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which does not resort to interpolation. The method is based on the phase correla-
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Mise en Correspondance Sous-pixelique par
I’Estimation de la Décomposition Polyphase du
Spectre de Puissance Croisé

Résumé : Une méthode de mise en correspondance sous-pixelique a été proposée,
dans ce rapport, sans avoir recours a l'interpolation. La méthode est fondée sur la
corrélation de phase, qui offre une robustesse remarquable au bruit corrélé et a la
variation de luminance. Nous avons démontré que le spectre de puissance croisé de
deux images sous-echantillonnées et contenant des décalages sous-pixeliques est une
décomposition polyphase de la fonction de Dirac. Les décalages sous-pixeliques sont
donc obtenus en estimant la somme des composantes polyphases.

Mots-clé : mise en correspondance, corrélation de phase, décomposition polyphase,
décomposition en sousbande, sous-echantillonnage
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1 Introduction

Image registration is an essential requirement for several image analysis issues
such as temporal change detection, stereo matching, motion analysis and many other
image sequence analysis. Many of these problems require only registration at pixel

level [5] [6], while others [3] [7] [8] [9] [14] [15] [16] depend on the scene registration

at subpixel accuracy.

The most commonly used approach for subpixel registration consists of interpo-
lating images prior to registration. Amongst this class of algorithms we can notably
mention: correlation interpolation [4] [17], intensity interpolation[17], phase corre-
lation interpolation [13] [17] and the geometric methods [2]. It is obvious that the
accuracy of these methods depends highly on the quality of the interpolation algo-
rithm.

Methods that do not use interpolation for achieving subpixel accuracy, have been
more scarce in the litterature. Most of these methods, rely on the differential pro-
perties of image frames [6] [17]. The main idea in the differential methods is to relate
the difference between image frames to the intensity gradient of the reference image
[6]. Alternatively, a Taylor series expansion of the imaging equation can be used for
this purpose [8]. There are, however, several difficulties associated with differential
methods: they can only be used when the interframe displacements are very small,
image gradient is only approximated using finite difference methods and finally these
methods exhibit high sensitivity to noise due to noise amplifying feature of deriva-
tive operators.

Another class of algorithms are those that are based on optimisation methods.
Amongst these class of algorithms we can quote [10] [18], which do not use interpo-
lation for subpixel registration.

In the following sections, we will briefly describe the phase correlation method

followed by the method presented herein. We have also included some error analysis
which will then follow the experimental results and the conclusion.

RR n"2707



6 H. Shekarforoush, M. Berthod, J. Zerubia

1.1 The Phase Correlation Method

The idea behind this method [11] [13] is quite simple and is based on the Fourier
shift theorem [12] and the fact that for two images with some degree of congruence,
the signal power in their cross power spectrum is mostly concentrated in a coherent
peak located at the point of registration while the noise power is distributed ran-
domly in some incoherent peaks. This can be described as follows:

Let fi(z,y) and fo(z,y) be two functions defined on IR? and:

§{fi(z,y)} = Filws,wy)
8 {fz(x,y)} = FQ(wmwy)

where § denotes the Fourier transform.

Let also:
falz,y) = filz + 2o,y + yo) (1)

Then according to Fourier shift theorem:
Fiy(we,wy) = Fi(wy,w,) ell@smotewn) (2)

Or equivalently:

FQ(Wrawy) Fl*(wmwy) — ej(wmzo—l—wyyo) (3)
| FQ(wl‘awy) Fl*(wl‘awy) |

where * denotes the complex conjugate and the left hand side is refered to as the
cross power spectrum of the two functions.

It is now a simple matter to determine xy and yg, since the inverse Fourier
transform of the right hand side is a Dirac delta function centered at (zo,yo):

8_1 ( FQ(wszy) Fl*(wszy)
| FQ(wl’va) Fl*(wl’va) |

)= () < san) @

In practice, when dealing with images, f; and f; are only specified in finite size
discretized arrays. Replacing the Fourier transform by its finite size discrete version

INRIA
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while assuming periodic extension of images and also replacing the Dirac delta func-
tion by the unit impulse, it has been shown [11] that the above results still hold,
despite the periodicity assumption and the fact that truncated discrete Fourier co-
efficients are employed.

