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Abstract: Two inovative techniques for the simulation of the effect of a
lossy dielectric half-space are derived and analysed. The first is an adapted
impedance surface condition imposed at the interface to replace the dielectric
medium. This condition, when coupled with Maxwell’s equations yields a
stable system which can be written in a variational form. It allows us to take
into acccount both the polarization and the angle of incidence of the out-going
waves. The second technique is a generalization of the Bérenger perfectly
matched layers: the dielectric is now replaced by a short length layer in which
the waves are governed by a modification of Maxwell’s equations. For this
model, the two reflection coefficients are the same as for the true dielectric
while the damping inside the layer is enforced.
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Conditions aux limites et technique de
couches pour la simulation d’ ondes
electromagnétiques sur un milieu conducteur

Résumé : Deux nouvelles méthodes pour la simulation des effets d’un demi-
plan diélectrique sur les ondes électromagnétiques sont proposés et analysés.
La premiere consiste en une condition d’impédance de surface imposée a I’
interface pour remplacer le milieu diélectrique. Cette condition, couplée avec
les équations de Maxwell fournissent un systeme stable qui peut étre ecrit sous
forme variationnelle. Cette condition permet la prise en compte de la polari-
sation et de 1’angle d’incidence des ondes incidentes sur le conducteur. Une
deuxieme technique est une géneralisation des couches parfaitement adaptées
de Bérenger: le dielectrique est alors remplacé par une couche de faible épais-
seur dans laquelle les ondes sont régies par une modification des équations de
Maxwell. Pour ce modele, les coefficients de réflection sont identiques a ceux du
vrai diélectrique tandis que I'amortissement dans la couche est artificiellement
renforcé.

Mots-clé : Condition aux limites absorbante, Couches de Bérenger, équations

de Maxwell



Boundary Conditions and Layer technique ... 3

1 Introduction

Finite-difference and finite-element time-domain techniques have been succes-
fully applied to a large number of scattering or interaction problems in elec-
tromagnetism. While these methods provide great accuracy, they can be quite
expensive, especially for large sizes problems occuring in realistic situations.
For an electromagnetic problem set in unbounded domains, the reduction of
the computational domain is essential to making the use of such a technique
feasible. For the case in which the surrounding media is a homogeneous free
space, two types of solutions have been proposed for reducing the problem
to a finite domain : absorbing boundary condition (ABC) and absorbing layer
techniques. ABC technique consist in replacing the surrounding media by some
appropriate boundary condition imposed at the artificial boundary. For Max-
well’s equation second order ABC were first proposed in the early eighties to
replace the first order Silver-Muller condition, [13], [7], (the order of an ABC
being related to its accuracy). These conditions were generalized to higher or-
der in [17], [6] and to lossy media in [5]. The absorbing layer technique is an
alternative to the ABCs. The idea is to surround the domain of interest by
a layer in which the waves are governed by some appropriate damped wave
equation. Recently, this technique has received a revival of interest because of
Bérenger’s work on perfectly matched layer (PML), [3]. The PML model dif-
fers from the classical layer models by their astonishing property of generating
absolutely no reflection at the interface between the free space and the layer.
Numerical experiments have demonstrated the potentiality of the method, [8].

In this paper, we are concerned with the more complex situation of a me-
dium composed of a free half-space covered by a lossy dielectric medium, the
domain of interest being a part of the free half-space. Our notation is the
following :

The lossy dielectric mediun is characterized by €5, ps and oy, its electric
permittivity, magnetic permeability and conductivity. The propagation of the
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4 Francis Collino

electromagnetic waves is governed by the 3D Maxwell system of equations

68@_1: + oF —curlH =0
. (1)

oH .
;LW 4+ curlE =0

where

(€0, pt0,0) if z < 0 in the free half-space

(e, p,0)(x,y,2) = (2)
(€s, 15, 05) if z > 0 in the lossy medium

At time t = 0, the supports of the initial conditions are supposed to be strictly
contained in the half space z < 0.

The problem is how to circumvent the computation of the electromagnetic-
field inside the dielectric. Drawing a parallel with the previous situation, we
have two possible techniques for treating our problem. The first one consists in
replacing the lossy dielectric with some adapted surface impedance conditions
(ASIC). These boundary conditions, imposed at the interface, are constructed
in such a way as to correctly replace the effect of the dielectric on the out-going
wave. The second technique is to extend Bérenger’s PML to some perfectly
adapted layer model (PAL) : the idea is to design a model more absorbing than
the real dielectric media but restoring exactly the same reflection coefficients
at the interface between the free-media and the layer.

e The adapted impedance surface conditions (AISC):

The restricted domain 1is:
O = {22y, 2), = < 0) 3)
and the problem is completed with a boundary condition on I' = 92~ =

{z=0)

This technique have been already addressed by several authors with some
limitations on the constitutive parameters. For examples, Beggs and Yee,
[2], assume that the lossy dielectric is a good conductor,

Os

> 1,

WEs

Inria



Boundary Conditions and Layer technique ... 5

where w varies over the frequency spectrum of the incident wave, whereas
Maloney, [12], uses the weaker condition

Os

-

o, > sin(6;),
where 6; is the maximum angle of incidence with respect to the normal
of the interface present in the incident wave. Both authors propose to
replace the exact impedance boundary condition by some approximate
impedance surface condition under the above mentionned assumptions.
The approximated impedance operator amounts to a time-convolution
operator that can be approximated by some exponential approximants.
In [9], this technique was generalized to the case in which the incidence
of the in-coming wave is fixed.

In this paper, we propose a new impedance boundary condition able
to deal both with polarizations and with no limitation on the angles of
incidence. This condition is written as follows:

2

0? 0 - _, 0* -
es,usw + Us,usa + curlp(curly) | E; — GS;LSZ,I@ H.=0 )

Ey=:AN(EAN2), H.=HAMN:2

where Z, is a differential operator which operates on functions of the
variables (z,y,1).

In section 2.1, we show that an exact impedance boundary condition
can be written as in (4) but with Z, replaced by some scalar integro-
differential operator Z The approximation, constructed in section 2.2,
consists in simply replacing Z by a family of appropriate local operators
(see [15] for a similar idea for the wave equation). In section 2.3, we
prove that the coupling between the Maxwell’s equation and the boun-
dary condition (4) is well-posed when the velocity of the lossy dielectric
is less than the velocity in the free media. Finally, in section 2.4, a va-
riational formulation is proposed for our approximate conditions. This
formulation allows us to use this condition with either finite-difference
or finite-element methods.

