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Abstract: Let (X:) be a stochastic process satisfying
dX, = b(t, Xy) dt + 0(t) AW,

with a stochastic volatility 6(¢) (thus less regular than C'). We have a discretized observation at discrete
times t; = ¢A for i = 1,..., N. We want to estimate 6(¢). We compare three families of non-parametric
estimators: Wavelet Estimator in the Haar basis, Moving Average Estimator and Centered Moving
Average Estimator (CMAE). We emphasis the dependence of the estimators on the size of the observation
window. This is a new point of view. We prove the punctual convergence of the three estimators at the
same rate. Then, we study Mean Integrated Square Error (MISE) as a function of the window size, we
show it is smaller for Centred Moving Average Estimator (CMAE) than for Haar Basis Estimator in most
circumstances. We prove a Central Limit Theorem for Integrated Square Error (ISE) in the deterministic
case. We conclude by numerical simulations which illustrate our theorical results. AMS Classifications.
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Estimation de la volatilité stochastique d’un
processus de diffusion I. Comparaison d’estimateurs

d’ondelette et d’estimateurs & noyau.

Résumé :  Soit (X;) un processus stochastique solution de 'EDS

On dispose de ’observation d’une trajectoire X; & des instants discretst;, = tA avect =1,...,N.
On veut estimer le coefficient de diffusion 6(t) (appelé volatilité dans la littérature financiére)
dans le cas ou celui-ci serait stochastique (processus a sauts ou diffusion, par exemple). On com-
pare trois familles d’estimateurs non-paramétriques : un estimateur d’ondelette par projection
dans la base de Haar et deux estimateurs & noyau qui, de fait, correspondent & une moyenne
mobile, pour le premier et & une moyenne mobile recentrée, pour le second.

Nous explicitons la dépendance des estimateurs par rapport a la taille de la fenétre (i.e le
nombre d’observations prises en compte). Ceci est nouveau.

On montre que les trois estimateurs convergent ponctuellement & la méme vitesse. On
étudie ensuite 'Erreur Quadratique Moyenne Intégrée (MISE) comme fonction de la fenétre
et on montre qu’elle est, le plus souvent, plus petite pour I’estimateur de la moyenne mobile
recentrée que pour I’estimateur dans la base de Haar. Dés qu’il y a au moins un saut de volatilité,
Perreur quadratique moyenne intégrée est une fonction oscillante de la fenétre pour ’estimateur
d’ondelette. Par contre, ce phénomeéne n’apparait pas pour 1’estimateur de la moyenne mobile
recentrée, qui est donc plus robuste.

On démontre aussi dans le cas d’'une volatilité déterministe, un Théoréme Central Limite
pour la différence entre I’Erreur Quadratique Intégrée (ISE) et I’Erreur Quadratique Moyenne
Intégrée .

Finalement, sont effectuées des simulations numériques qui confirment pleinement les résul-

tats théoriques.

AMS Classifications : 62M 05, 60G 35.

Mots-clé : Volatilité stochastique, Processus de diffusion, Estimation non-paramétrique,

Erreur Quadratique Moyenne Intégrée, Algorithmes Numériques stochatiques



ESTIMATION OF A STOCHASTIC VOLATILITY I. 3

1 Introduction.

We consider a stochastic process satisfying the following Stochastic Differential Equation
dXt = b(t, Xt)dt + U(t, Xt)th X(O) = Ty (].)

We have a discretized observation of the process (X;,t € [O,T]) at the discrete times
t;= i Afori=1,...,N and we want to estimate the diffusion coefficient o(¢, X). The
parametric case o(t, X) = 0f(X) is studied in [9] and by V.Genon-Catalot & J.Jacod [16]
in a general framework. The non-parametric case for an autonomous diffusion coefficent
(i.e. o(t,z) = o(z)) has been treated by D.Florens-Zmirou [12] for one dimensional
processes and by P.Brugiére [4] and [5] for multidimensional processes. However, this
Markovian assumption which implies that the volatility only depends on the process
seems restrictive. E.Fournié try to verify the Cox-Ingersoll-Ross model [7] with constant
coeflicients on real financial data (from the french interest rates) and he concluded that, at
least the diffusion coefficient is time varying [13, p.34]. In financial literature, the diffusion
coefficient s called volatility, we follow this notation in all the sequel. D.Florens-Zmirou
[11] give a non-parametric estimator for a time varying volatility o(z,t) = 0(t)h(x) and in
[15] V.Genon-Catalot, C.Laredo & D.Picard introduced Estimation by Wavelet methods.
Both [12] and [15] consider a time varying coefficient 8(¢) which is a C! function of time and
deterministic. However, for the financial applications it seems more natural to consider
a stochastic coefficient 6(t) (see [1]), in this case the coefficient §(t) would be less regular
than C': we will consider either a Holder continuous function either a piece-wise constant

function. The same description of stochastic volatility is also considered in [10].

The first aim of this paper is to study the estimation of stochastic volatility, thus less
regular than C! and to compare Wavelet Estimator and kernel estimators. In this case the
Kernel estimator corresponds to a Moving Average (except on the boundaries) and for
a symmetric flat kernel to a Centred Moving Average (called CMAE). Surprisingly, this
"oldfashioned" Estimator improved by centering turn to be the best in most circumstances,
as soon as there is a volatility jump.