Figure 1 shows an example of two aerial images displaced by (19,13) along the
two axes. The phase correlation method has detected the correspondence without
error as can be seen from Figure 1 (c).

—_—

Figure 1: (a) & (b) aerial images with displacements along both axes, (c) the cross
power spectrum (transfered in spatial domain)

RR n"2707



8 H. Shekarforoush, M. Berthod, J. Zerubia

1.2 An Overal View of the Method

The above mentioned method has a remarkable robustness to correlated noise
and nonuniform time varying illumination, making it more appropriate in most prac-
tical applications compared to classical cross correlation method. Besides, using the
convolution theorem, it can be easily shown that the method can handle blurred
images, since the blurring kernel would become a multiplicative factor in the spec-
tral domain and would vanish in equation (4).

However, in the discrete case equation (2) is only valid, if the shift vector (zq, yo)
is of integer values. Therefore, when applied to discrete images, the method would
fail to detect non-integer subpixel shifts. The only approach, proposed in the lite-
rature, for adapting the method for subpixel estimation is the use of interpolation

methods [13] [17].

A second important issue to point out about the phase correlation method is
that, as can be seen from Figure 1(c), the inverse Fourier transform of the cross
power spectrum always contains a single coherent peak, at the point of registration,
corresponding to signal power, and some incoherent peaks which can be assumed to
be distributed normally over a mean value of zero [11]. The amplitude of the cohe-
rent peak is a direct measure of the degree of congruence between the two images.
More precisely, the power in the coherent peak corresponds to the percentage of
overlapping areas, while the power in incoherent peaks correspond to the percen-
tage of non-overlapping areas.

In [11] some error analyses of the method have been provided.

INRIA
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2 Subpixel Registration

Motivated by searching for a method which embodies advantages of the phase
correlation method described above, we will investigate, herein, the possibility of
extracting subpixel (ie. non-integer) displacements between two images using their
cross power spectrum. For this purpose, we will assume that, at some stage, two
images with integer value displacements between them, have been downsampled, re-
ducing the correspondence between them to subpixel values. In the following section,
we will, therefore, examine the cross power spectrum of two downsampled images.
Downsampling, which can be seen as a polyphase decomposition in the spectral
domain is discussed in [1] [19] for multidimensional cases.

2.1 Preliminaries

Consider two images, f(z,y) and f(z+x0,y+ o), where the displacement vector
(z0,y0) is an integer valued vector. Let also § (f(z,y)) = F(wy,w,) and § (f(z +
To,Y+Y0)) = F(ws,wy)exp(y(wzro+wyyo)) denote their discrete Fourier transforms.
Then the corresponding discrete Fourier transforms after downsampling the images
by factors of M and N along z and y axes respectively, will be given by (see [1]

[19]):

M—1N-1
Py (w),, w, Z Fw (5)
m=0 n=0
and:
M—1N-1
b)) —MNm0n0 o eapli(elmo + <) )
where W/, = w4 2’"” = Wy + 2”” and ®; and ®, are the downsampled spectra.

Therefore, the cross power spectrum of the downsampled images will be given

by:
U e - T IHR TS R chonlteiny i)
o T F (et )
M-1N-
= > Z (@, &) Jexp(j (wlo + w)yo)) (7)
m=0 n=0

RR n"2707
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where .
_ F(wg, wy)
TS e Fwh,w)
Comparing the above results with those in chap. 2 of [19] on the polyphase
transform of signals, we notice that the cross power spectrum of two downsampled
images is, merely, a polyphase decomposition of a filtered Dirac delta function. Here,
the filters H,.,(w;,w, ) can be easily identified by substituting back the values of w;,
and w; and rearranging equation (8):

Hpn (W], 0)) (8)

xSy

M-1N-1
2rm w 27n w 21k w 27l
Hmn//ZZF& ST Wy 2Ty W 2TR Wy AT 9
Wow) 2 2 P+ y ) =yt T ) O

where k € [0...M — 1] and [ € [0... N —1].

