
HAL Id: inria-00074033
https://inria.hal.science/inria-00074033v1

Submitted on 24 May 2006

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

More on the Covering Radius of BCH Codes
Françoise Levy-Dit-Vehel, Simon Litsyn

To cite this version:
Françoise Levy-Dit-Vehel, Simon Litsyn. More on the Covering Radius of BCH Codes. [Research Report]
RR-2656, INRIA. 1995. ⟨inria-00074033⟩

https://inria.hal.science/inria-00074033v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


WINR1A 

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE 

More on the Covering Radius of BCH 

 Codes 

Françoise Lévy-dit-Véhel - Simon Litsyn 

N° 2656 

Octobre 1995 

PROGRAMME 2 

Üapport 

derechçrçhq 
_ à rnF E es F Ls mtn E 



Les rapports de recherche de l'INRIA 

sont disponibles en format postscript sous 

ftp.inria.fr (192.93.2.54) 

si vous n'avez pas d'accès ftp 

la forme papier peut être commandée par mail : 

c-mail : dif.gesdif@inria.fr 

(n'oubliez pas de mentionner votre adresse postale). 

par courrier : 

Centre de Diffusion 

INRIA 

BP 105 - 78153 Le Chesnay Cedex (FRANCE) 

INRIA research reports 

are available in postscript format 

ftp.inria.fr (192.93.2.54) 

if you haven't access by ftp 

we recommend ordering them by e-mail : 

c-mail : dif.gesdif@inria.fr 

(don't forget to mention your postal address). 

by mail : 

Centre de Diffusion 

INRIA 

BP 105 - 78153 Le Chesnay Cedex (FRANCE)



Sur le rayon de recouvrement des codes BCH 

More on the covering radius of BCH codes * 

Françoise Levy-dit-Vehel! and Simon Litsyn* 

Résumé 
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More on the covering radius of BCH codes 

1 Introduction 

Covering radius is an important parameter of error-correcting codes (see e.g. [2, 3}). It 

characterizes the largest multiplicity of errors that can be corrected by maximum likelihood 

decoder in BSC. À code is called mazimal if one can not add a word to it without decreasing 

its minimum distance. Indeed, maximality can be guaranteed by proving that the covering 
radius of the code is less than the minimum distance. ‘ 
Covering radius of BCH codes has gained a great deal of interest. For two- and three- error 

correcting BCH codes, it was determined in [1, 4, 5, 8]. Further research on the topic was 

initiated by a paper of T.Helleseth [6]. In [13] A.Tietäväinen proved that the covering radius 
of t—error correcting BCH codes of length (2* — 1)/N is less than or equal to 2t provided 

2" > ((2t — 1)N)***2. (1) 

“ A.Skorobogatov and S.Vläduts [15] determined the covering radius of very long primitive 
BCH codes to be exactly 2t — 1. Estimates for the lengths from which it is true were given 

by O.Moreno and C.Moreno {[11] and Y.Kaipainen [9]. For t of the form 2* + 1 the same 
result was obtained by A.Tietäväinen [14] for much smaller lengths. For non-primitive BCH 

codes it was shown in [15] that the covering radius is lowerbounded by 2t. 
In this paper we further improve the estimates on the length of BCH codes starting from 

which the covering radius is upperestimated by 2t. It thus gives a new range when primitive 

BCH-codes are surely maximal, and answers a question of [7]. For the non-primitive case 

we simplify the proof of [15] that 2t is the lower bound. Using a similar technique as in the 
primitive case we further extend the set of possible lengths for which we know the covering 

radius exactly. 

2 The primitive case 

Theorem 1 The t-error correcting BCH-code of length 2* — 1 has covering radius R < 2t, 

provided 

I{.m2> 15 fort = 4, 

2. m > 20 fort =5, 

2t 

8. 27 > 4(1+e(t))(t—1)?(t!)?, where e(t) is a decreasing function oft and e(t) < {Èîîïm 

fort > 5. 

Proof 
Let BCH(2t + 1) stand for the t-error correcting BCH code of length 2* — 1.



