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Un préconditionneur sans matrice appliqué a la CFD

Résumé: Nous considérons I'intégration implicite en temps des équations de Navier Stokes
compressibles. Chaque pas de temps nécessite la solution couteuse d’un systéme non-linéaire.
L’approche considérée est celle ou le probléeme est itérativement linéarisé. Dans ce papier,
nous définissons un préconditionneur pour résoudre chaque systéme linéaire de maniére
efficace dans le cadre d’algorithme sans matrice. L’idée est de réutiliser le sous-espace de
Krylov a travers les pas de temps. Nous montrons quelques propriétés de ce préconditionneur
et les exploitons en montrant I’efficacité de ce préconditionneur appliquée entre autre a la
simulation d’un probléme raide.

Mots-clé : Navier-Stokes compressible, schémas R-K et BDF, Newton, GMRES, sans
matrice, préconditionneur.
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1 Introduction

The main motivation to solve the compressible Navier-Stokes equations by means of an
implicit method is the excessive small time steps limited by stability constraints for ex-
plicit methods. Thus, for structured meshes, work has been done both on the develop-
ment of new implicit schemes [LS88],[Sen90] and on the use of new tools to solve large
sparse non-symmetric linear systems[WYY85],[HTS93]. Also for unstructured meshes, new
schemes[HFMB86],[SF94] and techniques [JHF91],[Dut91],[LF94],[Lan94] have been develop-
ped. However, in most cases, each implicit step leads to one costly non linear system to be
solved.

When three-dimensional space problems and/or chemical context are considered, the size
of the systems is usually large. Thus, the memory-size of current computers prohibits the
storage of the matrix coming from the linearized problem. We are interested in finding a
preconditioner for solving these linear systems when matrix-free algorithms are used. This
preconditioner should be easy to compute both taking into account the miss of the matrix
and the computer system. In particular, with a convenient data structure , the product of
this preconditioner by a vector should be done easily in parallel. The problem cited pre-
viously occurs also in leading areas of numerical simulation such as Ocean and Climate
modeling.

Let us describe more precisely the framework of the study where the following conside-
rations take place. We have to solve

us+ G(u) =0, (1)

where G(u) : RY — R" is a non-linear function of u. We consider either the stationary or
non-stationary resolution of (1). Replacing u ; by a multi-step scheme, equation (1) leads at
time ¢, to

u(n+ 1)+ At, Hi(u(n + 1)) = Aty Ha(u(n),u(n — 1), u(n — 2),...). (2)

We note that the backward Euler method corresponds to Ha(u) = ALtn

We refer to [CM89],[HW91] for a more complete description of ODE schemes. We suppose
that H; is at least differentiable.

With F(u) = u+ Aty Hi(u) — Aty Ha(u(n), u(n — 1),u(n — 2),...), (2) becomes

Fu(n+1)) =0 (3)

We choose to solve the nonlinear equation (3) by Newton-GMRES [BS90], where Newton
iterations are applied to linearize the problem and the induced linear system is solved by
the iterative GMRES scheme which only requires the Jacobian applied to a vector and is

well-suited t? )non symmetric large matrices. The algorithm can be summarized as follow
with J = 28L).
Ju

RR n~ 2605



4 R.Choquet

ALGORITHM 1: Newton-GMRES
ug given, ¢ = —1
REPEAT
1=1+1
Solve J(u;)6u; = —F(u;) by GMRES
Uip1 = U; + 6U;
UNTIL convergence

Within GMRES, each Jacobian vector product is approximated by either a first or a se-
cond order finite difference scheme. Difficulties arising from such an approach include the
following,

1. Finite difference schemes introduce errors which deteriorate both GMRES and Newton
convergence. We refer to [CE93] for a study of the finite difference scheme GMRES-
algorithms.

2. Restarting is one way to reduce the storage cost, but this approach decreases the
convergence rate.

3. Another way is to find a preconditioner but traditional approaches like an incomplete
LU factorisation are memory consuming.

We note that we are in the context where successive linear systems noted
gl = _ )

have to be solved by GMRES. With JZ-(n) constant and symmetric, Saad[Saa87] study the
reuse of the Krylov subspace to accelerate the convergence of the Lanczos process. More
recently, Vuik[Vui93] used the same idea in the context of the solution of the incompres-
sible Navier-Stokes equations by GMRESR[VdVV93]. He showed a good acceleration of the
computation of the pressure by the linear solver. In [Cho94], we proposed a new algorithm
to accelerate the Newton-GMRES algorithm. The main idea was to approximate the next
Newton step from the Krylov base and the Hessenberg matrix computed by the Arnoldi
process. An acceleration of the overall process was observed. In a recent paper [EBP95], a
preconditioner was built to improve the restarted-GMRES algorithm. The preconditioner
was based on an estimation of the small eigenvalue and its associated eigenspace. In this
paper, with a similar approach, we build a cheap preconditioner from the Krylov base and
the Hessenberg matrix computed by GMRES.

This paper is composed as follows. First in section 2, a short recall of the GMRES al-
gorithm is given which outlines some notations. Then, we describe the preconditioner in
section 3 and its theoretical contribution. Finally, in section 4, numerical results show the
practical value of this approach in the context of CFD.

INRIA



A matriz-free preconditioner 5

Notations : We denote by FPg the set of polynomials of degree up to n having the value
1 at 0, and by Ij the identity matrix of rank k.

2 GMRES

In this section, we present briefly the GMRES algorithm, introducing some notations we
will need later.

Considering the system
Jé6=—F, (4)

where J = J(u), FF = F(u) and J is non-singular, the principle of GMRES is to minimize
|| = J (80 + z) — F||2 with z in the Krylov subspace K(J, rg, k) defined next.

