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Abstract: Degradable performance of fault-tolerant computer systems has given rise to consid-
erable interest in mathematical models for combined evaluation of performance and reliability.
Most of these models are based upon Markov processes. Several methods have been proposed
for the computation of the probability distribution of performability upon an interval of time
[0,¢]. In this paper, we present a new algorithm based on the uniformization technique to com-
pute this distribution for block degradable models. The main advantage of this method is its
low polynomial computational complexity and its numerical stability. Moreover, it only deals
with a non increasing sequence of positive numbers bounded by 1. This important property
allows us to determine new truncation steps which improve the execution time of the algorithm.
We apply this method to a degradable computer system.

Key-words: Block degradable models, degradable systems, Markovian models, performability.

(Résumé : tsvp)

Unitéde recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex (France)
Téléphone: (33) 9984 71 00 — Téécopie: (33)9984 7171



Analyse de Performabilité pour des systemes
informatiques dégradables

Résumé : Les systemes multiprocesseurs tolérant les pannes ont donné un champ d’intérét
considérable dans les modeles mathématiques pour 1’évaluation combinée des aspects de per-
formance et de fiabilité. La plupart de ces modeles sont basés sur les processus de Markov.
Plusieurs méthodes ont été développées pour le calcul de la distribution de la performabilité
sur un intervalle de temps donné [0,¢]. Dans cet article, nous présentons une nouvelle méthode
basée sur 1'uniformisation et applicable aux modeles dégradables par bloc. [’avantage majeur
de cette méthode est sa faible complexité polynomiale et sa stabilité numérique. De plus, elle
ne traite que des nombres positifs majorés par 1. Cette propriété nous permet de determiner un
nouveau rang de troncation permettant ainsi d’améliorer le temps d’éxécution de I'algorithme.
Nous appliquons cette méthode a un systeme informatique dégradable.

Mots-clé : Modeles dégradables par bloc, modeles markoviens, perfomabilité, systemes dé-
gradables.
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1 Introduction

Reliability and availability measures are of considerable interest for the evaluation of depend-
ability of computer systems, and more specifically, of fault-tolerant computer systems. Thanks
to redundancies in both software and hardware, the system is able to reconfigure itself when
failures occur. Two types of fault-tolerant computer systems are usually identified: degradable
(or non repairable) systems and repairable systems. From a modeling point of view, degradable
systems and repairable systems are, respectively, represented by means of acyclic and cyclic
processes.

As recognized in a number of recent studies, the evaluation of fault-tolerant computer
systems must simultaneously deal with aspects of both performance and reliability. As part
of these studies, Meyer [1] introduces an unified measure called performability which combines
the two aspects of performance and reliability. Performability is defined as the accumulated
reward over a period of time [0, ¢]. Formally, the fault-repair behavior of the system is assumed
to be modeled by a homogeneous Markov process. Its state space is divided into disjoint
subsets, which represent the different configurations of the system. A performance level (or
reward rate) is associated with each of these configurations. This reward rate quantifies the
ability of the system to perform correctly in the corresponding configuration. As a consequence,
performability corresponds to the accumulated reward over the mission time.

The distribution of this random variable has been studied in previous papers. In [1], Meyer
obtains a closed form expression for the distribution of the performability for a degradable
computer system with N processors and a buffer with finite capacity L. Furchtgott and Meyer
[2, 3] define t—resolvable vectors to characterize the trajectories of an acyclic semi-Markovian
process corresponding to a certain performance level. By enumerating all the possible tra-
jectories of the system, they derive an integral expression for performability which they solve
numerically. However, the complexity of such an algorithm is exponential in the number of
states of the process. Beaudry [4] gives a method for the computation of performability in an
acyclic Markovian process until absorption. Ciardo et al. [5] generalize Beaudry’s approach to
a semi-Markov reward process and remove the restriction requiring only the absorbing states
to be associated with a zero reward rate. Goyal and Tantawi [6] derive a closed form expression
(precisely a finite sum of exponential functions) for the performability of degradable hetero-
geneous systems. They also give an algorithm with a polynomial complexity O(dM?) in the
number M of states and in the number of components d in the system.

In this paper we propose a new algorithm to compute the distribution of the accumulated
reward over a finite mission time for block acyclic Markov models (i.e. the infinitesimal gen-
erator is block upper triangular). Our technique is based on the uniformization method and
is applicable to a wider class of models than previous approaches. The main contribution of
this algorithm is its numerical stablility : it only deals with a non-increasing sequence of pos-
itive numbers bounded by 1. Moreover, the computational complexity is improved by using
truncation steps and the accuracy of the result can be chosen in advance.