RR n"2698
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e An extension of Berenger’s Perfectly Matched Layers : the PAL

The idea consists in substituting for the real dielectric an artificial model,
that provides the same reflection coefficient as does the real dielectric
while enforcing the attenuation inside the layer. Let us remark that this
is the case for Bérenger’s PMLs when the dielectric is a trivial dielectric,
i.e. a free space, and consequently the reflection coefficients are zero.
Our purpose is then to generalize the PML’s to the case of a non-trivial
dielectric.

The model that we shall design in section (3.1) is the following. The
restricted domain is

0 = {(x,y,z), z < +5} (5)

and the Maxwell system of equations is replaced by a system of 12 equa-
tions with 12 unknowns

. af LB, = 6‘(Hyz£ Hy) 0(Hmya?|y— H,,)
ﬁagtyz +oky, = éaaq;y : eagtyz +oby, = — aafiz
6?? +0.V, = W
eagfy tokbey = 88_%7 eagf +0E,, = eaaq;“” 6
Dy o, = - Ol t B (6)
JOH: _ OByt Be) 9By + )

ot dy Oz
Nagftyz _ 86%7 Magtyz N W
KIS [T S Y. M

Inria



Boundary Conditions and Layer technique ... 7

where

(60, Ho, 0, 0, 0) if z <0
(6,#,0’,0'2,0':) = (7)
(es, ps, 05, €0, pso*) if0 <z < 6
and o*, a positive function of z, can be interpreted as a damping factor.

On the boundary 9Q°, we complete the system with a Dirichlet Boundary
Condition

E,.,+FE,;=E;,+FE;,;=0 onz=2¢ (8)
Remark that in the free space (i.e. for z < 0) the field

(Ez = Ezar + Ezya Ey = Eyz + Ey27 Ez)a
(Hz = sz + sz7 Hy = Hym + Hy27 Hz)

satisfies Maxwell’s equations (1). The equations are only changed in the
dielectric medium. Moreover, in subsection 3.2, we will show that the
reflection of an incident wave on the interface is exactly the same for
this model as for the model (1) when the length of the layer is infinite.
The only difference arises from the reflection due to the Dirichlet Boun-
dary Condition (8). By choosing o* sufficiently large, we can make the
damping strong enough to render this reflection very weak.

2 Derivation and Analysis of the Impedance
Boundary Condition

2.1 Derivation of an exact impedance boundary condi-
tion

We are looking for a relationship satisfied at the boundary z = 0 relating the
continuous quantities (E,, £,) and (H;, H,). The procedure is classical and
is based on the use of the Fourier-Laplace transformation

O (kyy ky, z,w0) = ///v(x,y,z,t) exp Wik =kyy) dydydt. (9)

RR n"2698



8 Francis Collino

Denoting by (Eg, Eg, ES) and (E’g, ﬁg, ﬁg) the Fourier transforms with res-
pect to the space variables (z,y) of the initial conditions at time ¢t = 0, we
have

oH S - OB, . .
Y I (ZWHz — 2) =+ azy + ik, E,

¢ (in‘T — Eg) toE, = —ik,H, —

0z’
. OH, . . . OE,
€ (szy - EO) + ok, =+ 5, +ik.H,, pu (szy — Hg) = —kF, — 5,
¢ (IWE, — B9) + ok, = —ik,H, + ik, H,, p(iwH, — HY) = —ik,E, + ik, L.
(10)

By hypothesis, the supports of the initial conditions are zero for z > 0. Hence
we obtain in z > 0

. , OH . . . OF
esiwhll, + o B, = — 8; —kyH,, psiwH, =1k, E, + azy

. . . H, o E, . . 11
esiwlly + o By =1k, H, + a@z -, pstwH, = _aﬁ—z — ik F, (11)
esiwE, + 0 E, = ik,H, — ik H,, pyiwH, =ik,E, —ik,E,.

Solving this set of ordinary differential equations, we obtain

A

E = (AopsT — AR gs,) exp™ 4 (AjtwpsT — Afrgs,) expties
H = (AU, + Al (we, — i0,)F) exp™™#3* 4 (Algs, + Al (we, — io,)F) exptie
(12)
where we have defined
ky kok —kk?
F= | —ke | Gou = | Bk 7= | —kyk? (13)
0 —k2 — K —kZ — K
and J
kS = (epsw? —iwogus — (k2 + k2 g
( (k2 + 1)) "

Sm(ks) < 0 for Sm(w) < 0.

Inria



Boundary Conditions and Layer technique ... 9

Our choice of the determination of the square root is made in order to separate
in-going and out-going waves. It can be shown that

Wwospts + kfg + k;

2
€sfhsw

1
2
ki = w\/€spis [1 — ] Yw, Sm(w) <0, (15)
where the square root is defined via the principal determination of the loga-
rithm.
Now, we have the energy estimate

it E(t) = / (6|E|2 + ﬂ|ﬁ|2) dzdydz,
R3

12 (16)
dE_(t):_/ o ok

' <
o 5 dzdydz = E(t) < E(0)

which shows that each component of the electro-magnetic field is bounded in
the set L= (0, 00; JLQ(d:L’d’de)) and thus that its Fourier transform belongs to Vv,

the set of 1.2(dk,dk,dz)-valued functions, analyticon P~ = {w € C; Smw < 0}
and bounded on every subset of P~ which is bounded away from the real axis.
An element of V can not increase exponentially in z and so

Al = Ay, =0, (17)

Thus, the tangential components of the field are given by

E. = wpsk, A7 — kokS A
Ey = —wpek A7 — kykS ALY
Hy = kkSA% + ky(we, — i0,) A%

A

H, = kkA — ky(we, — ioy) AT

In particular, after a little algebra, we get the following relationship between
the tangential magnetic and electric fields in the ground

RR n"2698



10 Francis Collino

A A

) . o —(iky)? ks ik, E,
((2w)pses + iwosps) | + o . . +
E, iky ik, —(ik;)? E,
(18)
H, 0
‘H‘kaﬂs . =
—H, 0

Passing to the limit, = — 0T, taking into account the continuity of the
tangential components of the electromagnetic field at the interface, and per-
forming the inverse Fourier transform on the equation obtained, we get the
following relationship at the interface

(( 0? + a) b, [ —% azy B
65,“5—2 O-sﬂs_ -
at at El/ agy _az’as Ey
(19)
92 H, 0
—€spis 2 ETs) = , onz=0" and z = 0T,

where 7 is the scalar integro-differential operator defined by the commuta-
tive diagram
Z: 99($,y,t) - ZS‘Q

-1
£l TF (20)

N 5. kE

Z: plho ky,w) — Zp=—"¢.

