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Abstract:  In the first part of this work [4] we have studied the approximation problem of
FEf(Xr) by Ef(X}), where (X;) is the solution of a stochastic differential equation, (X{*) is
defined by the Euler discretization scheme with step %, and f(-) is a given function, only sup-
posed measurable and bounded. We have proven that the discretization error can be expanded
in terms of powers of % under a nondegeneracy condition of Hsrmander type for the infinitesimal
generator of (X3).

In this second part, we consider the density of the law of a small perturbation of X7 and we
compare it to the density of the law of Xp: we prove that the difference between the densities
can also be expanded in terms of %
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La loi du schéma d’Euler pour les équations
différentielles stochastiques:
II. Vitesse de convergence de la densité

Résumé : Dans la premiére partie de ce travail [4] nous avons étudié ’approximation de
Ef(Xr) par Ef(X7}), ot (X;) est la solutio d’une équation différentielle stochastique, (X{*) est
défini par le schéma d’Euler de pas %, et f(-) est une fonction seulement supposée mesurable
bornée. Nous avons prouvé que l’erreur de discrétisation peut étre développée en puissances de
% sous une hypothése de type Hérmander pour le générateur infinitésimal de (X}).

Dans cette seconde partie, nous considérons la densité de la loi d’une petite perturbation de
X7 et nous la comparons a la densité de la loi de X7: nous prouvons que la différence entre les
densités peut elle aussi étre développée en puissances de %

Les résultats de cet article ont été annoncés dans des numéros de journaux consacrés aux
Actes de Conférences: voir Bally, Protter et Talay [2] et Bally et Talay [3]. AMS(MOS)
classification: 60H07, 60H10, 60J60, 65C05, 65C20, 65B05.

Classification AMS(MOS): 60H07, 60H10, 60J60, 65C05, 65C20, 65B05.

Mots-clé : Equations différentielles stochastiques, approximation, calcul de Malliavin.



STOCHASTIC DIFFERENTIAL EQUATIONS - LAW OF THE FEULER SCHEME 3

1 Introduction

Let (X;) be the process taking values in R? solution to
i i
X = Xo + / b(X,)ds + / o(X,)dW, | (1)
0 0

where (W;) is a 7-dimensional Brownian motion.

The problem of computing the expectation F f(X;) on a time interval [0,7] by a
Monte Carlo algorithm appears in various applied problems; some of them are listed in [4].
The algorithm consists in approximating the unknown process (X;) by an approximate
process (X/'), where the parameter n governs the time discretization; that process can
be simulated on a computer, and a simulation of a large number M of independent
trajectories of X" provides the following approximate value of E f(X;):

1 X .
37 2 (@)

The resulting error of the algorithm depends on the choice of the approximate process
and the two parameters M and n.

In [11] the choice of the Euler scheme instead of a more sophisticated scheme to
approximate (X;) is justified. Thus, we consider:

i = X )
X(”;-i—].)T/’IL = X;)IEI’/n + b(Xz’l)lT/n)% + O-(X;)I;I’/n)(W(P+1)T/n - WpT/n) :

For % <t< w, X} is defined by

X' = X"

pT/n + b(X’ﬂ

T n
rya) (= 22) + oK) (We = Wiyz)

When X, = z (resp. X = z) a.s., we write X;(z) (resp. X[ ()).
The effects of n on the global error of the algorithm can be measured by the quantity

|Ef(Xr) — Ef(X7)] - (3)

This error can be expanded in terms of powers of %: see Talay and Tubaro [11] for
smooth f’s without any assumption on the infinitesimal generator of (X;) and for the
numerical interest of the result (i.e. the justification of Romberg extrapolations which
exponentially accelerate the convergence rate with a linear increase of the numerical cost).
Similar results hold when (X;) is the solution of a Lévy driven stochastic differential
equation, see Protter and Talay [10].

In Bally and Talay [4] the same expansion has been established for only measurable
and bounded functions f’s under a uniform nondegeneracy condition of Hérmander type
on that generator (see below for a more precise formulation).

RR n” 2675



4 Vlad BALLY , Denis TALAY

In this paper our objective is the following. Let U; C IR? be the set of points for which
Hoérmander’s condition involves Lie bracketts of length less or equal to L. For z € Uy
the law of X7 (z) has a density pr(z,-) with respect to Lebesgue’s measure. We want to
approximate this density by the density pi(z,-) of the law of of a small perturbation of
X% (z). More precisely, for z and y in Ur, one has

~N, 1 1 n
pr(z,y) — pr(z,y) = —;WT(%?J) + ERT(%?/)

for some function 77(z,y) independent of n and some remainder term R%(z,y) which
satisfy an exponential inequality of the type

. K(T) X
e A e T T (‘T) |

(the functions Vi(-) and K(-) are defined below).

The above expansion and the exponential bounds for 77(z,y) and R}.(z,y) give alocal
information on the approximation of the law of X7(z) by the law of X2(z): without any
global nondegeneracy assumption but under the hypothesis that z € Uy and A C R? is
a Borel set whose boundary is a subset of Uy (neither A nor A° is supposed included in

Ur) we prove that
2 1 1 n
P[Xr(z) € Al — P[XZ(z) € A] = —ETT(CL‘,A) + ERT(CE’A)

where the functions |7r(-, A)| and |R%(-, A)| can be bounded exponentially from above.

During the very last days of the redaction of the present paper, the authors have
received a paper by Kohatsu-Higa [7] which also deals with the approximation of pr(z,y)
for x € Ug. This density is approximated by

E¢, s <X¥(w) + g - y)

where G is a standrad Gaussian vector independent of W; and ¢,(-) denotes a Gaussian
density of mean 0 and of covariance matrix 72Id(R?). Kohatsu-Higa shows that, for any
§ > 1, there exists a constant C(6) such that

§
sup |E¢,-s(Xr(z) —y) — pr(z,y)| < ci) :
yERd n

It is clear that this estimate and our results are of different nature.

The organization of the paper is the following: in Section 2, we state and comment our
main results; in Section 3, we prove these results, admitting technical estimates proven in
Section 4; these estimates require a modification of a result due to Kusuoka and Stroock
concerning the derivatives of pr(z,y): this work is done in Sections 5 and 6.

INRIA



STOCHASTIC DIFFERENTIAL EQUATIONS - LAW OF THE FEULER SCHEME 5

Notation.