The remainder of this paper is organized as follows. In the next section, we introduce the
mathematical model of the class of degradable systems and we give some interesting results
for the distribution of the performability. In section 3, we present a simple algorithm towards
performability evaluation. We also discuss the computational complexity of the proposed tech-
nique. A numerical example of degradable multiprocessor system is presented and solved for a
given performability measure in section 4. The main points are summarized in the concluding
section.

RR n~ 2602
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2 Mathematical model and results

Degradable computer systems operate at various levels of performance: when a component
fails, the system reconfigures itself and carries on functioning albeit with degraded performance.
Because of changes in its structure, due to failures, the system has different configurations in
a finite state space £ = {1,2,..., M}. A reward rate p(¢) which is independent of the time is
associated with each state : € E. The accumulated reward random variable over a finite period
of time [0, ] is of interest.

Let therefore X = (X;),>0 be a homogeneous Markov process over the state space E. Since
two different states may have the same reward rate, we denote by r,, > r,_1 > ... > 1o the
m + 1 different reward rates (m < M), and by B; the set of states having r; as reward rate, for
1€ {0,,...,m}. It is clear that the subsets B,,, ..., By are disjoint and their union gives in the
state space E. The process X is entirely determined by its infinitesimal generator A = (a;;); jer
and its initial probability distribution o = (;)icp. We assume « to be a row vector of the form
a = (ag,,,0,...,0). This means that the system starts in subset B,, with probability 1. Since
the system is degradable, we have

a;;=0ifre€ B, je Byand [ < k (1)

Note that in the same subset B;, we can have transitions between two different states ¢ and j
even if ¢ < j, which means that the process restricted on each block B; is cyclic. Such models

are called block degradable.

It is well-known [7] that if the process X is uniformized with an intensity parameter

A > m%x(—aﬁ), then P = — + [ is the transition probability matrix associated to the uni-
s

formized chain where [ is the M x M identity matrix. Using the decomposition of F with

respect to the partition {B,,,..., Bo} and the equation (1), the matrix P can be written as

follows :
Pp,.B,., PBnBn.. - Pp.B,
0B,,_1B» PBpiBny " PB,_iB
P = ) ) )
0B,B,, 0ByB,._; '+ Pgs,

where the sub-matrix Pp,p, (resp. OBiB]) contains the transition probabilities from states of B;
to states of B; (resp. is a zero matrix). With the above notation, the accumulated reward over
the mission time [0, ¢] is defined by

¢ T ¢
i/t — /0 p(Xs)dS = ET‘Z/O H{XseBi}d‘S7
1=0

where 1I, = 1 if condition c is true and 0 otherwise.

The random variable Y; takes its values in the interval [rot,r,t] and we wish to derive
IP{Y; > s}. The reward rates r; are arbitrary real numbers, but we can assume rq = 0 without
loss of generality. This is obtained by replacing r; by r; — rg and s by s — rqt. Therefore, we
take rg = 0.

In [8], the distribution of performability over [0,¢] for repairable computer systems, i.e.
for cyclic models, is derived by a new method. The approach is essentially based up on the
following theorem.

INRIA
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Theorem 2.1 Forall j=1,...,m and s € [r;_1t,r;t[, we have

P{Y; > s} = > e_M% ) Cﬁsf(l — s;)" R0 (n, k)
n=0 © k=0

where s; = % and bV (n, k) = ozmegr)n(n, k). The values of the column vectors bgl)(n, k)

are positive bounded by 1 and are given by the following set of recursive expressions :
foralln >0, and j =1,...,m

for j</<mand 1 <k<n

j 1p if7=1
b(J) 0 — 31
5 (n,0) { bgl_l)(n,n) otherwise
bg?(nak) = A bg?(nyk—l)‘}'irj_rj_l ZPBzBibgg(n_lak_l)
ry— rj—l T — T]‘_l =0

for0</I<j—land 0<k<n-—1

b (n, k) = LD k4 1) + LS P g b (n — 1, k)
ry —nr r; — T =0

b(J) — 1

5 (1) { bgl—l_l)(n,()) otherwise

1p

0.