By the form of the parity-check matrix of BCFH(2t + 1), we have that R is the smallest 
integer such that, for any (b,,... , be) in F,m \ {0} and for at least one : < R, the system 

Œl+...+ï,‘ = b1 

Œ?+...+Œ‘? = b2 (2) 

2t—1 2t—1 x +...+2; = b 

has a solution (x1,..., x:) € (Fam\{0}}', with 11 # 1; for | # j. (Note that, if (b,, … , b,) = 0, 
it corresponds to the zero todeword, and, by convention, we assume in this case that : = 0). 

Using an idea of Tietäväinen {13], we consider the homogeneous system 

T1 +...+Tj = bly 

r2+...+12 = bay® 
(3) 

2t—1 2l - 2t—1 x +...+2; = by 

If this system has a solution (x1,..., a:,«,_ÿ) = (&,-.,&,Ç), with Ç € Fn \ {0}, then the first 

one has the solution (&1/C,..., &:/C). 

À straightforward consequence of the fact that 

z (_1)Tr(ar) — 2m6q,0 

$€F2m 

(Tr being the trace function from Fzn onto F;), is that the number of solutions (x1,... , x;, y) € 
(Fzm \ {0})'+" of (3), with x; # x; for à # j, is 

O<x1<...<xi,y#0 

_— Tr(al(zl+...+-r.+bly)) _ Tr(a,(xî"“+...+xÎ"‘+b.y*"‘)) > 6} … 5 (=1) ; , 
a1€Fzm arEFom 

(after having chosen an order on F4m). 

We have : 
2thi — z Z(_l)Tr(a;b;y+...+mb;y”") 

z ('_1)Tr(alzl +a;:ï‘+...+a;xî"l) _ (_1)Tr(a;z.—+a:z?+...+a.x?‘“l) 

O<x1 <...<X1 ‘ 

Let G be a primitive element in Fzm. Denote by fa(z), the polynomial fa(z) = E }-, a;223-1 
where œ = (a1,..., Q:)- 

In the inner sum S, = ZO<II<___<x__(—1)T'(°'”l+°?‘”Î+---+atïÏ‘_l) … (—1)TT(°‘1T‘+°233+---+GŒÎ‘—‘), 

every choice of (xr,...,x;) corresponds to a choice of : distinct positions in the word Ca = 
(Tr(fo(8°)),… , Tr(fa(8"7!))) of the dual of BC H(2t + 1) (see e.g. [10, p.280]). 

, 
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À typical term in the sum S, thus equals 1 if the corresponding positions of c, constitute 

an even sub-vector, and (—1) if they constitute an odd-subvector. Recalling the definition 
of MacWilliams transform, we get : 

2fluNi = z P‘.(.wa)Z(_1)Tr(a;b1y+...+a:b
:yzr-x)) 

(4) 

315.041 = y$0 

where P; is the à-th Krawtchouk polynomial, and w, is the weight of the word c : 

L 27 —1— EsePym\çoy(=1)T"(0154-4aurT) 
Wa = —2_. 

We are interested in showing that, for m large enough, there exists (at least one) 2 < 2t, 

such that N; # 0. If, for a non-zero tuple (ao,. . , 42:), We have : 

2t 
: ZG,‘N,‘ 9É Û, 

1=0 

then at least one N; is non-zero, and thus R < 2t. 

In fact we show here that, for a non-zero (2t + 1)-tuple (ao,...,a2) we give explicitly, 

U , a;N; > 0 starting from some length. We have : 

2t 2t 

; 

mt zaiNi = z a; z ‘R(wg) 2(_1)Tr(a,b…+,,,+…
(,…h—l) 

1=0 1=0 œ1,-0+40t yxo 

2t 
2e—1 

= 5 E(-1Trebt-tod 09 aiPi(we). (5) 
œ1,<, t y#0 1=0 

The sum H, a:P,(x) represents the expansion of a polynomial of degree 2t in the basis of 

Krawtchouk polynomials (Po(x),. , Pi(x)). We denote by g2:(x), the polynomial g2:(x) = 
2t 
1=0 aiR(z)' 

We have 

2t 

27t S a;N; = (2" — 1)gn(0)+ H goi(va) H(-" 0194-tait O, 
=0 a€F;m \{0} y#o 

“ As w, is a weight of BCH*(2t + 1), we have [10, p.280] : 

d' S wg S 2m - dl7 

whère d' > 2"-! — (t — 1)27. 
We choose at this point a polynomial g2:(x), non-negative in [d',2”* — d'], and positive at 0. 