The second aim is to numerically compute the differents estimators. We meet a new
question: What is the good choice for the window ? In [15| and [27] an optimal
choice is proposed: j(n) = n/(2m + 1) with A = 27 and h, = 277 This holds
asymptotically. In fact, we deduce from [27, Prop.1, p.785| that j,(n) = n/(2m +
1) + logy(2mD/C), where C' and D are fixed constants depending on the norms

RR n"2739



4 Pierre BERTRAND

L*(0,T;~(t)dt) of 6%(.) and its derivative of order m. For example, n = 15, m = 1 and
A =1/32800lead to n/(2m + 1) = 5 and log,(2mD/C') could be of order 1 or 2 (in usual
cases). Moreover, the constants C and D, which depend on the true value of the function
6(.), could not be precisely estimated nor disregarded behind n/(2m + 1).

In financial applications, the sampling interval A is given from the data, it is a small
parameter but not asymptotically small (see also Bibby & Sorensen [2]). Therefore, we
have to arbitrarily choose the size of the window. So we decide to let the size of
the window be a free parameter of the differents families of Estimators and we
change all the notations to emphasis dependence of Estimators on the window (denoted
A) and the sampling interval A. This attention to the window size is new and seems to be
a fruitful idea which will be developed in another paper to build estimators of volatility
jump times (e.g. for a jump process).

Let us precise some implications of our assumption that the sampling procedure is
given by the data. It would not allow us to make adaptive or optimal sampling (as in
[17] or [20] for example), nor to refine the observations . This sould be considered as
an opposite framework. We postulate that we are not allowed to get extra-quotations

between two successive times ¢; and ¢,;.

In this paper, we compare the different Estimators to find the best and the more
robust.

Two points of view are mixed : an asymptotic point of view and an exact one (A is a
free parameter and A is a small parameter). In the first section, we describe the model
an give some financial examples. In the second section, we describe the three Estimators
(depending on A and A) and prove they are consistent, asymptotically normal and have
the same rate of convergence at each point (exempt jump times) of [0,7]; this is an
asymtotic point of view corresponding to the asymptotic A — +o0o and AA — 0. In the
third section, we compare functional errors: Mean Integrated Square Error (MISE), we
give expression of Mean Integrated Square Error as sum of exact terms (depending on A)
and smaller terms ; this is an exact point of view with A considered as a small parameter.
When 6(.) has isolated jumps (at most one in each window), we get simpler expression of
MISE and we can precisely explain why Centred Moving Average Estimator is better and
more robust than Haar basis Estimator. Numerical computations show it is always true
when there is at least one volatility jump. In the fourth section, we prove Central Limit
Theorem for ISE in the deterministic case (again, it is an asymptotical point of view,

but for a different asymptotic A — 0). In the last section, we conclude by numerical

INRIA



ESTIMATION OF A STOCHASTIC VOLATILITY I. 5

comparison of MISE and ISE for different functions 6(.) and numerical simulations of
Estimators which plainly confirm our theorical study (again, this is an exact point of
view).

Applications to real data (e.g. Future of Italian Bunds) are treated in [1].

Remark : This is off-line estimation in every case.

2 Description of the model, Assumptions.

Let (Q, F, F;, P) be a stochastic basis and (W) a one dimensional Wiener process adapted
to (Q,F,F;, P). We consider a stochastic process statisfying the following Stochastic
Differential Equation :

dX; = b(t, X3)dt + 6(t) h(X;) dW; (2)

where the function A(.) is assumed to be known, the volatility coefficient (.) is an unknown
function of time and has to be correctly estimated, the drift coefficient b(¢,z) may be
unknown. We observe one sampling path of the process (X;,t € [0,7]) at the discrete
times t; = ¢ A for: =1,..., N. The sampling interval A is small in comparison of T, we
denote N := T A~! and assume it is an integer.

We will use the following assumption:

(A0) 0(t) is adapted to the filtration (F;), b(t,.) is a non-anticipative map, b € C'(RR*, IR)
and 3Ly > 0 such that Vt € [0,T], IE0*(t) < Lr and E63(t) < Ly

Moreover, we want to consider either a jump process either a diffusion process, respectively

corresponding to the following assumptions:
(A1) 0(.) = Ef::o 0,1, 4,,.)(.) where t, are the volatility jump times.

(A2) 3Im > 0 such that 0*(.) is almost surely Holder continuous of order m with a constant
K(w) and [EK(w)?* < +oo.

If we assume that the volatility jump times correspond to the sampling times ¢; = 1A, we

have
(A1) 6(.) = Ef\io 0, l[ti,ti+1)(-) we denote 592-2 = 9i2+1 — 0?

and if moreover there is at most one change time in each window we get (A3).

RR n"2739



6 Pierre BERTRAND

(A3) (A1) and (A1’) are satisfied and inf,_o ¢ |t 01 —t, |> AA.

Remark : If 0(t) satisfies a S.D.E. then (A2) is fulfilled, see e.g. [26, th.2.1, p.25].