,and 0p, are column vectors of dimension |By| and their values are respectively equal 1 and

Proof. (See [8]) 0

When the system is block degradable, new results for the sequence bgl)(n, k) can be obtained.
()

For such models, the recursive expressions of the vectors ijl (n, k) reduce to the following:

Lemma 2.2 Foralln >0 and j =1,...,m, we have
for0</I<j—land 0<k<n

b9 (n, k) = 0p,

i

for j<l<mand 1 <k<n

; 1p ifg=1
10,0 = {

B, (n,n)  otherwise.

r

— . l .
;WZPBZBJ)%)(” — 1,]€ — 1)

7

b (0, k) = ) (n, k — 1) +

ry — T]'_l ry — 'I“]'_l

Furthermore, for j = 1, the coefficients bgl)(n, k) are independent of index n.

=7

RR n~’2602
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Proof. (See Appendix A). 0

The previous lemma shows that bgl)(n, k) can be simplified in bgl)(k). The case j = 1 means

that s belongs to [0,r1t[. If we apply theorem 2.1 to this case, we can simplify the distribution
of the performability. This is the object of the following corollary.

Corollary 2.3 For all s € [0,rt], we have

- —)\tsl ()\tSl)k

]P{i/t > 5} = E (& Tb(l)(k)7
k=0 '
where bV (k) = ozmeg;(k).
Proof. (see Appendix B) O

In practise, the value of s is very close to r,,t since it is generally required that the random
variable Y; should be close to its maximum value r,,t with a probability close to 1. The following
corollary gives the distribution of the performability when s € [r,,_1t, . t[.

Corollary 2.4 For all s € [r,,_1t,r,t], we have

> AL — $m))" (e
IP{Yt > 5} = aBmeABmsmt Z 6—/\t(1—sm)( ( ’8 )) bﬁgm U(n,n)
n=0 n:
Proof. (See Appendix C). 0

Our analysis will consist in obtaining new truncation steps by using properties of monotony
of the sequence bgl)(n, k). These properties leads us to improve the numerical complexity of
our algorithm. ' ‘

The next theorem states a relation between bgl)(n, k) and bgl)(n, k — 1) which correspond to
two consecutive cells on the same line of the array associated to j (see fig. 1).

Theorem 2.5 Forall1 <j<m,n>1,1<k<mn,and j <I<m, we have :
Proof. (See Appendix D). 0

_Theorem 2.5 expresses the decreasing of cells of the same line in each triangle containing

b(])

B, (n,.) elements (see fig. 1). Moreover, theorem 2.6 states another relation for two consecutive
terms in each column of a triangle.

Theorem 2.6 Forall1 <j<m, k>1,n>k+1andj <I<m, we have
Proof. (See Appendix D). 0

Putting together these results, we obtain the following inequalities

by (n, k) < b5)(n, k= 1) < b5 (n — 1,k — 1) )

i

In the next section, we describe the computational aspect of the vectors bgl)(n, k). Subse-
quently, we give a numerical method to compute the distribution of the performability. With
different results obtained for different values of s, we, successively, deal with the following cases
s € [0,mt[, s € [rj—1t,rjot[, 1 <jo <m and s € [r,_1t,r,t[. In each case, we also analyze the
numerical complexity.

INRIA
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3 Computational and algorithmical aspects

3.1 Computation of bgl)(n, k)

Since coefficients bgl) (n, k) are equal to Opg, for [ < j, we define for every j = 1,...,m, the
subset U; of the state space £ as U; = B,, U B,,_; U...U B;. Note that the sets U; decrease
with respect to j in the sense of inclusion (i.e. U; C U;j_1). We also define the following column
vector of length |Uj|

b%) (n, k)
bU] (n, k) =

b (1, k)
With this notation, fig. 1 illustrates the sequence of computations (drawn only for m = 3 and
n = 0,1,2) needed to evaluate the bgl)(n, k)’s for [ > j. The computation of each cell (n,k),
k > 1 depends on the two vectors associated to cells (n,k—1) and (n—1,k—1). This dependence
is pictured in fig. 1 with arrows. Note that the symbol "copy” means that each diagonal cell of
each triangle must be reported in the corresponding cell of the first column in the next triangle

(v.e. b(] 1)( ,n) = by l)(n,()) for all I = j,...,m). The use of relations in lemma 2.2 leads us to
perform the evaluation of the by, (n, k)’s in a line by line manner as shown in fig. 1.

j=1 j=2 j=3

n=0 1y, 1v, 1y,

copy \ copy
n=1 bU1(1) | %bUQ(LO) bUz(lvl %bUJLO)bUS(Ll)

L= L=

copy s copy I

n =2 bu, (2) L b, (2,0) bu,(2,1)bu,(2,2) = bu,(2,0)by,(2,1) bu,(2,2)
— | — ——= —

Figure 1: Computation of coefficients by, (n, k) for m = 3 and n =0, 1, 2.

