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ROCQUENCOURT

Analyse multifractale de capacités de Choquet:

Résultats préliminares

Résumé : Nous définissons une analyse multifractale pour des suites de capacités
de Choquet par rapport & une classe générale de mesures, et donnons quelques
résultats préliminaires sur les spectres usuels. En particulier, nous montrons, sous
des hypotheéses assez larges, comment construire une suite de capacités de Choquet

dont le spectre de Holder est prescrit.

Mots-clé : capacités de Choquet, dimension de Hausdorff, spectres multifractals.
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1. INTRODUCTION

Multifractal analysis was first introduced for the study of turbulence in [1, 2, 3,
4, 5, 6, 7]. It was then much developed in a mathematical framework for instance
in [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] where general results were obtained for
deterministic or random measures. Other authors extended this analysis to point
functions ([19, 20]), obtaining quite complete descriptions. In this work, a multi-
fractal analysis is defined for sequences of Choquet capacities with respect to a given

reference measure, and some preliminary results are given.

The motivation for these generalizations are essentially practical :

e In many applications, the relevant quantities for the description of a given
phenomenon cannot be easily modeled by measures, because they are not
additive. Let us give two examples. In the field of image analysis ([21], [22]),
edge detection is a topical problem. To a given region in the image, we may
associate the sum of the grey levels of the pixels lying inside this region. This
set function is additive and it is a measure. Alternatively, we may split the
region into subsets of pixels having the same grey level, and associate to the
region the cardinal of the subset containing the largest number of elements.
This set function is not additive, thus it is not a measure. However, it is
increasing and regular: it is a Choquet capacity (a similar example is to be
found in section 5.1). Some computations show that the second set function
is a more powerful and more robust tool for detecting edges in an image than
the first set function. The second example deals with the study of road traffic,
where an important quantity is the flow. It is usually expressed in number
of vehicles per hour, and measures the number of vehicles that have been
passing by at a given point during a given period of time. To a time interval
[to, t1], we may associate the integral of the flow observed between ¢, and ¢,
or the maximum flow observed between t, and ¢;. While the former function
is additive and is a measure, the latter again is not additive and is a capacity.
Furthermore, it is easy to see that the capacity is more appropriate than the
measure if we are interested in predicting the beginning of a congestion [23].
These two simple examples show that additivity is too strong a requirement
to impose on set functions to be used in practical applications. Choquet
capacities are the simplest generalization of measures relaxing the additivity
constraint, and this is why it is interesting to define a multifractal analysis
for them. Finally, note that a significant part of the “classical” multifractal
analysis, as for instance presented in [14], does not indeed rely much on the
fact that the studied objects are measures, and only a few details have to
be modified in order to deal with capacities. Indeed, we closely follow [14] in
sections 2.1.4 and 3.3.
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e There are many reasons for performing a multifractal analysis w.r.t. any
probability measure p rather than restricting to the Lebesgue measure. For
instance, this generalization “uncovers” some degenerate cases: several mea-
sures may be mixed together with the singularities of one of them “domina-
ting” the others so that only its spectrum is “seen” when we use a classical
analysis. Changing the reference measure here allows to be sensitive to the
other measures. Another point is that a multifractal analysis may be meanin-
gless or even impossible to perform w.r.t. the Lebesgue measure (for instance,
the Holder exponents may fail to exist), but can be fruitful w.r.t to another
measure. Finally, and this is most important in practical applications, chan-
ging the reference measure may lead to much faster convergence rates when
estimations of the spectra are made on real data. We call this type of ana-
lysis mutual multifractal analysis, and a few steps are made in this direction
in section 3.6, although the subject is merely touched upon in the present
paper. Further investigations will be presented elsewhere.

e Finally, the reason for working with sequences is that the notion of resolution
is taken into account in a simple manner. Also, most of our results need not

insure the limit of the sequences.

Section 2 defines the basic principles of the analysis, section 3 proposes some ge-
neral results for the comparison of the different usual spectra, section 4 proposes
a simple model for constructing capacities which can be useful in some applica-
tions. The last section indicates a way to construct a sequence of capacities with a
prescribed spectrum, under some mild conditions, and give tighter bounds for the

spectra.

2. MULTIFRACTAL ANALYSIS OF A SEQUENCE OF CHOQUET CAPACITIES

In this section, we define the quantities a,, o, fi, f,, fg and f; which are the core

of the multifractal analysis.
2.1. General definitions.

Definition 1. [24] Let F be a set. A paving on E is a set £ of subsets of E containing
the empty set and stable under finite union and finite intersection. The pair (E, )

1s called a paved space.
Let P(F) denotes the power set of F

Definition 2. [24] Let (F,&) be a paved space. A Choquet &-capacity on E is a
function c: P(E) — TR wverifying the following properties :

(1) ¢ is non decreasing : if A C B, then ¢(A) < ¢(B).

(2) If (A,) is an increasing sequence of subsets of E, i.e. A, C A, 41,

e(JAn) = supe(4n)

RR n°2576
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(3) If (A,) is a decreasing sequence of elements of £, i.e. A1 C Ay,
c([)A.) = infc(A,)

Remark: every Borel measure can be extended to a capacity [24, page 16], and every
(positive) additive capacity such that ¢() = 0 is a measure on B(E) (the Borel sets
of E).
In what follows, we only consider Choquet capacities defined on E := [0, 1], and
taking values in [0, 1], with £ := B(E). Moreover, the short term capacity will stand
for a Choquet £-capacity on E.
Let (v4)new be a increasing sequence of IN, ¢ = (¢,)n>1 a sequence of capacities
defined on [0,1[, and P := ((I}")o<j<v, )n>1 @ sequence of partitions of [0, 1[. We
assume that the following conditions are met :

(C1) lim,_ o maxoc;<,, || =0,

(C2) Vn,k, I is an interval, semi-open to the right.
Occasionally, we will need the further conditions :

C3)Vn, Vj, 0<j<wv, 3k suchthat I? C I" ! where I! := E.
J #E Tk 0
(C4) Va >0,
limsup [I|*k(I) <1

IeP,|I|—0
where (j).—sup —|I"+1|’ ko CI7o.
k

For z € [0,1] and n € IN, let I"(z) be the interval I* containing z. Let U, be the
set of indices j such that c,(I;")u(I}') is strictly positive. We also assume that a
non-atomic probability measure u on [0, 1] is given.

We stress the fact that, in our case, a multifractal analysis is relative to a fixed
sequence of partitions and a fixed measure. In particular, if the sequence of partitions

changes, all the quantities defined below (i.e. a, fu, fi, fy, f 4, T) mMay vary.

2.1.1. Definition of f.
- (@)
__loge,(I"(z
2 = Qg (I (@)
which is defined when ¢, (I"(z))u(I"(z)) # 0, and

a(z) = lim a,(z)

when this limit exists.

We call this quantity the pointwise Holder exponent of ¢ at point z with respect to
1, although the usual definition involves the limit over all balls centered at z, ¢, = ¢
for all n, and p = £ (Lebesgue measure).

We will use the following definition of dimension of a set F with respect to an non-

atomic measure y, dim, (£). This definition is similar to that of Hausdorff dimension

INRIA
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[25], except the fact that it is restricted to coverings by the elements of P .
Let :

o s(E) = inf{fu(@)s JE C UE w(E;) <6, E;€P Vi}
Hy(E) = };ii%;;,&(E) z
dim,(E) := inf{s / H,(E) =0} =sup{s / H,(E) = +oo}

Note that if the elements of P satisfy (C3) and (C4) and if u is the Lebesgue measure,
then dim,(F) is indeed the Hausdorff dimension of E [26].
Set:

E, ={z€[0,1] / a(z) = a}

The f;, multifractal spectrum (sometimes known as the Holder or Hausdorff spec-

trum) of ¢ is defined as:

fu(a) :=dim, E,

2.1.2. Definition of f,.
Let n € IN and € > 0. Let K”(a) and N*(«a) denote:

loge, (1)

K(a) = {k e {0, =1}/ o

€ [a—a,oz+5]}

and
N*(a) := card K!(a)
We define the f, multifractal spectrum of c as

log N («)
:= lim lim sup —————+
fo(a) := lim Iim sup log.,
Notice that, contrary to the usual definition of f, ([15],[27]), we do not assume that
all the intervals of the partition have the same size. v,, does not represent here the
inverse of the size of the intervals, but their number. However, this classical definition

is obviously ill-adapted here. We are thus led to the following generalization.