We need to control ftti“’l b*(s, X,) ds, so we will use :
(B1) 3Ky > 0,Vt € [0,T], Eb(t, X;)* < Kr
In all the sequel we work on the simplified model:
dX; = by(t, X;)dt + 0(t) dW; (3)

Under natural assumptions, the model (2) becomes (3) after the following change of

variable:

Proposition 2.1 Assume there exist a domain D C IR such that h € CY(D,R""
h™t € L}L.D) and for (X;) solution of (2) satisfying P(X; € D,Vt € [0,T]) =

Let H(z) = [hY(&)dé . ThenY; = H(X;) satisfies the S.D.E. (3) with by(t,z) =
hl(z) a(t,z) — H(x)6%(2) .

);
1.

Proof: It follows directly from Ité6 Formula [ |

Financial Applications:

Example 1:
Let S; be an asset satisfying the following S.D.E.

dS, = S, [a(t, S;) dt + 6(t) dW;] (4)

Then X; = In(S;) satisfies (3) with b(¢,z) = a(t,exp(z)) —
assumption (B1). This model is also considered in [10, p.5].

%Gz(t) and b(t, z) fulfills the
Example 2:

Let X; be an interest rate satisfying a stochastic Cox-Ingersoll-Ross Stochastic Differential

Equation with time varying coeflients
dX; = c(t)(a(t) — X;) dt + 0(t) (X;)Y? dW, (5)

where c(t), a(t) and 0(t) are F; adapted. If P(X; > 0,Vt € [0,7]) = 1, then Y; = 2(X,)/?
satisfies (2) with b(¢,z) = 2271 [c(t) at) — i@z(t)] - %a(t):v. For stochastic coefficients
c(t), a(t),0(t), positiveness of the solution X; of (5) is proved in [1].

INRIA



ESTIMATION OF A STOCHASTIC VOLATILITY I. 7

Example 3:

We still consider the Cox-Ingersoll-Ross S.D.E. (5), but we directly estimate

o(t) = 60(t)h(X;). Obviously, o(t) is a stochastic process and satisfies (A2) when 6(t)
satisfies (A2). We denote 05(t) = O an(t) and 05(t) = h~(X;)dcman(t). The numerical
simulations made with a known function 6(.) give quite the same results for 0, (t) and 05 (1)
and almost same Integrated Square Error (for e.g. ISFE; = 5,9% and ISE; = 6%). But,
if the function A(.) is not exactly known, we still obtain a good estimation 49A3(t) of 6(t).
So, we believe that this direct estimation of o(t) is more robust with respect to the model

than the previous one.

3 Estimation of the Volatility.

3.1 Description of the Estimators.

Since the size of the window appears in numerical applications as a free parameter to be
arbitrarily choosen, we give a description of the Estimators depending explicitely on the
window A (number of observations tooken into account to estimate 6(t)). We think it is

the good parameter to consider.

Moving Average Estimator:

N-1 A-1
MAEsa(t) =Y {A—l > A‘l(Xt]_M — Xt]._i)Q} 1, 45, 1)(t) (6)
=0 i=1

Centred Moving Average Estimator:

N1 $-1
CMAEAvA(t) = AT Ail(th—iH - th—i)2 1[tjatj+1)(t) (7)
=0 i=—2
Wavelet Estimator in the Haar basis:
N/A-1 A-1
HA,A(t) = Z {Al Z Ail(thA+z‘+1 - thA+i)2} 1[tkA-,t(k+1)A)(t) (8)
k=0 i=0

Remarks :

* We have CMAE 4 (t) = MAE,A(t + AJ2A).

* The Estimator M AE4 a(t) is defined for t > AA, CMAE4a(t) fort € [AA/2,T —
AA /2] and Hy a(t) for every t.

RR n"2739



8 Pierre BERTRAND

* The Moving Average Estimator is the average of the A last intantaneous quadratic
variation A™'(X,,,, — X;,)?, when the Haar basis Estimator is a package average.

* MAE4 a(t) is (F;) adapted, CMAE(t) is (F144a/2) adapted and for t € [kAA, (k +
1)AA[, Haa(t) is (Frt1yaa) adapted.

* By construction, the Estimators are piece-wise constant functions: CMAFE4A(t) is
constant on IR — AZ and Hy a(t) is constant on R — AA Z.

* Since Moving Average Estimator is computed at each sampling time ¢; and the Haar basis
Estimator only for times t;4, it is clear that the complexity of Numerical computation of
Moving Average Estimator is A time more than for the Haar basis Estimator. But we

make off-line estimation and this is not important.

Construction of the Moving Average Estimator:

The Kernel Estimator for (3) given in [11] is :

_n{ZK[ (ifn) — )b ]} {ZK[ (i/n) — t)h7 ](Xum/n—xi/n)z}

where K is a compactly supported kernel. [11, Th.3, p.200] asserts that for a deterministic
C! function 6(.)