Wes
Another expression for 7 is given by
2 t stHs k2 k2 %
Z(kzakgpw) — & ll . Wwog + ;+ Y ] (21)
€s Esflsw

We note the presence of a square root : Z is not a differential operator.

Inria



Boundary Conditions and Layer technique ... 11

2.2 Construction of approximate impedance boundary
conditions

Because of the presence of the square root in (21), the exact impedance ope-
rator Z is non-local both in space and time. The idea of the approximate
impedance operators is to replace Z by a differential operator, more tractable
from a numerical point of view. These approximations are constructed from
high frequency approximation of the symbol 7 with rational fractions. More
precisely, we use

1 ~ N sils k2 k2
12t~ 2 = 02—2/31 oo WO TR TR )

1 — a2’ €sflsw?

where {fo, (a1, 51),1 <1< L} is a set of positive real coefficients. A possible
choice is based on Padé expansions, ([1])

2 ) )
Bo=10, 6= 57 sin? ( T ) , ;= cos? ( T ) even approximant

+1 2L 41 2L 41
1 2 [ [
Bo = TR 6 = Y sin? (%) , oy = cos® (%) , odd approximant
(23)

for which we have

L
1 2, even case
— 2 = — — 2L+77 = ’ :
[1 -] 1= 5oz ;/Bll _ 0 (|Z| )’ T { 1, odd case - (24)

The exact impedance boundary condition is now replaced by

E, —(ik,)? kg ik, E,
((iw)?esps + twosps)
E

E, iky ik, —(ik,)? g
A (25)
H 0
—(1w)?espts Za Ay =
—H, 0

RR n"2698



12 Francis Collino

In order to return to a space-time formulation, we use auxiliary functions,

see [11], [4]. We define (ag = 0)

+ol | _ iwosps + ki + k, et (26)
)  wleps — ayiwogps + k2 + k2) i | =0,...,
so we can rewrite condition (25)
E, —(iky)?  iky ik, E,
((lw)*es +iwo,) | | + -
E, ke ik, —(ik)? E,
m Hy L I —|—¢>§Zy) 0
—(1w)?espisy [ | D Bl ey /= | = ,
s | —H, 1=0 | -4 0
wzesﬂ&.(/%}fa — (lwosps + k2 + k;) (alq%fa) + E’a) =0, [=0,...L, a=ua,y
(27)
It is now easy to perform the inverse Fourier transform. We obtain
(( 0? 4 8) Es [ _ajy agy B,
65#5_2 Osfls 7 —
ot ot El/ azy _azz Ey
) " (28)
——" N +ZL:516M o 07 |+ - !
Veor | g |TE" Ve | e T o

and

92 S T R L ) )
Sl T\ " o T gy ) =0 Ve = @da

forl=1,...,L, a=uz,y.

(29)

Inria



Boundary Conditions and Layer technique ... 13

2.3 Stability analysis

In this section, we address the problem of the stability of problem (P) for
smooth initial data.

e Maxwell’s equations in z < 0
P e Boundary conditions (28)-(29) at z = 0
(P) e Initial conditions (EO, ﬁo) at time t = 0
e Zero initial conditions for (Z;EZ) and at(;;z) at timet =0
We establish the following result
Theorem 2.1 Let suppose that the initial conditions satisfy
o 3
Ho, By € Cz,, (RY)) (30)
(& distance( K,z =0)#0, K = SupportEy U Supportﬁo) (31)

then problem (P) admits a unique solution

B e e (o,T,coo (Ri))3>

, (32)
3 e e (0,T,C°° (RQ))2)
as soon as the following conditions are satisfied
L Bl
0<a<l, 0<Bi<l, Botd ——<1 (33)
=1 1— (87
€stls > €oflo, s > 0. (34)
In this case, the estimations
1 4T osT
— Etdt<20*<1 2 ) &
= [ Vewar < +2e7 )6 -
0 — —
= / dz/ dzdy € ‘E(;l:,y,z,t)‘2 + 1o ‘H(a:,y,z,t)r
—00 R?
where
Co=1, ifo,=0, Cy>1, ifos#0,
(36)

5:1ifﬂ0:0, €:Olfﬂ0§£0
may be established.

RR n"2698



14 Francis Collino

Remark 1 Condition (33) is the same condition required for the stability
of the solutions of the wave equation coupled with an absorbing boundary
condition involving the same approximation of the square root (cf. [18]).

Remark 2 In practice, condition (34) is not restrictive since the velocity in
the ground is always smaller then the velocity in the air.

Proof of the theorem The proof is carried out in several steps and is
closely related to the Kreiss analysis (see [18]) as it equally uses the Fourier-
Laplace transform and is based on the properties of analyticity of a particular

function in a complex half-plane. But, it differs in that the presence of the
conducting term (o) causes the loss of homogeneity between spatial variables
and the time variable, a crucial property in the Kreiss techniques.

The Fourier Laplace solution of the problem The solution is sought
as the sum of an incident field and a reflected field.

E = Einc + Eref (37)

The incident field is the restriction to R? of the unique solution of Maxwell’s

equations posed in the whole plane with (Eo,ﬁo) as initial data (or their
prolongation to be more precise).

The reflected field satisfies Maxwell’s equations in R?® with zero initial
conditions and the boundary condition (28)-(29) with an additional right hand
side, function of the incident field.

The use of the Fourier-Laplace transform (9) allows us to eliminate the
auxiliary functions and to determine both fields from a set of differential equa-
tions in the variable z. We solve these equations using a process similar to the
above (see (10)-(17)). We obtain, for the incident field and for z located above
the support of the initial data,

” out — out = —tkyz ] out = out — —tk.z
E,. = (Ate wper — A7Y gout) exp "% H:... = (Ate Gout + Atmweor) exp” "¥F,

(38)
where 7, Gin, Gout, are defined in (13) with & replaced by k.,
k2 4 k2]
k. = (R 39
o |1 - 2] (39)

Inria



Boundary Conditions and Layer technique ... 15

In the same way, for every z < 0, the reflected field is given by

Erey = (Birwpor — Bingin) expt™ 7, H,.p = (Bl + Biiwe) expt™=*.