In all the paper, given a smooth function ¢(-) and a multiindex « of the form
a=(ay,...,ar), a; €{1,...,d}

the notation 92¢(t, z, £) means that the multiindex « concerns the derivation with respect
to the coordinates of z, the variables ¢ and & being fixed. When we write 0,¢(t, z) it must
be understood that we differentiate w.r.t. the space variable z only.

When vy = (y”) is a matrix, 4 denotes the determinant of y, and +y; denotes the j —th
column of .

When V is a vector, V denotes the matrix (9;V7)%.

We will use the same notation K (), q, ¢, u, etc, for different functions and positive real
numbers having the common property to be independent of 7" and of the approximation
parameter n: typically, they will only depend on L>°-norms of a finite number of partial
derivatives of the coordinates of b(-) and ¢(-) and on an integer L to be defined below.

As usual, we denote by PP, the law for which X = X, = z a.s. and we denote the
corresponding expectation by F,.

In all the paper, we reserve the letters z and y for elements of a set U defined below.

2 Main results

2.1 Density and local density.

Consider the stochastic differential equation (1).

In all the paper we suppose:

(H) The functions b(+) and o(-) are C>(IR?) functions whose derivatives of any order are

bounded.

Denote by Ay, Ay,..., A, the vector fields defined by

Ag() = Db()a;,
-1
d ..
a?(:)0;, j=1,...,7.
=1

2

For multiindices a = (ay,...,a1) € {0,1,...7}* define the vector fields A* (1 < i < 7)
by induction: A? = A; and, for 0 < j < r, A" .= [A7, A2].

RR n” 2675



6 Vlad BALLY , Denis TALAY

For L > 1, define the quadratic forms

Ve =3 Y < A%E),n>?

i=1]a|<L—1
and set
Vi€) = LA inf VilEom) ()
Denote by Uy, the set
Up = {&Vi(€) > 0} . (5)

Kusuoka and Stroock (Corollary 3.25 in [8]) have shown: for any integer L > 1 and
any z € Ug, the law of Xr(z) has a smooth density pr(z,-); besides, for any integers m, k,
for any multiindices a and (3 such that 2m + |a| + |5| < k, there exist an integer M (k, L),
a non decreasing function K(-) and real numbers ¢, ¢ depending on L, T, m, k, o, 5 and on
the bounds associated to the coefficients of the stochastic differential equation and their
derivatives up to the order M(k, L), such that the following inequality holds!:

8m

|8t—m828§pt(.’13, Z)

K(T) |z — 2|2 )
SWeXP<—Cf ,v0<t§T,Vz€R7vm€UL'
(6)

A complementary result also holds whose proof is postponed to Section 5.

Proposition 2.1 Assume (H). Let L be such that U, is non void. Then there exists a
smooth function
(t,z,y) € (0,T] x R* x Uy, — qi(2,9)

such that, for any measurable and bounded function ¢(-) with a compact support included
in the set Up, one has

B(X)= [ ez (7

Let L > 1, m be arbitrary integers and let o, 3 be multiindices. There exist positive
constants p, ¢ and there exists an increasing function K(-) such that, for any 0 <t <T,

KT (=gl
< Wiy p( ) ®)

m

Vye U, Vze R?
ye L FAS 78tm

8285%(‘27 y)

2.2 The perturbed scheme.

If the uniform ellipticity condition

(H1) 3a>0, |[o(t,z)o*(t,2)]| = o, V()

'In the statement of Kusuoka and Stroock, the constants v;, pt,(L) are equal to 0 under (H).

INRIA



STOCHASTIC DIFFERENTIAL EQUATIONS - LAW OF THE FEULER SCHEME 7

holds, then the law of X7(x) has a density p%(z,-) w.r.t Lebesgue’s measure. It may be
false even if there exist L > 0 and « > 0 such that V7 (§) > a > 0, V. That leads us to
consider a small perturbation of X7 whose law has a density.

In the whole paper, we refer to the following

Definition 2.2 Let po(-) be a smooth and symmetric probability density function with a
compact support in (—1,1). For § > 0 and £ € R? we define:

) = 1210 ©

We now define a new approzimate value of Xp(z), denoted by X2(z): let Z" be a R%-
valued random vector independent of (W;,0 < t < T') whose components are i.i.d. and
whose law is py,(€)dE; we set:

VO<t<T, Xp(z):=X{(2) ; Xp(z)=Xg(e)+2". (10)

We denote by pi(x,-) the density of the law of X%(x) w.r.t. Lebesque’s measure.

2.3 Convergence rate for the density.

In [4] we have proven that, if inf,.pe Vi(2) > 0 for some integer L and if the functions
b(-) and o(-) satisfy (H), then for any measurable and bounded function f(-),

Cf(T7 'T) + Qn(f7 T7 ‘T)

n2

E,f(Xr) - E.f(X7) = — ) (11)

the terms C¢(T,z) and Q,(f, T, z) having the following property: there exists an integer
m, a non decreasing function K(-) depending on the coordinates of o(-) and b(-) and on
their derivatives up to the order m, and a positive real number g such that

K(T)
T4

|CH(T, )| + supn|Qu(f, T, )| < || £l (12)
(in fact, the estimate given in [4] is slightly different: the simplified version (12) takes the
boundedness of b(-) and o(-) into account). To get an expansion for pr(z,y) — pr(z,y),
it is natural to fix y, to choose f5(§) = ps(y — £) and to make é tend to 0. But the above
result is not sufficient since, when é tends to 0, (|| fs ||~) tends to infinity. Nevertheless,
if F5(-) is the distribution function of the measure f5(£)d¢, the sequence (|| Fs ||o) is
constant: this gives the idea of proving inequalities of type (12) with || F' ||~ instead
of || f |l when f(-) has a compact support, F(:) being the distribution function of the

measure f(&)d¢.

Before stating our main results we need to introduce some definitions.

RR n” 2675



8 Vlad BALLY , Denis TALAY

2.4 Definitions.

Definition 2.3 Let (a”(t,z)) denote the matriz o(t,z)o*(t,z).