(nha )2 [Su(t) = 0(2)°] = N (O, K13 (s (1))

Let £ = mes(SuppK), we remark that K, = E_ll[o’g] is an optimal kernel. Indeed,
Su(s AK) = S,(., K), thus we can imposed the condition:

1= [ K(@)de < [IK]z2(suppic U]z suppio
SuppK

Therefore, || K||r2(supprc) > £ /% = || Kol|z2(Suppis). 1f We chose £ = 1,K = 1 ;¢ and
denote A = 1/n and A = [nh,], we obtain (6). Notice that Centred Moving Average

Estimator corresponds to the symmetric kernel K = 1_1/21/9).

Construction of the Wavelet Estimators:

Following [GLP], we consider (V;,j € Z) a r-regular Multi Resolution Analysis of L%(IR)
such that the associated scale function ® and wavelet function ¢ are compactly supported.
For all j, the family {Qj,k(t) = 2/29(2t — k),k € Z} is an orthonormal basis of V;. We
have sampling time A = 27", For j(n) < n, the Wavelet Estimator is:

= i)k Bi(m)k(t) (9)
k

INRIA



ESTIMATION OF A STOCHASTIC VOLATILITY I. 9

where
ﬂja Z (I)J k Xt it1 th‘)z (10)

The r-regular Multi Resolution Analy51s are convenient to approximate the functions
6(.) € C™(R), with m >r. The assumptions (Al) or (A2) induce us to consider a
0-regular analysis corresponding to the Haar basis with scale function ®(t) = 1j7). We
denote A = 2"~ and (9, 10) give us the Estimator (8).

3.2 Local Consistency of Estimators, Asymptotic Normality and

Rate of Convergence.

Applying 1t6 formula on (X, — X;,)?, we get the following decomposition which is an
useful tool for all this paper.

Proposition 3.1 Assume that (A0) is satisfied. Then

SA’A(t) = MA,A(t) + NA,A(t) + DA7A(t) (11)
where:
N-1 . A/2
Man(t) = {A > 9J+z} Lt t,00)(1) (12)
7=0 i=—A/2
N-1 A/2
NA,A(t) 2 AT Z €]+Z j+1)(t) (13)
7=0 i=—A/2
N-1 A/2
Dan(t) =2 {A_l > 77j+z'} 1;.1500)(t) (14)
j=0 i=—A/2
where
tit1
82 = A1 / 6%(s)ds (15)
t;

0(s) {/ 0(u) qu] dw, (16)

n = A { 71b(5,X3)(X5 - X )ds+ i+la(s) [/S b(u, X,) du] dWS} (17)

RR n"2739



10 Pierre BERTRAND

Similarly
Huana(t) = HMan(t) + HNga(t) + HD 4 a(t) (18)

and

N/A-1 (k+1)A-1
HMun(t) = Z {Al Z 912} l[tkA,i(k+1)A)(t) (19)

k=0 1=kA

N/A-1 (k+1)A—1
HNA,A(t) =2 Z {A_l Z 52} 1[tkA=t(k+1)A)(t) (20)
k=0

i=kA
N/A-1 (k+1)A—1
HDAvA (t) =2 Z {A_l Z 772'} 1[tkAat(k+1)A)(t) (21)
k=0 i=kA

Remarks :

* The functions M(t) and HM(t) only depend on 5? , the average value of 6%(t) on
the sampling interval [t;,¢;11). The functions N(¢) and HN(t) depend on the random
variables & which properties are given in Appendix A. The functions D(t) and HD(t)
contain all the terms coming from the drift and vanishes when b(z,t) = 0.

* When b = 0 and 6(t) is deterministic, N4 a(t) corresponds to the variance term and
M4 A(t) to the bias term of Mean Integrated Square Error. In the general case, decompo-
sition (11) differs from this classical decomposition. For instance, 7; and moreover D4 A (t)

contain variance terms (the stochastic integral) and bias terms (the Lebesgue Integral).

We study separately the three terms of the above decomposition.
Proposition 3.2 We consider the asymptotic AA — 0
(i) Assume that (A2) holds. Then for everyt,

| Maa(t) = 0°(t) ||| HMaa(t) — 0%(2) |< K(w)(AA)™

(ii) Assume that (A1) holds. Then for everyt , for AA small enough Maa(t) = 63(t_)
(where 6%(t_) denote the left limit of 0%(.)) and at every t point of continuity of 6°(.),
HMya(t) = 63(¢) .

Proof: Obvious [ |

Remark :

INRIA



ESTIMATION OF A STOCHASTIC VOLATILITY I. 11

At a change point HM4 a(p) could have no limit. But, HM4 a(.) is the orthonormal
projection from 6?(.) on the space V; = {f constant on IR — 277Z} and thus the better

approximation of the function 6*(.) by a piece-wise constant function in V;.

The terms D(.) and HD(.) are of order A'/?, as stated below:

Proposition 3.3 Assume that (A0) and (B1) are satisfied. Then for everyt > 0
2 2 4 1/2
E|Daa(t) |, E | HDaa(t) P< 48V2A [Kr | EO*()|1=0m)] = [1+O(A)]  (22)

Proof: The two proofs are the same. From (13) and Jensen Inequality we get:

A/2
E | Daa(t) <447 3 E(n},)
i=—A)2
The result follows from Lemma A.1 [ ]

The terms Ny a(t) and HNy a(t) satisfy a Central Limit Theorem, as stated below.