2.1.3. Definition of fg.
With the previous notations, we define, for all G > 0,

Sl B) = Y W)

kEK;’(a)

Se(a,8) = limsupS’(a, )

n—+o0o

(with the convention )7, = 0).
Using (C1), it is then easy to show, by analogy with the Hausdorff dimension, that

RR n°2576
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there exists a real number f; () such that

B<fil@) = S.(a,B) =+
B> fi(a) = S.(a,8)=0

[, is non decreasing in ¢, and we note

fo(a) == lim f;(a)

e—0

It is straightforward to verify that if all the intervals have the same size v, !, u = L

and when f, exists, then f, = f, (see lemma 1, page 11).

2.1.4. Definition of f;. (here we follow the work of [14]).

Let (A,)n>1 be a sequence of positive integers such that:

> exp(—nA,) < oo for all n > 0 (1)
n>0
We define
Xula,) = 3 ea( IR u(I)
i€V
and

X(z,y) :=limsup A" log X,,(z,y)

n— oo

One verifies that X is convex, non decreasing in y, and non increasing in z.
Set:

Q= {(z,y)/ X (2,y) < 0}

A similar argument as one found in [14] allows to show that there exists a concave

map ¢ such that :
0= {(z,9) € R’ / y < $(x - 0)}

(§°2 is the interior of 2).

We suppose that ¢ is finite on an open interval containing 0, and we set :

7(q) == ¢(q — 1)

We then define the f; multifractal spectrum of ¢ as being the following Legendre

transform of 7:
file) = inflga —7(q)]

When p = £ (Lebesgue measure) and all the I} have the same length exp(—2A,), and

assuming that all the considered limits exist, we come up with the usual formulae :

1

T.(q) = —A—lochn(I}”)q
n JjE€UL

7(q) = ligr_l)ioglan(q)

INRIA
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As for measures, the multifractal analysis consists in computing «,(z) and «a(z),
and to evaluate and compare f, f, fy and f;.

When several sequences of capacities are considered simultaneously, we write respec-
tively Fo.c, frer fg.er f;,c and f, . for E,, fu, fg, fg and f; associated with ¢, where

c is either a measure, or a sequence ¢ := (c,),>1 of capacities.

2.2. Remark. When a sequence (c,), of capacities converges simply towards a
set function ¢ (i.e. for all A C E, ¢,(A) converges to c¢(A)), the definition of the
Holder exponent defined above might not coincide with the definition obtained by
considering ¢ (see the diagram below). More precisely, for a given z € E, we could

imagine the two following procedures for computing a(z).

(1) e Given ¢,, compute a,(z).
e When the limit exists, deduce a(z) :=lim,_ 1 o, ().

(2) e Compute ¢ :=lim,_, . ¢,.
: loge(I"(z))
e Deduce a.(z) :=1lim, ;o ——————2=.

@) " Tog u(I"(2))

Cn — Qq

!

— O —

Q

c

The following example shows that even in the case of a sequence of measures, we
may have a, # a:

Let xy be any element in [0; 1], and P be the partition of [0; 1] in dyadic intervals
(i.e. |I}| = 27™ for all k, n). The multifractal analysis is here carried out with respect

to u = L. We consider the sequence of measures whose general term is
calA) == L(A N\ I"(z)) + 27" L(A( I (0))

for every Borel set A of E. Clearly, c,(A) converges towards L(A). Moreover,
cn(I™(z0)) = 272", and for z # x;, and for sufficiently large n, c,(I"(z)) = 27™.
We deduce

alzg) = 2
a(z) = 1 ifz#x
a(z) = 1 forallze E

A necessary and sufficient condition that guarantees the commutativity of the above

diagram is of course

1 e, (IM(x))
T 1) B

RR n°2576
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However, in practice, the limit is not always known. The following commutativity

criterion is more convenient:

Proposition 1. Let (c,) be a sequence of Choquet capacities converging simply to

a finite limit c, and let x € E such that a(z) and a.(z) exist. Then

1, e (@) e
(nliffmll?oonlogww—o) = (a(2) = a(z))

If so, c, is said to be an admissible rank n approximation of c.
Proof. Use the equality c¢(I™(z)) = lim,_ ;. ¢,(I"(z)) for a fixed n. O

The measure introduced in the example does not satisfy the commutativity criterion.

Indeed, we have

1 I
lim lim —log M = —log2
n—+00 p—+00 1, Np(["(wo))

3. COMPARISON OF f3, f,, fg, fi IN THE GENERAL CASE

In this section, we propose some inequalities between fi,,f,;, fg and f; without

making any assumption on ¢. The main result of this section is the following:

Theorem 1. Let ¢ := (c,)n>1 be a sequence of Choquet B(E)-capacities defined on
[0, 1], taking values in [0, 1], and let P := (({}*)o<k<w, )u>1 be a sequence of partitions
of [0, 1] satisfying (C1) and (C2). Then the following inequalities hold:

fn < fg <fi
The proof of this theorem is separated into several steps explained below.
3.1. Comparison of f; and fg.
Proposition 2. Under conditions (C1) and (C2), we have

thfg

Proof.

In what follows, we assume that E, # () (the case E, = ) is trivial).

Let z € [0;1], n € N, k,(x) the integer such that z € I}’ ), and z} the lower bound
of I;}. When the limit exists,

Oé(.’L') = n1—1>I-iI-1<>o an(:z;) = n1—1>1—+1—loo an(‘rkn(z))
Choose € > 0. We have
Ang =ne(w,e) / Yn2ng an(y, ) €la—c;a+¢

or equivalently

Ang=no(z,e) / Yn>ny ku(z)€ KX a)

INRIA
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Since z € I, for all n, we obtain

ve>0 ze (\ U It
n>no(z,e) kEK? (a)
And
ve>0 E.cU) U It
P n>pkeEK(a)

which yields, after setting Ef, , := (} U [} and s} :=dim, E;, ,
’ n2p keKZ (@) ’

fu(a) :=dim, F, < sup s,
P

Clearly, E, , C E;, ,.,, and thus s; < s7,,. We deduce sgp 8, = pgglm 57 (which is
finite since s; < 1).

Let s,6 € IR* and p € IN. For large n, we have max;, u(I7") < 6 and thus

no(Bay) <00 i) =S (a,s)

kEK? (o)
which yields
'H;(Efx,p) < S.(a,8)

and
We conclude

O
3.2. Comparison of f, and f.

Proposition 3. Under conditions (C1) and (C2), we have

fg S fl
Proof. Since
vnp—1
Xo(g=1,7):= Y caID)u(I)™" > D el 'w(Iy)™"
k=0 keK? ()

we have, for large n,

Xo(g—1,7)> > p(Ip)"e*=" = SMa, (ate)g—T)
kEK™ ()

€

(choose a + ¢ if ¢ > 0 and o — ¢ if ¢ < 0).