Let ¢(+,+) be a function of class C*([0,T) x R?). We define the differential operator U
by

Ult,z) = ;zu W60+ S 3 Bl Iuele )
32 )+ a; (.9
+zd:1 () 8¢tz + = Zl aaijd)(t,z). (13)
Definition 2.4 We set
w(t,€) = Eef(Xr_s) = Prif(6), 0<t<T. (14)

Proposition 2.1 shows that, if f(-) is a measurable and bounded function with a compact
support included in a non void set Uy, defined as in (5), the function u(-,-) is of class
C>([0,T) x R%). We set

U(t, ) :==Uu(t,-) . (15)

Definition 2.5 Let L € IN — {0} such that the set Uy is non void. For any measurable
bounded function f(-) with a compact support included in Ur we set

— inf Vi(6)>0 16
YIT T ceSums) 2(&) (16)

and we denote by ds(§) the distance of £ to the support of f(-).
We also denote by Ef.1(§) any function defined on Uy, of the form

—K(T) ex —c—alf(g)2
TUL Vi(€)T p< T ) (17)

for some strictly positive constants c, q, ¢', Q and some positive increasing function K(-).

Ern(é) =

2.5 Statements.
Theorem 2.6 Assume (H). Let L € IN—{0} be such that Uy, is non void and let z € U,

Let f(-) be a measurable and bounded function with a compact support included in Uy.
Let F(-) denote the distribution function of the measure f(&)d§.

INRIA



STOCHASTIC DIFFERENTIAL EQUATIONS - LAW OF THE FEULER SCHEME 9

Let U(-,-) be defined as in (15) and for z in Uy, set
T
mh(z) :=/ /dpt(a:,z)\ll(t,z)dzdt . (18)
0o JR

The perturbed Euler scheme (10) satisfies: there exists some function E¢1(-) (for some
strictly positive constants @, ¢, q, ¢ and some increasing function K(-)) and for each
n > 2~ there exists Rgé’f(a:) such that

dy(z)’
~ 1 1
B, {(Xr) ~ Bf(X3) = —nh(z) + 3R (2) (19)
and
75 ()| + |R7(2)| <|| F || Er.0() - (20)

The function K(-) entering in the definition of £;.1(-) depends on the L™(R?) norms (for
some integer m) of a finite number of partial derivatives of the function py(-).

Under (H1), (19)-(20) also hold for X™ instead of X™ and any bounded measurable
f(+) with a compact support.

Corollary 2.7 Assume (H). Let L € IN — {0} be such that UL, is non void and let z and
y be in U, so that
VL(JJ) A VL(y) >0. (21)

Set
T
mo(a,y) = [ [ pu(e ) Uari(,v)()dzdt (22)
where the operator U is defined as in (13) and the function qr_4(-,y) is defined as in (7).

There ezists a non decreasing function K (-), there exists some strictly positive constants
2

¢, q, ¢, ¢" and for each n > —=— there exists a function R (z,y) such that the perturbed

llz—yll’
Euler scheme satisfies !
. 1 1.

pT(x7y) _pT(x7y) = _;WT("B7y) + ;RT("BJ/) (23)

o (r) ==y

K(T T—y

R7 < —c— . 24
)|+ IRE@ ) € e e (el 20 ) (24

The function K(-) depends on the L™(IR%) norms (for some integer m) of a finite number
of partial derivatives of the function py(-).

Under (H1), (23)-(24) also hold for all (z,y) and for ph(z,y) instead of p(z,y).

Theorem 2.6 and Corollary 2.7 cannot be seen as extensions of (11) which holds for
the Euler scheme itself and for unbounded coefficients b(-), o(-). Nevertheless, the expan-
sion (23) can be used to get a result similar to (11) when V(-) is bounded below by a
strictly positive constant uniform. Even weaker assumptions are admissible as shown by
the following proposition.

RR n” 2675



10 Vlad BALLY , Denis TALAY

Proposition 2.8 Assume (H). L et A be a Borel set such that A (the boundary of A)
is included into a non void set Uy, for some integer L > 1 (neither A nor A° is supposed
included in Uy ). Let x € Uy,.

Set ]
N /o ./Rd pi(@, 2)U(Pr—y La)(2)dz
Then
P, [ X7 € Al — [XT c A] (z, A) N R%(nm_ JA) -
Besides,
\mr(z, A)| + |Ry(z, A)| < %é’ 1,:(2) . (26)

Proof. Since Uy, is an open set and 0A is included in Uy one can find a smooth function
¢(-) such that {(-) = La(-) on Uf. As D4y = ( + (L4 — (), the result follows from
Theorem 2.6 applied to f(-) = T4 — ((-) (since the support of f(-) is included in Uy
by construction) and from Theorem 1 of Talay and Tubaro [11] applied to the smooth
function ((-) (the proof in [11] must be combined with the classical inequality (38) below
to get the exponential in (26)). W

3 Proofs of Theorem 2.6 and Corollary 2.7

For the sake of simplicity, in this section we use several technical estimates whose proofs
are deferred in the next sections. Besides, we do not treat the restrictive case where (H1)
holds, for which the arguments below can be used with some simplifications.

3.1 Proof of Theorem 2.6.

We recall the lemma 4.4 of [4]. The function ¥(:,-) being defined as in (15) there holds

B, f(X2) — E,f(Xz) = T,ZHZJE\II(T kT/n) Z , (27)

where
Tno1(z) = B, f(X7) — Ez(PT/nf)(XT T/n)

and for k < n — 1, r}(z) can be explicited under a sum of terms, each of them being of

the form
B [ o (k+1)T/n §
v | Pn(Xir/n) /kT/n /kT/n /kT/n o )0au(s3, X )dssdsadsy
; (k+1)T/n
—|-90a(XkT/n)/kT/n /LT/H /kT/n Or (X )0au(s3, Xy, )ds3dsadsy|  (28)

INRIA



STOCHASTIC DIFFERENTIAL EQUATIONS - LAW OF THE FULER SCHEME 11

where |a] < 6 and the ¢l's, ©!’s, 90;7?’, s are products of functions which are partial
derivatives up to the order 3 of the a*’s and b*’s.

Thus,
~ T T
B f(X3) - Bf(Xn) = = [ B,%(s,X,)ds

T2 "= kT T (T
+— }j E,V <— XAT/,L) - —/ E, (s, X,)ds
n Jo

T2 "= 2 kT kT
T s Z E, ( < XLT/n) N4 (— XkT/n))

n—2
+Zrk +E f(Xn) Em(PT/”Lf)(X%—T/n)
n—2
= _/ E,U(s, X,)ds + A" + B" + S r(z) + C" . (29)
k=0

We observe that the estimate (34) below ensures that [ F,|¥ (s, X,) |ds is finite.

