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Estimateur d’Erreur A Posteriori pour les Equations
Linéarisées des Semiconducteurs par I’Approche
Eléments Finis Mixtes dans H(div) x L?

Résumé :  Dans le cadre de la méthode des éléments finis mixtes, nous présentons une
analyse mathématique des indicateurs d’erreur locale pour I’équation linéarisée de transport
des particules chargées (électrons). Celle-ci est issue du modéle de Dérive-Diffusion dégénéré
pour les semiconducteurs & hétérojonction. La mise en oeuvre, permettant de justifier 1’ef-
ficacité de ces indicateurs isotropes, n’est pas encore faite. Cependant, leur interprétation
numérique montre qu’ils sont cohérents et qu’ils mettent bien en évidence les problémes de
couches limites et de I’hétérojonction abrupte.

Mots-clé : Adaptation automatique du maillage, Eléments finis mixtes, Semiconducteurs,
Hétérojunction abrupte, Equation de transport des électrons, Dérive-diffusion, Indicateurs
d’erreur locale, Maillage isotrope.
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1 Introduction.

In computational heterojunction semiconductor devices, as in other problems of
fluid dynamics or engineering, one often encounters the difficulty that the overall
accuracy of the numerical solution is disturbed by local singularities such as those
near heterojunction regions, critical points or boundary layers at ohmic contacts
(see [5]).

An obvious solution is to refine the discretization near the critical regions, i.e.,
to place more grid-points where the solution is less regular. The question then is
how to identify these regions automatically and how to guarantee a good balance of
the number of grid-points in the refined and un-refined regions so that the overall
accuracy is optimal. Another closely related problem is to obtain reliable estimates
of the accuracy of the computed numerical solution. A priori error estimates are
in general not sufficient since they only yield asymptotic estimates which are not
known explicitly. Moreover, they often require regularity assumptions about the
solution which, for practical problems, are hardly satisfied.

The problem addressed in this paper is principally to establish an ‘a posteriori’
error estimator for linearized transport equation for electrons in semiconductor de-
vices. Initially, classical formulation of this equation is considered, then introducing
the current density # as independent variable, we deduce a mixed formulation for
the problem that is later linearized to obtain a linear mixed equations in the va-
riables p (electron quasi-Fermi level) and @ (current density for electrons). A mixed
Raviart-Thomas Finite Element method of minimal order is used to approximate the
continuous problem in H(div) x L?. A priori estimations are also provided. Finally,
two theoretical results which guarantee the existence of an isotropic ‘a posteriori’
local estimator which controls the approximation error are proved. No numerical
experiences have been carried out by now. Future works will consider the extensions
to anisotropic estimators as well as numerical comparison between isotropic and
anisotropic estimators. .

2 Continuous problem.

Considering the boundary conditions, the transport equation for electrons in semi-
conductor devices is given by:

—div(a(z,p)Vp)+ c(z,p) = 0 Q,
P = 0 aQD) (1)
(a(z,p)Vp)-n = 0 0Qn,

RR n " 2666



4 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

where Q € IR? is a regular domain with dQp U dQn = 09.

2.1 Mixed formulation.

Let us consider
@ = a(z,p)Vp,

then the following mixed problem can be derived from equation (1): find p and i,
two real value functions such that

f
<
b=

=

a(z,p)i =
—div(i) + e(z,p

l
=)
=

=y
33
l
)
—
oM
(=}
I

with a(z,p) = a™(z,p).

2.2 Linearization of the continuous model.

A linear version of the problem (2) in a neighborhood of a point (@, p¥) is given by
the following equations:

-

a(z)d — Vp—b(z)p
—div() + e(z)p

(1
Q@
TN N
=2 8
R
~~
[WS]
SNa—

p = g1 8QD,
a-n = 0 0Qy,
with
a(z) = ala,p2)).
b(z) = ay(z,p’(z))@(z),
flz) = ap(z,p%x))@(z)p"(z),
o(z) = ¢y lz,p(2)),
g(z) = ez, p%(2))p’(z) - e(z,p°(2)).

The problem (3) is going to be solved by a mixed variational method, thus, the func-
tions a(.), g(), e(.), f, g and g1 and the domain © are supposed to be regular enough
so that the mixed variational formulation to be well posed in the function spaces
L*(Q) and H(div,Q) and to guarantee the existence, uniqueness and regularity of
the weak solution.