Choose 7 < 7(g). Then X (¢ — 1,7) < 0 and there exists ¢ > 0 such that, for
large n,
Xalg—1,7) <exp(—cA,)
This yields
Se(a,(axte)g—71)=0

RR n 2576
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Hence
Vg, V7<7(q), Ve>0 (oz:l:a)q—TZJZgE(a)

Thus, letting € — 0 and 7 — 7(q),

Vg fy(@) <ag—7(q)
and
fyla) < fila)
O

3.3. Comparison of f;, and f;.
This section follows some results of [14] to show that, in the case of a sequence of

Choquet capacities, we have:
Proposition 4. Under conditions (C1) and (C2),

In< fi

Proof. The proof is a simple extension of the one given in [14]. Here are the main

steps:

e We show that f;(a) = inf,(qa — 7(g¢)) is non decreasing on | — oo, —7'(07)]
and non increasing on [7'(07), 400

If o <7'(07) and 6 > f,(a), then 3t >0 / X (¢t —1,—6+ at) < 0.

If @ > 7'(0%) and § > fi(a), then 3t >0 / X(—t—1,—6 —at) < 0.

Let U, = {j/ca(I}) > p(I})*}, then limsupA,'log Y u(I)® < 0 for

n— 00

j€US

a<7'(07)and 6 > fi().

o Let U, = {j/0 < cu(I) < p(I})*}, then limsup A, ' log Y p(I)° < 0 for
n—oo ]Ega
a>7'(0") and § > fi(@).
o If a < 7'(0%), then limsup A, ' log Z N([]?L)—T(O) <0
n—00 jeﬁa
e If o > 7'(07), then limsup A, "' log > u(I})™" < 0.
n— 00 jev,
e Let B, = {z € [0,1[/a(z) < a}. If & < 7/(07), then dim, B, < fi(a).
(X)
e Let V, = {z € [0,1[/a(z) > a}. If a > 7'(0%), then dim,V, < fi(a).
(Y)

which finally leads to :
fula) = dim, E, < fi(e) (2)
O

Remark: (X) and (Y) are in fact stronger results than (Z), since they provide an
upper bound for the dimension of the union of a possibly uncountable number of
sets F,,.

INRIA
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3.4. Comparison of fg and f,.
Let ¢ and € be two strictly positive real numbers, and n an integer.
Set, for all @ € IR™,

Ki(a,0) = {keK(a)/pI) <cv,'}
Kl (a,0) = {keK!(a)/ u(Ly)>cv,'}
n'(a,c) = card K¥(a,c)
7*(a,¢) = card K] (a,c)
N*(a) = card K (a)
() = min  u(ly)
Ala) = max u(Iy)

Furthermore, we note, for all 3 > 0,
77"(0(,0) (ln(a)>ﬂ
€ = =€ 1 — £
mn(a’ ¢, 6) NE"(Oé) ( CV;l

o = R (50

From the definition of S”(a, 3), we deduce the following inequalities:

N2 (v, (1 —mi(a,e,8)) < S2ase) < PN (v, (1+ M(ac,8))
We then obtain the following lemma:

Lemma 1. Under conditions (C1) and (C2), we have
. (3e>0/Ye>0VB<f(a) limsup,ms(a,c,f)<1) = f,(a)<f,(a)
2. Fe>0/Ve>0Y3>f,(a) limsup, M:(a,c,f) < +o0) = f,(a) < f,(a)
3. (FA>0,AneIN/Vn>ng Al < () < Av,) = fg:fg

Proof.

1. The hypothesis implies that there exists a real number m €]0; 1] such that
m:(a,c,B) <m
for all large n, and thus
(1 =m)N(e)v,” < S5 (e, B)

and the result follows.

2. The proof of the second result is similar.

RR n°2576
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3. This is a consequence of the two others results. Indeed,

AT <) = (e, A7) =0
u(ly) < Avyt = 72(a, A) =0

which yields the desired equality.
|

We also have more practical properties:

Proposition 5.

. n*(a,c) .
1. (EI ¢c>0/Ve>0 limsup, No(a) < 1) = f,(a) < f,(a)
2. (Ve>0 liminf,!*(a) v, >0) = f,(a) < f,(a)
3. (E! ¢>0/Ve>0 limsup,n®(a,c) < +oo) = f,(a) < f,(a)
4. (Ve>0 limsup, \*(a) v, < +00) =  f(a) < f,(a)
5. (3¢>0/Ve>0 limsup,n%(a,c) <4+o0) = f,(a)< f,(a)
Proof.
1.
: 1z (o, ¢) 1; (e, c¢)
1 == 1 == 1
1mnsup NE"(a) <l= NE"(oz) <m<
for a certain m et for large n, and
limsupm: (a,c,8) < 1
We conclude using the previous lemma.
2.
(limninf @) v, >0)= 3 c>0/1(a) v >c) = n"(a,c) =0
3. We have
¢ N2 (a)vy (e ) (v — 12(@)") < S (v 0)
and limsup, (@, ¢) < +oo ensures that n”(a, c) is bounded. Morevover,
lim (v, — I*(a)?) =0
implies that n"(, ¢) (v,” — I2(@)”) is bounded.
4. The proof is similar.
5. Idem.
[]

3.5. Examples when f,, f, and f; differ with = L.

INRIA
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3.5.1. Ezxample 1: f, < f4.

In this example, the sequence (c,), is such that, for all n, ¢, = @ with g :=
%(ul + p2), p1 being a binomial measure! whose support is [0; 3], with weights
mo, my = 1—mg (mg < my), and s, being the uniform measure on [% ; 1[. We split
[0; 1] as follows: for a given n € IN* , we split [0; ] in dyadic intervals of size 2=("=1),
and [1 ;1] in triadic intervals of size 3=("=1.

For almost every z € [0; 1, a(x) = —¢qlog, mo — ¢y log, my. For any z € [1;1],
a(z) =1.

Clearly,

_ ) —wolog, gy — pilogy o1 if o € [—log, my ; —log, mo] \ {1}
Jule) =4 if =1

But it is easily shown that:

—pologg o — p1logg o1 if a € [—log, my 5 —logy mo] \ {1}

fg(a) = .
1 ifa=1

This example shows that, in the case of a non uniform partition, f, is inadequate.

Indeed, one easily verifies that, in this case, f,(a) = f,(a) Yo

3.5.2. Ezample 2: fi, = f, < fi.

Here again, for all n, ¢, := [z defined on [0;1[ by 7z := 1(py + po), with p; being
the uniform measure on [0;1/2[, and p, being a binomial measure on [1/2; 1] with
parameters mg, my, and the partition of [0; 1] is made up of dyadic intervals.

In this example, we shall refer to indices 1 et 2 when talking about quantities asso-
ciated with the measures p; et uo respectively.

Thus, we note f; et f, the spectra associated with u; and p, respectively, and we

note @ the real number such that @ = f, (@) and ays the real number such that
fg,2(O‘M) =1

Hausdorff dimension f;,

Since p; et uo have disjoint supports, we have

E,=E"UE"™

and
fun(a) = max(dimg E%, dimg E2?)
with
iy { o ifa#l
1 ifa=1
and

dimg E%* = —pglog, o — 1 log, o1 <1

! For the definition and results on multinomial measures, see for instance [14].
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which gives

(notice that f;, is not concave).

[, spectrum
A simple computation shows that f,(1) =1 and f,(a) = —plog, wo — ¢1log, ¢ if
a # 1. In this case, we have the equality

fh = f_q
fi spectrum
For a given n, we have
g 1 —gyn— n—
Ta(q) = — — —logy ((2'7)"" + (mf + m{)" ™)
n o n
and
g—1 if g€ [0;1]
7(q) = . .
—log, (mf + mi) ifg<0 or ¢g>1

In order to compute f;, we notice that

fi(e) =min( inf {ag—q+1};inflaq—7(g)};inf{ag —7(q)})

Since
inf — 1} = i 1
qelféu]{aq g+ 1} min(a, 1)

1 if <
inf{ag —7(q)} = L a=em
<0 fo(@) if a>auy
] fo(@) if a<a
inf{ag — 7 =
inf{ag —7(¢)} { N it a>a

We obtain :

e If o € [—log, m;;a] (and then a < 1 < ayy)
fi(a) = min(min(a, 1), 1, fy(a)) = fy(e)
o Ifa€la;au],
fi(a) = min(min(e, 1), 1, a) = min(a, 1) > f,(a) = fi(a)
o If a € [apr ;—log, mg] (and thus @ > 1 > a),

fl(a) = min(min(av 1)7 fy(o‘)7 a) = fg(a)
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3.5.3. Ezxample 3: fi, < f,.