Proposition 3.4 (i) Assume that (A0) is satisfied. Then for everyt
E | Naa(t) [, B | HNoa(t) [P< 1247 EO*()]| 2= 0,1) (23)
(ii) If, moreover A — +o00, AA — 0, and vy > 0 such that Vt, 0(t)* > vy. Then we have
A2 Ny A(t)/0%(t2) = N(0,V2) (24)
If, furthermore (A2) is satisfied or (A1) satisfied and P(p =t) =0 . Then
AY2 HN g A(1)/62(t) = N(0,V2) (25)

Remarks :

* The condition P(p =t) = 0 means that almost surely ¢ is not a volatility jump time.

* For 0(.) deterministic, the result follows from Lindeberg Theorem with Lyapunov Condi-
tion. Here the difficulty to obtain (ii) comes from 6(.) stochastic and we need to use
Central Limit Theorem for martingale array.

* Lyapunov Condition is satisfied if and only if A — +oo, this is another reason to

emphasis dependence on Window Size.

Proof: The two proofs are similar. We just prove Proposition for Moving Average

Estimator.

RR n"2739



12 Pierre BERTRAND

(i) Using Lemma A.2 (43) we have IE | Naa(t) [*= 447252, E(&). Therefore (23)
follows from (44).

(ii) Proof when 6(.) is deterministic:

In this case, using (46), we have:

1S A ) =245 (7] = 24 (4,8, P )

=1 =1
by denoting M(A, A, f)(.) the functional operator of Moving Average. From Lindeberg
Theorem [Bi, th.27.3, p.371], we get:

-1/2

AP IMuA(@)B)] 7 Naalt) = N(0,V2)

But, when (A1) or (A2) holds, lima_so M(A, A,8%)(t) = 62(t_), we deduce (24). It

remains to verify Lyapunov Condition. Using (47), we get:

AP Man(0 ZA ‘EE
i=1
1]'5 2 -2 1 2
= AT S M(A, A BP)(t) P A 2[9] - as A — +oo

(ii) Proof for the stochastic case:

We consider the time ¢; as fixed and A, A depending on N as defined by the asymptotic.
Let Sy 1= 07%(t;j — AA) Nana(t;) = 2471 S2A71072(t; — AA)E; ; and Fy,; := Fian, the
random variables &; are Fy 41 adapted. Since H_Z(tj — AA) is Fy ,_; adapted (for every
i < A) and FE(¢ | Fyi) = 0, Sy is a martingale array. Anyway the filtrations are not
nested i.e. Condition (3.21) [18, p.58] is not satisfied. For discretized diffusion, this fact is
point out in [16, p.121]. To avoid this difficulty, we prove that the Conditional Variance
V2 has, in Probability, a deterministic limit [18, p.59]. Indeed, we have:

Ve =4A72 Z EO74t; — AN & | Fyi) =
i=j—A
j—1

=4A2074t; — AA) Y. E(& | Fu)
i—j A

From Lemma A.3 (49), we get:

1
BE(& | Fyi) = 594(751' — AA) + )

INRIA



ESTIMATION OF A STOCHASTIC VOLATILITY I. 13

Therefore
V2 =2A71[1 + Rest]
with i
Rest=4A"' Y 074t — AA)N;
i=j—A
where exact formula for A; could be derived from Lemma A.3.

If (A2) holds, we have IF(Rest?) = O(AA)*™ — 0 as AA — 0. If (A1) holds, we
have IE(Rest?) = O(P(p € [t — AA,t)1/*) — 0 from (51). In both case, we apply Central
Limit Theorem for array martingale [18, cor.3.1, p.58] (after normalization by A/2) and
we get (24). The verification of Lyapunov Condition is the same as for deterministic case,
replacing formula (46) by bound (44).

For CMAE or Haar basis Estimator, we have a bound with (for e.g. CMAE) P(p €
[t;, — AuAn/2,t;, + A,A,/2[) — P(p =t). For this reason, we need the extra condition
P(p=t)=0 n

The above results allow us to deduce the following theorem:

THEOREM 3.1 Assume that (A0), (B1) are satisfied, A — +oo and AA — 0 and
vy > 0 such that Vt, 0(t)> > vy. Then

1) MAEAA(t) — 62%(t_) a.s. and, at every point of continuity of 6*(.), we have a.s.
Hya(t) — 0%(t) and CMAE 4 A(t) — 62(2).

2) If (A1) holds then

AV IMAE 4 A(t) — 0°(t2)] /0(2-) = N(0,V2)
If, moreover P(p =t) = 0, then for the two other Estimators (S=CMAE or H) , we have:
AV S a(t) — 0°(t)] 107(t) = N(0,V2)

If (A2) holds and AAYY/?™ — 0. Then we have Asymptotic Normality of the three
Estimators (S= MAE, CMAE or H) :

A2 S a(t) = 0°(2)] 167() = N(0,V2)

Proof :
We use decomposition (11) (resp. 18). From Proposition 3.2, when (A1) or (A2) is fulfilled

each estimator converges to 6(t)* or 6(¢_)* a.s. From Proposition 3.3 and Proposition 3.4
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14 Pierre BERTRAND

the two remainding terms of the decomposition converge to 0 in L? norm. Moreover,
using the bounds (23) and (22), we obtain almost sure convergence to 0. This conclude
the proof of the first point of Theorem 3.1 (strong consistency of the estimators).