First consider A™: using It6’s formula and the estimate (34), we get

8 ’L(.TU)
< IFILEERE . (30)

kT 7
'y B (— XLT/n) - [ B (s, x,) ds
0

nk<n 1

Now we treat B™. For 1 < k < n — 2, one applies the expansion (29), substituting the
function .
T
nk\*) ‘= v "
Fu(*) ( - )
o £().

Set ty k(t, ) := Prrjn—tfar(-) and denote by ¥, 1(¢, -) the function defined in (15) with
Uy k(t, ) instead of u(t, ) and kT'/n instead of T". Thus, for some functions gy(-) € Ci°(R?)
one has that, for t < %,

kT
o=t (2]
A
There holds:
kT kT T2 k= jT n
EZ\I’ ( XkT/n) — EQ\I’ (T,XkT/n> = TL_ Z E lI’nk < ]T/n) + ZT k )

where the r?’k(x)’s are sums of terms of type (28) with w, ; instead of .

RR n” 2675



12 Vlad BALLY , Denis TALAY

We use the inequalities (32) and (33) of the next section to upper bound the right
side; we get:

2n2 kT KT Err(z)
B < =SBy xn, )—Bv (55 X || < ||F 222 (31
71 < T 3 B (i) - B (S i )| < a1 S
n—2
We proceed similarly to upper bound |»_ rj(z)| and we apply (36) below to upper
k=0

bound C™. That ends the proof. W

3.2 Proof of Corollary 2.7.

Fix y € Uy and choose § small enough to ensure that the support of the function

d i i
§—>P5(§—y):H%P0<§ 5y)

i=1
is included in the set U, (as Vi(-) is continuous the set Uy is an open set).

Apply the estimate (19) with f(-) = ps(-—y). Then F(-) is the cumulative distribution
function of the measure ps(§ — y)d¢; we denote by mrs,(-) and Ry, (-) the functions
appearing in the right side.

There holds:

. 1 1
E,ps(Xt —y) = Eops(Xr — y) + —715(2) — —Ri5, () -

From Proposition 2.1 it is easy to check that 77 5,(x) tends to 7r(z,y) when 6 tends
to 0. Besides, as || F' ||»< 1 it comes

That ends the proof. B

4 Upper bounds uniform w.r.t. n

In this section we prove some technical propositions which have permitted us to upper
bound the remaining terms of the expansion (29) (cf. the inequalities (31) and (30)).

INRIA
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4.1 Statements.

The following proposition was used to treat the term B™ of (29).

Proposition 4.1 Let z, L € IN — {0}, UL, and the function f(-) be as in Theorem 2.6.

Let g(+), gr(-) be smooth functions in Ci°(R?, R). Let X be a multiindex. Then there
exist strictly positive constants ¢, q, ¢, Q, a positive increasing function K(-) and the
corresponding function &y (-) such that

T
1B g(X 7 )Onult, X <[ F oo Ep2(z) , VO<E<T — — (32)

and more generally, for any 0 in [t,T — %], for any function Uy(t,-) of the form
Wy(t, ) = ga(-)Or[Po—s¥(0,-)] ,
one has

T
B [Wo(t, X)) <I| F |l Eru(a) , YOSt <O<T - . (33)

n

Similar inequalities hold for the processes (X;) instead of (X]'); in that case, one may
take 0 <t <O<LT:

(B g(Xe)Onu(t, X)l| <|[ F' ||l Epp(z) , VOSE<ST (34)

and

B, [Wa(t, X)) <I| F o Eru(a) , VO <O <T . (35)
The next proposition was used to treat the term C™ of (29).

Proposition 4.2 Assume the hypotheses of Proposition 4.1. Then
B, f(X3) = Eo(Pruf)(Xi—rs)| S| F |l Epi(z) - (36)

Before proving the two above propositions, we need to prove the two following technical
lemmas, easy to obtain. The second one is interesting by itself.

4.2 Preliminary lemmas.

Lemma 4.3 Let z € R? and A C R? a closed set. The distance of  to A is denoted by
d(z,A). Let ¢ > 0. For some strictly positive constants Cy, Cy and Cs uniform w.r.t. n,
T and 6 € (0,T], one has

d(X3,A)? d(z,A)?
)

E, exp (—c < Chexp <Clt9 — Oy ) , VO<O<T. (37)
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14 Vlad BALLY , Denis TALAY

Proof. If d(z, A) = 0, the right side of (37) is larger than 1 for Cjy > 1, thus the inequality
is true. If d(z,A) > 0, one splits the left side in two parts corresponding to the events
A:=[|| X; —z ||< 3d(z,A)] and A°. On A one has that d(Xj,A) > 3d(z, A), which gives

(X2, A)? d(z,A)?
X5, A %’ )> §C’0exp<—02 (x:g )>

F, l 1 4exp (—c

On the other hand,

< P[I Xp(z) — w12 Jd(z,A)] -

n 2
FE, l I 4c exp <—cw>

Since b(-) and o(-) are bounded functions, we can use a standard inequality for certain
continuous Brownian semimartingales (obtained from a Girsanov transformation combi-
ned with Bernstein’s exponential inequality for continuous martingales):

Pl X3(@) ~ = |2 LG 0)] < Cyexp (cle - cgd(‘”’eA)z) . (38)

Lemma 4.4 Under the hypotheses of Theorem 2.6, there exist some strictly positive
constants @), q, ¢ and p such that

K(T d(2)?
VT >t>0, Vz€ R% [07u(t,2)] < || F || W exp (—c%) . (39)

Proof. If d¢(z) = 0, the inequality is a consequence of (6) since Supp(f) C Ur. We now
fix z € R? such that ds(z) > 0.