For n € IN*, we split [0; 1] in dyadic intervals of size 2=™. We consider the following

measure

L(A)+_2776,/,(A)
p>1

For a Borel subset A of [0;1], set P := {1/p;p € IN*}. Let = €]0;1]. One easily
checks that

u(A) = %

a(z) =

0 ifzeP
1 ifxgP

Therefore,
fr(0)= dim,P =0
ful)y=1

Computing f, gives

f4(0) =
fy(1) =

|l ORI

Thus
fh(o) < f_q(O)

Another example when f, and fg differ dramatically on [0, 1] is presented at page
34, example 4.

3.6. A simple example with u # L.

In this section, we present an explicit computation in a case where u # L. However,
as was said in the introduction, we will not elaborate much on this topic here, and a
full account on the study of multifractal analysis with respect to “exotic” measures
will be presented elsewhere.

We analyze the binomial measure v on [0; 1], with weights (mg, m;) with respect
to another binomial measure p on [0;1[, whose weights are (pg,p;), the partition
being the dyadic intervals. In this case, we compute f;, and f;, and show that they
are equal, which implies that their common value is also the value of f,(a) = f,(a).
Thus, the so called “multifractal formalism” (i.e. f, = f, = f;) still holds in the case

of binomial measures analyzed with respect to other binomial measures.

e Computation of o,

To emphasize the dependence on p, we shall write o, (x) instead of a(z) for
the Holder exponent of v at z with respect to p. Let € [0; 1] be such that
w0 = po(x) exists, with ¢o(z) being the proportion of zeros in the dyadic
expansion of z. A straightforward computation gives

—@o logmg — ¢ logm,
() = —90900 lfgpo - Z1 10§p1
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e Computation of f,

Let us define the following notations:

a=logl/p;, b=—logl/m;, c=logpy/p1, d=—logmgy/m

D = {z€l0,1]/ po(z) exists}
E(p) = {z €D/ po(z) =}
L(a) = {z€D/a(r)=ar}

M(a,) = {oeD/ay)=a,)

where a,(z) represents the Holder exponent of v at z with respect to L.

It is easy to see that

B(e) = (

Using the Kinney-Pitcher-Billingsley theorem ([25], 14.1 p. 141, [3]), we get

—pd+b

L)~ Lpd b

o _ —®o log moy — ¢1 log my
—¢ologpo — ¢1 logpy

. —polog o — 1 log o,
fula,) =dim, M(a,) =
() w Mle) —po logpo — 1 logpy

Here, the f;, spectrum has the familiar bell shape observed usually for multi-
nomial measures, with maximum value equals to 1 and the line y = = being
tangent to the graph. Note however that, contrarily to the classical case,
the spectrum is not symmetric in general. Of course, if py = p; = 1/2, then

w = L, and we recover the well known result for fj,:

fular) = —pology wo — @1 10gy @1

Another obvious limit case is the one where we analyze the measure v with
respect to itself, i.e. u = v. Here, o, always equals 1.

Note that, in general, the “spectrum” with the Hausdorff dimension com-
puted with respect to £ need not be concave. In other words, the mapping

a, — dim; M(c,) is not concave as soon as p, and my differ sufficiently.

e Computation of f

It is easy to see that 7(g) is given by the implicit formula
mip; ™" +mip " =1

Even though we cannot in general derive an explicit expression for 7 (except

of course when py = py), it is possible to obtain such a formula for f;. Indeed,
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the Legendre transform of 7 is easily computed to be, in a parametric form:

—plogmg — (1 — ¢) logm,

o
a2 —plogpy — (1 — ¢)logm
fily) = q(p)alp) — 7(p)
with
(o) = log(1 — ) log po — log plog ps
logm, log py — log mg log py
log(1 — )1 —logpl
(p) = o8l —9)logmy —logplogm

logm, log py — log mg log py
We verify that:

fh(au) = fl(aﬂ)

e Comments
These computations can easily be extended to multinomial measures. As an

application, consider the two following measures:
py:  trinomial measure on [0; 1], with weights mg, my, m,

t2: quadrinomial measure on [0; 1[, with weights py, p1, P2, Ps

We take
Po =mg* p3 = my™®
m0<m1<m2
1- 1-—-
o= (po + p3) e py= (po+ps)
2 2
I<exl

Then, if the analysis is performed with respect to the Lebesgue measure, we

have that (the indices refer to the measures):

T1(Q) = Tg(q) for q € {—oo; 0; 1; —|—oo}

“error”, i.e.

If, for instance, we choose mg = 0.1, m; = 0.4, ¢ = 1/11, then the relative
m1(g) — 72(q) ‘ 71(g) — m2(q) D

A ( 71(q) 72(q)

is always smaller that 0.006. As a consequence, numerical estimations of

(g,7(q)) or (e, f,(cv)) will never be able to distinguish the two measures even
if we are dealing with a huge number of data. This example shows that,
for practical purposes, we do need other methods for finely estimating the
multiplicative properties of even simple multinomial measures : a solution,
in the case presented above, would be to perform the analysis with respect
to w1, enabling the two spectra to clearly differ.

Let us mention briefly another example. Let u; be the trinomial measure

with weights (mg, m1, ms) on [2,3[, with mg = my = 0.1,m; = 0.8, and u,
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be the binomial measure on the triadic Cantor set C C [0;1] with weights

(p,1 — p), where p is chosen such that
ni(1) = (1)
(this equation has two solutions with the chosen numerical values), with
Ti(q) = —logs(mg+mi+mg)
n(q) = —log(p'+(1-p)?)

In our case, p approximately equals 0.68. It is easy to verify that, denoting

by fi (resp. fa) the f;, spectrum of u; (resp. u»)
Va, f2(a) < fl(a)

1
Since p; and ps have disjoint supports, the f;, spectrum of p = 5] (p1 + p2)

with respect to L is:

fule) = max(fi(a), f2(a)) = fi(a)

Here, the singularities coming from u, are “hidden” by those generated by p;.
This is another case where a classical multifractal analysis fails to correctly describe
the multifractal properties of a measure u. On the contrary, a multifractal analysis
with respect to u; would allow to uncover these properties.

Of course, when we are facing a real situation, the question is: how do we choose
adequately the reference measure ? This remains an open problem at this stage.

4. CONSTRUCTION OF CAPACITIES

In this section, we define particular classes of Choquet capacities which allow us

to take into account in a simple manner the notion of resolution.

4.1. Myopic capacities.
Let £ C IR, (D,).>1 a sequence of finite subsets of IN such that

v, :=card D, — 400

with n. Let X,, := {z} / k € D,} be a sequence of finite sets of distinct points z} of
E, and P := ((I}")o<k<v, )u>1 a sequence of partitions of E such that, for all n > 1,
k € D,, each I} contains exactly one z}.

For all A € P(E), we note

K,(A)={keD, |z} € A}
If we call i,, the one-to-one map from D,, into X,,, we can write
K,(A) = in_l(A nX,)

We deduce the following properties:
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Properties 1.

(1) Kn(0) =10

(2) Ac B= K,(A) C K,(B)

(3) For all non increasing sequences (Ay)r of elements of P(E), there exists
ko € IN such that

Kn(nkAk) = Kn(Ako)

(4) For all non decreasing sequences (Ay)i, of elements of P(E), there exists
k1 € IN such that

Ko (UrAr) = Ko (Ax,)

Proof.

Properties 1 and 2 are trivial.

Notice that the (K,(Ay;)), form a sequence of closed sets of D,, (compact), and that
K,(NgAy) = N K, (Ag) and K, (Ui Ag) = Up K, (Ag)-

Property 3:

Let us show that there exists a finite subset Ny of IN such that K,(NyA:) =
Nieno Kn(Ar).