By the Carlitz-Uchiyama bound [10, p.280] : 

Z(_1)Tr(a;b;y+...+a;b.f"‘) > —(t — 1)2%+1 _— 1, 

y#0



thus- 
2t ° 

2757 a,N; > (2* — 1)g2(0) — [( — 1)227"* +1] X Gu(wa). (6) 
=0 a€Fi m \{0} 

According to expression (5), we have 

2t 

Z gu(Wa) = 2n* zaiN{0, 
g€F;m i=0 

where N° is the number of solutions of system (2) (or system (3)) with RHS zero (i.e. with 

(b,,. , be) being the zero t-tuple). 

N° is exactly the number of words of weight : in BCH(2t + 1). As the minimum distance 

of this code is at least 2t + 1, it follows that N° = 0 for 1 < : < 2t (and NŸ = 1). Thus : 

î: ggg(w£) = 2””a0. 

2€F;m 

Replacing this value in (6), we get : 

255 aiN, > (27 — 1)gai(0) — [( — 1925 + 1]{2"*a0 — 920 
1=0 

Thus to show H 2E, a:N; > 0, it suffices to show 

[2" + (t — 1)27*"]g2:(0) — [(t — 1)27+" + 1]2"*ag > 0. (7) 

In order to find the best lower bound for 2”*, we have to choose a polynomial g;(x), non- 

negative in [d', 2” — d’), positive in 0 and of degree 2t, with maximum ratio %P. 
We choose the polynomial 

t 

gu(æ) = (3 Pi(a))?. (8) 
: 1=0 

In Appendix 4.1, it is shown that this polynomial is optimal in a certain sense. 

We then obtain ,Ç 

ao=Z( Î ), and gn(0) = ag- 
1=0 

Thus we have to determine the smallest value of m such that 

[227! 4 (t = 19j23*! Ë ( A ) — [(( — 1)27+! + 12"* > 0 (9) 

holds. We have 
n Qt e 

ê(i)>t—!(l—(—%r)…—_l))- (10)



(see Appendix 4.2 for a proof). Now. to prove inequality (9). it is sufficient to show : 

'" Æ 2mt é f 2+ mt 

OT. 

m t! t! 07> uu —E 
O- r ‘ ‘ 0= — rs J2 7 

By the estimate we derived on 2”* , we see that to satisfy the previous inequality. it is sufficient 

to have 
98 > 2(t—1) 

_(1—EË) 
t! 

The inequality 
1 

(4 —æ) [ 

is true for O < r < 0.182. As ÏEË < 0.182 for t > 5. we obtain the following lower 

bound : ; 

<l+er 

2T > 4(1 +e(t))(t — 1)°(t!)*, 

with e(t) < T 1)2 -— for t > 5. The bounds for t = 4 and t = 5 given in the theorem have 

been calculated by inequality (9). o 

3  The non-primitive case 

In the same spirit as in the primitive case, we shall give an upper bound on the covering 

radius of non-primitive BCH codes. 

Theorem 2 The t-error correcting BCH-code of length n = * 

2t, provided 

sR< 

m> (1+ex(t)((24 — 1)N — 1)°(4!)2, 

where 5,\(t) is à decreaszngfunctzon of t satisfying, for N > 2, ex (4) < 0.347, ex(5) < 0.008, 

andêN( )< (2—‘—'1…—_1)2—(}î(:2— fort >5. 

Proof 
It is essentiallv the same as the one in the primitive case, so that we just outline the main 

steps. 