(10)
The coefficients A?** and A" are linked to the values of the initial data and are
supposed to be known. The coefficients B and Bi" for the reflected field are
determined by means of the Fourier Laplace transformed boundary condition
at z = 0, namely

—(iky)?* ik ik, X 0
(((iw)Q,uses + iwosps) + ]) er — (1w)* Zyespsh, =
ikyik, —(iky)? 0
with e = (A (Bine + Erep) N2) _ o he = ((Hine + Hoep) N2)
(41)
Defining
i = [ by ] _EA(AL), k= [ bk ] A e A2 = A (G A D),
— Ry z iy
(42)
we have
FAZ=—=G, Gouwt NZ=Hk.Ty, Gin N2 = —k,T%, (43)
and so _ _
er = wpio (AZ + Bir) 7y — (Ag2 — Bin) ka
| | (44)
{ he = (A = BiY) ki — weo (AG + Byyn) G

By plugging (44) into (41) and using the remarkable identities

—(ik,))?  iky ik, —(ik,))? ik, ik,
gt:oa
ikpik, —(iky)? ikpik, —(iky)?

] Fo= (K2 4 KR, (45)

RR n"2698



16 Francis Collino

the transverse electric and transverse magnetic coefficients can be separated
into two distinct equations

(_WQQNS + wpsos + ki + k;)wﬂo (A?gt + BZ?) = _WQGS/usZakZ (Az?:t - BZ?)

(—w%sps +iwpsos )k, (Afy — Bm) = _WQGSMSZGWGO (Ag + B;?n) ’

tm itm

(46)
and, finally _ _
Bil = Rie A7, By, = R A7, (47)
with X
R —po(wW?esps — twpsos — k2 — k;) + Zokespsw
te = po(wlesps — twpsos — k2 — k;) + Zakzespsw (48)
ky(es —12) — Z o €0€aw
Rtm = <

ko€, —1%+) + Z€o€ss

At this stage, we have obtained an expression for the Fourier Laplace trans-
form of the solution (see (37) via (38)-(40) with B{* and B given by (47)-
(48)). This expression involves two functions “reflection coefficients”. The next
step is to establish a uniform estimation for both functions. This will be done
by using the hypothesis concerning the approximate operator Z,.

Properties of the reflection coefficients

The main properties of the reflexion coefficient are given in the following
lemma :

Lemma 2.1 If a; and [5; verify the conditions of the theorem 2.1, then the
reflection coefficients defined in (48) are analytical in the half space Smw <0
and satisfy

30, > 1, C,=1ifo, =0/ Yk, k, € R VYwe C Imw <0,

o, ) (49)

€T

| Bic(be, by )| <1, [Rug (R, by 0)] < € (1 +e

where ¢ =0 if By # 0 and 1 otherwise.

Inria



Boundary Conditions and Layer technique ... 17

Proof: the proof is purely technical and can be found in appendix A. However,
we note that it amounts to showing that there are no non-trivial TE or TM in-
coming waves of type (40) satisfying the boundary condition with zero second
term. This is nothing other than the Kreiss criterion for stability in the sense
of Kreiss for hyperbolic boundary value problems.

Remark : the calculation of the reflection coefficients gives us some informa-
tion about the accuracy of the boundary condition. Indeed, the true reflection
coefficients, 1.e. those corresponding to the true lossy dielectric media, merely

(48) with Z, replaced by Z. We thus have
|Rte . Ri?@“ue| 4 |Rtm . Ri;fbw| S Cste |Z . Za| — CsteO(UQL-}-l)
oy kI4+ k] (50)
+ — :

B €sflsw?

with v =

This inequality shows that our method can be of higher-order : by taking L
large enough we can deal with the situation when |u| is close to 1.

To Obtain the estimation

Once the estimation (49) is obtained, it is easy to deduce the estimation
(35).

We use Plancherel’s identity

Vo(z,y,t) € L? (R;y X }R;") ,

oo 00 dk,dk,
/0 c " (/;ooso (x Y )dxdy) dt /oo 27T ~/RQ 477'2 k k W= 77)|2

to evaluate

/OOO 6—277tg(t)dt — /OOO 6—27715 (GOgE(t) + /LogH(t)) di

with o
— 2
Eu(t) :/ dz | dxdy ‘E(;U,y,z,t)‘

—00 R?
and a similar expression for £p.

We get

dk,dk,
—277t __a 2
/0 Ep(t)dt = / dz/oo - /1%2 = k sy, 2,0 — )|

RR n"2698



18 Francis Collino

Now we have,

. . L2 .2 .2
|E| = Einc —I'Eref <2 ‘Eznc +2 ‘Eref
with
, 2 _ out - out = 2 —29m(kz)z
E, e = ‘RteAte wior — Rim Afy, 9+‘ exp
2 2 o . — —
- <‘RteA§:tWMOT‘ + ‘Rthfgf%‘ ) exp™ 23 k)2 (since gy - 7= 0)
2 o ] . .
< max(( Rl o) ([ Az + [A32G[) exp 7607 (since 74| = |7
< max(|Bul?, [ Bun ) [Agtpior + A28 [F exp2omit) (since g - 7 = 0)
o, \’ 2
= Cf (1 + e |S |) Fine| (ky, by, —z,w —in) (see (38) and (49)).
€slw
Hence
00 dkdk, .
[Temesmar < o) [ as [T P (1 (e )P Bl 2, 0P)

"‘00 dk,dk, . - 5
= / /Oo o /R2 471'2 - |Emc(k kya27w ”])|
= C(n) /0 e~ 2t /RS dxdydz |E¢nc|2(x,y,z,t),

with (C, > 1)

2
C(n) = 2C? (1+5 “5) .
€sT

Performing the same calculations on the magnetic field, we obtain
/ Tyt < C(y) / Temmtg, (1)dt,
0 0

with  Ene(t / dxdydz (60|Emc| ‘|‘M0|Hmc| )
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A simple a priori estimate gives the conservation of this energy for the incident
field
gznc(t) = CSte = gznc(o) = 507

and so

0(7])50.