INRIA



A posteriori error estimators for the Raviart-Thomas element

2.3 Mixed variational formulation of the linear model equations.

Let us define
X = X(Q)= H(div,Q),

XO = XO(Q) H (le Q)
Y(Q) = L*(Q),

where

H(div,Q) = {7 € (L}(Q))*: div(?) € L*(Q)},
Hyp(Q)={7 € H'(Q): #lag = 0 over 9Qp},
Hon(div,Q) = {7 € H(div,Q): (7-n,@) =0 Vi € Hj n(2)}.

The following mixed variational problem is considered:
find (i,p) € Xo XY so that:

Jqa(z)i-vdx + [, pdiv(¥) dx
— Jobz)p - Fdzx = (f,5)+(F-n,g) V7€ Xo,
Jo div(@)qdz — [qe(z)pgdz = — Jogqdz Vgev

Now, we note
Z=72(0)= X x Y,
Zo = Zo(Q) = Xo x Y,
U={(ip); V=(¥q).
Let A be defined as

A(U,V):/ a(x)i - vd;z:—}—/ div(¥ pdx—/ l;(m)p-'z?dm
Q

—I—/ div(d qdw—/ c(z)pgdz,

(4)

by adding the two equations of problem (4). The same process is applied to define

the continuous linear form

(f,V>:Af'ﬁdm{—(gl,ﬁ-n)—/gqum.

RR n " 2666



6 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

Therefore, the mixed variational problem (4) is equivalent to the following problem:

find U € Zy so that:
AU, V)= (F,V) vV € Zy. (5)

Let us consider an arbitrary F' = (f,g) € Z}, with f € X/ and g € Y. The second
equation of (4) is equivalent to

/ c(z)pgdz = /diV(ﬁ)qdw + (g, 9). (6)
Q

Let us define C: L*(Q) — L%*(Q) as

/QC(p)qdrI/QC(fﬂ)pqdfc,

(z)p, q), and suppose the following hypothesis: 3y > 0 so that,

that is, (C'(p), q) = (c
z) > . In that case, C is invertible and

for all z € Q, ¢(

L
el < -

\2

Let us define B: H(div,Q) — L%*(Q) as

/ qdr_/dlv Vg dz,

ie., (B(i),q) = (div(#), q). Thus, the equation (6) can be written as
C(p) = B(@)+ g & p=C7'(B(@) +g). (7)

Let us consider the following hvpothe51s for a(z): da > 0 so that for all z € Q,
a(z) > a, and define A: (L (Q)) (LQ(Q)) as

/Q A(d) - vdx = / a(z)d-vde, (8)

Q

that is, (A(%),?) = (a(z)i, 7). With these notations, the first equation of the mixed
formulation can be written as:

(A(@), %) + (B(7),p) = (p,- ) = (/,7) (9)

INRIA



A posteriori error estimators for the Raviart-Thomas element 7

but p = C~'(B(i) + g), therefore
(A(@), %) + (B(8) = b-5,C7(B(@) + 9)) = (/,7), V7€ Xo, (10)
and this expression is equivalent to
(A(@),5) + (C™" B(0), B(7)) — (C™' B(i0),b - 7) =

(f,7) = (C™'g, B(¥)) + (C™'g,b- %), V&€ Xo.

Let us define the application

T (1,5) - (C7g, B(E) + (C7g,5- 5) = I(3), (11)

for which the following inequality holds:

|(7)]

IB@)+11C " gll2 15 - 71l 2

IN

LA 1xs 191 x0 +

1 - .
CUIAxg + ;Ilglle + ;IIgllellblle)llvllxm

IN

that is, [ € X[. Let us study the properties of the bilinear form defined as

a(@, 7) = (A(@), %) + (CB(@), B®) - (C™'B(1),5- 7).

(@ 3) < JA@)| 21|22 + [|C7 B@)| |12l B@) 12 + |07 B@)|| 211 - 7] 12
< Mallpool @ 211812 + |G | poo | [diva] 2] |diva |
IOz ldival | 2] 5] oo | 71] 12
< (llallzs + 1€ zeo (1 + 1B1122)) 1 r¢dtivy |1l redivy-

To prove the ellipticity of the bilinear form a(-,-) note that
(CT'B(7), B(7)) = (CT'B(7),C o CT'B(9)) > 7[|C™'B(7)|7

and

~(CB(@).5-7) > — (AICT B@ I+ LI 7:) . >0

N | —

o(,7) 2 allfl}s +21ICT B - 5 (dIC BEE: + -7l )