Set B = NyK,(A;) and B, = K, (A4,) \ B. Then (B,), form a sequence of closed
sets of D, with empty intersection. We deduce that there exists a finite subset N,
of IN such that N,en,B, = 0, meaning that Nyen, Kn(Ar) C N, K, (Ar). This gives
N KL (Ar) = Nieny Kn(Ar) = K, (As,) with kg = max Ny.

Property 4 :

Let us show that there exists a finite subset N; of IN such that K,(UyA;) =
Unen, Kn(Ag).

The proof is similar to the previous one. One just needs to set B = UK, (A})
and B, = B\ A,. This yields a sequence of closed sets of D,,, of empty intersec-
tion. From this sequence, we can extract a finite sequence of empty intersection,
i.e. there exists a finite subset N; of IN such that N,cn, B, = 0, or equivalently
UKL (Ar) C Uen, Kin(Ar), and thus Uy K, (Ar) = Uken, Kn(Ar) = Kn(Ag,) with
ki =maxN;. O

Definition 3. We consider the set O of operators [[ from P(IN) x (R4 )™ to Ry
such that:

o the image of (I,u) by [] is denoted |1,  us-
o Vu e (RN, [Tyur =0.
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o for allu € (Ry)Y and I, C I, C IN, we have

H up < H Uk,

kel kel
Proposition 6. Assume that the x} are such that there exists a corresponding se-
quence of partitions P satisfying conditions (C1) and (C2). Let [ be an O operator,
and (C,)n>1 @ sequence of set functions, each (, mapping (I} )o<k<s, to Ry. For all
n and A € P(E), we define

cn(A) = H Cu(1y)

kEK, (A)

Then, for every m, c, is a Choquet P(F)-capacity.

Proof.

e If A C B, then K, (A) C K,,(B) and therefore ¢, (A) < ¢,(B).

e Let (Ay)r be a non decreasing sequence of subsets of E. The inequality
supy ¢, (A1) < ¢,(UrAyg) is due to the the monotony of ¢,. Let us show the
equality.

There exists k; such that K,(UyA;) = K,.(As,), which gives ¢, (U,AL) =
¢n(Ag,). This yields the desired result.

e Let (A;) be a non increasing sequence of elements of P(E). The inequality
infy, ¢,(Ar) > c. (N, Ayg) is due to the monotony of ¢,. Let us show the equa-
lity.

There exists ko such that K, (N, A) = K,(Ax,), which gives ¢,(NAx) =
¢n(Ag,)- This yields the desired result.
Ll

Remark: let p,n be two integers, p > n, and A C I". Then
K,(4) C Ku(1) = {m}
Therefore, K,,(A) is either ) or {m}, and thus
cn(A)=0 or c,(A)=c.(I})

This means that, at a given “resolution” n, every set included in I}, is either not
“seen” by ¢, or “measured” as I” itself. For this reason, we shall call such capacities

myopic capacities.

4.2. Particular cases.

The following definitions are useful in applications:
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Definition 4. We define the following applications from P(E) to Ry :

1/p
p(A) = ( > Q(L’J)”) for p>1

kEK,(A)
co(A) = max (.(I})
Co(A) = min (1))

cr (A) = max  card {k € K,(A) /| ¢.(I}) =t}

1) ¢} is a measure.
is a Choquet capacity for p > 1.
is a Choquet capacity.

wo
~—_ ~— ~—

)
|§8§'U§

- 18 the inverse of a Choquet capacity, i.e. the set function (c"_)~! :=

1/ c™, is a Choquet capacity.
(5) ct,, is a Choquet capacity.

150
Proof.

(1) It is the particular case [[ = >°. The additivity of ¢} is trivial, and yields
the desired result (see the remark following the definition of capacities).

. 1
2) Particular case [[,c;ur = (Zke[ uy) ",

4) Particular case [[ = 1/ min.

(2)
(3) Particular case [[ = max.
(4)
(5)

Notice than

et (A) = max  card Ind(K,(A),t,¢)}
with

Ind(F,t,¢) = F Ni, ™ (Xa NG (1))
(we identify (,(I}) and (,(z})) and that this application is non decrea-
sing with respect to F. We deduce the desired result by setting [[;u =
max card {Ind(I,t,u)}
[]

For a particular class of (,, we have the results of convergence described in propo-
sition 8 (here again, we identify (,(I}*) with {,(x})). First of all, we need recall a

classical definition:

Definition 5. [28] Let z1,xs,... ,Z,,... be an infinite sequence such that 0 < z,, <
1 for all n. Let [a, 5] be an arbitrary subinterval of [0,1], and N,(c,3) the number

of z;’s, i =1,... ,n, belonging to [, 3].

The sequence Ty, Ty, ... , Ty, -... 15 called equidistributed if
N,
tim No@B) _ 5,
n—-+4oo n
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Roughly speaking, this definition means that the “probability” of a term z,, to fall
into a certain subinterval of [0, 1] is equal to the length of that subinterval, which
is equivalent to saying that for every Riemann-integrable function over [0, 1], the

Riemann summation converges towards the Riemann integral [28].

Proposition 8. Let E := [0,1[, A € P(E), p € IN such that {, = v,~'/?f, with
unif

fn — [ such that f? is Riemann-integrable on A. Note ||f], = [fA(f(ac))”dx]l/p. If

the sequence (T} )nen 0<k<y, 18 equidistributed, then we have the following results :
(1) If¢g>p and || f||, < +o0, then c;(A) — 0.
(2) If g < p and ||f||, # 0, then c}(A) — +oo.
(3) fa=p, cg(4) = £l

Proof.
q
() = > Gulap)
kEK, (A)
= v Y falaR)
kEK,(A)
— ~(z=1 1 LAY
= Vn vt Do fal@h)
kEK, (A)
Set w,(A)=v;t Y ful@p)?and n,(A) =v;' > f(z})? Then
k€K, (A) kEKn(A)
|t (A) = 0 (A)] < vy card (Ko(A)) sup | fa(z) — f*(2)|
and thus

(recall that card (K,(A)) < v,). Furthermore,

vn—1

m(A) = vt 3 (M) —— [ f@)da = |11]:

Therefore, lim,, u,(A) = ||f]|2.

(1) If ¢ > p, v 7Y S0 et 1118 < +oc.
q

(2) If g < p, va ™Y 1 400 and | 112 # 0, which gives (cZ(A)) — +00.
q
(3) q=p, (cp(4)) = pa(4) = £z
O

5. CONSTRUCTION OF A SEQUENCE OF CAPACITIES WITH PRESCRIBED LIMIT
SPECTRUM

In this section, we show how to construct a sequence of myopic capacities whose
fr spectrum is, under mild restrictions, prescribed.
We also prove that, given a measure p whose f;, spectrum exists and satisfies some

conditions, we can define from p a sequence of myopic capacities whose f;, spectrum
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is any continuous monotonic function whose range is included in the range of the f;
spectrum of p.

Finally, we show that, under some conditions, the f; spectrum is the concave hull
of the f, spectrum, and is some cases, of the f;, spectrum.
As a warm-up, we first define a very particular sequence of capacities which is simple,

but contains most of the ideas we would like to address in this section.

5.1. Iso-capacities.

Let v be a probability measure on [0, 1], and P := ((I}")o<k<v., )n>1 & Sequence of
partitions satisfying (C1) and (C2).

Let (I(n)). be a sequence of strictly positive integers such that

) I(n)
n—stoo 1) +1I(n) B
exists and belongs to R} .
For brevity, we shall drop the dependency upon n in the notations and simply write
l.
For any A C [0, 1], we define
cn(A) = max (,.(I})

K€K, (A)
with
n 1 - n n n n
Cn+l(Ik+l) = icard U/ V(Ij H) = V(Ik+l) and Ij *c Ia(k)}

where I, is the unique interval which contains 7 .,

We shall call (¢, ), the sequence of myopic iso-capacities associated with v.

