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Sur le rayon de recouvrement des codes BCH
More on the covering radius of BCH codes *
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Résumé

Nous présentons de nouvelles bornes sur la longueur & partir de laquelle le rayon de recou-
vrement du code BCH binaire t-correcteur est au plus 2t.
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Abstract

New lower bounds on the minimum length of t-error correcting BCH codes with covering
radius at most 2¢ are derived.
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More on the covering radius of BCH codes

1 Introduction

Covering radius is an important parameter of error-correcting codes (see e.g. [2, 3]). It
characterizes the largest multiplicity of errors that can be corrected by maximum likelihood
decoder in BSC. A code 1s called mazimal if one can not add a word to it without decrzasing
its minimum distance. Indeed, maximality can be guaranteed by proving that the covering
radius of the code 1s less than the minimum distance.

Covering radius of BCH codes has gained a great deal of interest. For two- and three- error
correcting BCH codes, it was determined in [1, 4, 5, 8]. Further research on the topic was
initiated by a paper of T.Helleseth [6]. In [13] A.Tietavainen proved that the covering radius
of t—error correcting BCH codes of length (2™ — 1)/N 1is less than or equal to 2¢ provided

2™ > ((2t — 1)N)*+2, (1)

- A.Skorobogatov and S.Vladuts [15] determined the covering radius of very long primitive
BCH codes to be exactly 2t — 1. Estimates for the lengths from which it 1s true were given
by O.Moreno and C.Moreno [11] and Y.Kaipainen [9]. For ¢ of the form 2* + 1 the same
result was obtained by A.Tietavainen [14] for much smaller lengths. For non-primitive BCH
codes it was shown in [15] that the covering radius is lowerbounded by 2t.

In this paper we further improve the estimates on the length of BCH codes starting from
which the covering radius i1s upperestimated by 2¢. It thus gives a new range when primitive
BCH-codes are surely maximal, and answers a question of [7]. For the non-primitive case
we simplify the proof of [15] that 2t is the lower bound. Using a similar technique as in the
primitive case we further extend the set of possible lengths for which we know the covering
radius exactly.

2 The primitive case

Theorem 1 The t-error correcting BCH-code of length 2™ — 1 has covering radius F < 2t,
provided

I. m 2> 15 fort =4,

2. m 2> 20 fort =3,

c?t

3. 2™ > 4(1+4¢(t))(t—1)%(t")?, where(t) is a decreasing function of t and e(t) < 1D
fort > 5. '

Proof
Let BCH(2t + 1) stand for the ¢-error correcting BCH code of length 2™ — 1.
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By the form of the parity-check matrix of BCH (2t + 1), we have that R is the smallest
integer such that, for any (by,...,5;) in Fim \ {0} and for at least one : < R, the system .

$1+...+$,‘ = bl
3 3
$1+...+x‘* — b2
(2)
xf"l -l-.....+:r:?"'l = b,

has a solution (z,,...,z;) c (Fam\{0})’, with z; # z; for [ # j. (Note that, if (b;,...,b) = 0,

1t corresponds to the zero codeword, and, by convention, we assume in this case that : = 0).

Using an idea of Tietavainen [13], we consider the homogeneous system

Zi+ ...+ % = by
3 3 3
.’L‘l + ¢ o 0 + xi’ — b‘zy
. (3)
x%t—l + o + x?t—l - bty2t—1

If this system has a solution (z1,...,z;,y) = (&,...,&, (), with € Fam \ {0}, then the first
one has the solution (&,/¢,...,&/().

A straightforward consequence of the fact that

: (_I)Tr(ar) - Qm‘sq'o
tGFgm

(T'r being the trace function from F,m onto F';), is that the number of solutions (z,...,z;,y) €

(Fam \ {0})*! of (3), with z; # z; for 1 # 7, is

]
Ng=§f§ >

0<£l e KT |y¢0

Z (___1)T"(Gl(1’1+---+ri+bly)) . E (_l)Tr(a;(zf':'l+...+x?t"-'l+bgy2"’)),
a1€F,m at€Fom

(after having chosen an order on F;m).

We have :
_ 2thf — Z Z(—])Tr(alb1y+---+0tb:y2"'l)
| al!""‘_Iat y#o
Z: (;I)Tr(alrl +Cl'217%+--.+0’trft—l) o (_l)Tr(alxi+agx?+___+am?t—l).
0<x1 <. <z . |
Let 3 be a primitive element in Fom. Denote by fg('z), the polynomial f,(2) = ;'=1 ajz2j-l,

where a = (ay,..., ;).