Property (2) allows us to define a new truncation step for computing the infinite sum.
Formally, for a tolerance error e speciﬁed by the user and a given positive number z, we

define the integer N(z) = min{n € IN/ Ze‘x >1—¢e}, (N(x) is the truncation step of

a Poisson series). We denote by d the connect1v1ty degree of matrix P which is defined by
d= maX{NZ( )}, where NZ(i) is the number of nonzero entries in row ¢ of P.

3.2 Case s € [0,rt]
According to corollary 2.3, the distribution of the performability Y; is given by the following

expression:
[o¢] )\t k
P{Y, > s} = e—,\tsl%b(l)(k)_
k=0 '

RR n”’ 2602
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This distribution can also be written as

N(/\tsl) ()\tSl)k
P{Y, > s} = > e_’\tslTb(l)(k) + e(N(Atsq))
k=0 :
where e(N(Atsy)) satisfies
co k
e(N(Msq)) = Z e‘”slwb(l)(k)

k=N(Mts1)+1 k!

o k
< Z e~ ()\t]j’l) , since b(l)(k) <1

k=N (Atsy)+1

N(/\tsl) ()\tsl)k

= 1- 2

k=0

< e

Moreover, if we take into account the inequality by, (k) < by, (k — 1) given by theorem 2.5, it is
interesting to use another truncation step n; defined by

ny = min (N()\tsl),m'in{k eIN/bvW(k+1) < 6}) .

By considering this new truncation, we obtain
n1

k
Py > o) = Y e A0 1y,
k=0 :

The error introduced in the evaluation of the distribution of Y; remains smaller than . In fact,

e(nl) — i e—/\tsl ()‘tsl) b(l)(k)

!
k:n1 -|—1 k

X e (A1) : (1)
< E e 1T e, since b (k) < e for k >ny +1
k:n1+l .

< e

The computation of the distribution of ¥; mainly involves computing the coefficients 6() (k).
Moreover, the complexity in computing of a vector by, (k), which is one cell pictured in fig. 2, is
O(d(M —1)). Therefore, as the total number of required vectors by, (k) is ny 41, the complexing
in evaluating Fp,,(s,t) is O(d(ny + 1)(M — 1)). On the other hand, the total computational
effort required with the method of [8] is O(dM[C(N — C) + mC?/2]), where C' and N are
respectively equal to N(Atsy) and N(At). Therefore, the algorithm in this section compares
favorably with the method of [8].

3.3 Case se[rj_it,rjt[,2<jo<m-—1
According to theorem 2.1, the distribution of Y; is given by

(M) & :
P{Y; > s} = E A" E CEsE (1 — s5,)" 0l (n, k).
n=0 ! INRIA
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N(Ms1)| |

Figure 2: In dark, the computed vectors by, (.). In light, cells such that 6(1)(.) < ¢

To compute the infinite sum, we define a truncation step nj, as follows

njy = min (N(M), min{n € N / §09(n +1,0) < ¢}).

Since bgfn)(n, 0) = bgfn_l)(n, n), we have

ny = min (N(At), min{n € N / 397D (n+ 1,0 +1) < <}).

Using inequalities (2), it is easy to establish that all terms 5U°)(n, k) are smaller than ¢, for
n>n;+1and 0 <k <n (see fig. 3). It follows that

T30 )\t n o n )
lp{l/t > 5} = Z Z Cn ]0 Sjo)n_kb(m)(nv k) + e(njo)
n=0 '
where e(n;,) satisfies
o0 )\t n n ek (]0)
e(njo) = E E Cn ]0 Sjo) b (nvk)
n=nj, +1 '
i o0 )\t n n
< | ¥ o 3 > Cksk (1 - )t 2
n=nj,+1 n. k=0
i [oe] )\t n
I S ] ]
n nJO—I—l n’
< e

Note that in the case where all coefficients b(jo_l)(n + 1,n + 1) are strictly greater than e for
all n < N(At), nj, is equal to N(At). In this case, e(nj,) = e(N(At)) remains smaller than e.