We first observe that since Vz(-) is a continuous function, one constructs a smooth
function ¢, ;7 : R* — [0, 1] such that

(a) if df(2) < /T —t then (, ¢(7) = 1 for all ;
(b) if df(2) > /T — t then:

(b1) C.pn(B) = 04f Vi(7) < 55 or dg(y) > 457,
(b2) C.ro(y) = 1if § € Supp(f),

(b3) Jps Gro(@)dy=1,

(b4) for any multiindex y with 1 < |y| < d, |0Y(s.(7)| < dfc(*;)q < (T_Ct”)q/z,

is uniform with respect to d¢(z) and vy and where g is positive and depends
on the dimension d only.

where C,

INRIA
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Since the support of f(-) is included in {{; (. f..(§) = 1}, one has (see Proposition 2.1
for the definition of the smooth function gr_4(-,)):

Goultz) = [ Giar =0 (@)Ces )47
= (1" [ 0.0 {020r 12 9)C. 12 (D)} P (3)d7

We now use the inequality (8) proven below. For some constants ¢ and y, for some
increasing function K(-), it comes

‘v’T>t20,‘v’z€Rd

T % /eXp< Ilz—yt||>|avcz,f,_L<g>|dg

|05ult, )l < || F' [l .
" o<hi<a Vi(g)

From the definition of ¢, f (), one has

ds(z v
0,Cep (@) > 051 2~ 712 222 ana vi() > L

Using the above conditions (a) or (b3) and (b4), we deduce (changing the definition of
K(-) from line to line and remembering that vy < 1):

K(T d 2
ult,2) < F e ) o ()
dy(z)” 1
exp(c) exp _CT — ]ldf(z)gx/Tft + dy(z)1 ]]'df(z)>\/T7t

< F %m (_cizj(j);) .

4.3 Some recalls on Malliavin calculus.

Now we are in the position to prove Proposition 4.1. The proof uses some material of [4]
and some wellknown results which for convenience we first recall in this subsection. We
refer to Nualart [9] for an exposition of Malliavin calculus and the notation we use here
concerning the stochastic calculus of variations.

For G := (G,...,G™) € (D)™, we denote by 7¢ its Malliavin covariance matrix,
i.e. the m X m-matrix defined by

’}’g =< DGZ,DG] >L2(0,T) .
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16 Vlad BALLY , Denis TALAY

Definition 4.5 We say that the random vector G satisfies the nondegeneracy assumption
if its Malliavin covariance matriz is a.s. invertible and I the determinant of the inverse
matriz T'g := v5' satisfies

g e ) L¥(Q) . (40)

p>1

Our analysis deeply uses the following integration by parts formula (see the section

V-9 in Tkeda-Wanabe [6] for the proof of (42) and see [4] for the proof of (43)):

Proposition 4.6 Let Gy € (D)™ satisfy the nondegeneracy condition of Definition 4.5
and let G in ID*.

Let {Hg} be the family of random wvariables depending on multiindices B of length

strictly larger than 1 and with coordinates B; € {1,...,m}, recursively defined in the
following way:

{G < DTE, DG} > 201y +T8, < DG, DG >0

j=1

+Ig, G- LG},
Hﬂ(GO?G) = H(ﬁl,---ﬁk)(GmG)
= Hp(Go, Heg, ... p_1)(Go, G)) - (41)

Let ¢(-) be a smooth function with polynomial growth.

Then, for any multiindex o,

B ((0.6)(G0)G] = E[§(Go) Ha(Go, )] (12)
Besides, for any p > 1 and any multiindex (3, there exist a constant C(p,[3) > 0 and

integers k(p,3), m(p,3), m'(p,5), N(p,B), N'(p,3), such that, for any measurable set
A C Q and any Gy, G as above, one has

E[|Hp(Go, G)[P Lal» < C(p,B) ITa, Lallkwp 1Gn@smeps Gollniwp)mws - (43)

In this paper we need the following “local” version of the preceding, where G satisfies
the nondegeneracy condition of Definition 4.5 only locally:

Proposition 4.7 Let Gy € (D>)™ and let G in D>.

Suppose that for some multiindez o, yg, s tnvertible a.s. on the set

G#0 U DG #0]
1B1<]e]

INRIA
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and that, for any p > 1,

p] <. (44)

B HFGO LUy g 0 (07670

Let {Hp} be defined as above.
Let ¢(-) be a smooth function with polynomial growth.
Then
Bl(0,8)(Go)C)] = BI(Go)Ha(Go,G) Tiguy, . prcsal (45)
Besides, if A C [G # 0]Ujgj<|o)[D’G # 0] then the inequality (43) holds for 3 such that
6] < |al.

Proof. Consider a Gaussian standard variable G independent of (Go, G) and define
G, := Gy + €. Since .
PGE S @ )
we may apply (42):
E[(0.¢)(G:)G] = E[$(G:)Ha(G:, G)]
= F |¢(G.)Hu (G, G)] Ligr0]U, g o (D5 G0
Observe that
(G )Hao(Ge, G) H[G¢0]U|ﬂ|5‘a‘[DﬂG¢0]] — ¢(Go)Ha(Go, G) L0,y (0P G0 @S-

Besides, for all p > 1,

p

. P .
E\Le. Digsgy,, .. (0P| = E‘FGO Digso)U o [D5C0)

Thus, the hypothesis (44) and a uniform integrability argument lead to the conclusion.
|

4.4 Proof of Proposition 4.1.

We only prove (32): the arguments to add in order to get (33) follow the same guidelines
as those we used in the proof of Lemma 4.2 in [4]. We also limit ourselves to the process
(X}): for (X;), the proof below can be simplified, in the sense that a localization procedure
is unnecessary (which explains that the result holds for 7' — % <t <T also).

We also suppose d¢(z) > 0: the case d¢(x) = 0 only differs by some simplifications in
the proof.

We successively will consider the cases where ¢ is “small” (less than Z) and “large”

2
(between £ and T — I).
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18 Vlad BALLY , Denis TALAY

4.4.1 Small ¢: t in [0, ]

Since g(-) is a bounded function, in view of (39) it comes

B g(X])ault, X)) <1 F [l %w By (XP)4E, [exP (_c_df<X? ) )] |

Use the fact that T">T —t > % Then the inequality (37) permits to conclude.

4.4.2 Large t: tin [£,7 —I].

n

Let ¢ € C;°(R) such that ¢(z) =1 for |z| < i, ¢(z) = 0 for |z| > % and 0 < ¢(z) < 1 for
o] € (3, 3)-

Let 7; (resp. ;") be the Malliavin covariance matrix of X; (resp. X;*), and let 4; (resp.
4:) be their determinants. Define

n (;%L B ’?t)

T,
Consider
E.[g(X])0au(t, X)) = E.[(1—¢(ri))g(X]")0au(t, X]")]
+ B, [¢(r})g( X7 )Oau(t, Xi')]
=: A+ B. (46)

Using the inequalities (37) and (39) and then the fact that 2 < Z= < 2 since
% <T —Z, one gets

n?

