N

N
N

HAL

open science

When is a Pair of Integer Matrices Mortal?
Vincent Blondel, John N. Tsitsiklis

» To cite this version:

Vincent Blondel, John N. Tsitsiklis. When is a Pair of Integer Matrices Mortal?. [Research Report]

RR-2693, INRIA. 1995. inria-00073998

HAL Id: inria-00073998
https://inria.hal.science/inria-00073998
Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00073998
https://hal.archives-ouvertes.fr

A4

WINRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

When is a Pair of Integer Matrices
Mortal?

Vincent Blondel - John N. Tsitsiklis

N° 2693
Octobre 1995

PROGRAMME 5

apport
% ' derecherche




Les rapports de recherche de I'INRIA
sont disponibles en format postscript sous
ftp.inria.fr (192.93.2.54)

si vous n'avez pas d'acces fip

la forme papier peut étre commandée par mail :
e-mail : dif.gesdif@inria.fr

(n'oubliez pas de mentionner votre adresse postale).

par courrier :

Centre de Diffusion

INRIA

BP 105 - 78153 Le Chesnay Cedex (FRANCE)

INRIA research reports
are available in postscript format
ftp.inria.fr (192.93.2.54)

if you haven't access by fip

we recommend ordering them by e-mail :
e-mail : dif.gesdif@inria.fr

(don't forget to mention your postal address).

by mail :

Centre de Diffusion

INRIA

BP 105 - 78153 Le Chesnay Cedex (FRANCE)

I

)



When is a pair of integer matrices mortal?
Vincent Blondel and John N. Tsitsiklis

Abstract. A set of matrices over the integers is said to be length-k-mortal (with k
positive integer) if the zero matrix can be expressed as a product of length k of matrices in
the set. The set is said to be mortal if it is length-k-mortal for some finite k. We show that
the. problem of deciding whether a pair of 33 x 33 integer matrices is mortal is undecidable,
and that the problem of deciding, for a given k, whether a pair of matrices is length-k-mortal
is N P-complete.

Quand une paire de matrices est elle mortelle?

Résumé: Un ensemble de matrices entieres est dit mortel de longueur k si la matrice
nulle peut étre obtenue comme un produit de & matrices de P’ensemble. L’ensemble est dit
mortel si il est mortel de longueur k pour un k fini. Nous démontrons que le probleme de
déterminer si une paire de matrices entieres de taille 33 x 33 est mortelle est indécidable,
et que le probléme de déterminer si une paire de matrices est mortelle de longueur & est
N P-complet.
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When is a pair of matrices mortal? *

Vincent D. Blondelt John N. Tsitsiklis?

August 28, 1995

Abstract

A set of matrices over the integers is said to be length-k-mortal (with k positive
integer) if the zero matrix can be expressed as a product of length k of matrices in
the set. The set is said to be mortal if it is length-k-mortal for some finite k. We
show that the problem of deciding whether a pair of 33 x 33 integer matrices is mortal
1s undecidable, and that the problem of deciding, for a given k, whether a pair of
matrices is length-k-mortal is N P-complete.

Keywords
Theory of Computation, Computational Complexity, Decidability, Matrix theory.

In [5] Paterson uses Post’s correspondence problem to show that the problem of deciding
whether a given finite set of 3 x 3 integer matrices is mortal is undecidable (the 2 x 2 case
is open, see [2] for a discussion). We use Paterson’s result and a simple matrix argument
(inspired from a construction appearing in [6]) to prove undecidability of the mortality of
pairs of 33 x 33 integer matrices.

MORTALITY OF A PAIR OF 33 x 33 MATRICES
Instance: Aq, A; € Z33%3,

Problem: Does there exist a finite product of A; and A, that is equal to the zero matrix?

Theorem 1 MORTALITY OF A PAIR OF 33 X 33 MATRICES is undecidable.

*This work was completed while Blondel was visiting Tsitsiklis at MIT and was supported by the ARO
under grant DAAL-03-92-G-0115.

'Institute of Mathematics, University of Liege, Avenue des Tilleuls 15, B-4000 Litge, Belgium; email:
blondel@lema.ulg.ac.be

!Laboratory for Information and Decision Systems, Massachusetts Institute of Technology, Cambridge,
MA 02139, USA; email: jnt@mit.edu



Proof

Let {B;, -, B} be a set of n x'n integer matrices. Define two nm X nm matrices by
A = diag(B,,---, B) (i.e., A is block-diagonal with blocks By,---, B,, in that order) and

_ [ 9 Im-n

where I, is the r X 7 identity matrix. Notice that 7™ = I,,,, and A; := T* 'AT™-¢-1 =
T*YAT-*-Y) = diag(By, -+, Bm, B, ++, Bx_1) for k = 1,---, m.