Definition 2.1 The Krylov subspace K(J,ro, k) associated to the vector ro = —F —Jéy and
the matriz J is the subspace spanned by Span{ro, Jro, ..., J* " 1ro} where &y denotes a first
estimation of 6.

Thus, (4) is replaced by the following minimization problem

i — Jz|ls. 5
ZGKI?J{{}WIIT’O z||2 (5)

The Krylov subspace is generated by the Arnoldi process leading to the following GMRES
algorithm.

ALGORITHM 2: GMRES (m)

given ¢ > 0 the tolerance of the stopping criterion and §y € RY the initial guess,
(S].) o = —F — J(SO,

r
B=lrollzy 1 =, k=0
(s2). repeat

k=k+1
k
(a) wry1 = Jog — Ehl,kvl
=1
with h]yk = (J'Uk, 'Uz) (Z = 1, ceey k)
hiegrk = |lwi a2
Vpay = Wr41
T i .
(b) compute pp = milr}c [|Ber — Hryll2
yeR

until p; <¢&||F||]2 or k=m
(s3). compute yi, 2z = Viyr and 8 = 8o + 2

RR n~ 2605



6 R.Choquet

if pr, > || F||2 then

Sg = &g
GOTO (s1)
end if

oy ) hpy 1<p<k+1,p<Ii<k
where Hi)pr = { 0  otherwise
Vk = ('Ula"'J'Uk)J

and

||5€1 —ﬁkkaz = mink ||561 —ﬁky||2.
yeR

The Gram-Schmidt process generates an orthogonal basis such that

JVi = Vgl y, (6)

implying
min ro — Jz||ls = min ||fey — H . 7
zeK(J,ru,k)H 0 2 ye]RkHﬁ 1 —Hyyll2 (7)

3 The preconditioner
In our context, we have to solve sucessive linear systems
JS — _po),

Roughly speaking, our acceleration algorithm are based on the following idea : Compute
at one step (n* and 7* given) a preconditioner using Hj € REFDXE and Vit1 € RY*(k+1)
satisfying (6) (with JZ-(IL ) = J) and to reuse it for n > n* and ¢ > i*.

In section 3.1, we first outline a basic acceleration algorithm. Then from the GMRES al-
gorithm presented in the previous section, we build a preconditioner in subsection 3.2. In
subsection 3.3, we study the convergence of GMRES applied to the preconditioned matrix.
And a short variation taking into account the evolution of the Jacobian will be given in
subsection 3.6 using a rank-one update.

3.1 Acceleration algorithm

We first give a basic algorithm of acceleration which aims at computing the preconditioner
at one step and to reuse it for solving several linear systems.

INRIA
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ALGORITHM 3: Acceleration

n=20,...
ug = u(n)
n* = s(n)
1=0,...

i =7r(3)
if op(i*, n*, i, n)=.true. then
Solve J™Man (G )1 6u; = —F™
else
Solve JZ»(n)éui = —FZ»(”)
end if
if oq(i*, n*, i, n) then build G?
U1 = u; + 0y
u(n+ 1) = ujp1

3.2 Definition of the preconditioner

We consider the linear system Jé = —F and assume that we applied k iterations of GMRES
ﬁarting with rg = —F — i&o, so that we get a Krylov basis V41 and a Hessenberg matrix
Hy such that JV, = Vi 41H i, with the following QR factorisation

He =QrRy,
_ _ Ry
=Qpl = (Qk;Qk+1) 0 :
Now, we define a preconditioner C(J, F'), noted C' here for the matrix J. The objective is to
solve J exactly on the subspace spanned by Vi41Qp.

Definition 3.1 Let a« € R, # 0,

R;Y 0 =t
CIVk+1{<a0k 1>Qk_lk+1}vkt+1+IN'

With this definition, we show that the preconditioned matrix JC has k eigenvalues equal
to a associated to the invariant subspace spanned by Vi41Qk. More precisely, we have the
following theorem:

Theorem 3.1 Let the orthogonal base P of RY be
Pl = (VipiQp, W)

= (Ves1Qr, VigiGp 1, W)

= (Vi41Qxr, W)

RR n~ 2605



8 R.Choquet

then

Y aly,  Jio "
JC-P( 0 J22)P’ (8)

where J12 = (Vk+1Qk)tJW1 and J22 = W;JWl with W1 = ('Uk+1, W)
Proof. (theorem) Let the orthogonal base P of RY be

P =Viy1, W),
= (Vk,Wl).

Rewriting J in these new basis P and P’, lead to the following lemma.

Ry Jyo )

1t _
Lemma 3.1 P*"JP = ( 0 Joy

Proof. (lemma) From (6), we have

(Vi41Qr) T Vi = Ry. 9)

Thus P"JP = (Vig1Qp, Wa)'J(Vi, Wh)
Ry (Vi41Qr)* T )

WiV, WiJw,
[ Ry Jio
a 0 Ja
O
Furthermore, C' can be rewriten as
-1
Lemma 3.2 C = PBP" with B =  “%& o ).
0 In_p
Proof. From the definition 3.1,
alkR7Y 0\ =t
C :Vk+1{< Ok 1 )Qk_lk+1}vkt+1+IN
Rt 0 -
= Viy1 ( “ Ok 1 ) (Vig1Qr)" = Ver1 Vi, + In
R0 ~
= Vk+1 ( @ 1 ) (Vk+1Qk)t + WWt,
O
From lemma 3.1, we have
I J
P/tJPB — Qi 12
< 0 Ja
and the theorem follows. O

In the next subsection, we study the rate of convergence of GMRES applied to A = JC =
P'AP". We show how to choose « to optimize the preconditioner, in relation to WiJWi.

