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es e: La es luti n nume ique de 1 equati n de Zakai ¢ nduit gene alement a des
systemes d equati ns qui d ivent et e inve ses a chaque pas de temps. n alg ithmep u
l app =ximati nnume ique del equati n de Zakai est p esente, qui ep se su des schemas de
disc etisati n p p ses pa Kushne , et pa LeGland. N us utilis ns un c ite e a posteriori
f ndesu le eu det ncatue, p u dete mine les egi ns a affine. N us appliqu ns
la meth de FAC (Fast Adaptive C mp site) int duite pa McC mick p u es ud e le
systeme lineail e btenu. Des tests nume iques s nt p esentes, qui m nt ent | efficacite de la
meth de FAC.

ots-ce: p cessus de diffusi n, filt age n n lineai e, equati n de Zakai, ED st chas-
tique, meth de multig ille, FAC.
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N nlinea filte ing is ab ut estimating the state f a n isy dynamical system, using
n isy bse vati ns — see the m del given by equati ns (1) and (2) bel w. tis well kn wn
that the Kalman filte ,  the extended Kalman filte , p vides in a ecu sive manne the
expected value f the state f the system, given all the past available bse vati ns, see
e.g. azwinski 6 . Nume ically, this filte is simplet ¢ mpute and the ef e is widely used.
On the the hand, the s luti n f the Zakai equati n p vides the ¢ mplete ¢ nditi nal
p Dbability density f the state, given the bse vati ns. t is m e gene al and in s me
cases, gives much bette estimates f the state f the system than the extended Kalman
filte . ut questi n n h wt s lve efficiently the la ge linea systems f equati ns a ising
f m the disc etizati n f the Zakai equati n, s ast satisfy as much as p ssible eal time
¢ nst aints, still emains, in pa ticula when the state space is multidimensi nal.

The basic ema k which we a e g ing t expl it, is that in m st n nlinea filte ing

p blems, and in pa ticula when the bse vati n n ise is small, the ¢ nditi nal density is
well 1 calized in s me s a egi n f the state space. Thisis u m tivati nt wusel cal
efinement techniques. One specific featu e f u p blem h weve , is that the ¢ nditi nal
density, which is the s luti n f the Zakai equati n, is designed t t ack the s luti n fa
n isy state equati n. F this eas n, the adaptive efinement egi ns may have a bit a y
shape, and gene ally ¢ uld n t be p edicted in advance. Wep p set usethe p g aming
language and ¢ nvenient data st uctue, in de t ve ¢ me the esulting p g aming
difficulties, and t  ptimise the s ftwa e efficiency.

n Secti n 2, we p esent the Zakai equati n, and its disc etizati n with espect t timeand
space. npa ticula ,wep p se afinite diffe ence app ximati nscheme nac mp siteg id,
which ensu es p sitivity fthe s luti n fthe esulting app ximate equati n. n Secti n 3,
we p esent u FAC alg ithmf the Zakai equati n, we desc ibe the data st uctu e which
has been used in the implementati n, and we give s me nume ical esults.

We a e inte ested in the f 11 wing m del, with state equati n

() () (1)

and bse vati n p cess
() (2)
e e, and take values in and espectively and hasp ba-
bility dist ibuti n = () . and a e independent Wiene p cesses
with the app p iate dimensi ns, and n n singula c¢ va iance mat ix  (identity) and
espectively. Let ( ) den te the field gene ated by the bse vati ns up
t time . Thep blemist c¢ mpute at each time , the ¢ nditi nal density f the state
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, given the past available bse vati ns s ast ¢ mpute

() () )

f any test functi n (hee isan malizati nc nstant). nde b ad assumpti ns, the
¢ nditi nal density is the unique s luti n fthef 1l wingst chastic DE, called the Zakai
equati n 1

(3)

whe e is the infinitesimal gene at ass ciated with the diffusi n p cess ,1.e.
- () — ()— ()

with () . F basic efe ences ab ut n nlinea filte ing and the Zakai equati n,

see azwinski 6, ad ux 11,and R z vskii 12.