Since the cardinality |U;| is less than M —j, the computation of each vector by, (n, k) requires
at most O(d(M — j)) (see equations by, (n, k) in lemma 2.2). According to fig. 3, the number
of cells that have to be computed in the triangle associated to index j is equal to

njo —|— 2 lfJ =1
o ¥+ i < <
(njo+1)2(n]0+2) lfJ — .]0

RR n~°2602
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j=1 j=2 J=Jo—1 J

Jo

0 7b(j0_1)(nj0+1,nj0+1)§a

N(At) ‘ ‘

Figure 3: In dark, the computed vectors. In light, cells such that b)(.,.) < e

Jo+2

2
Jo?

Jo
Since we have Y (M —j) = (jo — 1)(M —
=2
obtain a complexity for the algorithm of
O (v =2y — 1) ).
2 2
As opposed to the method relative to repairable systems, we observe that the numerical com-
plexity of this method depends on the index j; and therefore on the value of s. Another
improvement came from the new truncation step nj, which is less than N(At).

), and can neglect n;, with respect to n? , we

3.4 Case s € [ry_1t, rpt]

According to theorem 2.1, we have

A1 = 8,))™ . (e
IP{Y; > s} = ag, eon®m! [E 6_’“(1_5’")—( (1= 5m)) bgBm 1)(n,n)] i

S0 n!
Similarly to the previous section, we define the truncation step n,, as follows
= min (N(M(L = s,)),min{n € N / bV (n+1,n+1) <elp,}) .

Using inequalities (2) again, it is easy to establish that all terms bg:;_l)(n, n) are smaller than

e when n > n,, + 1. It follows that

n!

e AL —$2))", (me
P{Y, > s} = ag, eAmnont lz e—At(l—sm)M%m 1)(n7n)] + (1)

n=0

where e(n,,) satisfies

M1 = s ))"
e(nm) — aBmeABmtsm Z e—/\t(l—sm)( ( n’S )) b(Bm 1)(n’n)]
_nan—}—l :

A1 — s5,,))"
S aBmeABmtSm Z e—At(l—Sm)( ( ' m)) €1Bm
_nan—}—l n.
< ap,etBntme]lp
< ¢, since eABm!™ is a substochastic matrix.

INRIA
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The global computational scheme using the truncation step n,, is shown in fig. 4, where only
the dark part has to be computed. The number of dark cells is

N (N + 1)

Nm + (m — 2) 5

Similarly to the previous case, we prove that computing the sum

M1 = 5,0))"

> e_M(l_Sm)( ’ bgmm_l)(n, n) has complexity
= n!
1 2
o (dm =Ly — )2 ) |
2 2
j=1 j=2 j=m-—1
= _ _
o o b(BW;n_l)(nm+1,nm+1)§ele

- a

N(A(1 = sm)) ‘ ‘

Figure 4: In dark, the computed vectors. In clear, cells such that bg:n_l)(., ) <elp,

Next, to compute the matrix e48=*m! we use the uniformization technique. Therefore,
we first denote respectively by A,, and d,, the uniformization rate (i.e. A,, = mgx(—aﬁ)) and
t€EDm

the degree of connectivity of matrix Ag_. It is easy to verify that A,, < X and d,, < d.
Then, the computational effort required to multiply the matrix Ag_ by a given column vector
has complexity O(d,,|Bn.|). Moreover, it is well-known that the truncation step in evaluating
eABmsmt is equal to N(\,s,t). Thus, computing the product of matrix e##=*»! by a column
vector of dimension |B,,| has a total cost of O(d,,|Bm|N(Ansmt)).

We can therefore conclude in this case that the numerical complexity to compute the dis-
tribution of the performability is

1 2
0 (d(M _ %)(m )" g dm|Bm|N()\msmt)) .

Knowing that the evaluation of matrix e?48=*m! introduces an error less than e, it is easy to
verify that the total error in computing IP{Y; > s}, s > r,,_1t, is less than 2e.