Instead of system (3), we consider the system 

P +..+ 1} _ = b1y‘\'_ 
2N 414 1N = bay”* 

I(12r—1).\' +...+ I£2t—l);“«' b‘y(2t—l).‘\'



If N; denotes the number of distinct non-zero solutions of this system, we have, just like 

equation (4), 

E E : N 2t—1)N 2m‘Ni =— P.(wg) (_1)T‘l‘(û]b]ÿ +,..+a‘b‘y( #—1) ), 

1 50e3 az y#0 

where now …s 

w, 2717 Esermiço(- TT C1THho0E 

We have 9n 

d'<w <— -—d', S Wa S N 

with 

d'> %[2'"-1 _ (D-1)23-!), D=(2-—1)N. 

The Carlitz-Uchiyama bound here gives 

Z(_1)T'(°lblyN+-—-+atbty(2‘_l)N) Z _(D — 1)2% — 1, 

y#0 

so that we get 

2t 

275 aiN; > (27 — 1)g2(0) —(D —1)27 +1} 52 gu(we)- 
1=0 g€Fâ…\{°} 

As [d', %F — d'] C [0,n], we can choose the same polynomial 

t 

gu(x) = (3 Pi(a)}?. 
; 1=0 

thus, instead of inequality (9), we have to determine the smallest value of m such that 

t 

[fi+(D-1)]fiZ( ; ) — [(D — 1)27 +1]2"* > 0 (11) 
1=0 

holds. 

À preliminary lower bound on 2”* can be derived from this and we get : 

n . D—1 
27 > (&— 1)}, 

2 

t 

and, again using t! > (%) : 

_— 1)2 _— 2(t—1) 2m>(D 1) (t 1) |



This vields : 

We conclude in the same way as in the primitive case. 0 

We will now prove that in the non-primitive case the covering radius can not be less than 
2t. It was first shown in [15). Here, for the sake of completeness, we give a simpler version 

of their proof. 

Theorem 3 Provided 2t — 2 < 2171, the t-error correcting BCH code of length n = r 

N > 1, has covering radius R > 2t. 

Proof 

The assumption on t ensures that the dimension of this code is n — mt. We recall that its 
covering radius is the smallest integer : such that, given (b,,....b,) € F5m \ {0}, the system 

æï“l+...+:f-‘  = b 

19* 4242 = b 
: .. (12) 

RUN G4 2IN C 8 
has a solution (r1,..., x:) with 2Ÿ # xN for k # 1. 

We prove that there exists RHSs for which this system has no solution in (strictly) less than 

2t variables. 

Consider system (12) with RHS (b,,...,b;) where b, € F2n \ {0}. and b, = bÎj"l. Let us 

denote this system by (S). 

Let (£1,..,€;) be a solution of (S), with E # €j* for k # !. Then the system, say (S"), 

u +...+w = b 

yè+...+y = b 

yét 4 p y0 S pl 

has the solution (G1,..,G) with G = &j', and the assumption on the &s gives Ç # Ç for 

k # !. That means that every solution of (S') gives rise to a solution of (S"). (In fact, the 

solutions of (S) are exactly those of (S") that are n-th roots of unity in Fzm). 

8



Clearly, à possible solution (C,,., Ç:) of (S”) is the set of locators of a word in a coset of 

minimum weight 1 of the primitive t-error correcting BCH code. As this code has minimum ‘ 

distance at least 2t + 1, such cosets have weight w with w = l or w > 2t. So the only 

possible solutions of (S’) are those in à = w variables. It follows that the possible solutions 
of system {S) occur only for 7 = 1 and : > 2t. If 7 = 1, then (S) has no solution if 
b, @ {z", z € F2n \ {0}}. This proves that the covering radius of the considered code is at 
least 2t. ‘ O 

Combining corollary 2 and theorem 3, we get 

Theorem 4 Let N > 1 and en(t) be as defined in theorem 2. Provided 

2” > (1+en(t))((2t — 1)N — 19° (t!)?, 

the covering radius of the t-error correcting BCH-code of length n = 2…T_1 is exactly 2t. 