It is obvious from this last equation that:

1 if (m=%k AND n=1)

0 otherwise

Hppn(wl,w!) = (10)

To identify the bandwidth of each filter H,,,, recall that both w, and w, are in
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Figure 2: (a) spatial response of overal filter, (b) frequency response
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[0,27], and hence : ] € [37%, & 4+ 2] and W) € [22, 37 4 222,

In fact, it is well known [19] that filtering a downsampled image using a bank of
filters is equivalent to filtering the upsampled version by a single upsampled filter and
then downsampling the output. This can also be easily verified, in our setup, where
the cross power spectrum is a Dirac delta function filtered by a single upsampled fil-
ter followed by downsampling the output. Figure 2 shows the spatial domain and the
frequency domain response of such a filter (a 2d sinc function in the spatial domain).

The main result of this section can, therefore, be summarized as follows:

In general the cross power spectrum of two images is a Dirac delta function.
However in the case of downsampled images we have shown that the cross power
spectrum is a filtered Dirac delta function which has then been downsampled. The
filter has a 2D sinc spatial response.

2.2 Estimating the Sum of Polyphase Components

Equation (7), ideally, provides the cross power spectrum of two downsampled
images. We should, however, point out that the relation holds under periodicity
assumption and hence, for two real images with subpixel shifts, since the images
are only observed in one period, we should expect some additive noise due to non-
overlapped regions. This additive noise will be assumed to be distributed normaly
over a mean value of zero, as was the case for integer displacements [11]. In other
words, we will assume to have:

371 (Cylwy,wy)) =871 (Clwy,wy)) + (2, y) (11)

where n(z,y) is a zero mean Gaussian noise and C, is the cross power spectrum
with noise.

In general, the problem could be easily solved if we could estimate the polyphase

components of the cross power spectrum, in which case the problem would reduce to
a linear matrix equation, as described in [19]. However, using equation (7), we can, at

RR n"2707



12 H. Shekarforoush, M. Berthod, J. Zerubia

best, expect to estimate the sum of the polyphase components rather than each indi-
vidual one. We will, however, see that this estimate will be sufficient for our purpose.

From the results obtained in the previous section and making use of the Fourier
shift theorem, we get:

sin(r(Mzx 4 xq)) sin(7(Ny + yo))

51 (C(wl,w!)) = 12
) (C(wszy)) (Mz + 350) ’R'(Ny + yo) ( )
Therefore, if ¢,(z,y) = §' (Cy(wl,w;)), then we can write:
sin(w(Mzx + xg)) sen(w(Ny 4+ y
enl,y) = ZREME ¥ 20)) sin(nlNy F30)) e (13)

n(Mz + o) 7(Ny + yo)

This last equation seems to be an ideal setup for using a Maximum Likelyhood es-
timator for extracting (zo,yo). However, decoupling the unknown variables proves
to be not so straightforward. We will therefore suggest, in this section, a method of
estimating an upper bound for the noise variance and a lower bound for the signal
variance which, in turn, will allow us to separate the noise process by setting a thre-
shold value.

Before, proceeding with variance estimations, we shall recall that, since the cross
power spectrum has been normalized, we will be only interested in the normalized
values of the variances taking values in the interval [0,1]. Now, consider the case
when the image dimensions are X x Y. Then, due to the fact that the non-overlapped
regions are of subpixel width (see Figure 3) and also since the noise power is given by
the percentage of non-overlapped area in each image, we can estimate the following
upper bound for the noise variance:

(X+Y)?

0'3 < W (14)

Similarly, a lower bound for the total signal power would be:

(XY — (X +Y))?
(XY)?

2
o, >

(15)

The above estimations are shown schematically in Figure 3:
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maximum width = 1 pixel

Non-overlapped Area
inimage 1

Overlapped Area

Non-overlapped Area
inimage 2

Figure 3: Schematic diagram of the overlay of two images

Therefore, the minimum signal to noise ratio can be found by:

SNR =10 log (Z—z) > 10 log <(XY(;( (j(y;y))?) (16)

n

It is obvious that for subpixel shifts the SNR is very large. Therefore, the choice
of a noise threshold value T}, is not a great concern, although in the next section we
will provide a rigorous method of choosing it. Thus, the signal is simply detected by
using;:

c(z,y) =cylz,y) il cy(z,y) > T, (17)

Once ¢(x,y) has been estimated, (xg, yo) can be calculated by straight application
of equation (12) to a set of points. Note, however, that results will be more reliable
if equation (12) is applied to points where the signal power is mostly concentra-
ted (see next section). In fact for two images with displacements at subpixel order,
the signal energy is expected to be mostly concentrated between pixels in the area
[—1,1] x [—1,1] (negative pixel locations follow the periodicity assumption, eg. pixel
(=1,0) corresponds to (X — 1,0)).