4 A numerical example

We consider in this section a mutiprocessor system described and modeled in [6]. The system
contains N processors each with its local memory, M shared memory modules, and B busses
to communicate among the processors and the memory modules. We study the multiprocessor

RR n~°2602
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system when N = M = B = 2. The processors, shared memory modules, and busses are
subject to random failures independently of each other. When one of these components fail,
the number of available components decreases and consequently the processing power of the
system decreases. The life-time of each processor (resp. bus) is assumed to be exponentially
distributed with rate A, (resp. Ay). The life-time of each shared memory module is assumed to
have a probability distribution of phase type with 2 states, with initial probability distribution
8 =(1,0,0) and infinitesimal generator 1" given by

—(p1,2 + p10) 1,2 11,0
T = 21 —(p21 + p20) H2,0
0 0 0

The performance measure used here is the processing power of the system, that is the processor
utilization rate multiplied by the number of available processors. The values of the processing
power have been taken from [6] and are the following. We define pp(n, m,b) as the processing
power of the system when there are n processors, m shared memory modules, and b busses
available. The values of pp(n,m,b) have been taken from [6] and are the following:

pp(l,m,b) =08 for 1 < m,b <2
pp(2,m,1) = 1.56 for 1 < m < 2
pp(2,1,2) = 1.56 and pp(2,2,2) = 1.58.

When one of the three n, m, and b is 0 we set pp(n, m,b) = 0. The values of the failure rates A,
and A, are also chosen as in [6], that is A, = 6 x 107° per hour and A\, = 4 x 107° per hour. The
parameters of the phase type distribution of the life time of each memory modules are given

by:
12 =14 x107% | 110 =6x 107" | poy = (4/7) x 107° | g = (24/7) x 107°.

With these values, we get a mean life time for each shared memory module equal to 0.25 x 10°
hours which is the same expected value as in [6].

In order to get a Markov process to describe the behaviour of the system, we take as state
description the vector (n, (ph1, phs), b) where 1 < n,b <2 and ph;, ¢ = 1,2, denotes the number
of memory modules in phase ¢. The value m = phy + phy gives the number of available memory
modules (0 < phy,phy < 2). All the states corresponding to the down state of the system,
that is when n = 0 or m = 0 or b = 0, are lumped into only one absorbing state having a
processing power equal to 0. Thus, we get a Markov process with 21 states, one of them being
an absorbing state. There are 4 distinct reward rates: r3 = 1.58, ro = 1.56, r; = 0.8 and
ro = O.

Fig. 5 shows the probability to get a cumulative reward rate over the specified period
t = 10° hours greater than the corresponding value on the s axis. It is interesting to note that
for s =5 x 10%, the truncation steps n; is equal to 59 while N (Ats) is equal to 96. Fig. 6 shows
the probability that the processing power during (0,¢) averaged over time is greater than 99%
of the maximum processing power (that is 1.58) of the system.

5 Conclusion

The current method to evaluate the performability distribution for degradable computer sys-
tems, based on the uniformization technique, leads to a new algorithm with a low polynomial
INRIA
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Figure 5: Distribution of Y; for ¢ = 10° hours
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computational complexity. Its main advantage involves a complexity at most quadratic in a

truncation step which is smaller than the Poisson’s one usually used in all methods based on

uniformization. Another advantage of this algorithm is an improvement in its stability because

only positive numbers bounded by 1 are involved.
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Appendix A

Proof of lemma 2.2: Using the recurrence relationship given by the theorem 2.1, we can
prove,by recurrence on n and k, that bgl)(n, k) is equal to 0p, for all index [ < j. If we also use
equality (1) (i.e Pg,p, = Op, for [ < k), the first part of the lemma is immediately proved. For
the case j = 1, we can show by recurrence that bgl)(n, k) = PngllBl. Thus, the coefficients

bgl)(n, k) do not depend on index n for [ = 1. We suppose now that this property is true up to
[ — 1, that is

V1<i<IlI—-1,Vn>1, andV1<k<n, b()(n k) is independent of n.

To prove the property for index [, we proceed by recurrence on k. In fact, for £ = 0, the term
bgl)(n, 0) is always equal to 1g,, so it is independent of n. On the other hand, since

_ !
b (n, k) = : S (n k- 1) + ;ZPBlBibgg(n k1),
l l5=1
we get: bgl)(n, k) is independent of n. O

Appendix B

Proof of corollary 2.3: Using theorem 2.1 and lemma 2.2, we can write

P{Y; > s} = Zg”%icjgyfu—sl)n—kb“)(k)
n=0 n. k=0
e At k(1)
- Yy s1(1 = s1)" " (k)
k=0 n=k
)\tsl

(1 = s1))" "
!