Let us examine the case where v is a binomial measure on [0, 1], with a dyadic
partition, and the Lebesgue measure is the reference measure.

For t € [0, 1], we easily compute c,;(I"!(t)) to be:

(s, 00)
nt(I"71(1) = =251
where
n+l
Sualt) = Y (1—t;)
i=n+1

with t = 37 #,27% t; = 0 or 1 (dyadic expansion of t).

Let us denote
S.(t)=>_(1-1t;)
=1

We have the following lemma:

. . Sua(t .
Lemma 2. Assuming 3 > 0 exists, then the sequence (#) converges if and

Su(t)

only if the sequence (—) converges and, in this case, they have the same limit.
n n
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Proof. Set
Sna(t)

From the definition of S,,, we have

walt) = 3 (1-4)

n+1 <
n

l
= g O g o)

Hence,

sty = "0 = (=550

o If u,(t) — u(t), then clearly v, ;(t) — u(t).

o Assume that v, (t) converges. From u,(t), we can extract a sequence (Uo(z)(t))x

such that uy(,)(t) — @(t), and hence Ug(n)+i(o(n))(t) — ©(t), which yields

Vo (m)i(o(n)) () = al) = (1ﬁ_ Pult) _ u(t)

and therefore

lim v,,(t) = a(t)

n—-4o00
This shows that all the convergent subsequences of u,,(t) have the same limit (namely

lirJP Vni(n)(t)). Therefore, u,(t) converges towards 1ir+n Va(n)(t). O

n

Let t € [0, 1] be such that

S
polt) = lim —>

exists. Then a straightforward computation gives

log e (1" (1))

Jim B = BL= F(p)

Qiso(t) =

with f(u) = —ulog, u — (1 — u)log,(1 — w).
On the other hand, for a € [0, 3]:

Eopo = 1{t / aiso(t) = a} ={t / 0o(t) = o} J{t / #o(t) = 1 = g0}
where (g is one of the two solutions of:

a=B(1— f(e))

The two sets in the union above have the same Hausdorff dimension, namely f(¢y).

Thus we come up with the following:

Proposition 9. The f, spectrum of the sequence (c,,), is given by:

a € [0,0]
fala) = 1_%
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Note that a is £L-a.s. equal to 0. More precisely, if ¢ is 2-normal, then lim,, _,; o, ¢,(t) =
1 and a;,,(t) = 0. Otherwise, lim,_, ;. ¢,(t) = 0. Also, for any interval I C [0, 1],
with [I] > 0, lim, 4. ¢o(I) = 1.
Here, we have constructed a sequence of capacities whose f;, spectrum is a line

segment. We generalize this result in the following section.

5.2. Controling the shape of the f;, spectrum.

The iso-capacities introduced in section 5.1 prove to be a special case of the myopic
capacities to be defined in the proof of the theorem 2. First of all, we need some
definitions.

Let C be the space of all Choquet capacities defined on [0, 1], and taking values in
[0,1]. Let F be the space of all functions from IR* to [0, 1] U{—oc}.

Define

D(f) ={a € R" ; f(a) # —oo}
For a closed subset A of IR*, define

F(A) = {f € F;D(f)=A and f|4 is either invertible with (f]4)”" continuous, or
f is identically zero on A}
FO o= U F(A)
A closed
F' = {f€F; 3 (fu)n>1, fu€F’forallnand f=supf,}

On the other hand, let us denote by S the set of all functions that are the f, spectrum

of a sequence of capacities belonging to C, i.e.
feSedcei=(c)u>1 /Vn,c,€Cand fi,.=f

The following theorem shows that every element of F! is the f, spectrum of a

sequence of C.

Theorem 2.

FlcS

Throughout the rest of the paper, we shall say that u is a reference measure if
and only if p is a non-atomic probability measure defined on [0, 1].

We prove the theorem in several steps.

Definition 6. Let u be a reference measure, and v be a probability measure defined
on [0, 1].

v is said to verify property (P,) if and only if there exists a non empty closed subset
A of D(f1,,) such that the restriction of fi,, to A is continuous and invertible.

v is said to verify property (73,;) if and only if there exists a non empty open subset

A of D(f,,) such that the restriction of fy, to A is continuous and invertible.
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We first note that there indeed exist reference measures p such that the set of
probability measures v verifying (P,,) or (73,;) is not empty. Take for instance p to be

the Lebesgue measure, v to be a binomial measure with weights (mg, m;), my < my
log, mom log, mom
and A := |—log, ml,—igz 20 ! “082 Mot 5 0| for

(P) -

The key result for proving the theorem is

for (P,), and A := } —log, my, —

Proposition 10. Let p be a reference measure such that there exists a probability
measure v satisfying (P,). Let A be a closed subset of D(fy,) such that the restric-
tion of frn, to A is continuous and invertible.

Let A and B be two closed sets, A C IR*, B C f1,,(A). Let s be an invertible func-

1

tion from A onto B such that s™" o fi,,|r is continuous, where F := fh_,l,(B)

Then there exists a sequence ¢ := (cy)n>1 0f C such that
fh,c|A = s
frelae = —o0
where A°:=R*1\ A.
Proof.
Let P := ((I}")r)a>1 be the analyzing sequence of partitions verifying (C1) and (C2),
used for the computation of f,,. Notice that the assumption B C f3,(A) implies

F # 0, and F is closed since f, ,|a is continuous.

Recall | m
(o) o JEVI)
log p(I™(z))
As in section 4, we associate to P a sequence (X, ),>; such that, for every n, X,, =

{z}; 0 <k <wv,}, and each I} contains exactly one z}.
Set

G, =Aa.(z}); k=0,...,v, — 1}
G = UnZl G.

Let z € [0, 1] be such that a(z) exists. Then
a(r) = lima,(r) = lima, (z}, )

where k,(z) is the (unique) integer such that I ) = I"(z).
Hence a(z) € G, which gives

F c D(fu,) CG
Define

f = fh,u|F
g = s 'of
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g is a continuous one-to-one function from F onto A. Since F and G are closed,
there exists, by Tietze’s extension theorem, a continuous function g defined on G
such that

glr=g
We can now construct the desired sequence ¢ = (¢, )new of Choquet capacities. The

¢, will be myopic capacities as defined in section 4, and are given by (using the

notation of section 4):

Ca(Tp) = p(I) oo EiDpundlon (@) F)
c(A)  :=maxyek, ) Ca(IF) for AC[0,1]

where (4, ),en is @ bounded and non convergent sequence of nonnegative real num-
bers (e.g. u, = 1+ (—1)"), and d(z, F') denotes the distance between z and F.

> (I"(2)
__loge,(I"(z
Bul®) = Sog u(I(z))
This gives

Bn(z) = §(an(2)) + und(an(z), F)

We are led to distinguish two situations:

(1) a(x) € F : in this case, using the continuity of d(., F') and g,

B(z) = lim B,(2) = §(a()) = s~/ (a(a)

(2) a(z) ¢ F : then d(a(z), F) > 0, and since {u, } does not converge, neither
does 3,(z).

Finally,
a(z) e F = [(z) exists

a(z) ¢ F = [(z) does not exist

We still need to prove that if a(x) does not exist, neither does G(z).
Assume that a(z) does not exist. Then, from (a,(z)),, we can extract two sequences
(atn, (2))n, and (o, (x)),, converging towards different values o (x) and ay(z) res-

pectively.

We consider the cases:
(1) au(z) € F and ay(z) € F :
In this case, (,,(z) — s~ 'of(ai(z)) and B,,(z) — s 'of(as(z)). Since

the two limits are different (because s~'of is invertible), 8(z) does not exists.
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(2) a1(z) € F and az(z) ¢ F :

In this case, B, (z) — s 'of(ai(z)), and B,,(x) does not converge. Thus

B(x) does not exists.