- ' _ T 3+... g
In the inner sum S, = 37gcz ¢ <. (—1) rierteasyteduny ) ,

every choice of (zy,...,z;) corresponds to a choice of i distinct positions in the word ¢, =

(Tr(fo(B),...,Tr(fa(B™1))) of the dual of BCH(2t + 1) (see e.g. [10, p.280]).

; @ (— | )T"‘(ﬂlxi-i-agx?+___+aw?t-1 )
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A typical term in the sum S, thus equals 1 if the corresponding positions of ¢, constitute
an even sub-vector, and (—1) if they constitute an odd-subvector. Recalling the definition
of MacWilliams transform, we get :

IUNi= 3 Puwg) Y (—1)Trehnbeckobat ), (4)

QX1 4..44O0g y;‘:O
where F; i1s the :-th Krawtchouk polynomial, and w, is the weight of the word ¢, :

— 2% — ] — erpgm\{o}(_l)Tr(a1x+...+mz2"1)
wg - —ﬁ—_

We are interested in showing that, for m large enough, there exists (at least one) : < 2t,
such that N; # 0. If, for a non-zero tuple (ao, ..., as), we have :

2t
Z a;N; -75 0,

1=0

then at least one N; i1s non-zero, and thus R < 2t.

In fact we show here that, for a non-zero (2t + 1)-tuple (ao,...,as) we give explicitly,
?;0 a; N; > 0 starting from some length. We have :

S M= Soas 5 Piwg) S (1) s

1=0 =0 oOjp,.. y#0
Z Z( I)Tr(albly-i- Aorbiy®t— 1)23 P wa (5)
ey Xt y;éO 1=0 |

The sum ?;0 a;P;(z) represents the expansion of a polynomial of degree 2¢ in the basis of

Krawtchouk polynomials (Py(z),..., Py(z)). We denote by g(z), the polynomial g (z) =
t_Oa P(.’B) |

We have

21 ' 1
2mt ZaiNi — (2m o 1)92:(0) 4 Z gzt(’wg) Z(_I)Tr(mbw+...+mbzy2 )'

i=0 a€F!m\{0) y#0
 As w, is a weight of BC H*(2t + 1), we have [10, p.280] :

d <w, <2™ - d,

whére &' > 2™ 1 — (t —1)22.
We choose at this point a polynomial g;(x), non-negative in [d',2™ — d'}, and positive at 0.
By the Carlitz-Uchiyama bound [10, p.280] : l

Z(_l)Tr(alblﬂ‘f'-n"'atbtyzt_l) 2 _(t _ 1)2%-{-1 _ 1,
y#0
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thus _
™S iy > (27— Dga(0) — [(t- D23 +1] Y gadlwa) (6)

1=0 a€F’,\{0}

According to expression (5), we have

where N? is the number of solutions of system (2) (or system (3)) with RHS zero (i.e. with
(by,...,b) being the zero t-tuple).

N? is exactly the number of words of weight : in BCH(2t + 1). As the minimum distance
of this code is at least 2¢ + 1, it follows that N?> =0 for 1 <: < 2t (and N§ = 1). Thus :

E gau(wy ) = 2™ ay.

QGF;m

Replacing this value in (6), we get :

2™ i aiN; > (2™ — 1)g2:(0) — [(t — 1)27*! + 1][2™ a0 — g2:(0)}.

Thus to show 3%, a;N; > 0, it suffices to show
[2™ + (t — 1)23+1) gy (0) — [(t — 1)2FF! + 1]2™aq > 0. (7)

In order to find the best lower bound for 2™, we have to choose a polynomial g,;(x), non-

negative in [d’,2™ — d'|, positive in 0 and of degree 2t, with maximum ratio 9%5}21.
We choose the polynomial

9u(z) = ZP(:L' (8)
t=0
In Appendix 4.1, it 1s shown that this polynomial is optimal in a certain sense.
We then obtain

4
ag = Z ( 7: ) , and g2:(0) = acz)-
1=0

Thus we have to determine the smallest value of m such that

e 3 [t —~1 ]2?“2( ) [(# —1)27+ + 1]2™ =0 (9)
1=0
holds. We have
{ n 2mt e
_};:) i ] > (- ——-——(_:1_)2“_1)). (10)