RR n " 2666



8 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

Imposing € = v, we obtain

1~ 1~ 1oz e
116~ 72 = ;Ilb-'vllifz < —[[BllZ o 171172,

2

Finally, the following expression can be derived,
L Bl ) s
a5.5) > (a - %) 173 + LIC BE.

supposing that ||b||;« is sufficiently small to verify

Bl
2y
then,
a8 > ol[fll7 + LICTB@E
o Y coo2
> 8l18ll3s + g ldival 3
2[CIE-

Therefore, under the hypothesis:
l.a€e L™ a(z)>a>0,Vz €9,
2. ce L™, ¢(x)>v>0,Vz €9,

3. be L™, with ||b]|r~ verifying equation (13),

(12)

the mixed problem (5) is well possed, i.e., for all f € X{, g € L?, the mixed problem
(5) has an unique solution (#,p) and continuous dependence of the solution with

respect to data.

Remark 2.1 [t is easy to verify that the application f defined by
(F.9) = [ Frode + (g1, 5-7)

is a linear form in X|.

As the mixed problem is well posed, then the bilinear form A(U, V') verifies the

inf-sup condition, i.e., there exists a constant § > 0 so that:

infsup A(U,V)

T 28>0,
vvzo ||U]|zl[VIz

(14)

INRIA



A posteriori error estimators for the Raviart-Thomas element 9

3 Internal approximation by a mixed F.E.M of mini-
mal order.

The mixed variational problem (4) is discretized using the Raviart-Thomas F.E. of
minimal order. Let us consider a regular family of triangulations 7 of Q,0 < A < 1,
that is, there exists a constant ¢ independent of & so that }”‘ < o, for all trlangle
K € 'T}L, where hg is the diameter of a triangle K and ,OIs is the diameter of
the circumscript circle to K. Geometrically speaking, the previous conditions is
equivalent to ‘minimal angles of triangles bounded from below’. Let us consider

RTy(K) = (Po(K))* +2Po(K); = €R?,

Ro(0K)={q: q € L*(0K), q|r, € Po(F};), i = 1,2,3},

where F;, i = 1,2,3 are the three edges of K and dim RTo(K ) = 3. The degrees of
freedom for a triangle K are

Z { ZZ 1,3 - RTO(]X)%IR}

where [; is a linear form defined by
1i(5) = / 5.figds; Vg€ Ro(0K); Vi€ RTo(K). (15)
oK
Definition 3.1 (K, g, RTo(K)) is a F.E. of Raviart-Thomas.
Remark 3.1 Using the degrees of freedom previously described, it is possible to
define a local interpolation operator T (¥ ), for all T € H(div, K), provided Tx is
slightly smoother than merely belonging to H(div, K). In general, it is not possible to

compute expressions like [, 77w ds, where w € Ro(0K ), as ¥k -7t is only defined
mn H“l/Q(GK). However, it is easy to check that if Tx belongs to the space:

W(K) = {5k € (I°(K))2: divix € Ly(K)}, (16)

for s fized > 2, then such a construction is possible. In that case the interpolation

operator mr : W(K) — RTo(K) is defined by

/ (8x — 7xc(Tx)) - 7t ds = 0. (17)
IK

RR n " 2666



10 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

It is clear that the spaces defined previously can be used to define an internal
approximation of H(div,€). At this point, let us consider
Xp={9€ X: ¥|lg € RTo(K) VK € T},

and
Vi={qeY: qlx € Po(K)VK € T},

A global interpolation operator from
W(Q) = H(div,Q)n (L*(Q))?, (18)
(s fixed > 2) into X}, can be defined by simply setting
(M,7) |k = 7 (7K )- (19)
Clearly div(X}) = Y.

Now, due to boundary conditions, the following spaces are considered:
Xon = Xo N Xy,
Zyn = X XYy and Zgp, = Zo N Zy,.

The discretization of the mixed variational problem (4) is given by:

Find Uy, = (in, pr) € Zon so that :
(20)
A(Uw, Vi) = (F, Vh>Z’,Z YVi € Zop.

The proof of existence and uniqueness of the previous discrete problem and the
following convergence results are given in [3].

Theorem 3.1 Let (i, pn) be the solution of the mized continuous problem (/).
Then, the approrimation error can be estimated by the inequalities

(i) P = prllze@) < ChlpllE2(0),
(it) |4 — @rl|r2(q) < Chliplla2(0)
(i) \dio(@ — @) |2y < Ch°[Iplreseq@y, 0< s < 1.

