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Largest Component
in Random Combinatorial Structures

Xavier Gourdon
Algorithms Project, INRIA Rocquencourt

Abstract

We present a unified analytic framework dedicated to the estimation of the size of
the largest component in randomn combinatorial structures,

Plus grande composante
dans les structures combinatoires aléatoires

Résumé

Nous présentons un cadre analytique général destiné a Pestimation de la taille
de la plus grande composante dans nne stricture combinatoire aléatoire.

To appear in Proceedings of the Tt Conferenee on Formal Power Scrics and Algebraic Combina-
tories,



LARGEST COMPONENT IN RANDOM COMBINATORIAL STRUCTURES

XAVIER GOURDON

ABSTRACT. We present a unified analytic framework dedicated to the estimation of the size
of the largest compounent in random combinatorial structures.

RESUME. Nous présentons un cadre analytique général destiné a Pestimation de la taille de

la plus grande composante dans une structure combinatoire aléatoire.

1. INTRODUCTION

The problem of predicting the occurrence of large components in random combinatorial structures
is of interest in many branches of combinatorial modelling.

Given a window of 500 bases in a DNA sequence (with an alphabet {A, G, T} of size 4) how
“significant” is it to ohserve a sequence of 5 or 6 consecutive identical hases? In a similar spirit,
Révész [13] describes the way an examination of “runs” in coin-flipping sequences (7. ¢. contiguous
runs of identical outcomes) may be used to distinguish efficiently random sequences from man-made
psendo-random sequences.

In another context, that of cryptography, Quisquater and Delescaille {12] have conducted exten-
sive computations to determine the behaviour of the standard DES (Data Enscription Standard)
cryptosystem under iteration. They detect the usual occurrence of a “giant component”™ to which
are attached a few “giant trees” in DES graphs. It is then of obvious interest to compare such ohser-
vations against the random functional graph model since any significant deviation from randomness
there may indicate the presence of a “hidden” structure that could be exploited by cryptanalysts.

In this paper, we present a unified analytic framework dedicated to the analysis of largest com-
ponents in composite structures. This framework is based on an esseutial subdivision into three
cases (non-critical, critical, super-critical) that depends on simple analytic conditions on interven-
ing generating functions. A similar subdivision is also essential in characterising the distribution of
the nmber of components, as shown by Soria and Flajolet [7]. Though they don’t cover all cases,
our couditions do lead to explicit distribution estimates iu the asymptotic limit that are applicable
to a large number of classical combinatorial structures. Three prototypical applications illustrating
the fundamental trichotomy are size distribution of

(1) the largest root subtree in a random unlabelled rooted tree (the Catalan statistics, —1—(“:7) )i

(2) largest tree in a random mapping (the n™ statistics); "
(3) largest summand in a randow integer composition (the 2”1 statistics).

Our work generalises several specific studies on largest components while placing the prob-
lemn within a general theory of combinatorial schemas of [3, 7, I5]. Part of it extends results of
Stepanov [16] relative to random mappings and of Knuth [10] relative to carry propagation in binary
adders. Our results do not address however problems like largest cycles in random permutations, a
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problem treated by Shepp and Lloyd [14] by means of a Tauberian argument (this schema should
he discussed in a companion paper.)

2. (FENERATING FUNCTIONS OF LARGEST COMPONENTS

2.1. Algebraic framework. The relation between generating functions (GF’s)
C(2) = F(P(2))

1s fundamental. It corresponds to combinatorial substitution

(1) C = ®(P),

with (/(z). F(w), P(z) the GF’s associated to C, ¢, P respectively.