(see Appendix 4.2 for a proof). Now. to prove inequality (9j. 1t 1s sufficient to show :

o . . -
237 + (1 = 1))2T S (1 - ) - [0 - 12% 0 12 20
Or.
m i’ t!
27 ( —-1)(t—-1)+ — - =
(1- (‘:_gr_)iu_r,) ) l =~ Fijérr_TJ)QT

e

Bv the estimate we derived on 2™, we see that to satisfy the previous inequality. it is sufficient
to have

g Lk !
(1 - =)
The 1nequality
1
e i ]
(1= z)2 + €T
1s true for 0 < z < 0.182. As f-m-‘_‘* < 0.182 for t > 5. we obtain the following lower
bound :
27 2 4(1 +e(t))(t = 1)*(t!)",
with €(t) < -(-t_—l");-,—:l—; for t > 5. The bounds for t = 4 and t = 5 given in the theorem have
been calculated by inequality (9). s

3 The non-primitive case

In the same spirit as in the primitive case, we shall give an upper bound on the covering
radius of non-primitive BCH codes.

Theorem 2 The t-error correcting BCH-code of length n = 2";2‘1 has covering radius R <
2t, provided
2™ > (14 ex(t))((2t = 1)N = 1)2(2)2,

where ex(t) s a decreaszng function of t satisfying, for N 2> 2, =x(4) < 0.347, =~ (5) < 0.008,
and en(t) < W—m—(m,—_; fort > 5.

Proof

[t is essentially the same as the one in the primitive case, so that we just outline the main
steps.

Instead of system (3), we consider the system

5 +...4 x> | = bly‘\"
If"‘ + ...+ :r?“ — b;»g,f:""’~
Igi’t—l).\ + + IEQt—l);\' = b y(gt_l)\



If N; denotes the number of distinct non-zero solutions of this system, we have, just like
equation (4),
2tht. - Z R(wg) E(_I)Tr(albl D'N+---+crgbgy(?‘-l)ﬂ),

o 5 PR ¢ y#0

where now s
. om _ 1 erpgm\{o}(_l)Tr(arlx+...+a::r )

- 2N

We have -

d <w, < — -4,
S W S N
with

d > %[2"‘-1 —(D-1)2%"1], D = (2t — 1)N.

The Carlitz-Uchiyama bound here gives

)

S (—1)TrleatyTdad T > (D ~1)2F — 1

y¥0

so that we get

2t
2™ S AN > (2™ = Dgu(0) = [(D—1)27 +1] S gar(wy).
1=0 EGF;M\{O}

As [d', 3+ — d'] C [0,n], we can choose the same polynomial

thus, instead of inequality (9), we have to determine the smallest value of m such that

t

2% + (D - 1))25 ( h ) —[(D =1)2% +1)2™ > 0 (11)

1=0
holds.

A preliminary lower bound on 2™ can be derived from this and we get :

m D —1
27 >
2

(t - 1),

. . t
and, again using t! > (é) :




This vields :

Substituting 1t in (11), we obtain :

27 > ( ) 2
1] — 4e
S | J—
(D-1)3( 82 )9
We conclude in the same way as in the primitive case. 0

We will now prove that in the non-primitive case the covering radius can not be less than
2t. It was first shown in {15|. Here, for the sake of completeness, we give a simpler version
of their proof.

Theorem 3 Provided 2t — 2 < 2%, the t-error correcting BCH code of length n 271.‘1,
N > 1, has covering radius R > 2t.

|

Proof

The assumption on t ensures that the dimension of this code is n — mt. We recall that its
covering radius is the smallest integer ¢ such that, given (b;,....b;) € Fim \ {0}, the system

:z:f"'+”.+:rf\r = b
e F o ad 2 = b,
: (12)
1N ~1)N
;r:g?t & +....+:c£2’ DY = g,

has a solution (zi,...,z;) with ¥ ## =N for k # L.

We prove that there exists RHSs for which this system has no solution in (strictiy) less than
2t variables.

Consider system (12) with RHS (b;,...,b;) where b; € F,m \ {0}. and b, = bfj_l. Let us
denote this system by (.5).

Let (&1,...,&) be a solution of (S), with £ # " for k # [. Then the system, say (.5’),

yi1+ ...+ Y = b
w4ty = b
N LTI S R E B

has the solution ((y,...,() with (x = &, and the assumption on the £s gives (x # (; for
k # [. That means that every solution of (S) gives rise to a solution of (5'). (In fact, the
solutions of (S) are exactly those of (S5’) that are n-th roots of unity in Fom).