/OO e 2E(t)dt < C(n)& /OO e~ Mt =
0 0 2n

It is now easy to deduce an estimation in finite time :

1 /T 1 goo
= /0 Jewar < /0 e Lo.ry(t) e\ JE(t)dt
/2
1 T 2nt ' ( ~ —2nt )1/2
T(/O e dt) /0 e~E(t)dt

<
1 6277T—1)1/2 C(n)
< =S|/ — /&
- T ( 2n V. Ve
Thus,
l/T./S(t)dt < 4C (1+ UST>\/§
T Jo = T © €s 0
with
e — 1 1/2
z, = Argminy(z) & 1.59, v = v(a,) = 1.24, y(z) = < 5 ) .
x

This is the sought estimation.
Regularity of the solution
To obtain the regularity of the solution described in the theorem, we apply

the same previously used technique to the solution of the problem differentiated
once in time. Indeed, this derivative is a solution to exactly the same problem
studied above. We remark that the finite propagation velocity of the solutions
of Maxwell’s equations together with the assumption of compact support of
the initial data makes the solution at time ¢ identically equal to the incident
field for small t. We need no compatibility relations between the initial data
and the boundary conditions.

We get
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T - - o -
/0 chrlEH+||cur1H||dt=/0 [faed H H Hdt< C(T) ([leurl Byl + ||eurl o) -

This inequality with the previous estimation gives the L! regularity in time of
both fields, their curl, and their time derivative.

Of course, we can reiterate the process, differentiating the equations in
time as many time as necessary and finally obtaining the C* regularity for the
electro-magnetic field.

Next, the regularity for the auxiliary functions stems from the usual theory
for the solution of the 2D, possibly damped, wave equation with infinitely
smooth second term.

2.4 Variational formulation

We now turn to the derivation of a variational formulation for Maxwell’s equa-
tions in the free space {z < 0} associated with the boundary condition (28),
(29).

Let us recall that the natural setting for Maxwell’s equation is in the
H{(curl) functional framework :

E € H(ewl) = {E € L¥(R*)*, cmlE € L*(R*)*} . (51)
In this space, the trace mapping, (I'={z =0} = RZ )

E e H(curl) — nA(EAn)r=vE (52)

is well defined in an appropriate functional framework (y:£ € H~ (Curl I,
see [10] for more details). In the following we shall look for the electric field in
the space

V ={E € H(curl,Q)),7,E € %},
where

Vi = H(curlp, I') = {u € L*(I)°,u-n =0,curlru € LQ(F)S}.
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We shall also need to define another space of tangent vector fields for some
auxiliary unknowns (Vr here denotes the tangential gradient)

HYT) = {ue L*I)*,u-n=0,Vrue L)}

Let us introduce the following additional unknowns on the boundary,

1
r = —(curlEAn)=—-0,(H An)= *0,H,,—0H,)

Ho

o [ +el)
(I)l = a

{2

o1 1 2 2

Dl = ler—(Oél(I)l + T‘) = Iu— &g (6$ (a;qﬁw -+ Hy) — 6y (Oq¢)§7l? -+ Hz)) .

(53)
We claim that this set of unknowns allows us to obtain a variational for-
mulation.
From Maxwell’s equation and the definition of r, we first easily obtain

2

d 1
VE eV, —/ el F dx+ —curl&-curl ¥ dx—/ r-y. F do=0. (54)
di? Jr? R® o r
Using the identity
/ chlp (curlpy F) - sdo = /(curlp’ytE) - (curlps)do, (55)
r r

with (28) provides a second variational identity

d L
Vs e Vr, 7 (/Fw/es,usr-sda—Zﬂl/Fw/eslusq)l-sda)—|—
=1
pe

d 1
—I_ﬁ /F es(wF)-sdo+ E/FUS(%E) - s do + /F Z(Cuﬂr%E) - (curlps) do = 0.
(56)
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There remains to write the L 2-dimensional vectorial wave equations in
a variational setting. The problem is that for s € Vp, Vs is not necessarily
square integrable, that is curlps is defined in L? but divrs is not. This is the
reason for which we have defined the auxiliary unknowns D;. Using

&p = 6pdin - CJrlrcurlr
we obtain
Vse Vi, Vi=1,.L d2/<I> do+ L [ 5.0, s dot
S T, = 1,.. dr2 Fés [ S aoc di FO'S [ S Ao

1 —
—curlp(oy®; 4 r) - curlps do = / VrD; - s do,
T s r

(57)

and

1 —
Vpe H} Vi=1,.L /Dl - pdo = / —(eq®; + ) - Vrpdo. (58)
r T s

The problem to be solved can be viewed as a system with 2L 4+ 2 unknowns
which are

o F :a 3D vector field defined in €2, belonging to V
e r : a tangent field defined on I', in Vi = H(curlp, T')
o &, : L tangent fields defined on I', belonging to W&
e D, : L scalar fields defined on I', belonging to H{.

Then problem (54), (56), (57) and (58) can be discretized in space in a

conforming way using
e 3D edge elements for E, see [14]
o 2D edge elements for r and @,

e 2D conforming, piecewise linear, elements for D.

Inria



Boundary Conditions and Layer technique ... 23

3 Extension of the perfectly matched layers
model to the case of a lossy medium

3.1 Derivation of the model

The idea is inspired by the work of Bérenger on absorbing layers for the electro-
magnetic waves in a free media. It consists in adding some additional conduc-
tivity inside the lossy medium in such a way that the waves are more damped
than in reality whereas the reflection coefficient at the interface remains un-
changed.

To design our model, we start again from the expression for the solution of
Maxwell’s equations in the Fourier-Laplace domain (see equations (11), (12),

(17))

A

B = (Aftwps — Ag g, exp™
A (59)
H = (A%g,, + A% (we, — i0,)T) exp™ k7
Generalizing the idea of [16], let us define the change of variable
* 1 z .
OREE S RaGL3 (60)
w Jo

* is a positive function. Let us remark that (59) can be extended

analytically to the complex plane z € ' so we can define

where o

E*(z) = E(z%), H*(z)= H(z"). (61)

As claimed by the following lemma, the new electro-magnetic field is more
damped than the original one.

Lemma 3.1 (E*, [:]*) satisfy

A

Br(2)] < |E(2)

)| < | ()] (62)
Proof : it is equivalent to prove that 0 > Sm(k3(2 — z)) = — [5 o*(&)d¢ %e%,

and this is clearly true as % is defined as the square root with positive real
part of some complex number (see (15)).