In the labelled case, this operation is thie usual labelled substitution described by Joyal in [9].
In the nnlabelled case, it is a form of “marked” substitution. Roughly, the meaning is that C is
formed by substituting objects of 7 inside “atomns” of ®. For example, the GF’s of the generic set
ad generic sequence are '

Flwy=¢" and F(w)= b

1 —w’

This paper aims at studying the limit distribution of the random variable L, representing the
size of the largest P-component in a random structure of size » in C. In our context, the generating
function of @(P)-structures whose P components all have size less than or equal to m is F(s,,(2)),

wlere
m

sm(z) = Z Pzt
i

b=
denotes the trunceation of the series P(z) to order mi. Thus,

[2"]F (sm (2))

) | Pr(L, < m)= [*]F(P(z))’

and the problem is reduced to evaluate asymptotically [z"]F(s,,(z}).

2.2. Analytie framework. It is known from classical analysis and analytic number theory that
the asymptotic growth of coefficients of a series is deterinined by its analytic properties, especially
its singular hehaviour. Many functions nsed will be of the so-called algebraic-logarithmic (AL) type.

Definition 1. A cowplex function f(z) is said to be Algebraic-Logarithmic (AL) at p > 0 if

e with the sole exception of z = p, f(2) is analytic in an indented domain
(3) A={z€C, |z| <p(l+n)|arg(z—-1)| > ¢}

for some 5> 0 and 0 < ¢ < 7/2;
o as z teuds to pin A,

(4) fer= et (1-2) (1o ﬁ/—/){ (d+ o(1)),

with ¢, d, a and  complex numbers.
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For reasons explained in [3], many elementary combinatorial structures have GF’s of this type.
Examples include shwmple families of trees in the sense of Meir and Moon [11], families of random
mappings as considered by Arney and Bender [1], many classes of permutations defined by cy-
cle constraints, etc. A hasic theorem of Flajolet and Odlyzko [6] states that under the analytic
continnation (3), the asymptotic condition (4) transfers to coefficients as

()= 2L Uesn)
["‘ ]f(’) = P F(—(J) nl+a ((1+ 0(1))

whenever oo ¢ {0,1,2,...}.

3. NON-CRITICAL OCCURRENCE

We discuss here the substitution schema C(z) = F(P(z)) when the dominant singularity of C' is
induced by the dominant singularity of P and P itself is AL. In that case, the analytic character
of the outer function F is “non-critical”. This situation covers for instance the size of the largest
root subtree in a random Catalan tree (Example 1).

Theorem 1 (Non-critical case). Assume

(i) the series F(w) has a non zero radius of convergence R;
(i1) the function P(z) is AL at z = p > 0. It satisfics, as z tends to p in its domain of analyticity

P(z)=c—d (1 - %) <log ﬁ)ﬂ (14 o(1)),

with ¢, d and « positive constants, « not an integer, and 8 o rcal number;
(iit) the function P(z) becomes singular before reaching the singularity of F(w), that is ¢ =
Pip)< R.
Then the disteibution of the random variable w — L, (where L, represents the size of the largest

P-component in a random ®(P) structure of size n) tends to a discrcte law: for any fized non
negative wntegeor boawe haeoe

. b n*
(H) lim Pr(L, =n-k)= il

11— o 17’((:) where bk = [ZL]F/(P(Z))

When k — oo, the value of () is asymptotically

dF"(¢)  (logk)?
T(—a)F'(¢) koet?

Proof. Following (2), we have

(6) Pr(L, = n— k) = O (~*~—kz(”-?])F)(; (F'Z()-s)',,_k_l(z)).

Denoting by r,,(z) = P(z) — s,,(2) the rest of order m of P(z), we have

FO(P(z))

Flon(2) = F(P(z) = ra(z)) = 3 == (= 1)r.u(2)".

>0
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When n > 2um, we have [2"]r,,(2) = 0 for € > 2, thus [2"]F(s,,(z)) is the coefficient of z" i
F(P(z)) = r () F'(P(z)). Thus, when n > 2k, (6) leads to

- [2"] (rr—k—1(z) — ru_i(2)) F'(P(2)) _ (z"~F)P(z)
[2"]F(P(2)) [z"]F(P(z))

Pr(L, = n —k) [ZF1F'(P(2)).