Remark 3.2 We observe that the former theorem proves convergence in Xg X Y,
at an optimal rate and with minimal smoothness requirements on the solution.

INRIA
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11

4 ‘A posteriori’ error estimator for the linear equa-

tions.

As problem (5) is well-posed, that is, there exists a unique solution for it and the sui-
table choice of approximation spaces imply the existence of a constant, independent

of h, 8 > 0 so that:

A U— U 7V = e
sup AU = Ui V) o g1~ allx 4+ llp = pally)

vz |[V]lz
AU = U V) = /Qa(.r)(ﬁ— i) 7 da +/ divii(p — py)da
— / b(z) - 5(p — pr) dac—l—/ div(id — iy,)q dx
- / c(z)(p = pr)q dx
= ; ( ) (i@ —dp) - vdr+ . divi(p — pp) dz

(z)-v(p—pn)dz+ div(d — iy )q dx

[ @)= pds).

Applying now the Green’s formula to the term:

|
N

divd(p — pn) dz,
K

and using the boundary conditions, we obtain

AU = Uy, V) (/ﬁ a(z)(i@ — iiy) - 7 do —/ 5-V(p—pp) da

K

[l
S~

3

P — DR )oK — /I b(z) - #(p — pn) da
24

+ /K div(i — ip)q dz — /K e(z)(p— pr)q d:ﬂ)

(21)

Let us define S(K) as the set of edges of K, F;, : = 1,2,3, so that I; ¢ 09Q. Then,

the following expression is obtained:

RR n"2666
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-

AU-TV) = 3 (/1 (F = a(x)in + Vi + b(2)pn) - 7 da
K

+ [ (mg - divity+ cl@)pn)g do

+ > (pnT@r+ D, <91—ph,‘?7-ﬁ>F)-

FeS(K) FCAKnaQp
Thus, for all V' # 0 € Zy, the following estimation is derived:
AU = Uy, V)

< 3 (I = a(@)in + Vou + B )pal| o
V17

+ || =g —divdy + e(z)pn

L2(K)
1 1 1
t 5 7 b llipallleegmy + D hgptllgr — prllrery
FeS(K) FCAKnaQp
Noting
n(K) = ||f—a(@)in + Vpr + b(2)pallr2 ()

+ | =g — diviip + e(2)pnllr2(x) (22)

1 _1 _1
+ 5 2 heflllpalllam + - 20 hetllor = el

FeS(K) FCOKnaQp

the following result is obtained:

Proposition 4.1 Let (i, p) be the solution of the problem (4) and (i, pr) be the
solution of the discrete problem (20), then the following ‘a posteriori’ estimation is
obtained:

O A 2y 2
|7 = dnllx + |lp = pally <CCY- n(K)H)?, (23)
KeTy,

where C' is a positive constant depending on 3.

Remark 4.1 If we note
231
n=(Y n(k)?*)z,
KeT,,

then n is named an ‘a posteriori’ estimator computed with the residual of the equation
and it can be used in isotropic mesh adaptation procedures.

INRIA
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In practice, equation (22) is replaced by

nr(K)

| Fnis = a(@)iin + Vi + g(m)thL?(K)
| = gmn — diviiy + e(z)pallr2(x) (24)
1 _1 _1
5 Z b lpalll 2 (ry + Z hi?|

FeS(K) FedKnaQp

+
+

in(g91) — pallrz(r)

where ¢, (respectively fmh) is an approximation of g (respectively f), 1y 1S an
interpolation operator and m is an integer greater than zero. Trivially, an analogous
estimation to (23) can be derived:

Proposition 4.2 Let us consider the same hypotheses as in proposition 4.1, then
the following estimation is obtained:

|7 = @nllx +1lp = pelly < CCY_ mr(K)? +1lg = gmnll 72y
KeTy,
+ 11F = Fmnlliox) (25)
_ . 1
+ Yo hEle = in(g)|7m)?
FeaKknafp

Remark 4.2 We are principally interested in deducing an ‘a posteriori’ error esti-
mation for the initial non linear problem. Thus, the error indicator n(K) given in
equation (22) can be considered as an approximation of first order of the following
estimator

n(K) = |l —a(z,pr)in + V!l k)
+ I = divii, + ez, pi)ll 2y (26)
1 -1 _1
+ §hp2 > palllr2ry + bp? > o - Prllz2(r)-
Fes(K) FedKnoQp

Up to now, no theoretical proof of this estimator has been done. It will be considered
in future works.