INRIA



A matriz-free preconditioner 9

3.3 Properties

Assuming that we want to solve Jo = R starting with an initial residual Rg, we study
the residual R; after [ iterations of GMRES applied to JC = A. Let Ry = P''Ry. By the
orthogonality of P’  we first have ~

[ £oll2 = | Rol|2 (10)
The main result of this subsection is based on the following lemma.

Lemma 3.3 If (aln_j — Ja2) is non singular then 3X € RN

-1 %Tv _ Oz[k 0 7
X AX_( 0 J22)_A

non singular such that

I, X2
0 In_p

17 _ al 0
X AX_< 0 J22)

Proof. We take X = < ) with X125 = —Jia(aly_g — J22)7!. Then, we can

easily check that

O

Now, we will measure the speed-up of GMRES that we can obtain with an appropriate use
of the preconditioner. First, we need some additional notations. In the X base, Ry = Xy
where v = (71,72)" is partitioned correspondingly to the partition of X = (X;, X»). Let
R6 = X' where v/ = (0,74)" with 74 later defined. We consider two GMRES processes
applied to A starting respectively from Ro and Ro We note by extension R; and R the
residual after m iterations of GMRES. Then, we get the proposition.

Proposition 3.1 If (aln_; — Jaz2) is non singular then

[Biall2 < [[Bill2 < |lp(A) ol
[Xp(A)Y ]|

IN

for all p € P} with v' = (0,(In_r — a™ 1 J29)72)t.
Proof. We have N
| Rigall = min [[p(A)Roll2
P

EPH'I
< |lp(A)h(A) Ro||; with hy € PY
< [Ip(A)X X~y (A)Ro|2

As .
X7t ARy = a1 + Jaa7e,

we take hi(z) = 1 — a~lz. We obtain

X 'h(A)Ry=X""Ry—a "X "ARy = X ' Xoyh = XT'R, =/,

RR n~ 2605



10 R.Choquet

with v4 = (In—x — a7 1J22)y2
So R _
[Rigall2 < [[Xp(A)Y |2
< |lp(A)Ry|[2-

In particular,
[ Rigall2 < [[R]]2-

which encloses the proof. a
We deduce easily from (10) a corollary of the proposition (3.1).
Corollary 3.1 If (aln_j — Jaz) is non singular then Ripq = P’}AEI.H satisfy ¥V p € P}
[ Rigallz < 1Rl < 1X7" 15
with v = (0,75)", 75 = p(J22)75-
Now, we are able to link to W2JW the convergence of the GMRES method applied to A.

Theorem 3.2 Assuming that (aln_j — Ja2) is non singular then

A

[ Rig1]l2 <

1 .
(IIX12/15 4+ 1)7 min ||p(J22)75l2
pEP!

with Jig = (Veg1Qr) IWh, Joo = WEIWy, v = (I — a1 Jas)ye, Xi2 = —Jia(aly_p —
J22)7t and ||Rig1|]2 = min [[p(A)P' X7||a.
pepit?

Proof. We have,
X713 =1 Xp(J)7'3

H( X12p(J22)75 )
p(J22)75 9
||X12||2 + D)|Ip(J22)7513
The theorem follows when we apply the Corollary 3.1. a

2

Now, we can discuss the theoretical results obtained and the choice of the free parameter
«. First, we consider the rate of convergence of GMRES with the preconditioned matrix A.
We choose « such that |[J12]]2 < § and ||J22|]2 < §. Thus, (af — J22) is non-singular and
[[X12|]2 < 1. Furthermore, 5 is independant of . Thus, in Theorem 3.2, for « large enough,
we have shown that the convergence is related to Jay = Wg]Wl. But as k is in general small
compare to N, the condition number of Jss = W2JW, is not guarantee to be smaller than
the condition number of J. Nevertheless, if Rg is close to ry then we expect

3
72l < Sllvall << Il

In the next section, we will compare the GMRES Algorithm applied to J and A.

INRIA
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3.4 Comparison

Now, we study the GMRES algorithm applied to J for the same linear system Jz = Ry
with the same initial residual Ry. And we compare this process with GMRES applied to A
under the following restrictive assumptions.

(A1)- Span{Vj} = Span{K(J,ro,k)} ,

(A2)- ||Ry — Tefekre i) < tol]| R,

(ro,ro)
(A3 177 (R = Eptied )l < 1757 (o — S o

Let first begin with the initial algorithm. We denote by r; the residual after ! iterations of
GMRES applied to J.

Proposition 3.2 Under assumptions (A1) to (A3), we have

k
[Iriaell2 < main |0olllp(S)7e(T)roll2 + tol(1 + > I sDl| Roll2
pEry

=2

with 0y = (’“”ﬁ? and (J)ro L span(Vi41Qr), m(2) = 1+ 2522 Tkyil‘i solution of the

Iroll3
problem
min Drolls.
iy llp(J)rol2
Proof. .
||T’1+k||2 = mlln ||P(J)R0||2
pePt*
] rort
= min ||p(J)(Boro + (I — 00 5 ) Ro)||2
o, Troll

IN

min 0o [|lp() 7 (J)roll2 + 7 (J)(Fo — foro)|2
pEry

< min [fo|l[p(/) i (/) 7’0||2+Z||Tkz (Ro = boro)|2
pEP
k
< min |0o[|p(J )75 (J)rol|2 + (1 + > ImsDll Ro = Boroll2
P 0 i=2

Now, we prove that m(J)rg L Span{V;+1Qr}. We suppose that it is not true, thus there
exists y € R such that (16(J)ro, Ve+1Qry) # 0. Furthemore, there exits « such that

I7(J)ro — aVi41Quryll2 < ||76(J)roll2

which contradict the minimum property of 7. a

RR n 2605



12 R.Choquet

Now, we compare the GMRES processes applied to J and A under the assumptions (A1) to
(A3). When « is large then 74 = 72 and X12 & 0 thus ]%; ~ (0, In—rqi(J22)72)" and becomes
almost orthogonal to Span{Vj4+1Q}. Thus, we can compare the results of proposition 3.2
and corollary 3.1. Both results give upper bound residuals which are almost orthogonal to
Span{Vi4+1Qr}. The first one needs k iterates to be attained whereas the second one needs
one iterate.