RR n"2698



24 Francis Collino

Let us look for the equations satisfied by the new electro-magnetic field,
At first, we remark that the differential equations (11) remain valid for z € C
and, in particular, at point z*.

Using the chain rule

we obtain

8J@=zﬂ=(af)_@U@ﬂﬁ=—ig——@ﬁﬂﬁ% (63)

0z iw+ o*(z)
and so

n A 1w OH* . . . w oL~
siwEs 4+ o Br = —- Y ik, Hr, peiwHs = ik, B+ - y
Cstwliy + 05l iw+o*(z) 0z Py ttzs HstO s =y Z—I_zw—l—a*(z) 0z

) ) ) . ﬁ* ) . E* )
ewobs + o br =ikt g 0 Oz e OB b

Y Y iw+ o0*(z) 0z Y iw+ o*(z) 0z
esiwls + o B = ik, H5 — ik, Hy, psiwHs = ik, Ex — ik, E?.

(64)
The problem now is to return to the (z,y,z,t) domain. At first, we easily
obtain

oE? OH} OH}
ot dr Oy
oH;  0FE} oL}
Bs"ar = "oy~ oz
These two equations remain unchanged with respect to the usual Maxwell’s
equations.

+o,E; =

(65)

The equations relative to f{; and f-ii’; are treated with Bérenger’s tricky
method. We first split the four tangential components of the electro-magnetic
field according to

fir=fiz, 4 Az, 0=+ 0 (66)

Yz
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For the z components, H »y, and H +, are defined as

KO 7 = L R s
psiwH =ik, F7

. aE* (67)
s N * H* — Yy
palio + o)1z, = 20
so we get )
oH;, L7
o T T
OH} ’ oE* (68)
ps—5 =+ pso T Hy, = ——.
ot 0z
In the same way, we obtain
OH;,  OE?
Hs =
8?;* ” oE* (%)
s yz _I_ MSO_*H*Z — __z‘
ot v 0z

The transformation for the equations relative to E; and E: are more delicate.

We have
esz'wE;y + O'SE;y = —tk,H}

\ ) OH*
. OH* N, = v (70)
(iw + 0%)(estw + 05, = —iw 5 Y & (i +07) dz
z .

and we get

OR* H*
P B OH;
ot Y Jy
ov OH*
s—l‘ * sq;a: = — K 71
ot toe 0z (T1)
0FE,, v,
€, + ok, T
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Similarly, we obtain

OE? OH*
yr *x z
<ot ot —I_USE - Oz
a\I/ _ 0H; (72)
* ot 0z
oLE,. _ ov,
€s 51 +o.by, = QW.

Collecting the different equations, we obtain the system (6).

3.2 Analysis of the reflection coefficients

In practical situations, one uses layers of finite width. If 6 denotes this width,
we choose to close our system of equations by the Dirichlet boundary condition

Ei(z=6)= Ei(z = 6) = 0.

Once again, the use of the Fourier Laplace transform allows us to obtain an
expression for the solution.
In the free medium, we write

E = Emc + Erefa z S 0. (73)

The incident field is the restriction to B2 of the unique solution of Maxwell’s
equations posed in the whole plane with (EO, ﬁo) as initial data. The reflected
field satisfies Maxwell’s equations in R® with zero initial conditions. For z
located above the support of the initial data, we get

B = (Afwpor — AJ G, ) exp™™% HE = (A0 G + AJweor) exp™7
(74)
In the same way, for every z < 0, the reflected field is given by
Efef = (R;A?:twpof’—]%* A()“tgm) exptikz? (15)
75
i = (R;Afgtgm + R; Aoutwegr) exptthe®
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The two reflection coefficients are determined by the transmission conditions.

Inside the layer, 0 < z < 6, the solutions of our problem are obtained
by considering the general solution of problem (11) (i.e. the usual Maxwell’s
equations in a conducting medium written in the (k;,k,,z,w) domain) but
taken at a point (kg, ky, 2", w). For 0 < z < 6,

Er = (BtwnsT — Bt Go,) exp™® 7 4 (Bilwps — By g,) expt
0 = (B + Biit(wes — o)) exp™™" +(BIg5, + By, (we, — io,)7) expt”
(76)

The solutions such that Ej(z = ¢) = 0 and Ej(z = 0) = E}_,(z =
0)+ EX, (2=0),a=uz,y, are

ref,a

ke G — T
B = (A?;”(l + R T = A (1= B ) %) 1)

ou * kz ggu —I_g;sn
- (- m g Bt g

o

R S S AL R e

ISV

. Gout + Gin
# (A e Bt ) o)
(77)
where we have defined,

ik (2 —6%) _ giki(*—6%)
fz) = T s
kS (5 =8%) | piks(z*-6%) (78)

9(z) = QikZo* | o—ikz6* ’

(remark that f(0) =1 and f(6) = 0).

R;. and Rj, are now defined to ensure the continuity of the two tangential
components of the magnetic field (i.e. Hy(z = 0) = H,_ (2 = 0) ralz =
0), a =x,y).
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We obtain,
1+ Ry, ps k.
= — — qgo
1—R;, o kS (79)
L+ Ry, e+ os/(1w) E
- R, & ks %
with o
1+ e %=
go = g(0) = PR (80)
We note that if 6 tends to infinity, go tends toward 1 and
1+ R; Ls ks, 1+ Ry
RN - — =
1— R;e Ho kf: I — Ry
. : (81)
1+ R, €&stos/(iw) k., 1+ Ry
—_ _ = 5
1— R;m €0 k; I — Rim

where R;. and Ry, are nothing other than the reflection coefficients for the
original problem set in the whole space (i.e. the problem of a free half-space
above a lossy media). In other words, we find again that the introduction of
an additional and artificial conductivity does not change the solution in the
domain of interest (z < 0); our model is perfectly adapted.

Now, let us return to the case of layer of finite width. If (R, R*) denotes
(Rie, Ry) or (Rim, R},,), the equation

1—|‘R*_1+R1—|_Cl . _22']{/.;5* p
- 1-R1-a “7° (82)
can be rewritten R
a
R = 83
T Ra’ (83)
and so
1 — R? 2Re(ks) ré
8= B = ol 2 = e (2B [ o)) excp (23m(k)0).
|1 + Ral w 0

(84)

This relation proves that both reflection coefficients with the additional
conductivity ¢* tend to the value of the reflection coefficient for the lossy
dielectric half-space problem as |a| tends to 0, i.e. as [ 6*(¢)d¢ tends to infinity.
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We have not yet succeed in obtaining estimations as in the previous pro-
blem. Indeed, even in the case of the Bérenger’s layer model (i.e. o5 = 0,
€s = €0, s = €), no result on the well-posedness of the problem has been
obtained yet, at least to our knowledge. Due to the importance of this model
in the Electro-magnetic domain, we think that this work would be of great
importance.