Interpretation: The two first terms of estimator (22) correspond to the resi-
duals of the two equations of the discretized mixed variational problem. Thus, if the
equations are assumed to be numerically well-solved, then these two quantities must
be small. The third term controls the discontinuity of the primal variable p across

RR n " 2666



14 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

the mesh edges. Finally, the last term controls if the imposition of the boundary
condition over the device ohmic contacts is verified. The first and the two last terms
cannot be estimated in an optimal way. This is due to the anisotropy of H(div,).
Moreover, the traces of H(div,Q)-functions are only in H='/?(9). In order to avoid
the negative exponent, different norms must be used (in particular mesh-dependent
norms).

Figure 1: Definition of wg .
Let us proof a reciprocal result to proposition 4.1.

Proposition 4.3 With the definition (22), there is a constant C, which only depends
on the minimal angle in the triangulation such that

1K) < CUIT — nll g divye) + 5 10— Pallz2 o)) (27)
where wg = {Ko €Ty, : KoN K = F; edges of K, i =1,2,3}.

Proof:
The proof of this proposition is quite technique and it is based on the study of a

function & defined by
EWV) =AU - U, V), VYV € Z,

then

-

EV) = Z/F(f—a(x)ﬁh—I—Vph—l-b(;r)ph)-'id;r
K v

+ . (—g — diviip + c(z)pr)q dz
24

INRIA
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+ Z <_ph7§ﬁ>F+ Z <91—Ph7'5'ﬁ>F-
FeS(K) FedKnoQp

Let us introduce the following notations:

I = |If = a(2)in + Vpr + b(2)pallr2 (),

II = |[|—g—divi, + c(z)pnllr2(x),

1 _1
It = §hF2 Z |[px] L2(F)>

FeS(K)

_1

IV = hp? E 191 = pallr2 (7).
FeaKno0p

For all triangle K € 73, let us consider a function ¢x defined as:

A 1 . =
i) Ppotyi(z) frEK
pr(e) = { 0 otherwise,

where K is the reference element and ¢ i is real function verifying that:
e 0 < Qp(2) <1, forall 2 e K, with Pp(2)=0,forall 2 € OK and
o ¢pp € CYK) and Vi € L(K)2.

Clearly, for all K € 7, and for all ¥k element of a finite dimensional subspace of
L?(K), using the fact that norms are equivalent in finite dimentional spaces and
passing through the reference element K, we obtain

. . 1 .
CollTr |2 (r) < 1Trer(2)2 || 2210y < CallTK |22 (K> (28)

where (g and 'y are independent of K and #. We can also obtain that

IEIINED] |L2(K) < ||7k| |L2(K) (29)

Majoration of I. Let us consider the following test function

-

Ti = or(2)(f(z) — a(z)@n + Vi + b(z)pr).

From its definition #x is an element of H(div,Q) (¥x € H(div, K') and we have the
continuity of the normal component vk - 7if;, where F; are the interior edges of K,

RR n " 2666



16 Abderrazzak EL. BOUKILI, Manolo CASTRO-DIAZ

in fact their are all 0). Denoting by V' = (¥k,0) then

EV) = /I (- a(e)@n + Vi + ba)pr) ok da

I(f = a(@)in + Vpn + b(2)pn) ekl 72 k)

> CIf = a(@)idn + Vpn + o)l i)
thus,
(D? < &V)
< CIINU = Unllza0) IV 2k
<

C3(1T = @l g div. gy + 1P = Prllz2 (i)
I(f = a(@)i@n + Vi + b(2)p) x| rdiv

now, using the equivalence of norms in finite dimentional spaces in the reference
configuration and an inverse inequality for the div-norm we obtain

1< CE(1+ hi (1@ = @l div, gy + 1P = Pallzagy ).
Majoration of II. Let us consider the following test function
ik = ¢r(—g — diviy + c(z)p).