To couclude, we look at the behaviour of the two AL-functions F(P(z)) and P(z) near their
singnlarity and we nse the transfer lemma of [G] on these functions. [

Cowmparing the distribution of L,, with that of the nwnber of components is of interest. In the
non-critical case, it is known (see [L5]) that the distribution of the nmmber of components in the
non-critical case tends to a discrete law, which is consistent with our result: when the numnber of
components is siuall, the largest component is large.

Distribution tail. The convergence to the discrete law (5) is not uniforin enough to make a precise
evaluation of the mean and variance directly (the only information we can derive is E(/L,,) ~ n and
V(L,) = o(n?), whicl is not satisfying). Thus we study the distribution tail, that is Pr(L, < n~k)
when & is large. This problem is much more difficult than the simple evaluation of the discrete law
limit in the previous Theorem. For this purpose, we make use of singularity analysis.

Belhaviour of the vests near the singularity. First, we study the behaviour of the rests r,(z) =
ksm P =¥ near the singularity z = p. For a fixed t, the generating function of r,,(¢) has a closed
form in terms of P(z)

Xor,(t) . P(z)- P(1)

(7) Z trntl = z—1

m=n

Performing singularity analysis on this function from Cauchy’s formulae (in the samne vein as in {6])
gives the beliaviour of r,,(t) as m — oc.

Lemma 1 (Behaviour of the rests). Let P(z) b an AL-function at z = p, analytic (with the
creeption of z = p)in the indented dowmain (3) and satisfying (4) as 2 — p i A, We denote by
‘Hy the Hankel contour that is the union of the two sema-ars

ppet (p>0) and — pope? (p>0).

For all a > 0, we denote by H, the Hankcl contour clockwise oriented rounding H, at a distance a
at the left, and we denote by R, the set of complex numbers at the left of H,. Then the rest v, (z)
of P(z) satisfics, as m — 0o

" " 41 log A
(%) o (1 55)] = (+30) B g () + 1)),

m"m me

where the o(1) is uniform for v € Ry, the function ,(«) being defined by

1 —) dy
b= [ el

= — —— —
urm Sy, p—w

This form of ¢, (u) is not very explicit, but as we shall see further, it can be nicely written in
terws of a Laplace transform.

.
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Theorem 2 (Tail estimates in the non-critical case). Under the nssumptions of Theorem 1,
we have the ostimate, for all integer € > 2

(9) Pir(L, <m)=

[(—a) FO(c) ((Iog n)f

-1
o) ) N (K, /() + o)),

ne

uniformly as n — oo for A = n/m in any closed subintcrval of € — 1, 1], where

du

(10) Koiy) = / (=) = ()] = (=)™ ()

2271' PR )

with ' H a Hankel contowr clockwise oriented rounding the positive real semi-aris.

Proof. Suppose £ — 1 < nfm < £. Let 5,(2) = ,.(2) — ¢. When j < ¢, we have [2"]5,,(z) =0,
thus

F(j.)((,) Gz )j

(11) [2")F(s(2)) =[] | D —

. > I
Let g(z) = P(z) - c. Ropia(ing Su(2) by 9(2) = (2) in (11), expanding (g(2) — rn(2)) and using
the fact that [z"]r,,(z) = 0 for j > ¢, we find that [z"]F(s,.(z)) is equal to the coefficient of z" in
the funttion

F (¢
9 Bz + e,
with
-1
B(z) = (4(z) = 1au(2))" = (=1)r(2)" and C(z) = ) ru(=) g(2)F77 C(2),
j=o

where the (;(z) are AL at z = p with (;(p) finite. Lema | makes it possible to perform singularity
analysis on this function, leading to the estimate

N FO () (logm)” . n
['7 ]}' ru( )) ”)/l+[“’ (111\“’1 <_> +(I(l))

¢! "

uniformly for A = n/m in any closed subinterval of }¢ — I, ¢]. Dividing by the asymptotic value of

[z*]F(P(z)) finally gives the result. O
The function I, (X) is expressed in the next paragraph as an integral convolution.