The second point follows from decomposition (11) (resp. 18) and the proposition 3.2,
3.3 and 3.4 [ |

Remark :
The condition AA*Y/2m — 0 is equivalent to (AA)™ < A~1/2 and is used to slight the
error on the term M(t) over the term N(t). Elsewhere, we have convergence at rate AA

without Asymptotic Normality.

For Centred Moving Average Estimator (or MAE), Theorem 3.1 generalizes the result of
D.Florens-Zmirou [11, Th.3, p.200| from deterministic regular volatity 6(.) to the case of a
stochastic (and less regular) volatility. The asymptotic h, — 0 and nh, — +o0o becomes
AA — 0 and A — +oo0 in our notations and Condition nh3 — 0 [4, p.535] corresponds to
(AA)?™ < A~! for m = 1. For Wavelet Estimators, punctual convergence has not been

studied before.

4 Comparison of Mean Integrated Square Error.

punctual convergence shows no difference between the three Estimators: they converge to
the true value at the same rate. In this section, we consider the sampling interval
A as a fix small parameter and the size of the window A as a free parameter.
This corresponds to the situation in the financial applications. Haar basis Estimator
is define by (8) only when N/A is an integer. But it can be easily generalized, since for
v := [N/A], the family {l[kAA,(k+1)AA[7 k € [0, I/]}U{I[UAA’T[} is orthogonal in L2(0,T).
To compare them more precisely, we look at Integrated Square Error (ISE) and its mean

value (MISE) :

Definition : For a given weight function y(.) > 0 and an Estimator S(.), we define
T 2
ISE(3,4,8) = [ 2(t)[5(t) - 62(t)] at
0

MISE(7,4,4) = I [ (o) [s) - 2] e

Let us precise some notations. Without any loss of generality we assume that ~(.) is

piece-wise constant on the intervals [t;,t;41) with value 0 or 1 (every continuous function
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ESTIMATION OF A STOCHASTIC VOLATILITY I. 15

is bounded on a compact set by such a function multiplied by its L> norm). We assume
that Supp 7 is included in the definition set of the Estimators (CMAE, MAE). We define:

2

T
R1(y,4,8) = [ (t) [Maat) - 0°(0)] dt
T 2
Ry, A,8) = [ 3(t)N3 A(t) dt
0 b
We add an index H, MA or MAE to denote MISE, R1, R2 ... for Haar basis Estimator,
MAE or CMA. Remark that, in the deterministic case without drift, JE(R;) corresponds

to the bias term and IE(Rz) to the variance term, see e.g. [19, p.233|. This does not hold

in the general case.

4.1 A typical case.

We first give MISE in a simple but meanigful case in which we have an explicit formula
for R1(y, A, A) and we can easily compare the three Estimators: there is at most one

volatility jump time in each window, 6(.) is deterministic and there is no drift (b = 0).

Proposition 4.1 Assume that (A8) is satisfied, 6(.) is deterministic and b = 0. Then for
v = 1iaaT-aa[ and if no volatility jump time belongs to [0, AA[U[T — 2AA, T
1) For Moving Average Estimators (MAE and CMAE), we have

1
MISEMA(A,A) = peua AA (1 + gAl + 51472) +2A ' Lema(A)

3 1
MISEMA(A,A) = dpoyra AA (1 + 5A—l + 5A—?) +2A7 Ly a(A)

with
N-1 N-1
LMA(A) = Z Oé]'A 94(12]) and LC’MA(A) = Z /BJA 94(t])
j=0 j=0
where o and (B; are given in Proposition 4.2 and pcuya = % £:0 Y(p) [602]2

2) For Haar basis Estimator, we have

MISER(A,A) = pyr(A)AA +2A 1Ly

with
Ly := Z_% Ay(t;)04(t;);  pa(A) = 2—% Wep)o(1 ) [567)

and z, = (p — kA)/A € [0,1] fort, € [tpa,tir1)a] -
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16 Pierre BERTRAND

Proof:

This results from Proposition 4.2 below and (A3) wich induces, for each volatility jump

time ¢, , 9; is constant on [t,, t, + AA]. Hence, for MAE for example, we have:
p+A g A1 , 2 ) f A )72
35S0 lg - X 6] =aa o0 [k
p=0 j=p =1 p=0 k=1
(A+1)(24+1) = 512
= (4A) 0 2_: LA

Comparison of Haar basis Estimator and Centred Moving Average Estimator ( CMAE):
We have Ly = [ 6*(s)y(s) ds and Leya(A) = Ly +O(A), therefore CMAE is better

than Haar basis Estimator as soon as pg > pcoyra. This closely depends on the positions
of the change times near the point ¢;4: we have z(1 —z) > 1/12 iff z € (0.09;0.91). For

82% of cases we get pg > poma. If we replace z;(1 — ;) by its mean value 1/6, we get

PH = 2pcMmA = % prma- This explain why CMAE is better than Haar basis Estimator in
most circumstances. Moreover the function pg(A) is oscillating, this explains the same
shape of MISE# (A, A), see picture 6.4. From the other hand, we have z;(1 —z;) < 1/4 <
1/3, thus pg < 4 pcara in every case and MISEH (A, A) is always smaller for Haar basis
Estimator than MISEMA(A, A) for MAE.