But, in our context, the Jacobian is varying both during the Newton and the time iterations.
So, in the next subsection, we refer to a well-known result of perturbation to justify the small
variation of the invariant subspace for a small perturbation of the Jacobian. Then in section
3.6, we propose an update of our preconditioner by the Broyden algorithm, i.e when the
variation of J is a rank-one update.

3.5 Perturbation
Now, we will look at the evolution of the invariant subspace Span{Vj;1Qr} when A is

t
perturbed. Let F = < g% ) be a perturbation of J the jacobian with E; € RV** and
2

sy € RY*N=8) B is the perturbation for the preconditioned matrix.

EC = < Ei(aVkRﬁ(VkHQk)t + Wi Ws) )
ES(aVi Ry (Vig1Qr)' + Wi W3)

By = (Vi1 Qi)' EVi Ry
Eiy Eis ) with Erp = (Vi41Qr) ' EW,
Ey Eoy By = a(Wa) BV R

Eqy = (Wo)'EW,

thus, P"ECP! = (

Proposition 3.3 Let ||.|| « norm and set

a=||Eall,
b= |[J12l + || Er2l,
¢ = sep(aly, Jaz) — || E11]| — || Eaz||.

where sep(aly, Jaz) = inf [|aP — J22P||.
IP=1,PeR™ X

If ¢ > 0 and ‘2—2 < %, there is a unique matriz P satisfying ||P|| < 2% such that
(Veg1Qr + WoP)(I + PHP)~3
form a orthonormal bases for the right invariant subspace of (J + E)C.

Proof. This proposition is a direct consequence of theorem 3.1 and theorem 2.7 p 236 of
[SS90]. O

When a becomes high then the existence of P is guaranteed; furthermore ||P|| is bounded
independently from «. Thus, the perturbation of Span{Vj1+1Q}, an invariant subspace of
A, is small when ||E|| is small enough.

INRIA
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3.6 Rank-one update of the preconditioner

During the Broyden algorithm [DS83], the Jacobian matrix is changing with a rank-one up-
date. We propose an update of the preconditioner of the subsection 3.2 to take into account

this evolution. We consider a rank one update of J, J + zy' and we want to define a si-
Fluiy1)—F(u;)—Jbu;
BT

milar preconditioner on J+zy’. For the Broyden algorithm, z = , Y = du;.

Un=Vis1Vii)y
UN=Vit1 Vi yll2”

We assume that « & span(Vi41). We define V! = (V41,0") with o' = T

We have
(J+zy)Vp, =V’ << Hok ) + Hgt) where V'0 = z and g = V]'y
=V'QrRy where @, € R**F*F and Ry € RF**
Ry,
E+2)x (k+2
=V'Qrta | 0 where Qpyo = (Qk, qrs1, qrgz) € RETXEF?
0
= (V'Qu)'(J + 2y )V = Re (11)

We define the new preconditioner C' as

Definition 3.2

aR;Y 00

c=Vv 0 1 0 | Qiyo— T4z p V' + 1y,
0 0 1
with a > 0.
It satisfies the following theorem.
Theorem 3.3 Let the orthogonal base P' of RY be
P = (V'Qp42, W)

=(V'Qr, V'ak41, V42, W)
= (V'Qg, W2)
then
oeope=r (7 3}
where J12 = (V'Qr)'(J + zy" )W and Joo = WE(J + zy' )W with W1 = (vgg1, v, W).

Proof. Let the orthogonal base P of RY be

P =(V',W),
= (V&, W1).
The proof is a direct consequence of the two following Lemmas. a

RR n 2605
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aR;l 0

Lemma 3.4 Let B = < 0 7

) then C = PB'P".

Proof. From the definition 3.2,

aR;' 0 0
c =V 0 1 0 | Qhyy—TInpo Vi +1Iy
0 01
alR;t 0 0)
=V 0 1 0 | (VQp2)! =V'Vti+1y
0 01
al; 00
=V 0 1 0 | (V'Qpsa) + WW!
0 0 1)

Lemma 3.5 P"*(J + zy")P = < }Ek 22 )
Proof. The proof is similar to the proof of lemma (3.1) once we have checked that Wi(.J +
zy')Vp = 0.
Wi(J +ay' )V = WiV'QiRy
(V'qr41)'V'Qr Ry,
(V'qr42)'V'Qr Ry,
W' Qr Ry

Il
o

3.7 General remarks on the preconditioner

Choice of the parameter «. In the practical investigations, we will choose « as the lar-
gest singular value of the Hessenberg matrix H, = V! JVj.

Cost of the preconditioner. In the framework of the iterative methods for solving the
linear systems, the efficiency of the preconditioner C' defined in subsection 3.1 depends
also on the cost of the product of C' by a vector v. Once the R; and @y are built, we
need k + 1 dot-products, k + 2 saxpy, k + 2 Givens rotations and one solution of a
triangular system of size k to compute Cv. The overall cost is cheap compared to the
computation of F(u). We get almost the same cost for the preconditioner C defined in
subsection 3.2. Now, we consider the cost of the preconditioner in terms of memory.
As n is large compared to m, the cost is evaluated as the number of vectors that we
need to store. Each time we build a preconditioner, we have to keep k + 1 vectors in
memory.