(3) ar(z) & F and ay(x) ¢ F

In this case, neither 3,,(z) nor 3,,(z) converge, and again, 3(z) does not

exists.
Finally,
a(z) does not exist = B(z) does not exist.

Set

D ={z€]0,1]; a(z) exists}

X ={z€D; afz) € F}
We just proved

z € X < ((x) exists

Let B € A. Then
Ey = {ze€X; B(z) =06}

= {z€D; a(z)=f"'os(B)} (since f~'os maps A onto F)
Hence
fre(B) = dim, Eg = fr,(f 05 (B)) = s(B)
It is straightforward to check that E5 ., =0 if 3¢ A. O

The previous proposition shows that the elements of F° which are not identically
zero belong to S (in fact, it proves a little more, since we only need s~'o f to be
continuous and not necessarily s7').

The following proposition takes care of the case f =0 on D(f).

Proposition 11. Let F be a closed subset of R*. There exists a sequence ¢ :=
(®)nu>1 of C such that
0 ifaekF

foerla) = { —o00 ifagF

Proof. Let P := ((I}*)1)n be a sequence of partitions verifying conditions (C1) and
(C2), and consider the associated sequence ((x})x), as in the proof of proposition
10. Let (u,), be a non convergent and bounded sequence of IR*.
Define

GuI}) 1= p(Ig)7eesti,

p being any reference measure, and ¢%(U) := max{(,(I}); k € K,(U)} for all
UcCR*.
For z € [0, 1], let k,(z) be the index of the (unique) interval I} containing z. Clearly,
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Ty (») — ¢ when n tends to infinity.
This gives
_ logc,(I"(z))

O = g u(1+(a)

=Ty (o) T Uad (T}, (0, F)

and B(z) :=lim, B,(z) =z ifx € F. If z ¢ F, then 3,(z) does not converge.
The f, spectrum is given by

0 ifBeF

freo(B) :=dim, {z € [0,1[; B(z) = B} = { o BT

]

Proposition 10 together with proposition 11 proves that F° C S. To prove F! C S,

we use the following construction:

Proof of theorem 2. Let f € F'. Then there exists a sequence (f;)i>1 of F° such
that f = sup, fi;. Let A; := D(f;), and A := |J; A;. A is an F, set (since every
A; is closed). Using propositions 10 and 11, we may find, for every i, an element

of C, say ¢; = (cV),>1, such that f; . = f;. Without loss of generality, we may

11 — i
T 1. Set, for every n, ¢, := sup Q)

i>1

assume that every c{? is null outside I; :=

and ¢ := (¢y)n>1. Then ¢ € C.
Since the I;’s are disjoint, one easily shows that

Ea, =|JFEa,.

and thus
Jhe=sup fre, =supfi=f
i>1 i>1
]

Example 1. Let F be an F, subset of R*. There exists a sequence ¢* := (cz), of
C such that

fh,cz (Oé) =

0 ifaeF
—x ifagF

Proof. Let F' :=|J; F; where F; is closed in IR*. The sequence (F}); may be chosen
such that F; C Fj 4.
From proposition 11, we know that for every i, there exists a sequence ¢'* of C such
that

0 ifaek;
—o0o ifagF;

T (o) = {
Therefore, for all 4, f, . € F° and, by theorem 2, there exists ¢, € C such that

fh,e= = sup fp o0
(]
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Since F; C Fj;,1, one eagily verifies that
0 ifa€eF
f h,c* (04) = .
—oo ifagF
O

Remark: In the following, we shall refer to f* for f, .- when considering the par-
ticular case F' = IR*, and we keep the notation c¢* for the corresponding myopic
capacity.

Thus, f* = 0 on IR*. Note that the support of ¢* can be chosen arbitrarily among

subintervals of [0, 1], semi-open to the right.

Example 2. Let F be a F, subset of R, and « €]0, 1].
Then

OZ]IFES

Proof. Suppose first that F is closed. For all p, let f, be the restriction to F' of

(25
T— o
r+2

Clearly, f, € F° for all p, and by theorem 2,

sup f, € F'
p

Thus, there exists a sequence ¢ := (¢,), of C such that

a onkF
fh,c:{

—o00 elsewhere

We can choose (see the remark above) a sequence ¢ null outside [0, 1/2].
If we consider the sequence ¢ of example 1 (we can choose a sequence ¢* null outside
[1/2,1]), then setting

d := max(c, ¢*)
gives
fra=alp

The generalization to F, sets can be easily deduced by following the lines of the

proof of example 1. [

Since both Cantor sets and the set of all positive rationals are F), sets, we have

Example 3.
llCantar c S and ]1Q+ c S
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The following proposition is a weak version of proposition 10, but is more appropriate
for practical purposes as it permits to construct the desired sequence of capacities

very easily.

Proposition 12. Let P := ((I}")x). be a sequence of partitions verifying conditions
(C1) and (C2). Let p be a reference measure, and v a probability measure verifying
(77;) Let A C D(f1,,) be an open set such that f,, is continuous and invertible on
A.

Let A, B be two open sets, A C R*, B C f4.,(A) such that f~'(B) = f~1(B), where
f=fusla

Let s be an invertible function from A onto B such that s~'of is continuous and
s(A) = B.

Then there exists a sequence ¢ = (¢y)n>1 0f C such that

fh,c|A = 3|A
freloa < sloa
fh,6|(Z)c = X

where f;, . 1s the f, spectrum of c with respect to the measure .
Set O := f~'(B), D :={z €[0;1]; a(z)exists}, and

L :={z € D; a(z) € 00} R :=lim,{z € D; a,(z) € O}
If L\ R=0 or dim,(L\ R) =0, then

fh,c|aA = Sloa

Proof.
Recall that, for all z € [0, 1],
log e, (I™(x))
a,(z) = — 22
= Sogu(+(x)
and a(z) :=lim, a,(z) when this limit exists.
Set R, :={z € D; a,(z) € Oand X :={z € D; a(z) € O} (hence R =lim ,R,).

The desired (myopic) capacity is constructed using [[ = max and

N([g)s‘lof(an(wﬁ)) if a,(z}) € O

0 otherwise

Cullg) = {
Following the lines of the proof of proposition 10, it is clear that, if z € X J (RN L),
B(z) exists and equals s o f (a(z)). Otherwise, either 3,(z) does not exists, or it
does not converge and thus (z) is not defined. This implies in particular that, if
B¢ A, then Eg . = 0.
Notice that
a€0<s'tof(a)ec A
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We will need the following lemma:

Lemma 3.
BE€OA< fos(B) e dO
Proof.
Let us prove 8 € 0A = f~los(B) € 00.
We have

BeAd= fTlos(B)efos(A)=f"(B)=f"(B)=0

and
flos(B)e0O=pPestof(0)=4
Conversely,
flos(B)eO=pBesof(B)=4
BeA= [Tos(B) € fTlos(A)=0
O

(1) If B € A, then
Eg. = {z€ XU (RNL);B(z) =06}
= {ze XU (RNL);a(x)=f"os(8)}
Since f~'o0s maps A onto O, we have
Es.={zeX ;a@)="0sB)}=FEi10s)»
which gives
fh,clA = 8|A
(2) If B¢ A, then Ez, =0 and
fh,C|XC = -
(3) If B € DA, then, since f~!0s maps OA onto O (lemma 3),
Eg. = {te€ XU (RNL);a(z)=f"os(B)}

= {z€RNL;a(z)=f"os(8)}
C {ze€Lljalz)=f"0s(B)}=:Ef10,p).
Hence,
fuecloa < 8loa

Notice that

Ef_los([)’),/L :Eﬁ,c U {l‘ € L\R ,a(x) = f_los(/B)}

which yields

s(8) = max (f1.c(B),dim,{z € L\ R ;a(z) = " os(8)}

INRIA
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Thus, if dim,(L \ R) = —oo or 0, then

fh,c|8A = 8|aA
O

The following two results allow a better knowledge of f;, and fg for a certain class

of capacities.