K(T) () oy
4 < 1P e e (e ) [ = o]

< n* || F ||oo gf,L(T, ;U) [Ez“ — ¢(,r,lb)|2]§ .

Slightly modifying the proof of Lemma 5.1 in [4] to take the boundedness of b(-) and o(-)
into account, we can prove that for any p > 1, there exists an increasing function K(-)
depending on p such that

[E, |1 — ¢(r™)?]? < K(T) n™% , Vo<t <T. (47)
It remains to choose p = 4u to get the expected upper bound for A:

Al < F [loo Er.0(T) ) - (48)

Let us now treat B which is the really interesting term.
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Consider X7 as an element of (ID*)?., Apply the “local” Malliavin integration by
parts formula (45). Setting

H(t) = Ho( X7, 9(X3") (7))

it comes

B = El[u(t,X?)HZ(t)]7
= EL[(PTftf)(XZL)HZ:(t)] :

Consider a process (X;) which is a weak solution of (1) independent of (X;); denote
by (€2, F, IP) the probability space on which (X;) is defined, and I the expectation under
P. It comes:

B=E, |H"(t)E. f(Xr_)

z=X:] '

Now, choose a C*(R%) function with compact support ¢, f1(-) such that 2

(a) if df(z) < V/T then (. ..(€) = 1 for all &;
(b) if d¢(z) > /T then:

(b1) Cs(€) = 0if dy(€) > 42,

(b2) Crr(é) =114f £ € Supp(f),

(b3) for any multiindex vy [9Y(y 1(£)| < dfc(—;)q < (TC)Y—;/Z, where C, is uniform with

respect to d¢(x) and where g is positive and depends on the dimension d and

on 7y only.

The role of this localization function is to keep the memory of the support of f(-) in the
Malliavin integration by parts procedure, in order to make the exponential term of &5 1(z)
appear.

Then,

B = E, [HZ(t)Ez [f(Xr-0)Copp(Xr0)] L:th]

""" Z=X?] '

We now apply the proposition 5.2 in [4]: let Xy(-,@) denote a version of class C* of
the stochastic flow z — X4(z,d); let Yy(-, &) denote its Jacobian matrix and Z4(-,&) the
inverse matrix of Yy(-,@); there exists processes (Q3) such that

(O e F)(X(2)) = D Q3(2)00{00s,i0, F 0 X, D)} (2) @, (49)

[Al<d

2At the beginning of the proof we have supposed that ds(z) > 0.
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and Q)(z) is a polynomial function of the coordinates of Zy(z,&). Thus, choosing z = X}*
and @ =T —t, one gets

B= ¥ EE, |HX0%{F o Xr-i(50)} Qb (2)Cesn(fr-i(2,))

[Al<d

z:Xt":| '

As in Section 5.1.2 of [4] we observe that H?(t) is a sum of terms, each one being a
product which includes a partial derivative of ¢(-) evaluated at point r}’; we thus may
again apply the integration by parts formula (45

processes (I’-[,’;"A(t)),

) with Gy = X}'; we obtain for some

= Y BB, [HL\()F 0 Xri(2,0)

A

z=Xf] ’

T,()] -

from which

Bl <|| F ||l >- EE,
A

Observe that ITIZ’/\(t) is a sum of terms, each one being a product which includes a

partial derivative of (, s 1(-) evaluated at a point XT_t(z)‘ . and of a partial derivative
z=Ay

of ¢(+) evaluated at point r;'. Thus,
z=Xr<w>) '

z=Xr(w>> '

We fix @. The inequality (43) (remember Proposition 4.7) leads to the following
inequality, where the Sobolev norms are computed w.r.t. P on (2:
Z=Xt"('w)) k

=X (2)

200 = F25(0) Lpoaa(?]) Lsunpice o) (Kri(2,0)

On |r}| < % one has %’% > > %’% and therefore

H20() = H2A) L3555 150 Dsumni o) ((Kra(5:0)

E,

ﬁg,/\(tad})

IHE) Lpsn()> 15000 Lsupp(cesr) (XT—t(Za@)

17 (@)l v || Hor()Q7—1(2)Cosr(Xr—o(2,0))

(50)

N'm!
for some integers k, N, m, N',m'. We are now going to treat each term of the right side.

First, it is clear that

IT®) Lz, < KT -

Second, let us check that

E H L supp(c, ;.1) (XT—t(Zad})

Z=Xt"(fv)) 2%k
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Indeed,
- - _ ~ ~ ds(z)
B | Louc. o (Xr-s20)_. )] < JP@JP[H Xrl2)] gy —2 12 5 ]
T % n d ('T)
< POP|I Xy, - Xt |2 2]

v |2 - o> 2]

Using (38) again, we get

)] £ 0 oo (e e ()

We now use the fact that 7' > ¢t > g

E [ 1 Supp(Ca s 1) <XTt(Z7®)

Next, proceeding as in the proof of Lemma 5.1 in [4] and using the additional hypo-
thesis that b(-) and o(-) are bounded, we get

sup | X (@)l wm < K(t) -

Obviously, from the above condition (b3) of the definition of (, ¢ () there holds (see
the detailed arguments in the proof of Lemma 4.4):

<KD <_M) |

N'm/ - T4 T

B 12000 ) (Re=,0)

Combining all the preceding remarks, we have got that

1B <1 F 1 D exp (—#) |

In conclusion, the preceding estimate, (46) and (48) prove that the inequality (32)
holds for % §t§T—%. [ ]

4.5 Proof of Proposition 4.2.

With ¢(-) and 7} defined as in the preceding proof, consider

A= B [HXB - ¢ a)]

B = B, [((T,X3) - u(T = T/n, X3 g + 2} 1,)] |

C* = B, [(w(T = T/n,Xp g+ 2") = (T = T/n, X3 _)))0(r% 1))
D* = E, [u T —T/n, Xj_p,)(1 - qb(rT_T/n))] :

RR n” 2675



22 Vlad BALLY , Denis TALAY

Clearly, it is sufficient to prove that |A*|, |B*|, |C*|, |D*| can be bounded from above
by the right side of (36).