INRIA
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A two level preconditioner. Let D be a preconditioner of the Jacobian, we assume that
D is non-singular. If we consider a right preconditioning of J by D, we solve (JD)y = F
by GMRES. Instead of (6), we have

(JD)Wi = Vel
As in section 3, we can build a preconditioner C' for JD and DC' is a preconditioner
for J.
4 Practical investigations in CFD

We consider the implicit solution of a compressible, Newtonian and viscous fluid without
source terms. The Navier-Stokes equations governing the flow are written in the following
conservative form :

% +div(pU) =0

a(pU . .

% +div(pU @ U) 4+ vp = div(pS) (12)
a

5§+&w@+pﬂm:dwm5Uy+&wan)

where p is the density; U the velocity ; 7' the temperature ; e = p(T+ ”%”i) the total energy
density; p = (v — 1)pT the pression and S = (yU + U?) — %di'u(U)I the deformation
tensor. x = %= is defined from the following parameters y = 1.4; Pr = 0.72 for the air; and
ow= ﬁ is given by the Sutherland law :

T ]1~5[T00+110]’

“:“W[ﬂ T+ 110

where the subscript oo denotes reference quantities.
To solve (12), we use the conservative variables (p, pU, ¢) [Moh94]. The convective terms are
upwinded thanks to a finite volume formulation for the Euler part of the equations. The
Riemann problem at each interior interface is solved by approximating the flux with the
Osher scheme [OC82] or the Roe scheme [Roe81]. This scheme is differentiable if and only
if Uw # 0 (where U and v are respectively the value of the velocity and the normal at
each interface), so we use the C; Steger-Warning flux splitting [SW81] to approximate the
flux at the free-stream boundary. For the diffusive term, we use a standart P; finite element
formulation. Roughly speaking, after a mixed finite volume/finite element P; formulation,
we have to solve (1), where u is composed of blocks of the variables (p, pU, €).

In the framework of unstructured meshes, we will consider the flux approximation as a
black box and we will apply an implicit method to solve (1) leading to the non linear problem
(2). Since the Jacobian is not explicitly known, we use an inexact matrix-free algorithm. The
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algorithm is Newton-GMRES where each matrix-vector product J(u)v is approximated by
a finite difference scheme [CE93] like

F(u+ ov) — F(u)

J ~
(u)e i

In this context, we apply the preconditioner defined previously for the GMRES method.
In this section, we consider the practical value of the acceleration algorithm presented in
section 3.2. First, we consider the local contribution of the preconditioner for two steady-state
problems, we consider its efficency both across the Newton iterations and the time steps. We
will show that the preconditioner is efficient across the time steps. Then, we consider a full
computation of a subcritical flow where implicit methods are better than explicit methods.
Finally, in part 4.2.1, we consider the computation of an unsteady problem. Some discussions
will be done first on the parameters of the algorithm and a full computation of the stiff part
of this problem will be presented. We will show that this preconditioner is always valid.

4.1 Local tests for two steady problems

We look in details the practical contribution of the preconditioner in order to settle the «best
strategy »for the choice of (i*,n*). We consider only steady-state solutions of (1) across a
few time steps with a basic time step integrator : A backward FEuler integrator. We used the
software developed at INRIA [Moh94] where time is discretised by an explicit Euler scheme,
given by

u(n+ 1) = u(n) + At,G(u).

Then, we have implemented an implicit backward FEuler scheme, given by :
u(n+ 1)+ At,G(u(n + 1)) — u(n) = 0, (13)

where each time step gives rise to the nonlinear problem F(u) = 0 where F(u) = u +

At, G(u) — u(n). Assuming that ||%gu)|| is bounded, we can always find a time step At,

such that the Jacobian J(u) = I + At, aggu) of (13) is non singular. Since the Jacobian
is not explicitly known, we solve (13) by the inexact matrix-free algorithms , including a
backtracking strategy. For numerical purposes, we consider the following two steady-state

problems in a two-dimensional space :

Problem 1. a viscous flow at Mach 0.8, Re=5000 around a Naca0012 without incidence.

Problem 2. an inviscid flow at Mach 1.2, around a Naca0012 with an incidence of seven
degrees.

We discretise the domain by a finite element mesh with 801 nodes and 1516 triangles, thus
N = 3204. All the computations are done on a SPARC-IPX workstation.

The explicit Euler scheme is used during the 100 first steps where the solution varies
greatly, with a local time step At,(exp). Then reasonably large time steps At,(imp) =
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CFL.Aty(exp) can be used in the implicit scheme while guaranteeing the convergence of
the Newton iterations. The Euler flux is approximated here by the Osher scheme. We will
measure the efficiency of the precondionner in two directions ;

1. across the Newton iterations in subsection 4.1.1 and

2. across the time steps in subsection 4.1.2.

Notes for the Tables in subsections 4.1.1 and 4.1.2
The tables are organized by columns where the contents of columns from 1 to 7 are respec-
tively

- 1 - i— > the state of the Newton process or
n— > the time step,

- 2,5 - the non-linear relative residual,
- 3,6 - the linear residual of GMRES(m),

- 4,7 - the number of Jacobian vector products.

4.1.1 Across Newton iterations

We consider one time step and we measure the contribution of the preconditioner without
update across the Newton step. At each stage ¢ of Newton, we evaluate a preconditioner C;
for the matrix J;G;_; where

G_1=1 and G; = Gi_1C;, i > 0.