8



Clearly, a possible solution ((;,...,(;) of (S’) is the set of locators of a word in a coset of
minimum weight 1 of the primitive t-error correcting BCH code. As this code has minimum
distance at least 2¢ + 1, such cosets have weight w with w = 1 or w > 2¢. So the only
possible solutions of (5’) are those in 1 = w variables. It follows that the possible solutions
of system (S) occur only for : = 1 and + > 2{. If : = 1, then (S) has no solution if

by & {2z, z € Fam \ {0}}. This proves that the covering radius of the considered code is at
least 2t. | O

Combining corollary 2 and theorem 3, we get

Theorem 4 Let N > 1 and en(t) be as defined in theorem 2. Provided
o™ > (1+en(t)) (2t — )N ~ 1)? (11,

the covering radius of the t-error correcting BCH-code of length n = 2";,‘1 is ezactly 2t.

4 Appendix

4.1 Optimality of the polynomial defined in (8)

We prove here the following lemma :

Lemma 1 Let f(z) = 1%, a;P:(x) be the expansion of a polynomial f(z) of degree 2t in the
basis of Krawtchouk polynomials. A polynomial satisfying f(x) > 0 on [0,n] that achieves
f(0 .

the mazimum ratio —a%l, 1s the polynomual, say gy(x), given by :

ga(z) = (Z R"(l'))?*

1=0

Every polynomial f(z) of degree 2¢, non-negative in [0, n], can be represented as
f(z) = A(z)* + z(n — 2) B(z)?,

with deg A < t, and deg B < t — 2. For this we refer to a theorem of Lukacs, expression
(1.21.1) in the book of Szegé [12].

As every polynomial can be expanded in the basis of Krawtchouk polynomials, we have that
f(z) can be represented as : '

) = (3 u,.p,.<x))2 +o(n—2) (X v;.p,.(z))z |

1=0 1=0

The proof will be in two'steps'.
e The maximum £¥ is achieved by a polynomial which 1s a square.

o= (£ (1))

As P;(0) = ( " ), we have :
9
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On the other hand, the MacWilliams transform {10, chap.5, §2] of f gives

The orthogonality relations for Krawtchouk polynomials (10, chap.5, th. 16] give :

ap = iu? ( ; ) +§l;;il(n—l) ( f ) (fv,;P,—(l))z.

1=0 =0 1=0

As the second term is always non-negative, and by the fact that f(0) does not depend on
the v;’s, we get that £% is maximal when all the v;’s are equal to 0.

ap

Thus let f(z) = (Tiso uiPi(z))"

e The maximum £2 is achieved when all u;’s are equal to 1. P

We have : B | .
tou | "
£(0) (E”" ( = ))

(P — -_— - N
i=0 Yy "

and by the Cauchy-Schwartz inequality :

If all u;’s are equal to 1, then ¢ = ¥}_, ( 7: ) Thus ¢ achieves its maximum for example

when all u;’s are equal to 1. - ]

4.2 Proof of inequality (10)

We have :

' | n n n N
2(1)> 1)+ ()= (),

with N = 2™. By Stirling’s formula,

) R | 1 _ 3 1
VorkFtie "t ma < k! < V2rkFtzeFmr

—12¢t-1

N >'_f\_(f_e"p(12(12N+1)(N-t)
t tlet (1 — %)N-—H% |

10



Using the inequality (true for 0 < z < 1),

In(1 —z) < —:z:x,
1-3
we get
L N-t41 (N-t+1)in(1-+%) —t t3 _¢
(1_ﬁ) 4 — & L Y) < e—tetNm
Thus,
N Nt
( ¢ ) > FA,

where

o Y e N A
CATEP TN+ ) (N =t) 2N -t/
We would like to lowerbound A by a constant depending on t. Therefore, we first derive,

with the help of inequality (9), a rough lower estimate on 2™ (which would be less than the
final one).

Rewriting (9), we get
t | t
a m 4 n -\ omt m n\ 2 +1+mt
(1 1)22. [mzo(z) 2™ + 2 ;(i) (t—1)2 > 0.
We shall find the value of m starting from which the following weaker inequality holds :

(t — 1)2"?“[;( ’: ) _th].+ 2”‘th ( :‘ ) > U,

=0
or

g m
— ] +2% > 0.
¢ n
£=O( : ) |

2rﬁt

2(t — 1)[1 —

That yields

22 > 2t — 1) — 1),

and as ¥ i_, ( " ) < (f:";)!, we have

[/

27 > 2t -1t -1 —1] > (t - 1)!(¢ - 1).