We claim that {B,,---, B,,} is mortal if and only if {A,T} is.

In order to prove our claim suppose first that B;, --- B;, = 0 for some 7; € {1,---,m}.
Then, the first block of the block-diagonal matrix 4;, --- A;_is equal to zero. But then

m-1

P = H T”C(A,'l .. 'A,'Q)Tm_k = 0,
k=0

and since this product can be written as a product of matrices in {A,T} the first impli-
cation is proved.

Suppose now that P := TH AM T2 ... T% A%T%+ = ( for some ¢;,a; and assume without
loss of generality that 0 < ¢; < m — 1. We clearly have

P — T!,Aa,Tm—tthl-{-t;-m . .th'Aathq“ - (Atl+l)axTu+!z—m . 'T"'AGQT‘“')-
By recursion we are thus lead to
T= (Atl+1)al e ‘(Atq+1)aqT'. =0

for some ¢. > 0. The matrices A; are block diagonal and the second implication is there-
fore proved.

The mortality of the nm X nm matrices A and T is thus equivalent to that of the m nxn
matrices {By,---, B, }. It is shown in Paterson [5] that the latter problem is undecidable
for integer matrices when n = 3. The proof given by Paterson uses a reduction from Post’s
correspondence problem. It is shown in [3] that Post’s correspondence problem remains
undecidable when the number of pairs of words is equal to nine. This leads to eleven 3 x 3
integer matrices in Paterson’s proof and our proof is therefore complete. O

Using a reduction from the classical SAT problem {1] we now show that the a priori
bounded version of MORTALITY OF A PAIR OF MATRICES is N P-complete. (Notice that
it is trivially decidable.) Our proof is partly inspired from a reduction technique used in [4].
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K-MORTALITY OF A PAIR OF MATRICES
Instance: k£ > 1 (encoded in unary), Ao, A, € Z™*".
Problem: Do there exist i; € {0,1} for 5 = 1,---,k such that A; ---A,, =07

Theorem 2 K-MORTALITY OF A PAIR OF MATRICES is N P-complete.

Proof

K-MORTALITY OF A PAIR OF MATRICES clearly belongs to N P; this is because “yes” in-
stances have a certificate ¢,,...,7; that can be checked by means of k£ — 1 multiplication of
the n X n matrices A,,,..., A;,. Since k is encoded in unary, the certificate checking algo-
rithm runs in time polynomial in k and n. Thus, it suffices to exhibit a reduction from SAT.

Starting from an instance of SAT with n variables z,,--,z, and m clauses Cy,---,Cp,,
we construct two directed graphs Gy and G,. The graphs have identical nodes but have
different edges. Besides the start node s, there is a node u,; associated to each clause
C; and variable z;, a 0-th node uy; associated to each variable z;, and a (n + 1)-th node
Uin41) associated to each clause C;. Edges are constructed as follows: Fori = 1.---,m
and j = 1,---,n there is

e an edge (u;j, u;;+1)) in both Gy and G, if the variable z; does not appear in clause

Cy;

e an edge (uj, uoj) in Go and an edge (u;;,u;j4+1y) in G, if the variable z; appears in
clause C; negatively;

e an edge (uij, uo;) in G, and an edge (u;;,u;j4+1y) in Gy if the variable z; appears in
clause C; positively.

Fori=1,---,m there are edges (s, u,,) and edges (%in+1), $) in both graphs. Finally, the
graphs have edges (uo;, uo;41)) for j = 1,--+,n ~ 1. There are no edges leaving from ugy,.

Let 7 denote the total number of nodes (r = {n + 1)(m + 1)). We construct two r X r
matrices Ap and A;. Associated to the graph G, (respectively, G;) is the r x 7 adjacency
matrix A, (respectively, A,) whose (i, j)-th entry is equal to 1 if there is an edge from
node j to node 7 in G, (respectively G,), and is equal to zero otherwise. (Thus, the
j-th column is associated with edges that leave node j.) Let k = (n + 1)(n + 3). We
claim that the set {Ag, A,} is length-k-mortal iff the instance of SAT is satisfiable. Since
all transformations are performed in polynomial time, this claim will establish the theorem.

To any given node a we associate a column-vector z(a) of dimension r whose entries are
all zero with the exception of the entry corresponding to the node a which is equal to one.



We need two observations for proving our claim.