The new preconditioner G; is a composition of the preconditioners C;. Then algorithm (3)
becomes

ALGORITHME 4: acc-new
n=20,...
up=0; G_1=1; n*=n;
1=0,...
=11
Solve J{™ G+ (Gi+)~16u; = —F™ by GMRES(m)
Compute CZ-(JZ»(n)Gi*, Fi(n))
Gi = Gi1G;
Uiyl = Ui + Ouy
u(n+ 1) = uj41
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In tables 1 and 2, we evaluate the preconditioner at the first cycle of GMRES of each New-
ton stage. We see that a slight improvement has been achieved during the GMRES process
which entails a better convergence of the Newton process. We also considered the precondi-
tioner of subsection 3.6 with the Broyden update as a rank one update [DS83, Cho94]. But
experimental results showed no improvement of the convergence compared to the original

preconditioner.
Acceleration
. [ (ui)ll2 1= * [F(ui)ll2 1= *
L I vy Faol |7V | [Flol Faol |7V
0 1.0 5.469117E-05 6 1.0 5.469298E-05 6
1 | 6.312579E-05 | 2.116724E-04 | 10 6.312579E-05 | 1.927194E-04 | 10
2 | 1.336176E-08 | 2.444435E-04 | 10 1.216542E-08 | 2.043502E-04 | 10
3 | 5.460306E-12 5.12953E-12
Table 1: Observations for problem 1 when m = 10 and CFL = 1.
Acceleration
. F(u;)[[2 r{[2 * Flu;)|[2 r|l2 *
L I vy Faol |7V | [Flaols Faol |7V
0 1.0 8.688418E-04 | 11 1.0 8.688418E-04 | 11
1 | 1.350409E-02 | 7.699990E-04 | 23 1.350409E-02 | 8.904531E-04 | 20
2 | 1.048916E-05 | 9.204466E-04 | 22 1.216324E-05 | 6.755954E-04 | 22
3 | 3.792668E-08 8.315497E-09

Table 2: Observations for problem 2 when m = 15 and CF L = 5.0.

4.1.2 Across the time steps

ALGORITHME 5: acc-time(opt)

given freq,
n=20,...
ug=0; G(_nl) =1I; n*=n—mod(n, freq);
1=0,...,%maz — 1
=1,

if mod(n, freq) = 0 then
Solve J™6u; = —F(™) by GMRES(m)
Compute CZ(”)(JZ»(H), Fi(n))
If opt=0 then
G = o™
else
o =
endif

else
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endif
Uip1 = Ui + Ouy
u(n+1) = ujp1

Here, we test the efficiency of the preconditioner across the time steps using an implicit
Euler scheme. In the first test cases, each time step is solved by just one Newton iteration.
We build the preconditioner after the first cycle of GMRES(m) and we apply it to solve the
following time steps. As can be seen in tables 3 and 4, GMRES(m) is accelerated during the
first time steps. In table 5, we update the preconditioner at the fourth time step, improving
the efficiency of the preconditioner. In tables 6-9, we consider two Newton iterations, we
compute a preconditioner at the first cycle of GMRES for each Newton iteration. In table 7
and 9, we consider the algorithm acc-time(1). In table 6 and 8, we more simply consider the
algorithm acc-time(0). We note that for the first test case, Newton doesn’t converge thus it

Solve /MG (G )~ 1u; = —F™ by GMRES(m)

is difficult to see what kind of preconditioner for the acceleration is the best.

Acceleration
n F(Ul) 2 Pm .]*V F(Ul) 2 pm‘ J*V
[[F(uo)ll2 [[F(uo)]l2 [[F(uo)][2 [[F(uo)]=
0 | 6.312579E-05 | 5.469117E-05 6 6.312579E-05 | 5.469298E-05 6
1 | 1.667603E-02 | 4.033682E-05 6 1.667898E-02 | 7.933922E-05 2
2 | 1.711056E-02 | 8.067259E-05 6 1.713215E-02 | 5.281140E-05 5
3 | 1.563396E-03 | 5.407076E-05 6 1.567406E-03 | 7.590680E-05 4
4 | 1.832167E-02 | 4.368422E-05 6 1.831945E-02 | 9.717254E-05 4

Table 3: Observations for problem 1 with a backward Euler scheme when m =
10 and CFL = 1.0, (one Newton iteration, freq > 5).

Acceleration
n | e e e AR B i ol |7
0 | 1.350409E-02 | 8.688418E-04 | 11 1.350409E-02 | 8.688418E-04 | 11
1 | 1.267828E-02 | 9.853834E-04 | 14 1.266203E-02 | 9.089535E-04 | 11
2 | 1.106648E-02 | 7.653879E-04 | 15 1.104800E-02 | 7.666862E-04 | 14
3 | 1.004400E-02 | 9.094555E-04 | 14 | 9.998064E-03 | 8.792788E-04 | 15
4 | 9.134224E-03 | 9.246127E-04 | 14 | 9.113527E-03 | 9.050189E-04 | 16
5 | 8.804517E-03 | 8.285131E-04 | 14 | 8.810355E-03 | 8.705162E-04 | 17

Table 4: Observations for problem 2 with a backward Euler scheme when m =
15 and CFL = 5.0, (one Newton iteration, freq > 6).
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Acceleration
F(uy )2 Om J*v F(u1)[[2 Pm kv
[[F(uo)ll= [ (uoll2 [[£(uo)l= [[F(uo)=

U W N~ O3

1.350409E-02
1.267828E-02
1.106648E-02
1.004400E-02
9.134224E-03
8.804517E-03

8.688418E-04 | 11
9.853834E-04 | 14
7.653879E-04 | 15
9.094555E-04 | 14
9.246127E-04 | 14
8.285131E-04 | 14

1.350409E-02
1.266203E-02
1.104800E-02
1.005455E-02
9.118419E-03
8.735657E-03

8.688418E-04 | 11
9.089535E-04 | 11
7.666862E-04 | 14
9.396960E-04 | 14
8.903471E-04 9
8.166246E-04 | 12

Table 5: Observations for problem 2 with a backward Euler scheme when m =
15 and CFL = 5.0, (one Newton iteration, freq = 3).