As in the previous estimation, it is clear that ¢ is an element of L2(2). Noting by
V = (0, ¢x) then

EV) = /1 (—g — divi, + c(z)pr)’ ok dz

1
[(—g — divi, + C(x)ph)@;&'H%?(K)
C{M| = g — divity + e(2)pallF2(x):

v

therefore,
(1) £v)
C3 U = Unllzao) IV | 2k
CQH(H?I_ 'ﬁhHH(djqu +lp = pn L2(K))
(=g = diviiy + c(z)pr) ek ||z (x)
CT (1T = @nll g diy ey + P = prllz2(x))
|| = g — divip + c(z)pall 2 (x)

IN AN IA

I
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A posteriori error estimators for the Raviart-Thomas element 17

thus, II is upper bounded by

< C:{I(Hﬁ_ ﬁh”H(divJ{) + ||P - ph||L2(K))-

Remark 4.3 To stablish similar the majorations of I and II, we can also work with
polynomial interpolations fr, gn, cn, ap and by of f, g, ¢, a and b.

Figure 2: Definition of wr = K U K.

Majoration of ITI. Let F' be an internal edge, therefore, there exists two triangles
K and KI so that FF = KI' n KI'. Let us define wp = K U K¥ (see fig. 2).
Observing that [pp]

F is constant, then a suitable function Pg is constructed by:

Pr([pr])(z) = { ﬁi(ﬂﬁ) if 2 € KT

75 (z) otherwise

(30)
where &
KI) in RT, so that each degree of freedom is 0 except the one in I that it is
imposed to be [py]. It is clear from the definition of Pg([pp]) that it belongs to
H(div,wg). Similar constructions can be considered if [py] is polynomial over F
using the appropriated generalized Raviart-Thomas F.E. It is not very difficult to
prove that Pg is linear and verifies

(respectively #) is the unique polynomial defined over K" (respectively

1P s divn ) < CHENDA 2

Let us consider the test function

V = (Pr([ps],0),

RR n " 2666
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then .
) EV)— ZKchqu fK(f — a(z)ip
||[ph]||L2(F) < _ )

+Vpn 4 b(z)pr) Pr([ps]) dz

thus

palllZzmy < NANINT = Unll 2@l PE(RD] 2(r)
+ |If = a(2)d@, + Vpn + b(2)ps,

2 (wp) [ PF([PRDI 22wy

using now the majoration of Pr we obtain

_1
he? pwlll 22y < ChMIU = Unll z000p)-

Majoration of IV. Finally, let F' be a boundary edge satisfying F' € 0Qp and
let KT be the triangle containing F. For the sake of simplicity, let us suppose ¢,
constant over F'. In this case the function Pg is constructed:

o
Pp(g1 = pr)(z) = 7y () (31)
where #f is the unique polynomial defined over Kf" in RTj so that each degree of
freedom are 0 except the one in F’ that it is imposed to be gy — pj. As in previous
case, Pr is linear and verifies
1
1Pr(gr = pi)llgdiv,cry < Chillgr — prlle2(r),

Let us consider the test function

V = (Pr(g1 — pn),0),

then

-

W)= [ (F=a@)in+ Vo + Kapm)

llg1 — P %2(F) <
Pr(g1 — pn) dz

thus
lgr = pilliery < AT = Unll zrer) 1 Pr(g1 = pi)ll 7y
+ ||f — a(z)dn + Vpu + b(z)ps
1Pr(g1 = pr)ll Lo 1ry

12(KF)

INRIA
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using the majoration of Pr we obtain

1
-3 IV iirr T
he®llgr = prllez@ry < CL7 U = Unll 7k Fy-

In the general case, where g1 is not constant over F', then a suitable polynomial
approximation g;, is considered. In that case the following estimation is obtained:

1 1
hp? g1 = pull ey < CHV (U - Unll z(xry + 27 2Mlgr = 915l 2 (r))-

Finally, if the estimator given by the equation (24) is considered, then the following
proposition can be derived:

Proposition 4.4 With the definition (24) the following estimation is obtained
nr(K) < C (1T~ nll g (divey) + 12— Pallr2(og) (32)
. —1 _

+ = Fnllez ) 119 = gmnllrz ) + or? g = in(g)r2(xn000)

where wg ={Ko € T, : KoN K = F; edges of K, i =1,2,3} (see fig. 1).

Remark 4.4 A copmarison with the upper bound (4.1) shows that the estimate
(4.4) is non optimal since it involves a negative power of h.

5 Conclusion.

The paper has outlined an ‘a posteriori’ local error estimator based on the residual
of the linearized transport equation for electrons. Two theoretical results gives an
idea about the efficacity of the error estimator, nevertheless up to now, no numerical
results have been obtained. Future works will consider the construction of an aniso-
tropic estimator based on local corrections of numerical solution as well as numerical
experiences comparing the isotropic and anisotropic estimators.
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