RR n"2707



14 H. Shekarforoush, M. Berthod, J. Zerubia

We will explain the method using an example:

Consider the situation where the signal power is mostly concentrated at pixels
(0,0), (1,0) and (0,1). Then applying equation (12) to the first two points will yield:

sin(mxo) sin(myo)

— ¢(0,0) (18)

TZo Yo
sin(m(M 4 zg)) sin(7yo)
(M + o) TYo

=¢(1,0) (19)

dividing both sides and rearranging, we get:

sin(m(M + zo))  ¢(1,0) sin(mzo)

= 20
7(M + zo) c(0,0) 7z (20)
Or:
tsin(rze)  ¢(1,0) sin(mxo) (21)
(M +20)  ¢(0,0)
And after simplifying we obtain:
To ¢(1,0) (22)

M~ +£c(0,0) — ¢(1,0)

where Az = 3% is the subpixel displacement along the z-axis. Note that, no know-

ledge of the downsampling rate M is required. Note also that two solutions will be
obtained. This ambiguity is due to the isotropic form of ¢(x,y) and, in fact, only
one of these solutions (ie. the right solution) is in the interval [—1,1]. Similarly, we

can find Ay = £ by using, for instance, ¢(0,0) and ¢(0,1).

2.3 Error Analysis

For the error analysis, we can use a method similar to the one adopted by [11].
The only difference here, is that the signal power is not concentrated in a single co-
herent peak, but due to the polyphase decomposition of the cross power spectrum,
it 1s distributed in a set of coherent peaks mostly adjacent to each other. In fact this

INRIA
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is nicely described by equations (7) and (12) above.

Since we have assumed a normal distribution of the noise around a mean value
of zero, the probability that the noise value exceeds T will be given by:

1 o0 772
7,(1) o, 6:61)( 20) "
1 1 7]2
— ~ 1 \a 23
o /Tfmp( 202) " (23)

The last equality is due to normalization of the cross power spectrum between zero

and one.

On the other hand, in this interval, we can write the following inequality:

i) e e (i) e
exp|—5— | dn > nexp | =5 | dn
2n0, JT, 203 270, JT, 202

This inequality follows from the fact that, in the interval where the integral has
been taken, the integrand on the left hand side is always larger than the integrand
on the right hand side. Therefore substituting equation (23) into (24) and computing
the integral on the right hand side, we will obtain:

And after rearranging and simplifying, we will have:

T} > —20. In (@ + exp (;1)) (26)

2
77 2077

Therefore, for small probability values Pr,(7), we can remove noise by threshol-
ding out values below T),. To choose a value for Pr, (1), note that the inequality (26)

is only valid if:
V2
7T7DTT,(77) -I-G:Ep(
o, 202

n

_—1) <1 (27)

RR n"2707
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Therefore, the upper bound of Pr,(n) is found by substituting the upper bound
of the noise variance in (28). It is obvious that the right hand side of the above
inequality is always in [0, 1].

3 Experimental Results

In order to verify experimentally the algorithm, some artifitially shifted images were
generated using the following model:

fi=h®I; i=1{rame number (29)

where [; is a high resolution image shifted by different values, h is a blurring
kernel and @ denotes the convolution. A has been introduced to demonstrate the
possibility of taking into account the point spread function of the imaging system.

Therefore, each frame f; is obtained by shifting a high resolution image followed
by convolution and downsampling. The rate of downsampling along each dimension
is larger than the shift values so that the resulting downsampled images contain
subpixel shifts. Note that, no knowledge of the blurring kernel is required for the
registration. The only assumption made on h is that its response is invariant from
one frame to another.