We int  duce a unif m pa titi n f the time inte val )

with ¢ nstant time step . We use the splitting up alg ithm studied in Le-
Gland 9, which ¢ mbines an implicit Eule scheme f the p edicti n step, and a ayes
f mula based n sampled bse vati ns

1 Lo, 1

f the ¢ ecti n step. F 1l wing 9, the ¢ nditi nal density is app ximated by

whe e the t ansiti nf m t is divided int the f 1l wing tw steps
n the pre ¢ tio step, we s lve the f 1l wing F kke lanck equati n, between times
and
with initial ¢ nditi n at time . The final value at time gives
the p i estimate . The F kke lanck equati n is fu the disc etized by

the Eule implicit scheme, which is unc nditi nally stable, i.e. we s lve

()

INRIA
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nthe orre tio step, we use the new bse vati n and the ayesf mula,t update
the pi1 estimate , 1.e. we ¢ mpute

(6)

whe e
() exp - ()
and 1s an malizati n ¢ nstant. e e, the n tati n den tes the n m in
ass clated with the definite p sitive mat ix , L.e.
On a given dimensi nal egula gid with mesh ( ), we use the

upwind finite diffe ence scheme int duced by Kushne 7 ,see als Kushne and Dupuis ,
t app ximate the pa tial diffe ential pe at defined in ( ). n this scheme, the fi st
de de ivatives a e app ximated as

() O

—()
O oy

whe e  den tes the unit vect 1in the th ¢ dinate di ecti n. The cent al sec nd de
de ivatives a e app ximated as

_(y ) 2()  ( )

and the mixed sec nd de de 1vatives as

L ) )y ) )

Ch
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As a esult, the infinitesimal gene at is app ximated as
() () () 0)
whe e f all () () den tes the set f p ints in the g id which a e

a essi ef m | ie.
() f oall 1

and () den tes the set f earest neighb us f |including itself, i.e.

() f all 1
N tice that () 1 2 - 1) 1 2 ,and () 3, espectively.
y identifying the ¢ efficients f the mat ix | we have f all
1 1 1
() — () ;— ) — ()
1 1 1
( ) o O o O O
1
( ) e ()
1
( ) o O
() the wise
f all 1 . Let
() and
F ab undayp int , the definiti n f the finite diffe ence app ximati n depends
n the b unda y ¢ nditi n, see 7. n any case, ne can check that
()
and unde the additi nal assumpti n
1 1
~ 0O O 1 ™

INRIA
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the mat ix satisfies

() and () f each ()

The ef e, unde the additi nal assumpti n (7), the finite diffe ence mat ix btained
by this meth d can be inte p eted as the infinitesimal gene at f apuejump Mak v
p cess taking values in the disc etizati n g id . n additi n, the mat ix is a
M mat ix. As a ¢ nsequence, the esulting app ximati nt the F kke lanck equati n
will aut matically be a disc ete p bability dist ibuti n (i.e. n n negative eve ywhe e, and
adding up t  ne).

F  simplicity, we ¢ nside the situati n with tw meshes a fine mesh ( ),

and a ¢ a se mesh 2 . We assume that a ¢ mp site g id —1is given as
- whe e ()

This defines a fi st pa titi n f the ¢ mp site gid —int the set f fine g id p ints,
and the set - fc asegidp ints, see Figu e 1.

A fine g id p int is said re  arif () . Simila ly,a ¢ a se gid p int

issaid re arif () . This defines a sec nd pa titi n fthe ¢ mp site

gid —int theset — f egula ¢ asegidp ints, theset — f egula fine g id p ints,
and the set — — = fi teraep ints, whee — - —, see Figu e 2.

F any p int —, we need t specify the set —( ) fp intsin the ¢ mp site g id

—whichaea essi ef m ,andt specify the c esp nding finite diffe ence ¢ efficients

- ) —()-

At a egula p int —, we use the iginal finite diffe ence scheme ata egula ¢ a se
g id p int —, weuse —( ) ()and —( ) ( )f all (), and
at a egula fine g id p int —, we use —( ) ()and — ) ( )f all

()

At an inte face p int —, a special technique is used (i) Fi st, as depicted in
Figu es 3 and 5, we ¢ nside the set () fp intsin the gid which a e a essi e
f m , by adding s me slave p ints () if necessa y, and we define the ¢ esp nding finite
diffe ence ¢ efficients () (), using the exp essi ns given in Secti n 2.2 ab ve.