Acceleration

n i) fraE N A B - i Faon | 1

010 1.0 8.688418E-04 | 11 1.0 8.688418E-04 | 11
1| 1.350409E-02 | 7.699990E-04 | 23 1.350409E-02 | 9.472127E-04 | 22
2 | 1.048916E-05 1.289427E-05

110 1.0 7.296029E-04 | 13 1.0 9.830272E-04 | 12
1| 1.274907E-02 | 9.412087E-04 | 22 1.280563E-02 | 8.201650E-04 | 15
2 | 1.205738E-05 1.066222E-05

210 1.0 7.847132E-04 | 13 1.0 7.746524E-04 | 11
1| 1.114887E-02 | 9.568749E-04 | 22 1.109384E-02 | 9.213040E-04 | 17
2 | 1.074007E-05 1.026940E-05

Table 6: Observations for problem 2 with a backward Euler scheme when m =
15 and CFL = 5.0.
Acceleration

n || free Excreai A B i o For | I

010 1.0 8.688418E-04 | 11 1.0 8.688418E-04 | 11
1| 1.350409E-02 | 7.699990E-04 | 23 1.350409E-02 | 8.904531E-04 | 20
2 | 1.048916E-05 1.216324E-05

110 1.0 7.296029E-04 | 13 1.0 9.861310E-04 | 12
1| 1.274907E-02 | 9.412087E-04 | 22 1.280669E-02 | 9.483351E-04 | 18
2 | 1.205738E-05 1.228417E-05

210 1.0 7.847132E-04 | 13 1.0 7.983771E-04 | 11
1| 1.114887E-02 | 9.568749E-04 | 22 1.109521E-02 | 9.150727E-04 | 19
2 | 1.074007E-05 1.024130E-05

Table 7: Observations for problem 2 with a backward Euler scheme when m =
15 and CFL =5.0.
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Acceleration
n i | et s o A IR 2o Pl | I
010 1.0 5.469117E-05 6 1.0 5.469298E-05 6
1| 6.312579E-05 | 9.655995E-05 | 11 | 6.312579E-05 | 4.688787E-05 | 12
2 | 6.891310E-09 3.978817E-09
110 1.0 4.039129E-05 6 1.0 4.039337E-05 6
1| 1.667599E-02 | 5.566767E-05 9 1.667599E-02 | 6.163422E-05 9
2 | 1.667382E-02 1.667382E-02
210 1.0 5.292650E-05 6 1.0 5.442649E-05 4
1| 1.513957E-03 | 4.352684E-05 | 10 | 1.512630E-03 | 7.441549E-05 | 10
2 | 1.512203E-03 1.512202E-03
Table 8: Observations for problem 1 with a backward Euler scheme when m =
10 and CFL = 1.0.
Acceleration
n i | e s rR Al B e [Fuol | 7Y
010 1.0 5.469117E-05 6 1.0 5.469298E-05 6
1| 6.312579E-05 | 9.655995E-05 | 11 | 6.312579E-05 | 4.071232E-05 | 12
2 | 6.891310E-09 3.744592E-09
110 1.0 4.039129E-05 6 1.0 4.039258E-05 6
1| 1.667599E-02 | 5.566767E-05 9 1.667599E-02 | 6.046894E-05 | 10
2 | 1.667382E-02 1.667382E-02
210 1.0 5.292650E-05 6 1.0 5.442932E-05 4
1| 1.513957E-03 | 4.352684E-05 | 10 | 1.512630E-03 | 8.964561E-05 | 11
2 | 1.512203E-03 1.512204E-03

Table 9: Observations for problem 1 with a backward Euler scheme when m =
10 and CFL =1.0.

4.2

Full computations

We observed from the previous local tests that the preconditioner is efficient across time
steps. Now, we want to consider the preconditioner with the same practical approach on full
test cases. Furthermore, we will consider test cases when implicit schemes are better than
explicit schemes.

4.2.1 Unsteady computation

In this subsection, we compare the explicit methods with the implicit methods when the
problem is unsteady. As far as possible, we will compare the methods controlling the local
error per unit time step. We consider one unsteady test case which is stiff in the sense that
an explicit method is inaccurate.
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Error estimator and Stepsize control

To follow the solution, we need accurate schemes, thus we must consider schemes for which
the order is greater than one. For explicit methods, we used the well-known fit in Runge-
Kutta methods [CM89]. For implicit method, we introduce the BDF schemes, which are
unconditionally stable until second order. The class of BDF schemes have the following form

u(n + 1) = AtpbaG(u(n + 1)) + > ainAtpu(n — i+ 1), (14)
i=1

where o is the order of the scheme. The cost per time step is one non-linear system to be
solved forall orders. Once we have computed u an estimation of u(n + 1), we estimate the
local error err, defined by u(tn41) — AtpbnG(u(tnt1)) — Y iy @inAtpu(n — i 4+ 1) where
u(tn41) is the exact solution of

uy=Gu), ultn_iy1)=uln—i+1), i=1,...,0

by the following procedure.

e Let 0" = 0o+ 1 with o given,

o compute 7 = H(u) = u— At,b,G(u) — >.7_; a; nAtpu(n — i+ 1),

e compute H*(u) = u — At b} G(u) — EZ 145 Atpu(n — i+ 1),

o erry, & ||H(u)— H*(u)|].
The influence of 7 in err, is measured thanks to this basic result ;

1H () = H*(u) = {H(u(n + 1)) = H*(u(n + 1))}z < (1 + crea) |72

with ¢; = ||6H* @)||2, 2 = ||6H_1(L7_)||2, and @i belonging to a neighbouring of u(n + 1).
Once we have estimate the local error, err, we control the time step At,, such that <= < tol.
The control, called EPUS| is attractive as the global error of integration is constant regardless

of the number of steps used. Suppose we keep the order of integration constant then the
new stepsize is selected by means of the formula

tol \*
Aty = < 2 ) Atold;

ETTy

where o is the order of the integration method.