The algorithm was tested on several images of different nature. Figure 4. shows
an example of two aerial images with subpixel shifts between them. Figure 4 (c¢) and
(d) show their cross power spectrum in the spatial domain prior and after removal of
noise. Note that, due to the subpixel nature of the correspondence, there is no single
coherent peak (as was the case for integer displacements). Instead, the signal power
is distributed in the form of polyphase components of a 2D sinc function centered at
the point of correspondence. This has been shown, more prominently, in Figure 5,
where a zoom in the area [—3, 3] x [—3, 3] of Figure 4 (d) has been displayed (recall
that negative pixel values are due to periodicity).

INRIA
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Figure 4 (d) and (e) display the cross power spectrum in the spectral domain
(only the real parts), before and after removal of noise, respectively. One can notice
the presence of more than one peak in the spectral domain as the real part of the
spectrum is not an exact cosine function, but a trigonometric polynomial (sum of
weighted cosines). Since the amplitude of a sinc function reduces rapidly as we part
from its centre, it is obvious that some terms have been thresholded out as their
amplitudes could not be distinguished with that of noise. However, due to the large
value of SNR the majority of the signal power is recovered with no difficulty.

In Figure 6, some of the images to which the algorithm was applied has been
shown. The algorithm was also tested on many other images including indoor and
outdoor robotic environments, with some of the results summarized in Table 1. We
have also tested the method on many images with different dynamic ranges and
modified RGB combinations. Results on the SPOT image, for instance, are shown
in Figure 7 and table 2.

RR n"2707
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— b
—_—
—————

Figure 4: (a) & (b) aerial images with subpixel displacements, (¢) & (d) cross power
spectra before and after noise removal (spatial domain), (d) & (e) cross power spectra
before and after noise removal (Fourier domain - only real parts)
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Figure 6: Some of the images uesed for experimentation: (a) & (b), aerial images of
Pentagon and Paris, (¢) a SPOT satellite image
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Image H (Az, Ay) ‘ Estimates ‘
(050, 0.50) | (048, -0.51)
Pentagon (0.25, 0.50) (0.28, 0.49)
(-0.25, -0.50) | (-0.25, -0.52)
(0.0,0.75) (0.0, 0.80)
(0.167, 0.5) | (0.152, -0.49)
Paris (0.67, 0.25) (0.69, 0.33)
(-0.33,-0.167) | (-0.32, -0.15)
(0.33, 0.33) (0.325, 0.32)
(0.83, 0.25) (0.84, 0.28)
SPOT (0.33,-0.50) | (0.34, -0.52)
(-0.83, 0.167) | (-0.83, 0.151)
(0.25, 0.33) (0.30, 0.33)

Table 1: Table of results

INRIA
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(b)

Figure 7: (a) & (b) two satellite images with artificially modified dynamic ranges
and RGB combinations

‘ Image H (Az, Ay) ‘ Estimates ‘
(0.83,0.25) | (0.83,0.30)
SPOT | (0.33,-0.50) | (0.34,-0.53)
(-0.83, 0.167) | (-0.84, 0.15)
(0.25,0.33) | (0.29, 0.34)

Table 2: Table of results for images with different dynamic ranges and RGB combi-
nations

RR n"2707



22 H. Shekarforoush, M. Berthod, J. Zerubia

4 Conclusion

A method of determining subpixel shifts between two images has been proposed,
herein, which does not resort to interpolation. The method is based on the phase
correlation method, and is proved to be very robust to correlated noise and lumi-
nance variations. Note that, methods that rely on interpolation would usually require
an interpolation by a factor of 100, if one needs, for example, an accuracy of up to
2 significant figures. Results would, obviously, highly depend on the interpolation
method.

Although, our analyses may seem to be elaborated, the actual algorithm is hardly
more complicated than the phase correlation method. The only overhead computa-
tions are noise removal and the calculation of the shifts (Axz, Ay), which are trivial.
Therefore, the speed of the algorithm, mainly depends on the Fourier transform
operations, for which we have employed the FFT algorithm.

The accuracy of the results, depends on the noise variance, or more precisely on
the signal to noise ratio. In other words, we would expect less accurate results as we
approach the lower limit of the signal to noise ratio. We will investigate this issue
in future work.
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