(ii) Then, we edist ibute the finite diffe ence ¢ efficients feach slave p int t p ints that
actually exist in the ¢ mp site g id, by linea inte p lati n.
We get in the end a ¢ mp site scheme

- () - ) 0)

RR n 2679
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Figu e 1 () ()

Figu e 2 —() —()
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whe e —( ) is the set fp intsin the ¢ mp site gid — whichaea essi ef m
Figu es and 6.
With this technique, we can easily p ve that the esulting finite diffe ence mat ix -
n the ¢ mp site gid -, is such that the mat ix — isa mat ix. n gene al
h weve , this scheme is n t 1 cally ¢ nsistent at inte face p ints, but thisd es n t p event
c nve gence t ccu, p vided thee aen tt many inte face p ints, see The em 5.3
in , Chapte 1

, see

F  simplicity, we p esent u alg ithm in the simple case f tw meshes a fine mesh
( ), and a ¢ a se mesh 2.
T btain u app =ximati n  — at time , wep ceed in th ee steps.
We fi st ¢ nside the f 1l wing linea system n the ¢ a se g id

The ight hand side vect is just the est icti nt f the fine g id app ximati n
btained at the p evi us time . T s lve this linea system, we use a di ect s lve .
ased nthis ughapp ximati n fthe s luti n , we have then t decide

whe et efinetheg id. F mathe etical p int fview, the dete minati n fthe efinement

egi n is a difficult task, f which the e have been seve al app aches discussed in the
lite atu e, see e.g. abuska and Rheinb 1dt 1 and iete man 2. ee, wep p sea widely
used heu istic a posterior: ¢ ite i n, based n the magnitude fthe disc etizati n t uncati n
e atanyc a segidp int ,we ¢ mpute an app ximati n fthel calt uncati n
e

() —C)

using cent al finite diffe ences, i.e.

() — ( ) 2 () ( )

This is al cal ¢ mputati n, which takes little time. sing a simple th esh 1d decisi n ule,
we decide whethe thisp intisg ingt be efined n t.Asa esult, we btain ac mp site
gid

- whe e ()

N tice that the nested ite ati n f the multig id meth d, ffe s a nume ically cheap way t
estimate the 1 cal t uncati n e . n p actice, this simple c ite 1 n appea ed t be quite
efficient and eliable.

RR n 2679
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n the sec nd step we ¢ nst uct a new linea system

- - - ()

n the ¢ mp site g id. The mat ix — is defined as in Secti n 2.3 ab ve. The ight hand
side vect — is again the est icti nt — fthe fine g id app ximati n btained
at the p evi us time . T s lve this system, we use the FAC meth d.

The last step ¢ nsists fthe ¢ ecti n step

T (9)
n the gl balfinegid . ee isan malizati nc nstant,t make su e that the vect
is a disc ete p bability dist ibuti n (i.e. n n negative eve ywhe e, and adding up t
ne).
N tice that what is actually needed in the next inte ati n a e the ight hand side vect s

and

which can be ¢ mputed with nly o ¢ ¢ mputati ns, and n gl bal ¢ mputati n n the
fine gid . Only f visualizati n pu p se d es ne actually use (9).
The g id t ansfe pe at , —,and a e defined in an bvi us way n tice h weve

that they diffe f mthe pe at s desc ibedin 1 , page ,in the sense that they inv lve
the gl bal fine g id

The FAC meth dint duced in McC mick 1 isanatu alextensi n fthe ¢ nventi nal
multig id meth ds — see ackbush 5 —t p blems disc etized n ¢ mp site g ids.

n the case f a tw level ¢ mp site gid —, the FAC alg ithm f the s luti n f
equati n () ab ve,i.e.

with
- - and - - -
is ep esented by — —( — -), and is defined in Figu e 7.
The g id t ansfe pe at s . T, and — aethe peat sdescibedin 1 ,

page . N tice that the di ect s lve f the subg id equati n is usually eplaced by s me
ite ati n meth d.