* We have a delay of AA/2 for CMAE and a delay between 0 and AA for Haar basis
Estimator, thus the same average delay.

* In general case, R1%(A, A) is hardly oscillating function on A as shown by numerical
simulations (Pictures 6.4, 6.5 and 6.6).

Comparison of MAE and CMAE:

The bias term IER1Z(A, A) is four time greater for MAE than for CMAE whereas
the viariances are almost the same. This explain how CMAE is better than MAE.

Moreover, when (A3) holds, it is easy to prove that CMAE is optimal for MISE in the
class of Estimators obtained as delayed MAE. This justify its use. Recall that Estimator
with constant Kernel are in a certain sense optimal Kernel Estimators (see section 2.1).

The assumption (A3) holds only for A lesser than a critical value A.. For A < A, the
bias term linearly depends on A. However, using (26) below, we can prove that IER1(A, A)
is bounded by (14 | 7 llc) Il 2200y

An interesting approximation:
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ESTIMATION OF A STOCHASTIC VOLATILITY I. 17

For A < A,, 62 is constant on [t;_4,t;]. In this case, we can compute MISE(A, A) and
its "derivative" with respect to A for both MAE and CMAE. We find MISEMA(A, A) is

a convex function on A with a unique minimum :

Aggi(A) = ATV2(2Lg [ pma)' [L + O(A)]

opt

MISEMAA) = AY%(8pyra Lasa)Y? 1+ O(A)]

opt
and

opt opt

1
MISESMAA) = 5MJSEMA(A) + O(AY?)

ATHA(A) = 240 A) + O(A?)

opt opt
It is interesting to denote that optimal value of M1SE“M4( A, A) depends on A/2. Indeed
MISECMA(A,A) > Cte A2, when (A3) holds it is possible to prove it. We wonder it
is true for every function 6(.). Remark that if there is no volatility change (i.e. 6 is
constant) then py 4 = 0. Therefore A,,; = 400 and MISE,,; = 0. There is a great
qualitative change between the time constant case (parametric case) and the time varying

case (non-parametric case).

4.2 General case.

In the stochastic case, we have the following formulas for Ry and IF Rs:

Proposition 4.2 : Assume that (A0) is satisfied. Then
1) For Moving Average Estimator

N-1 N-1 A-1
R4, 8) = AT AV + AT o) |- a2 S0 e
§=0 §=0 i=1
and
N-1
ER2Y4(7, A,A) = 4A7' Y o, AE(E) (27)
j=0
where
2 _1 [l 7212 -1 -
Vi=A /t,- [0 (s) — Hj} ds and aji=A Z_;fy(tj_H) (28)
2) For Centred Moving Average Estimator
N-1 N-1 _ itA/2 2
RIMA(y AN =AY y(t)VE+A D () |6 — AT > 67 (29)
=0 j=0 i=j—A/2
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18 Pierre BERTRAND

N-1
BRICA(y, A,A) = 447 Y B,A () (30)
=0
with B; = ATV SIS (k)
3) For Haar basis Estimator:
N-1 NJ/A-1 (k+1)A—1 |’ (k+1)A—1 '|2
2 72 - 72
RI%(y, A,8) = A3 v(&)V7+A 3 > () K —AT Y 9¢J (31)
§=0 k=0  j=kA i=kA
N-1
BR2(7,4,A) = 447 Y 0, AB (&) (32)
=0

with @; = EEE;BAA v(t;) where kA< j<(k+1)A

Proof: The formulas (27, 30 and 32) follows from (2.14) and (A2.1).
To prove (26, 29 and 31), consider for example R1M4(y, A, A) and let
b = A7 T T, we get:

Ry, 4,8) = T o) [ [y = 0%(s)] ds

7=0 7

and
2

/:Hl [Mj — 92(5)]2 ds = AV? + A [,uj — éﬂ
' |

Remarks :

*If (A1) holds we have V]? < i [50]2.} 2. If (A2) holds VJ? < K?(w)A%™. Therefore, replacing

62(t) by its average values 512 induces on R1(y, A, A) an error of A E;V;Ol ’y(tj)VjZ, which is

bounded either by 1A E;ZO [6A0§]2 either by T' K?(w)A?™ and in both case is of smaller

order than the remainding terms.

* All the above formulas are written in a convenient way to do numerical simulations.