1. Let a partition of the nodes be given by P,z = {s}, Poyy = {wyy :i=1.---.m}, P, =
{tor, Wiz = 1,---,m}, -+, Po = {to(n_1y, Uin 1 i = 1,-++,m} and P, = {uo,. Ui(ng1) 18 =
1,---,m}. We use £, to denote the index of the partition to which the node a belongs.
Any edge (from G, or G, ) leaving from a node of partition P, goes to a node of partition
Py_,. Furthermore, the edges leaving from partition P, go back to partition P,,,. Thus,
any path in Gy and G, that starts from node « either gets to the node u,,, from which
there is no outgoing edge, or it visits node s after £, steps. In matrix terms this implies
the following. Let « be.an arbitrary node and let £, be its associated partition index. If A
Is a positive integer equal to £, modulo (n+2) and A is a product of h factors in {4y, A, },
then

Az(a) = pz(s) (1)

for some nonnegative scalar p.

2. Let q1,--+,¢n € {0,1} be a truth assignment of the boolean variables z; and consider
the product A, ---A, . The vector A,, --- A, z(u,;) is equal to z(uo,) if the clause C, is
satisfied and is equal to z(u;(n41)) otherwise. Let A, be any of A, or A;. There are no
edges leaving from wuo, and there are edges from s to u;, fori =1, -+-,m. Thus we have
A.z(uon) = 0 and A.z(s) = 32, z(u;;). From this we conclude

AAg, - AgAuz(s) = ALA,, - Ay Y al(un) = A.D A, - Agz(uy) = Az(s)  (2)
i=1

i=1

where X is equal to the number of clauses that are not satisfied by the given truth assign-

" ment.

With these two observations we now prove the claim. Assume that the instance of
SAT is satisfied by the assignment z; = ¢ for q;,---,¢. € {0,1} and define A by
A = AA,, - A, A, with A, any of A, or A,. Since all clauses are satisfied, Eq. (2)
gives Az(s) = 0. Using Eq. (1), we infer

(A, A" z(a) = 0,
for all a. Since R’ is spanned by z(a) when a ranges over the nodes, we conclude that
(A4 =0

and the set {Ag, 4,} is length-k-mortal for k = (n + 1)(n + 3).
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For the reverse implication, assume that the instance of SAT is not satisfiable and consider
any product of n + 2 factors A, ---A,,,,. Since the instance is not satisfiable. we infer

from Eq. (2) that
Ag v Aguy () 2 z(5). (3)

Let A be an arbitrary product of k matrices. A"*? is a product of (n + 2)k matrices and
Eq. (3) gives A®*2z(s) > z(s), hence A # 0. Since A was arbitrary the proof is complete.
a

Remarks:

1. In Theorem 2 we assume k to be encoded in unary. The reason for this is that the
certificate checking algorithm runs in time polynomial in k and n. If k¥ was encoded
in a non-unary base, the certificate checking algorithm would run in time exponential
in the size of k and the proof of the membership in N P would fail. Thus. when &
is encoded in non-unary decimal expansion, K-MORTALITY OF A PAIR OF MATRICES
becomes N P-hard.

2. The proof of Theorem 2 involves only boolean matrices (i.e., matrices with 0-1
entries). Thus, the theorem remains valid in the special case where we restrict all
matrices in the given family to have 0-1 (or nonnegative) entries.

3. If we constrain the entries of the matrices in MORTALITY OF A PAIR OF 33 x 33
MATRICES to have nonnegative entries, then the problem becomes decidable.

MORTALITY OF A PAIR OF MATRICES WITH NONNEGATIVE ENTRIES
Instance: A, A} € N™*™,

Problem: Does there exist a finite product of Ay and A; that is equal to the zero
matrix?

We claim that MORTALITY OF A PAIR OF MATRICES WITH NONNEGATIVE ENTRIES
is decidable, and is in fact N P-complete. Qur argument is as follows. The mortality
of any set of matrices with nonnegative entries is equivalent to the mortality of the
associated set of boolean matrices whose entries are put to zero (respectively, one)
when the corresponding entry in the initial matrix is equal to zero (respectively,
positive). Because there are at most 2" boolean matrices of dimension n x n, any
elements of the semigroup generated by a pair of boolean matrices can be written
as a product whose length is less than 27°. Mortality can thus be checked by simple
enumeration.

By a small adaptation of the proof of Theorem 2 one can show that MORTALITY OF
A PAIR OF MATRICES WITH NONNEGATIVE ENTRIES is NV P-complete. As before, the
proof involves only boolean matrices and thus the problem remains N P-complete
when the given matrices are boolean.
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