INRIA
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(- - -) esidual est icti nt the ¢ a se g id
( ) exact s luti n fthe c asegidp blem
- - - gl bal ¢ ecti n
(- - ) esidual est icti nt thel cal fine g id
( ) exact s luti n fthel cal fine gid p blem

— — l cal ¢ ectin

Figu e 7

A full multig id meth d is used in u alg ithm. As we have al eady p inted ut, this
app ach givesusn t nlyag dinitial valuef the FAC ite ati n, but als a cheap way t
find the efined egi ns. Wep p sethef Il wingalg ithmf n nlinea filte ingp blems,
as defined in Figu e |, whe e 2 den tes the g id mesh at level , and and

den te the ¢ a se g id mesh, and the fine g id mesh espectively.

RR n 2679
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- (- )
1
_ ) find 1 cal efined egi nin
- -(- =) end fp edicti n step
- ¢ ectl n step
Figu e
The p g amminglanguage is difficult t usef thiskind fp blem,in pa -
ticula in te ms fmem y management. n c nt ast, the — and ecently the
— p g amming language ffe s dynamic mem vy all cati n and specific data st uctu e
by means f and , see Da nell and Ma g lis |, aine d, G ldbe g and

Adams 3. This can educe significantly the s ftwa e ¢ mplexity. Let us n w give s me

indicati ns n the data st uctu e, which plays an imp tant lein u implementati n.
The Figu e 9 p esents the definiti n f the st uctu e ass ciated with a p int. F any

p int ( ) in the ¢ mp site g id, the eight p inte s and

INRIA



aptt e oa 1 e e et el o or o 1 ear iter 15

¢ ntain the add ess f its eight nea est neighb u s, each f which is ep esented itself
by same type fst uctue. f ne seve al f these neighb us d esn texist (e.g. at the
b unda y), then the ¢ esp nding p inte s will be set t . The the eight p inte s
and a e used nly at the inte face p ints, they
¢ ntain the add ess fp ints in the ¢ mp site g id which a e accessible f m butaen t
nea est neighb u s. n the next subsecti n, we can see by s me examples h wit w ks. The
d uble p ecisi n va iable and ep esent the s luti n and ight hand side at the g id p int
espectively. Finally, the emaining d uble p ecisi n va iables ep esent the c efficients f
the mat ix - -

Figu e 9

We st e the diffe ent types fp ints —( ), —( ) and —( ) int th ee ists. The

p inte is s eseved t the ¢ nst ucti n f these lists. This is used mainly as a
c unte f ite ati n.

The e is an the p g amming language ,an extensi n f | which p vides an ef-
ficient implementati n f bject iented p g amming techniques, see St ust up 13 . An
imp tant n ti n f this language is and . One can f
instance define the class f egula p ints as , s that the diffe ent types fin-
te face p ints will be defined as de ived classes f . Withthen ti n f

, va 1 us functi ns such as elaxati n can be p g ammed sepe atly acc ding t

RR n 2679
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the class. These functi ns will sha e the same name, and in the executi n fthe p g am,
each class will use its wn functi n aut matically.

We ¢ nside as an example the case fatw dimensi nal state equati n, with ¢ efficients

() ad ()

whe e ( ). This is a and m linea scillat ,  in phase space, a and mly pe -
tu bed ci cula m ti na wund the igin.
We ¢ nside the f 1l wing diffe ent cases f bse vati n functi ns, in dimensi n eithe

1 2
2 — di ect bse vati ns, i.e. ()
1 — distance bse vati ns nly,ie. ()
1 — angle bse vati ns nly,ie. () actan —
s with ()

nallf u cases, the c va iance mat ix  fthe bse vati nn iseissmall. As a esult, it is
clea that at each time  the ¢ nditi nal p bability dist ibuti n is pra ti a e i1 ¢
utside a small neighb u h d f the subset () () . Whethe
this ¢ nditi nal p bability dist ibuti n is actually ¢ ncent ated n a smalle egi n f the
state space, w uld depend n the way the bse vati ns and the pi inf mati n (ca ied
by the state equati n) ¢ mplement each the .