:_tz- i 3 S

M =)™ e
But z;c (k). =e , then

)\tsl

]P{l/t>8} — —/\t /\tl SJZ
=0

_ io: —Atsy ()‘tsl) ( )

k=0

INRIA
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Appendix C

Proof of corollary 2.4: Since

b5 (n,0) = b5V (n,n) and b5 (n, k) = Py, 5,05 (n — 1,k — 1),

we get

b (1, k) = P5p, b (n = £,0) = PEp, b5 (n — kon — ).
Applying theorem 2.1 for 7 = m, we obtain

)\t n o n
P{Y, > s} = > e_M( ) S CFsh (1 - sm)”_kozmeg’;)(n,k)

n>0 k=0
= > e ’\tTZCfsfn(l — 5m)" Fap,, P 653 1)(n—k,n—k)
n>0 k=0
= Y€ cfisim ~ sm)" Fap, Py b (0~ kyn — k)
k>0n>k
)\t m) "F e
D DR Ayl Gl Uk o T Sy )
k>0 ! n>k ( k)

If we write e=** as the product of e=**1 and e (1751 we obtain

P{Y; > s}
e, (Ms)E ] AL = 5,)"F
— miZ0m) p b —k,n—k
apB,, ];Je k’ Bm Z>: (n . k)' B (n n )

k’ n
. Z s (Atsm) pk Z e—At(l—sm)Mbg';_l)(n’ n)]
n>0

k! Bm n!

3=

= g ¢

m

oo P -1 [z e—wl—stbgm-Wmm] -

|
>0 n!

A
Since P = 3 + I, then Ap,, = A(Ps,, — IB,,). So

|
30 n!

A1 — 87))™ . (e
IP{Y; > s} = ag, eomim |:Z 6_’“(1_5’")—( (1= 5m)) bgBm 1)(n,n)] i

The proof of corollary 2.4 is then completed.

Appendix D
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To prove theorem 2.5 and theorem 2.6, we first need two technical lemmas which can be
proved by recurrence. To simplify notations, we denote the fraction % by oy ;. Note that
i
DUl =] —qjand 0 < qp; < 1if 1 > 5.
TI—Tj—1 K i

Lemma 5.1 Forall1 <1< m and k > 1, we have

big, (k) < blg) (k — 1).

Proof. We prove this lemma by recurrence on [. For [ = 1, we easily obtain
bgl)(k) < bgl)(k — 1) for all £ € IN* by considering the following system

ba)(1) <08)(0) = 15,
b(l)

G(k) = Pg,b%) (k — 1)

Pg 1, <1p,.

We suppose now that the property is true up to I — 1. To prove the propert

for index [, we
proceed by recurrence on k. The initial condition for k = 1 is verified since bBll (1) < bBll (0)
1p,. The property for k — 1 is equivalent to

(3)
The lemma 2.2 can be written, for 7 =1, as
!
b, (K) = onabig)(k = 1)+ (1= au1) 3= Py (k= 1)
i=1
1 Gt 1 1
ar by (k—1) + (1 — 1) |3 Peig b (k — 1) + Peg b8 (k —1)] .
=1
According to the recurrence hypothesis on index [ — 1, we have
V1<i<l—1, b83)(k—1) <b5)(k —2).
Since the P matrix is positive and ;1 € [0, 1], we obtain
-1 ) -1 )
(1= 1) Y Popbg)(k — 1) < (1= a) Y Poysbig) (k — 2).
=1

=1
The recurrence hypothesis (3) gives

PBszbgl)(k - 1) <

Pg,s,b%) (k — 2) and

ab)(k—1) < by (k —2).
It follows that

!
b (k) < abG)(k—2) 4 (1 — 1) Y Prp. b8 (k - 2)
=1
by (k — 1).

INRIA
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The proof of the lemma is completed. a
()

Remark: According to lemma 2.2, we observe that the coefficient bg '(n, k) is a convex

. l .
combination of the two vectors bgl) (n,k—1) and > Pg,s, bg,)(n — 1,k —1). So, we obtain the

H

=3
following equivalence
b8 (n, k) < 05 (n, k —1) <= Pppb)(n — 1,k —1) < b (n,k — 1) (4)

=i
This remark above will be exploited in the following lemma.