Theorem 3. Let P := ((I}")o<k<w, )nen be a sequence of partitions verifying condi-
tions (C1) and (C2), and ¢ := (cu)n a sequence of Choquet capacities.

Let p be a reference measure, and (A\,)n>1 be a sequence of integers verifying (1),

page 6.
Set | ;
G, :={OgL(:);0§k<Vn}
log u(1}t)
If
1
lim og card G, ~0
w X,
then
fro=17%
Proof. Since fg < fi, we already have fg** < fi- We shall prove the opposite inequa-
lity.
Set | ()
n og cully
on(z}) = ——— >~
) = Togu(y)
By assumption, we have
N(n)

G, = {O{T,(.’L'Z) ; 0<k< Vn} = L__J {ai,n}

with
1
im 28N _ g
n An
Let
Ki,n = {0 S k < Vn, an(‘rZ) = ai,n}

Replacing ¢, (I) by u(I)* %) gives, for all ¢ and T,

N(n)
Xn(q_ 1;7-) = Z #(Ig)qan(z;)—q— = Z Z N(I:)qai,n—‘r

k<vy, =1 k€EK; »

Set

i(n) = argmax;—1,.. nN(x) Z p(Im)am=r
kEK; n
(i(n) may be not unique. In that case, take the smallest one, for instance).
This yields (we note K, for K;.,), and a, for a;),.)
v n X'n,(q - 17 7—) S N(n) Z M([Z)qan—T

kEK,
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This inequality holds in particular for those indices n’ of the subsequence of log X, (¢—
1,7) /A, converging towards X (¢ — 1,7).

Furthermore, we can extract from (a.,) a sequence (a,) converging towards a limit
noted a.

Recall that, in the definition of f;, we have, for all € > 0,

K (a) :={k <v,; ay(z}) € [@ —€,a +¢]}

When k € K, then g,(z}) = i), =t . For all € > 0, there exists p, such that
for all p > py,

a, €la—¢ca+e¢

Hence,
Ve>0 3py Vp>py K, C K;(a)
and
X, (g—=1L,7)<N(p) Y wlD)™ "< N(p) >, w(E)"*)™" =N(p)S(a,q(ate)—T)

kEK:(a) keKE ()
(the choice between + or — depends upon the sign of g).

Let 7 be such that f;(a) > q(a+e€)— 7. Then S.(a,q(a £ €) —7) = 0, and hence
there exists ¢ > 0 such that, for all large p,

SP(a,qate)—T)<c

which yields

log(cN(p))

Ay =0

X(g—1,7) <lim
p
This implies 7 < 7(q). We thus proved
Vg JasuchthatVe>0, qlate)— f;(a) <7(q)

When ¢ decreases to 0, we obtain

7(q) > g = fy(@) > f;(a)
We conclude
frrzrm=1
O

log card G,

An
gives a sequence ¢ := (¢, ),>1 of C which does not verify this condition, and yet is

such that f; . = f;**.

The condition lim,, = 0 is not necessary. Indeed, the following example

Example 4. Choose I} := [k27",(k + 1)27"[, v, = 2", X\, = n, and
¢(Ip) =277

and c, the assoctated myopic capacity with [ = max.
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Computation of f,

Let z € [0, 1[. We have

where k,(z) := [2"z]

=k,(z)2™" — x when n — 400

(i.e. [n(.’L') - I]’::Ln(z)).

Thus, for all a € [0, 1],

E, ={z€l0,1]; liTILnaT,,(:c) =a}={a}

and FE, = for a € [1,4o0].

We obtain

Computation of f,

—00 if @ € [1,4o00[

{ 0 if a€0,1]

Let « € R*, n € IN and ¢ €]0, 1[. Then

log ¢, (IF) }
NMa) = {0§k<2"; ok cla—¢g,a+e
(@) log p(I}) | ]
= {0<k<2;2a—e) <k <2(a+e))
o If a =0, then

N'0)=[2"(a+¢€)]+ 1

which gives f,(0) = 1.
e If @« =1, then

N*(1)=2"—[2"(a+¢)]

which gives f,(1) = 1.
e If o €]0, 1], then

NYD)=[2"(a+e)]-[2"(a—¢)]+1

which gives f,(a) = 1.
e If ¢ > 1, then for all € €]0,a— 1], we have N*(a) = 0, and thus f,(a) = —occ.

Computation of f;

From proposition 3,

we deduce f; = f,.

Proposition 13. Let (¢;)i=1,... , be p sequences C (¢; := (Cni)n), taking values in

[0;1], and u a reference measure.

Assume that, for al
Olas, bil= [0,1]. Le
=1
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veryfing conditions (C1) and (C2).
Define

Vn ¢, =

and ¢ = (cy)n. Thus ((I’?Z)’)k is a sequence of partitions of [0;1[ satisfying
conditions (C1) and (C2). If

freo =I5,
then

fro= 17
If

freo = I,
then

fre=fie

For sake of simplicity, we shall write f;; for f ., f,; for f,.., and f,; for fs ...
For a sequence ¢ := (c¢,),>1 Of C, let 7. denote the 7 function (see section 2.1.4)
associated with c.

We will need the following lemma:

Lemma 4. Let (¢;)i=1,... », ¢ and p be the quantities defined in proposition 13, and
consider the partition defined therein.
Then

T. = min 7,
1=1,...,p

Proof. Note ; for 7,,.
For all ¢, 7,

—T

X.(g—1,7) =

2
- Z( s (T (1) )

=1

= zp: Xo,ila—

=1

cn

Let 7 < min;—; ., 7. Then X, ;(¢ —1,7) < 0 for all 4, and there exist p constants

.....

¢; > 0 such that, for large n,

Xni(g—1,7) < exp(—A.c;)
and hence, for large n,

X.(g—1,7) < pexp(—A.c)

where ¢ := min c;.
7/—1 P
Therefore

X(g—-1,71)<—=c<0
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which gives 7 < 7.(¢), and then

7e(q) 2 min_7(q)

i=1,...,p

Let us prove the opposite inequality. We have
Vi Xai(g—1,7)< Xu(g—1,7)
and thus
Vi Xi(g—-1,7)<X(g— 1)
This yields
Vi 7.(q) < 7:(¢) and hence 7.(q) < Zznlmnp 7:(q)
O

Proof of proposition 13.
Set I :={1,...,p}. Define, for all i € I,

oo i(z) = log ¢, ;(I™(x))
log (1" (z))
a;(z) = 711_131()C Qi)
on(n) = log e, (I™(x))
" log u(1™())
a(z) = nl_l)l_’IFloo a,(z)
E,, = {z€a;;b]/ ai(z)=a}
E, = {z€[0;1]/ a(z) =a}
fri(a) = dim, F,;
fu(a) = dim, E,
KM(a) = {k /ani(z}) € [a—e;a+e[}
KMa) = {k Ja,(z}) €Ela—e;a+¢[}

where z} is the lower bound of I}}.
Notice that,

Vi Vaze€la;b] a(z) = a;(z)
A straightforward calculation shows that
Eoz = U Ea,i
i€l
which gives

fu(a) :==dim, F, = sup f, ()

i€l
and, using fi; = f7%,

Viel fr<ff,=m
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(1; = 77 because 7; is concave), or equivalently
* < 3 —
minT; =7
fis ier "
We thus obtain
fi=r < g

and

ho= g

e

rei = f1.c = f;% One easily shows

Let us prove f; .,
Ve >0 Vi Va KM (a)C K"(a)
Thus

St a,B) = Y, wI) < Y wIp) = S(a,f)

KK (o) KEK? (a)
which implies

Ve >0 Vi Va f:j,i(a) < fge(oz)
and
We then obtain
and

This yields

We conclude
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