Let us start with A*. We again consider the smooth function ¢, 1 (-) of the preceding
proof. We observe that, for a certain set A of multiindices of length smaller than d,

AT = B (1= 00 1)) [ FOGR +2)Copn (X7 + 2)on(2)d2]

- E. [(1 ~ (g 2 [ O+ 2002 (prn(2) g (X5 + z))dz] .

AEA

2
dg(z)’
linearly depending on the L?(R?)-norm of the dypy’s, for some ¢ > 0 and @ > 0 there
holds

Remembering that we have supposed n > we deduce that, for some constant C

A7 < C dg(z) 1] .
n

oz 1 Nl VE:(1 - gb(r,?,_T/n))Z\J e ldf(X?) <

Observe that

C

d
I -l > 7]

We then conclude by applying the inequalities (38) and (47):

K(T ds(z)?
< NP o (50
Next, we observe that
T2
B — B, [W(T —T/n, X} g, + Z)$(r} 1)

is a sum of terms of the type (28). We then apply the arguments used in the subsec-
tion 4.4.2, especially the integration by parts formula (45) with Gy = X7_4,,(z). Of
course, we also use the fact that Z” is independent of the process (W;).

For the term C* we directly apply (45). For the term D*, we use the same arguments
as for A*. B

5 An exponential bound for the local density ¢
The objective of this section is to prove Proposition 2.1. For convenience we recall it.

Proposition 5.1 Assume (H). Let L be such that Uy is non void.
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(i) Then there exists a smooth function
(t,2,€) € (0,T] x R? x Uy, — gy(2,¢)

such that, for any measurable and bounded function ¢(-) with a compact support
included in U, one has

E.$(X,) = /S iy MO E)dE Vo R (51)

(ii) Let L > 1, m be arbitrary integers and let o, 3 be multiindices. There exist positive
constants pi, ¢ and there exists an increasing function K(-) such that, for any

0<t<T,
KT) (gl
Z P( ) )

Vye U, Vze R, ——020
peTE TS | 0= ) :

Inequalities of this type are classical when the infinitesimal generator of (X}) is strongly
elliptic: for example, see Friedman [5]. We have not found (8) in the literature under our
hypotheses. Observe that nevertheless it is a variation of (6): the roles of z and y are
permuted.

To prove the result, we first note that the Fokker-Planck equation permits to only
consider the case of spatial derivatives: from now on, we set m = 0.

Theorem 2.1 in Bally and Pardoux [1] provides a “localized” version of Malliavin’s
absolute continuity criterion and permits to construct a smooth function ¢(z,-) for each
(t,z) € (0,T] x R?. Here we prove the differentiability with respect to all the variables.

Proof. (i) Consider the sequence of open sets

Ui =465 Vale) > 4B (0,2) -

Let ¢¢(-) be a smooth function with a compact support in Uz, and such that (¢({) = 1in
U;. Consider the finite measure

dPx,(:)(§)¢(§)dz

Let ¥(z,£) be a smooth function with a compact support in R? x R? and let a, 3 be
multiindices. One has:

[ (2:859) ()¢ ()dPx, e
- / (82050 (2, Xu(2))¢" (Xu(2))] dz
= |B [ [(06) (2, X,(20)25 {e(Xilo))}]

-/ JE{M (5 X(2) ¥ (37C€)(Xt(2))Qv(t,Z)H

IyI<]|
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for some polynomial functions @,(t,z) of the derivatives of the flow of X*(z). We now
apply Proposition 4.7: for some positive constant C' independent of () it holds that

‘/ (828,31/}) (2,€)C(€)dPx,(-)(£)dz

< Ol poe(rixmey -

Thus, the measure (°(§)dPx,(.)({)dz has a smooth density ¢;(z,¢{) with respect to Le-
besgue’s measure. Therefore, for any € > 0 and ¢ > 0, for any smooth function ¥(-) with
a compact support in Uj, one has

E7 (X)) = [ ai(z v ()de

For y € Uy set e(y) := sup{e;y € Us}. Now for (z,y) € R? x Uy, define

{9 (z,y) .

%(2,9) == ¢
By construction this function is a smooth function and satisfies (51).
(ii) We now turn our attention to (52). Let y € Uy.

Define ps(-) as before and set ¢ > 0. We consider the case m = |a| = 0 and || > 0:
one can treat the other cases with analoguous arguments (for m > 0 one must use the
Fokker-Planck equation in addition).

As ¢(+,-) is a smooth function,

939:(2,y) = gig(l)/ps(é“)a;?qt(z,y +&)d¢ .
Thus, integrating by parts and denoting by Y;(z) the matrix 0°X;(z) we get

19p9:(2, )| = [lim E[(G3p5,,.)(Xi(2) = y)ll ,

where
pract® = 1T {m (55) oo (m (552) 1) 2}
Define
Aly) = {€: vile) > i)}

Bify) = {6 Va©) > Jvily)} -

Since the application V() is continuous, the closure of B (y) is included in Az(y) and
one may find a function (, (-) in C*°(R?) taking its value in [0, 1] such that
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(a) Gyu(2) =04f z € Ag(y) or d(z, Br) > Vi(y),
(b) Gu.r(2) =11if 2 € Br(y),

(c) for any multiindex A,

Ch
05 <

| ACZI7L(Z)| = VL(y)‘“

where C) and g, are positive and uniform w.r.t y € Uy, and L.

Observe that, for all § small enough, for all ¢ € R,
3§P5,y,z(§ - y) = 8ﬂ/06,y,z(f - y)Cy,L(f) .

Consequently,

E-[(9pps.:)(Xi = y)] = E:[(9pps.:)(Xi = y) Gy (X0)] -

We again apply Proposition 4.7: the Malliavin integration by parts formula implies that
the right side is equal to

E.[®5,,.(X: — y)Hp( Xy, G(X4))]
with
&1 Ed
(I)é,y z(g) : /0 /0 pﬁ,'y,z(glr" 7£d)d€1 dgd .
Thus, making ¢ tend to 0, we get

d
8gqt(zay) = FE. [Hﬂ(Xt7CyL Xt H{ ]]-[0 +oo) y) ]]-[yi—zi>0}

=1
~ L)X —y) Lyimnico}] -

Hy(X4, Gy.n(X4)) is a sum of terms, each one containing ¢, 1(-) or a derivative of ¢, r(-),
functions which vanish on the set Ar(y)¢, so that

Hp(Xi, Gy1(X1)) = Hp( X, Gy.o(X)) Lap)(X3)

whence

|034:(2, y)| \/E 8(Xt, Gyr(X3))? ]]-AL(y)(Xt)}

d
J H [ 1, +oo) - ') Dpyicisop+ - ooO](X y') ﬂ[yi—zigoﬂ .
Using the inequality (38) and standard computations (see [8] or [4]) one gets

0842, 9)| < K(T) || Lapn((2DEu(2) e X 103G00(Xu( )y, e3P (_07” it ”2)

AEA t
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for some integers k, N and m, and a finite set A of multiindices.