The tail estimates make it possible to get a quite precise evaluation of the mean and variance.

Corollary 1 (Mean and variance in the non-critical case). The mean and variance
of the randone variable L, satisfy asymptotically, as n — oc,

(L) =n—rpn' " (logn)’ (1 4+ o(l)), Var(L, ) ~ kyu?™" (log n)”
wherc 8y and Ky are constants defined by

d (=) k AT (=) F"(¢)

_ ) [ PO
= SF(c) /l t KN, (t)dt  and k, = ——FW_ /1 (t — 1)t Ix,, 4(1) dt.
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An expression of A, 4 as a simple integral is given in the next paragraph, making possible to

express the constants k) and xy as double integrals. When o = 1/2 (which is the most commmon
case encountered in the practice), their value can he computed explicitly:

) dF'(¢) dF"(c) ( 7r)
2 V] — —F— T < vy —_—_—— —— .
(12) K TR and  wy N0 1 1

Computation of K., (A). We make explicit the expression (10) of the function K, ().

Lemma 2. Denote by H, () the function defined over R by

H.(t) = if 0<t<1, Hu(t)=0 otherwisc.

t(v+]
The value of K, (X)) for ¢ — 1 < A < 0 is (4111/.(11 to HY(A)/T(=a)', where HE s the ¢-fold
convolution of H,, with itsclf, that is

i

B I'(—~a). tittot Htr=A

Ko o(A) Ho (1)) Ho (1) dty - --dt,.

Proof. The function ¢, (u) looks like a Stieljes transforin taken at the value —u with a different
coutour. A Stieljes transforin is a Laplace transforn iterated twice. A similar property is true for
i, () suppose W) < 0 and uis at the left of the Hankel contour H. We write

1 e~r o~ ( ) | + C—(::—}-l)p ’
(1) = — AP e ) dp = — —_— T g,
i, (1) 2”‘_/7{ i (A s ( l) dp i /, /H R dp | " da

The Hankel representation of the T-function gives an explicit value of the last integral [, from
which we derive

-1 —a=-1 H :
o € ifa>1
¢y = LG (=), G () = )
: I'(—ev) [ ) ) 0 ifo<a<l1
where £ denotes the Laplace transforim.
Now suppose « is a complex number such that %(«) < 0. Within the integral defining ,(A),
we can shift the contour ‘H to the line £(¢) = —1. Since

= ———l > ——1— —a
(=m)” = F(—fl’) L[:lt"+l] (—u),

I, (A) finally writes as

Lo ‘e 1y oo
F(—_;l.—)i <27 ‘/_1_’."; (C(H,,(—H)]([I) —_— L[(_‘l”(—'ll.)](]')) ) [# L (l'l/») .
The last term is the inverse Laplace transform of the function £{H,])' — £[G,]¢ taken at the point
A, thus it is equal to HIN(A) = GU(X). Since A < ¢, we have G (X) = 0, which yields the result
wlien R(er) < 0. When X is fixed, our functions are analytic in «, thus the result is true for all

. O
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Example 1 (Largest subtree of a Catalan tree). A Catalan tree is a planar rooted unlabelled
tree. Sucl a tree can be described recursively as a node followed by a sequence of subtrees which
are of Catalan type. Thus, with our notations, the distribution of the size of the largest subtree of
a Catalan tree corresponds to

1 1 -v1—-4z . .

F(w) = 1 and P(z)= — (Catalan tree generating function).

- 1w
By Theorem 1, the random variable L, counting the size of the largest subtree of a random Catalan
-~ Aree satisfies

1 1 5 7 21
lin PHL. = n—k) = ¢ =70 20T Tom 19t
“l_l.lrt ¥ L, n ) Cks Ck 4> 8’ 647 128’ 512°

As for the mean and variance, Corollary 1 with (12) give

2\/n 2 N\ s
E(L,)y=mn-— %(l + u(.l)) and  Var(L,) ~ ﬁ (1 - E) w32,

4. CRITICAL OCCURRENCE

[n this case, the dominant singularity of F(P(z)) arises simultaneously from P(z) and F(w), a
situation oceurring for instance when studying the size of the largest tree in a random mapping
(Example 2).