Newton-GMRES parameters control
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We choose the Newton tolerance 1 such that the incomplete Newton convergence does not
interfere with the time process. The newton residual at step ¢ and at time ¢, is

Fu;) = u; + Aty Hi(ui) — Aty Ha(u(n), u(n — 1), u(n — 2),...),

with ug = u(n), for ¢ > 0.
Suppose that |[|F(u;)||2 = n||F (ug)||2 then the mean value theorem gives

[l F(uo)lla < I @laf[u(n + 1) — w2

Now, we lay down ||Ju(n + 1) — u;||2 < 0.01 % tol * At,,. So, the tolerance of Newton has to

satisfy
0.01 x tol * At,, * ||J(@)]|2

TFCuo)ll (15)

The tolerance & for GMRES is taken equal to 1 as we expect a linear behaviour of F' in
a neighbourhood of u(n — 1). To compute ||J(@)|]2, we calculate the highest singular value
of the Hessenberg matrix Hy = V;J('ui)Vk estimated in GMRES as the ritz values of J;,
converge to the extremal eigenvalues of J(u;) as k increases. However, (15) is strong and
cannot be satisfied due to parameters constraints (i, m, jmae ). Thus, we replace (15) by

n<

0.01 x tol x Aty  ||J@)]|2
£ (uo)ll2

where 7,14 is the last norm residual obtained by Newton-GMRES for the solution of (14)
satisfying the local error control.

n < max( s Notd)

4.2.2 Steady computation

For explicit schemes, we use the Euler scheme. The choice is motivated by the following
consideration. High order explicit schemes are no more efficient as stability is only slightly
improved, compared to the increase of the computation. For implicit schemes, we use a
second order BDF scheme with a cost of one non linear system to be solved. Numerical
results show that using this scheme improve the convergence of Newton algorithm compared
to Backward Euler. Controlling the local time step is difficult here as the influence of the
error during time integration on the convergence to the steady state is not well-known. So,
we will use an empirical law which is test dependent.

4.2.3 Tests

Figure reading for the diagrams

All the computations are done on one processor of the CRAY C98. In order to analyse
the evolution of the integration procedure, we have displayed some helpful parameters as
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0. the order for the Runge-Kutta method,
0; the order for the BDF method,
7 the tolerance for Newton,
¢ the tolerance for GMRES,
k the size of the Krylov subspace used for the preconditioner,
m the size of the Krylov subspace,
Jmar the maximum number of restarting of GMRES(m),
CF Lpgr the maximum CFL number,
tol the tolerance for the error per unit step (EPUS).

The diagrams in Figures 1 and 3 are composed of curves. The name of each curve ( located
at the right upper corner ) indicates the computation according to the following legend ;
EXP indicates an explicit computation, IMP(.ia)(.pb) indicates an implicit computation
where ¢ is the maximum number of newton steps and b is the frequency for the computation
of the preconditioner.

Subsonic unsteady flow over a Naca 0012

We consider a viscous flow Re = 1000 over a Naca with a Mach equal to 0.1 and an
incidence of 30 degrees. We use a Roe solver. So, the number of unknowns is four times the
number of nodes of the mesh. This test case is unsteady and we start to compute the solution
from the time T' = 0s until 7" = 6s. We consider a mesh compose of 2719 nodes and 5280
triangles. We compare explicit methods with implicit methods using one Newton iteration.
We control the local error per unit time step. For explicit methods, we use the well-known
fit in Runge-Kutta methods [CM89]. For implicit methods, we use the BDF schemes. We
observe an acceleration of the preconditioner clearly shown in the Fig 1.

Subcritical steady flow over a Naca 0012

We have considered the practical value of this approach across a subcritical unviscous
flow test around a Naca0012 (801 nodes and 1516 triangles), at free-stream Mach num-
ber of 0.63 and 2° angle of attack (see Figures 4). At a given time step, we use no more
than three Newton iterations, we built a preconditioner at each Newton iteration and we
used it for the next time steps for the corresponding Newton iteration. To approximate the
Euler flux, we used the Osher scheme. For the CFL number, we used the empirical law
CFL = min(CFL % 2,CF Ly,qg) each 6 iterates for the implicit integration whereas CFL
was limited by stability to 0.5 for the explicit integration. An acceleration of the process
was observed in Figure 3. Here, the explicit and the implicit computations have a similar
cost. As the considered mesh is very coarse, the constraint for the stability of the explicit
method is weak thus we expect for a finer mesh that implicit methods will perform better.
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Figure 4: Mesh and Mach number

5 Conclusion

In this paper, we have built a new cheap preconditioner from the GMRES algorithm with
the aim to reuse it across the Newton iterations and the time steps. Experimental results
show the efficiency of this preconditioner across the time steps and only a slight improvement
across the Newton iterations. So, it seems that numerical computations confirm the theorical
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result which show that a small variation of the residual is necessary for the preconditioner to
be efficient. For unstructured meshes and for unsteady problems, we introduce new implicit
schemes for CFD with a control of the error. We have shown within this framework that
fast implicit computations are feasible in the stiff part of the integration as the residual
varies slowly. New tools have to be developped to switch automatically from explicit method
to implicit method. For steady problems, we have shown that the acceleration procedure
is always valid although no framework has been defined to characterize the usefulness of
implicit methods.
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necessary guidance for its application.
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