F instance in Case , a ze mean Gaussian p bability dist ibuti n is used as the
initial ¢ nditi n f the Zakai equati n. n this situati n, the state equati nd es n t help
at each time |, the ¢ nditi nal p bability dist ibuti nis ¢ ncent ated a und the annulus

(), see Figu es 12 and 13.

n Case D, a simila initial ¢ nditi n is used f the Zakai equati n. n this situati n,
the state equati n pa tly helps at each time | the ¢ nditi nal p bability dist ibuti n is
c ncent ated a und tw ut fthef u p intsin (), see Figu es 16 and 17.

The esults a e given in Figues 1 t 17. Five g id levels a e used the ¢ a se g id is
aunif m5 5gid n thesquae 6 6 6 6 ,andf u levels f efinement
have been used when necessa y. We ep esent any p int in the ¢ mp site gid - by
its p siti n () and p intes ()t its accessible neighb u s. The s luti n is ¢ mputed

n the ¢ mp site g id using the FAC meth d, and then or is ai atio p rpose o is

INRIA
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inte p lated nagl balunif m fine g id. C nfidence egi nsa e ep esented f the density,
at f u diffe ent levels 5, 75, 99 and 9999 espectively.

As we can see, the ¢ mp site g idssh wag d ag eement with the ¢ mputed density. n
pa ticula | Figu e 16 sh ws that u meth d can easily handle the case whe e the efinement
egi n has seve al disj int ¢ nnected ¢ mp nents.

T illust ate the pe f mance f u alg ithm, we p esent bel w s me esults f the
s luti n f the time disc etized F kke  lanck equati n (5), i.e.

n a time inte val flength

n Table 1, tw meth ds a e ¢ mpa ed the classical full multig id meth d (FMG) in
which the efinement at each level is gl bal, and the fast adaptive ¢ mp site g id meth d
(FAC) in which the efinement at each step is 1 cal. These tw meth ds a e applied with

12 6 levels espectively and a (2 1) multig id cycle is used. F each fthe tw
meth ds, the table gives the ati f the C time ve the C time used by ¢ a se g id
di ect s lve . The table gives als the numbe f p ints in the gl bal fine g id f  the
FMG meth d, and the numbe f p ints in the ¢ mp site gid —f the FAC meth d.
These numbe s ep esent the ¢ mputati nal mem y used by each f the tw meth ds. The
gain displayed in the last ¢ lumn is the ati f the C time f the FMG meth d ve
the C  timef the FAC meth d. This ati va ies acc dingt numbe flevels and the
numbe fp int in the ¢ a se g id. F example, this gain is nly 1 6 when we use 3 levels
with a5 5 ¢ ase gid, and it is 67 12 when we use 6 levels with a 1 1 ¢ asegid.
Obvi usly, the efficiency f the FAC meth d bec mes significant nly when the numbe f
levels is la ge en ugh.

Table 1

RR n 2679



22 at e a a

n Table 2, the Euclidean n ms f the ¢ mp site g id esiduals a e displayed, using
va i us numbe flevels, and va i us ¢ a se g ids . Als included a e the ¢ nve gence
fact s ge met ically ave aged ve five cycles.

Table 2

The FAC meth d hassh wn its efficiency f s lving filte ing p blem,in p viding accu-
ate s luti n while saving ¢ mputati nal time and mem y. Futu e w k will bet inc ease
its ange f applicati n. t will be quite easy t extend u esults t highe dimensi ns.
An the applicati nist s lve the Zakai equati n in the wh le state space, in which case
the disc etizati n space sh uld be dete mined by ap stei ie estimates. The e a e als
seve al questi ns which have n t been add essed he e pa allelizati n and eliable meaning-
fulcitei nf 1 cal gid efinement. Ou last ema k is that data st utu es have been ve y
useful t handle the case f efinement egi ns with gene al a bit a y shape and  made f
disj int ¢ nnected ¢ mp nents.

The last tw auth s g atefully ackn wledge Etienne a d ux f suggesting the p blem,
and a Id Kushne f stimulating discussi ns ab ut ea lie ve si ns f this pape .
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