We now use the condition (c) of the definition of ¢, (). To conclude, it remains to
apply the inequality (54) below with A = AL (y) using the fact that V(A) = VL(AL(y)) >
1Vi(y) > 0. We then get (52). R

6 An [P-estimate for the inverse Malliavin covariance
matrix

The aim of this section is to prove the following

Proposition 6.1 Assume (H).

Fiz two arbitrary integers p and L in IN — {0}. Then there exists a positive constant p
and an increasing function Ky () both depending on p and L which satisfy the following:
for any Borel set A, if

Vi(4) = inf Vi () > 0 (53)

then, for all 0 <t < T, for all z € R?,

| LaCX(2)3e(2) " o< % (54)

Proof. First we show that it is sufficient to prove that, for all p > 1 there exist strictly
positive constants y, @, Q' and an increasing function K ,(-) such that, for all z € R,
forall T >t > 0, for all 0 < ¢ < min(¢~%,t%"), for all Borel set A for which (53) holds,

P 1A(X) 5] < e, X, € A] < %gﬁﬁ (55)

Indeed, we would then have

E, [ ]1A(Xt)|’7t_1|p] = ZE [II-A (X3 Dip< Daxos1<k+1) ﬂ[xieA]}

VAN

1—|—Z(k+1)pPz<[ AKX < ]ﬂ[XteA>

k=1
o Kuslt) | Kt i (k+ 1)
= tQ trVi (AP =kt

Thus, as by definition 0 < Vz(A) < 1, we would have obtained (54) (with a new function
K1 ,(+) and a possibly new constant ).

Thus, we are going to prove (55).
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We start with some localizations.

Under (H), the function Vi(+) is uniformly Lipschitz. Thus, there exists a constant §r
depending only on L, b(-) and o(+) such that

d(z, A) < 6,V (A) = Vi(z) > VLgA) (56)
Set 5
LY (57)
and
B. = || X — Xo—emt ||< 62VL(A)] . (58)

A Girsanov transformation and Tschebycheff’s inequality show that under (H), for
any ¢ > 1 and for some increasing function K7y, ,(-) uniform w.r.t. A,

K t)e7?
P(Q - B.) < Krall)™

— Vi(A)H (59)

We introduce another set of localization. Again denote by Y;(z) the matrix 9% X,(z)
and denote by Z(z) the inverse matrix of Y;(z). Set

Ce = Hgllfl | Zieué 1> 1) - (60)

An easy algebraic computation shows that

1
inf || Z; € ||=
lI€ll=1 | 2] SUP|j¢||=1 | Vil ||

so that for any ¢ > 1 and for some increasing function K,(-) only depending on b(-), o(-)

and gq,
2q

P(Q—C.) < E |sup |[|[Yienll]| < K, (t)e . (61)

ligl1=1
Thus, (59), (61) and 0 < V(A) < 1 reduce the proof of (55) to the proof of

P.[14(X)5] < e [X0 € AN C.NB] < %ew , (62)

Instead of keeping 7;, we will use a new matrix 7; which we now define. Set

- Z:l/Ot(Zso'i(Xs))(Zsai(Xs))*ds .
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Observe that, by the variation of constants formula, one has
Yt = Y;Tty;* .
Since, for all ¢ > 1, there exists an increasing function K (-) such that
-1
1Y)~ [lg< Kq(t)

it is sufficient to prove (62) with 7 instead of ;.

For any symmetric nonnegative definite d X d matrix M, one has:

det(M)?* > ”Hllfl < M¢E> .

Therefore (observe that 0 < ¢ < 1 by definition),

Fld ||H|‘f1/5 (2,0 (X)) (Z,0*(X,))*Eds
=1

> Z inf & (Z,0"(X,)(Z,0'(X,)) €ds .

i=1 ”‘5”21 t—e7t
Observe that, for t — 7t < s <t the inverse matrix of Y,(z), Z,(x), satifies:

Z.s('r) = Zt—evt(l")Zs—(t—svt)(Xt—m't(l‘)) ’

so that
t .
Al/d > Z inf < g*tha"/tv Zsf(th'Yt)(y)o-z(Xsf(tfe“/t)(y)) >2 ‘ o ds .
-1 I€ll=1 Jt—ert y=Xi_cve
On C,, for ||¢]| = 1 one has ||[£*Z; || > 1. Thus, on C.,
B S it [ <) Ko@) 57|, ds
- i=1 [1€11>1 Jt—evt y=Xi— et
d et . 5
= inf <& Z(y)ot (X, >“ ds
; Bl <6ZWSXKW) >
_. Gl
: A
Therefore, a sufficient condition for (62) is
Ky ,(t
Gt5§€ [XtEAﬂB]_%gp—kz‘ (63)

Let us now turn our attention to the localization in B.. On B, N[X; € A], one has

Vi(A)

ViXeo) > 22
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Thus, a new sufficient condition for (62) is

7t
7 2 »
/P l_l Ilglllfl <& 2,01 (Xe) >Tds <e| Dy ) vee dPx_ ()

o(t) _pv2
<

We finally observe that the preceding inequality follows from the estimate (64) in the
theorem below (with 7 = tEF1gl/CLAL |\ — LI+ ~(L+1)/(2L+1) apd
e < min(¢EEHD ¢~ (E+DEL+))) y being defined as in (57), which ends the proof. W

We have just referred to the following theorem (Theorem 2.17 in [8]):

Theorem 6.2 (Kusuoka-Stroock) Assume (H). There exists a positive constant C' de-
pending only on b(-) and o(-) and for any L > 1 there exist positive constants pr,, Cy such
that, for any 0 < 7 < 1, for any A > 1,

d /AL (L+1) ) ,7_L
P, [Z nf | < & Z,04(X,) > ds < | < Crexp (—Cvg(y) B2 )
1=1 o
(64)
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