Theorem 3. Assume

(1) the series F(w) is AL atw = R >0, and as 2 — R in its domain of analyticity

w

, LA -

where 0 Dy y and & are some constants with D # 0 and v < 1, v #0;
(it} the function P(z) is AL at 2= p > 0 and P(p) = R. It satisfics, as z — p in its domain of
analyticity

P(z)=R~-d <.»1 - ;) (101: ;//)/ (I + (1)),

Tl -z
with o and oo positive constants, o < 1, and 3 a real number,

Then the random variable L, satisfies lim, o, Pr(L, < n/A) = fo,(A) for A > 1, where
STl P Y1) [

(1) Junld) = —% T(-a)

1=t
The integral in (13) is an analytic function of y for R(7v) < 0 which can be analytically continued
Jor all compler wainber y: for vy > 0 its value is defincd by analytic continuation.

Proof. We can restrict to the case where p = 1. The function C'(z) = F(P(z)) is AL at z = 1 and
its asymptotic form near z = | is obtained {rom those of F(w) and P(z) near w = R and z = 1.
Using singularvity analysis, we deduce

] - 1.” ) . l Y /1'7-.4-1) .
(14) )= [P ~ e g2 i BT e e,
['(—evy)

7L(r-y+1
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Now, following formulae (2), we study the hehavionr of [z"]F(s,,(2)). Let A = nu/m and ¢ = |A].
From Taylor formmla, [2"]F(s,,(2)) is equal to the coefficient of 2 in the function

¢ CFU(P(»

: rm(2).

i=0 7
A classical result from analytic function theory states that the derivatives of FO)(w) behave like
the derivatives of the behaviour of F(w) near w = R. Plugging this information into (15) together
with the result of lemnmna 1 and performing singularity analysis finally gives for [z”]F(s,,(z)) the
asymptotic value

| : (—1 (1), ())" oy
(“’) I\m.(/n.‘)'(/\)v Ju"l(’\ 2”[_ /( Z ( (__”) ’ du.

j=0

When « and A are fixed, this integral is analytic in y. When v < 0, we cau move the coutour H to
the vertical line W(z) = —1, and a change of variable leads to an expression in terins of an inverse
Laplace transformn

1 Atin -1y LG () (p i '

207 iz iTe

The function (7, («) vanishes when « < 1, thus GY(A) = 0 for j > ¢, and since a product transforins
(by Laplace) into a couvolution, the suimn in the last integral can be extended until infinity and

. ¥
correspolds exactly to the expansion of (l - [lf'."(")](")) . The result follows easily. [

(=e)pr

Corollary 2 (Mean and variance in the critical occurrence). Under the assumptions of the
previous Theorem, the mean and variance of the random variable L, satisfy asymptotically, as
" — oo,

E(L,) ~ ¢y n, Var(L, )~ ¢y n®,

where the constants ¢y and ¢, are defined by

(18 L (1 1 /m - /r)v 1| d
h = — — ¥ — odr
) €y ar Jo F(—(r) J. e+t ‘ !

ane
2 o i et v .
5= —_— ] - —— It Y R

Proof. Thauks to the previous Theorein, we have

(19) E(L,) Z [l = Pr(L, <m)] ~ Z [ —~ fory <Il)—,')] ~ ¢

m<n m<n

where ¢ = j“l [1 = f.o(L/t)} dt. This integral expression for the constant ¢, is not satisfying; we
give another way of expressing ¢;. Let

\I

= Y [F(P(2)) = Flsm(2))],

m2>0

(20)

Y
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so that E(L,) = 24 [z"]H(z). Formula (19) with (14) give an asymnptotic value of [2*]H(z) from
which it is easy to deduce the belaviour (we can restrict to p = 1)

3 Ay+d
(21) H(z) ~ K (ayey) (1= 2)! (log 1 ) ,

valid as z — 17, = heing a real number. The behaviour of H(z) near I~ can also be computed
directly from (20). Approaching suins by integrals (a techuique used in [5, proof of Theorem 8] for
example) gives for the behaviour of H(z) near 17 a formula like (21), but with ayc, replaced by
an integral. By identification, this gives the expression (18) for ¢,.

