors: the sum of the forces
generated on the extremities of a LS connector is always null (figure 30).

—

F —F

Figure 30: Adding LS connectors between the finger-tips guarantee that the sum of the
external forces is null.

The stability of a power grasp can also be obtained using physical model:
this stability is the result of a large number of contacts between the hand and
the object as shown in the figure 31.

Smm cRmml cE=
o - r

Figure 31: Power grasp simulation.
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6 Experimental simulation

The system Robot® has been implemented using the 3D visualisation system
(Geomview ®. The three basic mechanical behaviours of a stiff bar (traction,
flexion, torsion) has been initially tested. Then we have simulated more com-
plex phenomena. Figure 32 shows the difference between the behaviour of a
wheel (which turns) and the behaviour of a cube (which topples over the earth)
when they are submitted to the gravity force. With a small friction force the
wheel slids only, with a large friction force the wheel turns only, else it slides
and turns at the same time. Figure 33 shows a vehicle which automatically
finds its configuration when crossing a hilly terrain. Grasp stability has been
simulated using a physical model of our Salisbury hand. A very stiff collision
(lambda = 2000) between a pyramid and a table has been simulated (figure 33)
the needed sampling frequency varies between 300 and 600 Hertz.

A dd 4

dddd

Figure 32: The difference between the behaviour of a wheel which turns and the behaviour
of a cube which topples over the earth

The correctness of the mathematical approach used to find the trajectory
of an object has been tested using MAPLE. For the cases which can be solved
analytically, we have compared the adaptive time step approach AT'S with
the constant time step approach C'TS (figure 21). Using AT'S, the numerical
solution converges always and is more accurate than the solution obtained
using C'T'S, the incured error in position is proportional to the incured error
in mechanical energy. The computation time needed to do one iteration using
ATS is about 1.5 times the computation time using CTS, but the gain in
iteration number is always greater than 1 (for a rigid collision this gain can

8Geomview, is an interactive program for viewing and manipulating geometric objects. It
is available for free via anonymous ftp on the Internet from host geom.umn.edu’ (IP address

128.101.25.35).
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reach 100000). The execution time depends on the task to perform. For certain
examples one can reach a real time execution, for others it is not the case. The
simulation of the motion of the Salisbury hand (figure 31) during 50 seconds
needed 50 seconds to perform using AT'S (it needs 250s using C'T'S).

Figure 33: Some simulations executed using Robot®.

Current work ? tries to study the effect of the chosen position of an artificial

ligament on the knee behaviour!®.

7 Summary and Conclusions

In this paper we have describe the Robot® system. This system allows us to
model robots and their environments in order to simulate their motions, their
deformations, and their interaction with the environment. This system allows
us to semi-automatically create a physical representation of an object from its
geometrical model, this physical representation respects the inertia matrix and
the inertia center of the real object and it optimises the needed particle number.
It uses an energy-based adaptive time step in order to avoid the numerical
divergence, to estimate incurred errors and to reduce the computation time.
The motion complexity at each time step O(n), where n is the number of
particles in the environment.

Current work integrates some efficient algorithms to detect contacts bet-
ween objects in order to accelerate the execution time. The truncation error
of the computer is also an important factor, we try to study this error in order
to add recompense factors.

°In cooperation with the TIMC laboratory at Grenoble/ FRANCE
10We have get some data using an animal knee, we have construct a physical model of the
ligament and we tries to do the same thing for the bones to compleat the model.
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