Using t! > (i)t, we finally get

Assuming this, we get



| - |
where B = ——:—l—tn— -+ aaidl
2¢2( 1)

—t - 12(12e2(422) 1) (e2(22) )
We have

Indeed,

so that

: t—1 _
Since { < 5= for t > 4, we get :

Thus,
€
A > €Xp (—m“("t‘:l—)') :

Asexp(—z)>1—-zfor) <z <1,

e
A>1- F_:__—l)z—(t_l")-,
and inequality (10) i1s proved. ]
Acknowledgement -

The authors would like to thank Iiro Honkala, Iha Krasikov, and the anonymous referees for
helpful suggestions.

12



References

(1] E. F. Assmus, Jr., and H. F. Mattson, Jr., “Some 3-error correcting BCH codes have
covering radius 5", IEEFE Trans. Inform. Theory, vol. 1T-22, pp. 348-349, 1976.

[2] G.D. Cohen, M. G. Karpovsky, H. F. Mattson, Jr., and J. R. Schatz, “Covering radius—
survey and recent results”, IEEFE Trans. Inform. Theory, vol. IT-31, pp. 328-343, 1985.

(3] G. D. Cohen, S. N. Litsyn, A. C. Lobstein and H. F. Mattson, Jr., “Covering radius
1985-1994”, submitted. |

(4] D. Gorenstein, W. W. Peterson, and N. Zierler, “Two—error*correcting Bose-Chaudhury
codes are quasi-perfect”, Information and Control, vol. 3, pp. 291-294, 1960.

5] T. Helleseth, “All binary 3-errors correcting BCH codes of length 2™ — 1 have covering
radius 57, IEFEFE Trans. Inform. Theory, vol. IT-24, pp. 257-258, 1978.

[6] T. Helleseth, “On the covering radius of cyclic linear codes and arithmetic codes”,
Discrete Applied Mathematics, vol. 11, pp. 157-173, 1985.

7] 1. S. Honkala and A. Tietavainen, “Codes and number theory”, in Handbook of Coding
Theory, Eds. R. A. Brualdi, W. C. Huffman, and V. S. Pless, to appear. | '

[8] J. A. van der Horst and T. Berger, “Complete decoding of triple-error-correcting binary
BCH codes”, IEEE Trans. Inform. Theory, vol. IT-22, pp. 138-147, 1976.

9] Y. Kapainen, Personal Communication.

(10] F. J. MacWilliams and N. J. A. Sloane, The theory of error-correcting codes, North-
Holland, 1977.

111] O. Moreno and C. J. Moreno, “Constructive elementary approach to the covering radius
of long BCH codes”, 2nd Internat. Workshop on Algebraic and Combinatorial Coding
Theory, Abstracts of papers, pp. 162-163, Leningrad, 1990.

(12] G. Szego, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ., v.23, Providence,
RI, 1975. . - '

[13] A. Tietavainen, “On the covering radius of long binary BCH codes”, Discrete Applied
Mathematics, vol. 16, pp. 75-77, 1987.

114] A. Tietavainen, “An asymptotic bound on the covering radii of binary BCH codes”,

IEEFE Trans. Inform. Theory, vol. IT-36, pp. 211-213, 1990.

115] S. G. Vladuts and A. N. Skorobogafov, “Covering radius for long BCH codes”, Problemy

Peredach: Informatsii, vol. 25, pp. 38-45, 1989. Translated in: Problems of Inform.
Transm., vol. 25, No. 1, pp. 28-34, 1939.

13



Uniteé de recherche INRIA Rocquencourt
Domainc de Voluceau - Rocquencourt - B.P. 105 - 78153 L¢ Chesnay Cedex (France)

Unit¢ de recherche INRIA Lorraine - Technopole de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botamique - B.P. 101 - 54602 Villers ieés Nancy Cedex (France)
Limiteé de recherche INRIA Rennes - IRISA, Campus universitaire de Beauhieu 35042 Rennes Cedex (France)
Unite de recherche INRIA Rhone-Alpes 46, avenue Félix Viallet - 38031 Grenoble Cedex | (France)
Unité de recherche INRIA Sophia Anupohs - 2004, route des Lucioles - B.P. 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 Le Chesnay Cedex (France)

ISSN 0249 - 6399

ORI

bd B