Starting with the formula E(L2) = 3,,¢,.(2m + 1) Pr(L, > m), the same technique gives the
result for the vartance. 0O

m<n

Example 2 (Largest tree in random mappings). A random mapping is a set of cycles of la-
belled rooted general trees 7, which can be also interpreted as a sequence of trees 7. Thus i
corresponds to the case

i 1 . o
F(w) = T— and  P(z) = T(z), where  T'(z) = zeT6)
—w
(Cayley tree-function). The tree-function is AL near = = 1/¢ and satisfies near this singularity
T(:) =1 - 201 = cz)+ O(1 = ¢2). Theorem 3 gives the limit distribution of the random variable
L, represeuting the size of the largest tree in a vandom wapping of size n in the form
lim Pr(L, <n/X) = fij21(X), A>
H—y
witl fi/y 1(A) given in (13). The value of fy,, _1(A) can be computed explicitly for 1 < A < 24
instead of (13). we use the expression (17) which gives

I(1/2)0 /"*’“’ (1,_1/-.: N ’;[(I_NL](/Q) A dp,

Jipa-t{A) = Jim ‘ L(=1/2)p

l—iry

We rewrite this in the form

POL/2)NV2 pri a2 (p) LG ()] (p) L1 (p) A
2in / ( T2 T (= 1/2) «dp.

./'1/2.—1(/\) =

T—imG

Stiuce the itegral is the inverse Laplace transform, this rewrites as

A
/ Gioyo(u)du =2 — A2
J0

. ‘ L AT (G ) x (N A
. A) = 2 \1/2 AN — 1 _
Frpe o (A) = T(1/2)A (1‘(1/2) + (= 1/2) ) 1 5

This is true for I < A < 2. The same technique can he used to compute i, (X)) for kb <A< k41
when A is any positive integer, leading to much more complicated expressions when & > 2.

As for the wean and variance. Corollary 2 combined with numerical compntations give E(L,) ~
ey and Var(L,) ~ eyn® where ¢f = 04834933 .. and ¢, = 0.0494698 ... (the mean value of the
size of the largest tree in a random mapping of size n was determined by Flajolet and Qdlyzko
in [5. Theorem 8] who gave the same expression for ¢).
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H. SUPER-CRITICAL OCCURRENCE

lu this last case, the singularity of F(P(z)) is dictated ouly by F(w). The technigne is a
generalisation of the one Kunth used in [10] while analysing the average time for carry propagation.
[t consists essentinlly in studying the way the dominant singularity of F(s,,(z)) is modified as m
HLCTeases,

Theorem 4 (Super-critical case). Assumc
(1) the series F(w) is AL at w = R > 0

(it) the function P(z) is AL at = = p > 0 and P(p) > R. Il satisfics, as z tends to p in its

domain of analyticity

> r l Jél
Pz)=R+d (l — —> (log ——-———) L+ o(1)),
o) \ni=zy,) (Hetd)
with .« and [ veal numbers, o € {0,1,2,...} and d # 0.

Then the distribution of the random variable L, satisfies

d (log m)” (ﬁ) "

Py < m) = exp(—mn. ith ., ~
Pr(L, <m)=exp(=n, )1+ 00ml,)) with ., T(—a) P (a)(p =) o+ p

where a is the woigue nwmbor an (0, p) such that P{a) = R.