4 Conclusion

We have derived and analyzed two inovative methods for the simulation of the
effect of a lossy dielectric half-space. The first one is an adapted impedance
surface condition (AISC) and the second one a thin absorbing layer. We have
demonstrated the stability of the AISC method and given it a variational
formulation. It is then easy to use this formulation to construct a finite-element
method (edge elements). The absorbing layer is a generalization of Bérenger
PMLs to lossy dielectric media. This method is appropriate for finite-difference-
time-domain method. We expect that the good numerical results obtained by
Bérenger will also hold for our generalization. Numerical experiments should
confirm these expectations and should also allow us to compare the potential
of the two techniques. This will be the objet of a forthcoming paper.
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Appendix: proof of lemma 1

K24 k22
Glw) =|1-— | 5 Sm(wG(w)) <0 for Im(w) <0,
ColowW
K24 k2
u:u(w):ngﬂ

Esplsw? €W
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We define
3 ~ A-B
R: webP ={wecC Snw<0} — R((,U)ZA_I_iB7
with
A(w) - @G(w) (1 _ Zas)
/—;0 “e , for TM modes,
B(w) s (1—ﬁou—2ﬁ[1_alu)
and
_ [Hs
Aw) =2 G(w)
€s
B(w) = //LO I —w ,for TE modes.
1_ Ou_zﬁll—au

It is straightforward to verify that R = R;. or R = R;,, as given by (48).

We assume

L
Bo>0, >0, 0<aoy<1, ﬁo+z b

<1,
— Q

and

[s, €5y Hoy €0 >0, k2 + k; € RT
os >0, €sps > €gfio.

We claim that

o ifo,=0:

sup |R(w)| <1 (TE and TM mode)
wEeP~

e 0, >0and By #£0:

sup |R(w)| <1 (TE mode)
w€eP—

sup |R(w)| < C (TM mode)

weP—

(85)

(86)

(88)
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e o,>0and Gy >0 :

sup |R(w)| <1 (TE mode)
wEP™
o . (89)
sup |R(w)| < C (1 + — ) (TM mode),
weP~ |65w|

where C' is a constant greater than one, independent of &k, and £,.

The proof is carried out in three steps. First, we prove that Risan analytic
function on the half-plane P~ when «; and £ satisfy (85). Then we demonstrate
that the appropriate inequality, (87), (88) or (89), is satisfied both at infinity
and on the real axis as soon as conditions (85) and (86) are fulfilled. Finally,
we conclude using the maximum principle

Ranalyticin P~ = sup |R(w)| = sup |R(w)| <C.
weP™ wEIP™
Analyticity in P~:
It is clear that R is analytic throughout the complex plane except at the
points of the branch cut of G(w) and at the possible zeros of A + B. As the
branch cut of G, let |—|k|*/eopio, |k|*/€otio], is located on the real axis, the only

thing we have to prove is that A + B has no zero in P~. Toward this end , we
establish

Sm(wA) <0 and Sm(wB) <0 for Smw <0, (90)

so that the denominator of B can not vanish on P~.
We note that for w € P,

_k§+k§

Sm(wu) =

Sm(w) +— >0
6Sﬂs|w|2\fm(w) + . ,

and

Sm(wG(w)) < 0, and Re(G(w)) > 0.

Hence
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e TM mode

Sm(wB) = ’z— (1 + ZXL; 72) I (w)

A (i) e <o

Sm(wd) = \/E <%m(wG( ) — —Sme(a(w))) <0

€s

Sm(wA) = \/E\sm(wG( w)) < 0.

The sign of Sm(wB) requires a little more attention. We have

po 1 1 (1—fou i 1
6 wB = w\ 1l—u 1— oqul—u

© Lo p 1 © lul? 1
= Bo— 1 — By — - —
’Olwl2+< 0 gl—az) (|w|2|1—u|2 |1—u|2wu)+
1 L 1 1
e - M

e TE mode

1—a1 all—ozlu
— L 2
w |u| 1
= Bp— 41— — —
wigg (1 m-p ) ()
1 Oq| |2 1
+Zl—0&1< ’

|(.u|2|1—oqu|2 11— oqul? wu

(91)

and we conclude using (85) together with the following implications

1 1
Smw >0and Sm— <0 = Sm— >0 = SmwB < 0.
wu wB

Maximum on JP:
At infinity we have

£0.
/1140
E0

lim w)| =
wEP_Too

_|_
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On the real axis, we define

]A%(wr) = li%l_ R(wr—l—iwi), Alw,) = l.iT%l— Alw,+iw;), B(w,) = l‘imm_ B(w,+iw;),
1 Z Z (92)

and we treat separately the case of the different modes.

¢ TE modes
For TE modes, we want to prove that the modulus of R is less than or
equal to 1. We have the lemma,

. A-B
Lemma A.1 If R = 1B A or B#0, we have

{ (a): Re(A)- Re(B) >0

(). Sm(A)-3m(B) >0 = IS (93)

(Proof : |A — B|? < |A+ B|? <= 2(Re(A)Re(B) + Sm(A)Sm(B)) >
0.)

and the property, see (90),
Vw; < 0, (Sm(wA) - Sm(wB)) (w = w,+iw;) > 0 = w? (Sm(A) - Sm(B)) (w,) > 0.

It is thus sufficient to prove that (93-(a)) holds for w, real.

We consider the two following cases

. k2 4k

2
Wy

1
As Alw,) = VE [1 — EO'Z;%] ? is real and positive it is sufficient to

prove that the real part of B (or equivalently the real part of /’:—2%)

is positive. However, if

f(u) = Re, /@%(u) for u = u, + iu;,
€o

€ k|? €
lall i | < lall <1 andu; =
Esths W Colo Eslhs EsWr

< €glo:

Os

with 0 <wu, = € R,
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we have, cf. (91),

L
f ~ 1 — aqu,
f(UT7 uz) — /30 —I_ ;/3[(1 _ QI’UT)Q —I— MZQO[IQ
5 B 5 LB
= ! = 1 — — d = 1
/31 1_0[17/30 /30 ;1—a1’a0

Thus, if (85) holds, f is really positive when holds (note that (1 —
aqu,) is positive since indeed u, < |u,| <1 < 1/a; and that Gy > 0
by assumption).

k2 4+ k2
2. = Ty > €glo:
w"’
We have
- Hs |k
Alw,) = —1 mgn(w?ﬂ)’ /6—5 cofin? — 1.