4  Appendix 

4.1 Optimality of the polynomial defined in (8) 

We prove here the following lemma : 

Lemma 1 Let f(x) = D, a:P.(x) be the expansion of a polynomial f(x) of degree 2t in the 
basis of Krawtchouk polynomials. A polynomial satisfying f(x) > 0 on [0,n] that achieves 
the mazimum ratio £L, is the polynomial, say gn(x), given by : ' 30 

gu(x) = (E Pi(æ))”. 
:=0 

Every polynomial f(x) of degree 2t, non-negative in [0, n], can be represented as 

fe) = A(a} + 2(n — 2)B(=}, 
with deg À < t, and deg B < t — 2. For this we refer to a theorem of Lukäcs, expression 
(1.21.1) in the book of Szegô [12]. 
Âs every polynomial can be expanded in the basis of Krawtchouk polynomials, we have that 
f(x) can be represented as : 

f(«) = (Ë …P,—(æ))2 +x(n—æ) (ÎÎ v,—P,-(æ))2 ; 
1=0 :=0 

The proof will be in two 'steps} 
e The maximum %Ë2 is achieved by a polynomial which is a square. 

AsP,—(Û)=(?),wehàve: | 

1o=-(2<(21))- 
9



On the other hand, the MacWilliams transform [10, chap.5, $2}] of f gives 

1 « n 
ao=2—nâf(1)( l ) 

B6 >{<M 0-s(0n6)] 
The orthogonality relations for Krawtchouk polynomials [10, chap.5, th. 16] give : 

-be(1)-250-0(5) Esao) 
As the second term is always non-negative, and by the fact that f(0) does not depend on 

the v;’s, we get that %09) is maximal when all the v;’s are equal to 0. 

Thus let f(x) = (ZÊ=O u.—P;(æ))2. 

e The maximum L£-Ï is achieved when all u;'s are equal to 1. | 

We have : ; 2 

u| " 
=Lo>=(î*=° ( z )) 

a'0 :=0U?(Î) 

and by the Cauchy-Schwartz inequality : 

If all u;’s are equal to 1, then p = E* ( Î ) Thus p achieves its maximum for example 

when all u;'s are equal to 1. 0 

4.2 Proof of inequality (10) 

We have VR , ; V 

>(1)>(1)+(485)=(7)- 
with N = 2”. By Stirling’s formula, 

Vn kttie rrr < kl < Vn kttietttmn, 

‘ tlet (1— bN 

10



‘Using the inequality (true for 0 < z < 1), 

In(1 — 2) < —, 
1-3 

we get 

É ONCert _ (N-e+5)in(1-5) 0 =1 É7 
(1—N) 2=e 2 N’ < e ‘ezN-i, 

Thus, 
N N* 

where 
A=exp( —12t — 1 _t2—t) | 

| 1212N +1)(N=#H _ 2N-1)' 
We would like to lowerbound À by a constant depending on t. Therefore, we first derive, 

with the help of inequality (9), à rough lower estimate on 2" (which would be less than the 
final one). 
Rewriting (9), we get 

t crr (1) -raxeé(5) - matres se 
1=0 

We shall find the value of m starting from which the following weaker inequality holds : 

(— 1)fi“[Ë ( T ) -2”“]+2”‘Ê ( T ) >0, 
i=0 ? - i=0 ? . 

or 
2mt m 

—]+27 >0. 
t n 

i=0( ; ) 

27 > U— V— 

=[7) 
27 >2(t — 1){(t — 1)! — 1] > (t — 1)!(t — 1). 

2(t — 1)[1 — 

That yields 

n 
and as Ei_ ( ) < (—Ë_m+)!, we have 

? 

; t 
Using t! > (£) , we finally get 

Assuming this, we get



t2—t 12t+1 
where B = W_%Ï)"“'_Î + 12(1202(174) H1)(e2( 11 ) -n 
We have 1 

B< (EFju-1v 

Indeed, ‘ 
t?—t 124 +1 

so that 

Thus, 
e 

ÀA > exp (—@(-—t——l)) . 

As exp(-xæ)>1 —x for 0<x <1, 

e 
A>i— —_(t;1)2(t—1)’ 

and inequality (10) is proved. O 
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