Proof. We use [ormulae (2). The function F(P(z)) has only one dominant singularity at z = «;

as for I'(s,,(2)), it becomes singular at = = «,,, where «a,, is the unique positive number such that
splag,) = B Sinee a < pand s, (0) = P(a), we have a,, — a as m — oo. These considerations
permits to derive an estimation of r,,(a,,) from the first terms of its expansion, leading to

(0.) ((l,,,, )"‘“ | d  (logm)”
Ty, )~ - 3 .
P L—a/p P(=~«) mot!

Then from r,,(a,,) = Pla,,) — Pla) ~ (a,, — a)P'(a), our estimate of r,,(a,,) easily leads to

T ] ("-)m ¢ (log m)”
= ¢ ez p ]‘\(_“,) P’(ll.)(/’ — n,) s+l .

Now it remains, to perform singularity analysis on the two functions F(P(z)) and F(s,,(z)) near
= a and z = «a,, which finally yiclds the result. O

Corollary 3 (Mean and varjance in the super-critical occurrence). Under the
asswptions of the previous Theorcmn, the wmean and variance of the random variable L, satisfy

asymptotically, as 1 — oo,
E(L,) = logpn— (e + 1) logg logn + log, loglogn + O(1), Var(L,,) = O(1),
where T = pla.

Proof. Since (J,,) teuds geometrically to zero, we easily prove
(22) E(L) =3 [1-c]+0()= 3 1+0Q),

m mmnd,, <l

the result for the mean follows then from the inverse asymptotic

')

et

<1t me < logpn — (e + 1) logg log n 4+ flogy loglog n + O(1).
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The variance Var(L,) = 5 Pr(L, = m)[m — E(L,)])? is O(1) as can be proved by cutting the
sum at m = | E(L,)] and using easy inequalities on each term of the two parts. O

The estimate of harmonic sum in (22) is generally treated thanks to Mellin transform tech-
nique [4]; as done also in [10] or in [8] in the case @ = =1 and = 0.

Example 3 (Largest summands in compositions). A composition is a sequence of positive
wtegers, called sunuwands, the size of a composition heing the sum of its summands. The dis-
tribution of the largest summand L, in a random composition of size n correspond to the case
where

o

F(w) = : and  P(z) =

| —w Cl—z
The function F(I(=)) becomes singular at z = 1/2. At this point, P(z) is regular so that we are
in the super-critical case. Theorem 4 gives
1
2771’

I

Pr(L, < m)=exp(=nd,)(L +0(@(ml,)) with .J, ~

[\

and from the Corollary
E(L,) =log,n+ O(1), Var(L,) = O(1).
A similar analysis applies to longest runs in random strings [2, 10].

Example 4 (Longest sequence of unary nodes in unary-binary trees). We work
with rooted plain trees. The funily of unary-binary trees € can be obtained from the family of
binary trees 5 by substituting each node with a non-empty sequence of unary nodes. In other
terms. € = B(S) where § is the family of non-empty sequence of unary nodes. We wish to study
the random variable L, counting the size of the longest § component in a random unary-binary
tree of size n. This corresponds to the case where

z 1 -1 - 4w

P(z) = and  F(w) = B(w), where B(w) = 5
; w

(binary trees generating function). The function F(P(z)) becomes singular when z = 1/3, near
which P{z) is regular: we are in the super-eritical case. Theorem 4 gives

. 301
Pr(L, <m)=exp(—nt, )1 +0O0m),)) with J, ~ ; -

and from the corollary

E(L,)) =log,n 4+ O(1), Var(L,) = O(1).

. CONCLUSION

Methods of this paper also perinit us to determine wmore complete asymptotic expansions while
viving access to local limit theorem. Possible extensions of this work are

- largest components in product scliemas of the form ¢ = A x ®(P);
distribution of the r-th largest component;
~distribution of the smallest compouents;
- problems like comnting the largest cycle in a random mapping.
As done in 15, 7], it would be also of interest to study systematically the framework where gener-
ating funetions are of the cep-log type.
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