In this case Re(A) is 0 and (93-(a)) is satisfied.

e TM modes

One more time we distinguish two cases:

k2 4k

1.

< egpo: In this case, we use lemma (A.1) again and show
w

that £ is less than one. As before, (93-b) stems from (90) and (92)

and we only have to prove (93-a).

On the one hand, we have

Alw,) = B (1 - i 5(1—i 7 )
" €o Goﬂowf wres)

and Re(A) is positive.
On the other hand, if we define

fr(u) = Re, le—sB(u) for u = u, + uy,
Hs

cofto  |k|?

Os

€
< Sofo <1 andu; =

with 0 < wu, = » <
Eslhs W, Colo Eslhs E€sWr

€R,
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we get

£ty us) = 1 — fouy — Zﬂl cufu, Fu) —ur

(1 — aqu,)? 4 viaf

Now f, appears as a sum of homographic functions in the variable

u? which increase from g(u,) = 1 — Bou, — Zﬁlluir) to 1 —
— QUy

Bott, g 2 as u? increases from 0 to infinity. The function u, —
ay
g(u,) is a decreasing continuous function of u,, u, €]0,1[ so its

minimum value is obtained at the point u, = 1 with value 1 — 3y —

Z 1 bi . The positiveness of this term ensures the positiveness of

e

Finally Re(A) and Re(B) are both positive and (93-(a)) holds.
k2 + k2

< Cofo:

—o0,=0
In this case, A is purely imaginary, B is real and |R)| is identi-
cally equal to 1.

- 05 > 0, 130 7é 0
This case require a little more analysis. We begin with a change
in variables. Defining

€shls Copls k? os
X = n= T = Y= "7 (94)

9 9 2 9
€oflo €sflo Esflsw €s|wl

we get the following expression for |R]|
- ar +nb.)? + (a; — nb;)?
R (a,y) = (oI
(ar = nb;)? + (ai + nbi)

a, =yy/xr—1, a;=y/xr—1

L 2 2
oz +y?) — (95)
b, =1 — Bozx +
fox ;6 (1 — qa)? +ay

L
Y
bi = Boy + )_ B
0 ; (1 — )2 + a?y?’

RR n" 2698
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Now, |]A%|2 is a positive continuous function on the set ) =
{z > x7', y > 0}. We intend to prove that it is bounded at
infinity.
(a) when x is large enough, b, is negative and |f2|2 is less than
1
We have b, = 1+3 B, fi(z,y?) — Box with f; a homographic
function in the variable y?. Its derivative has the sign of
—az + 1 and f; is a decreasing function in y* when z >
max 1/aq. If © > max 2/, we have

b, < 2bo, — Box (boo =1+Z§—i).
Let 2., = max (2a; ", b./B). Then b, < 0 for & > z,. As
a, a;, b; are all positive, it is easy to verify that |f2| is less
than 1.
(b) when z € [yl 4 €), 2], |R|? is bounded as y — oo
If x <z, b, is uniformly bounded :

Cste .2
|b,] <1+ Bolre| + E@% < M when y > 1.
ary
Let a, 0 < a < 1, we always have %Z’I_—Z:‘% < 1 and
|}A%| < 14+ «a occurs when % < 14 a. But,
T br T bT

(ar +nb) | ar el

(ar =nb)| o, —nlb|
as soon as a, > Mn7,, 7, = max(l,(2 — a)/a). Thus,
|R| is less than 1 + a when y > max (1, M\;ga) and © €

X1+ €), o). .
(as a matter of fact, |R| — 1 in this case).

(c) when x — x™*

When ¢ — y~

and y — 400, R tends toward 1
and y — +o00, we get b, — by, = boo—Fox !,
b; ~ yBy and a; — 0. So

A u + 2byn)? + y? 32 _
|RJ? ~ ( ,u21;232 ©, u=yy/xx—1 =20y,
o

1

and the result follows from the fact that |f2| tends toward
1 uniformly with respect to u when y tends toward infinity.

Inria



Boundary Conditions and Layer technique ... 39

RR n"2698

The collection of these three results implies that |]A%| is bounded
at infinity hence bounded on 2.

Os 7£ 0,8,=0

In this case, R is no longer bounded. Indeed, a;,b; — 0, b, —
beo, when z — x~! and y — oo but a, = y+/xz — 1 has no de-
fined limit, in particular, if @, tends toward nb.,, |]A%| ~ %
which is unbounded.

However, we have the following bound :

if u=(a, —nb.)(a; 4+ nb;)~", v = (2nb,)(a; + nbi)~",

BP < ((wto)+ S22 @2+ < (o)1) (1)

< L4205t ol < (1+2v+v2):(1

+1

3] |oz1x|

Now, we have |b,| < max ( 0071—"2 ) < 2by, as

a gz — 1]
|z | . o -
soon as ———— < 2 0or T > T = max;(2a; ).
logz — 1]
1[0, | < 2nbe,
a; +nb;  V/XToo — 1

On the other hand, if |z| < 7,

— Cste

Therefore, if |x| > z then

ﬂl |Oél.?7 — 1| ﬂl 1
b, 1 —(1 1 (14—
br] < 14230 o - 17t afg?) < +2 +2a1y>
b, br 2b.,
2b,, as soon as y > T, in which case 1 < — ool
nb; + a, E Bia;?

Then, if z? + y? > 2z2% we get |]%|(x,y) < Cm(l +y), a
inequality that we can extend to the whole set 2 by Continuity
of |]A%| in the compact set x > x™!, y > 0, 2% + y* < 222

To get the estimation (89), there remains to consider the func-
tion,

R(w) = B(w) (1 _ io ) o (96)

€W
R’ is still analytical in the half space P~, bounded both at
infinity and, according to what has been shown, over the real
axis. The maximum principle allows us to conclude.

_I_ 77|b|

a;+nb;

).
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