Lemma 5.2 Forn>1,2<j5<mandj <[ <m, we have

b ) < b5V (n,n — 1) = 85 (n, 1) < b (n,0)

i i

Proof. Since we have

B B . l .
b9 (n,0) = b4 (n,n) = ap; b8 V(ngn — 1) + (1 —aryer) S Pasby V(n — 1,0 — 1),

1=5—1

then
{ i .
Z PBzBibgg(n -1, 0) < bgl)(na 0)
e
)
l ) - { -
3 P b8 (n = 1,0) < gy b8V (nyn — 1) + (1 — arjo1) S Prbd V(n—1,n—1)
e =1
)
!

0p, < ajor (b V(nn—1)= 3 Pepbf  (n—1,n—1)| + Pep, by ) (n—1,n—1)

1=7—1
So, if bgl_l)(n, n) < bgl_l)(n, n — 1) then, according to (4), the vector between hooks is greater

l . .
than 0p,. This is equivalent to ZPBlBibgi)(n —-1,0) < bgl)(n,O). By taking into account the
=7
equivalence (4), we get bgl)(n, 1) < bgl)(n, 0). O

Proof of theorem 2.5:
We prove theorem 2.5 by recurrence on the indices j, n and k. For 1 < 57 < m fixed, we
consider the following property R(j)

RG): Y21, VI<k<nandVj<i<m, b§(n k) <b5)(nk—1)
For j = 1, according to lemma 5.1, the vectors bgl)(n, k) are independent of n, so R(1) is verified.
We suppose that R(j—1) is true. In order to prove the property R(j), we proceed by recurrence
on n. For n = 1, the recurrence hypothesis ®(; — 1) leads to bgl_l)(l, 1) < bgl_l)(l,O), which
gives according to lemma 5.2 4 '
b3 (1,1) < 6¥)(1,0).
RR n° 2602
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We suppose now that the property holds for n — 1. This means that the property R(j,n — 1)
is true, where

R(j,n—1)is: [V1<k<n—1letVj<l<m, b§)(n—14k) <b§(n—14k—1)]

In order to prove R(j,n), we proceed by recurrence on k. For k = 1, the hypothesis R(j — 1)
(4

allows us to write bgl_l)(n, n) < bBl_l)(n, n — 1), which gives according to lemma 5.2,
b (n, 1) < b%)(n,0).

At present, we suppose the property true for &k — 1. That means that property R(j,n, k —1) is
true, where

R(j,nk—1)is: [Vj<I<m, bg(n—1k) <bF(n—1k—1)

According to lemma 2.2, bgl)(n, k) and bgl)(n, k — 1) can be written as :

0 (k) = b8k — 1)+ (1 — )Y Pegb¥(n—1,k—1)

i 3
=7

b (n k= 1) = ;b8 (n,k—2)+ (1 — )Y Pegb¥) (n — 1,k — 2).

i 3
1=j
Moreover, according to R(j,n — 1), we have bg?(n -1,k—1)< bg?(n — 1,k —2), and, since the
matrix P is positive and 0 < a;; < 1, we get

(1 — al’j)ZPBlBibg,)(n — 1,]€ — 1) S (1 — 0517]‘) ZPBleb(B?)(n — 1,]€ — 2)

=7 ' =5 '
The hypothesis R(j,n,k — 1) and the previous expressions for bgl)(n, k) and for bgl)(n, k—1)
lead to the required inequality

The proof of theorem 2.5 is then completed. a

Proof of theorem 2.6: For j = 1, the sequence (bgl)(n,k))nzk is independent of n. We
suppose now that the property holds for j —1. We must prove it for the the index j. The
elements bgl)(n, 0) and bgl)(n -1,0) are respectively equal to bgl_l)(n, n) and bgl_l)(n —1,n—1).
According to theorem 2.5, we have bgl_l)(n, n) < bgl_l)(n, n—1), and according to the recurrence
hypothesis, we have bgl_l)(n,n -1 < bgl_l)(n —1,n —1). So, we get bgl_l)(n,n) < bgl_l)(n —
1,n —1). It follows that ‘ '

6% (n,0) < b (n —1,0).

This inequality proves the result for £ = 0. We suppose now that the property holds for & — 1
and we show that bgl)(n, k) < bgl)(n — 1, k). For this purpose, we write

. . l .
b (n, k) = ayb@(nk—1)+(1—a) Y. Pes b (n — 1,k —1)

H

=3 INRIA
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< abPn—1k=1)+(1—ay) Y Pes by (n—2,k—1)

H

=]
= b3 (n—1,k).

Which completes the proof of theorem 2.6. a
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