To notational convenience, let v = 1jaa T—aa). We get:
A .
- J
| ER27(A) — ER2CMA(A) | = 447'A () [E(&) + B(&, ;)]
J:

< A1+ AN || BE6 ||

In every case, we have IER2CMA(A) = IER27(A)+O(A) and ER2MA(A) = ER27(A) +
O(A) for every A. Therefore, the difference | IER27(A) — IER2°MA(A) | could be dis-
regarded (even without knowing IF(£?) as in the deterministic case). The main diffe-

rence between Centred Moving Average Estimator and Haar basis Estimator comes from
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ESTIMATION OF A STOCHASTIC VOLATILITY I. 19

the difference [|60> — M7 (A, A, 0%)]1320 1oyary — 107 — MEYAA, A, 0%)]1320 1oyarys Where
MEMA(ALA,.) (respectively MT (A, A, .)) denotes the linear operator of Centred moving
average (resp. packed average). This difference only depends on 9_]2, the mean value of
volatility on each sampling interval. This fact allows us to assume (A1’), without any
loss of generality. Anyway, we cannot see the local fluctuation of volatility between to
sampling times ¢; and ¢;,7. This comes from the discretized observation of the path.

We essentially have two different cases: isolated jumps of volatility (as in section 4.1)
or time varying volatility. When at least one volatility jump occurs, the numerical simu-
lations (pictures 6.5 and 6.6) show the same shape as for the isolated volatility jump case,
i.e. R17(A, A)is an oscillating function on A and is most often larger than R1¢M4( A, A).

When (A1) holds, we have in both case

RI(A,A) = |72 = M(A, 5,320 7

yydt)

Since || M(A, A, 52)||(‘22(0’T;7dt) < ||’y||oo||02||%2(07T), we deduce the boundness of R1(A, A).
For a general function 6%(.) we have no precise study of the functions

ER1(A,A)+ [ER2(A, A) as in section 5.1. We just have made some numerical simu-
lations (pictures 5.5 and 5.6). However, we conjecture that A could disregarded behind
infaen+ [IE R1(A,A) + IE R2(A,A)].

If the last conjecture and (B1) hold, then the following proposition allows us to disre-
garded it for MISE.

Proposition 4.3 Assume that (A0) and (B1) are satisfied. Then:
1) For the Centred Moving Average Estimators (or MAE) and vy constant on [t;, t;y1)

MISE(y,A,A) = ER1(y,A,A)+ IER2(y,A,A) + ¢ (33)

where

| e |< Cte A [ER1(y, A, A) + ER2(y, A, A)]*/? (34)

2) For the Haar basis Estimator, if moreover, vy is constant on the interval [kAA, (k +
1)AA] or 0(.) deterministic, then (33) holds.

Proof:

We just prove the Haar basis case, the other being more simple. It results from the two

following points:
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From Proposition 3.4 :

T
E [ y(t)HD a(t) dt < A Cte|yl|zs0m

From the other hand

E /O () HNaa(t) [0%(t) — HMaa(t)] dt = 0

Indeed, in the first case

/OT Y(t) HNaa(t) [0%(t) — HM4A(t)] dt

N/A-1 » (k+1)A-1 (k+1)AA |’ ) » (k+1)A-1 _2'|
=Y a4ty ¢ / v(s) |0%(s) — A S 82| ds
k=0 i=kA kAA [ i=kA J
and by (15)
(k+1)AA . [ DAL
0°(s) — A~ 0| ds =0
L )6 3 | ds
When 6(.) is deterministic, we use IE¢; = 0 , Vi to deduce IEHN4 A(t) =0 |

5 Cental Limit Theorem for Integrated Square Error

in the Deterministic Case.

To make numerical simulations of the differents Estimators, we make simulation of a
sample path of the S.D.E. with a known input function 6(.). In this case, (.) appears as
a deterministic function, we have simpler stochastic calculations and we obtain Central
Limit Theorem for ISE.

THEOREM 5.1 (CLT for ISE, Haar basis Estimator)
Assume that (A0) is satisfied and 6(.) is deterministic. Then when A — 0

N-1
ANTING |B2%(7,4,0) — 247 T AG@)EP| 2 N O (35)
§=0

where A2 = 56 Ejy;ol Ary(t)( ]2)4
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Remarks:
* Here the asymptotic is A — 0. This is more less restrictive than in Theorem 3.1, where
we need A — 400 and AA — 0.
* Unformaly, we could rewrite (35) as
N-1 ~
R2%(y, A, A) = 2A7" 3" Av()(07)° + Ag AVPATIN(0, 1)
j=0
and A% ~ 56 [T 08(s)y(s)ds. So the error between the functions MISEH(A,A) and
ISEH(A,A)is AgAYV2A7IN(0,1)

Proof : We have
N/A-1

R2H(y, A, A) = 4 (AA) Z Y(tra )l

where ¢, = A7! E;ISCQAA ¢ . The ({) and () are families of independent random

variables.

We denote
N/A-1 9 N/A-1 9
Ui =16(4a7 X B (G- BG] = 160487 30 mct - [19¢]
k=0 k=0

From Lemma A.2, we get:

(k+1)A-1 (k+1)A—1
2 -2 2 -2 a2
j=kA j=kA
and
N-1
ER2"(y,A,A)=2A7" )" AG;
7=0

Using the independency of (¢;) and [E{; = 0 (see Lemma A.2), we get:

]ECI% = A_4 Z E(£j1€j2£j3£j4) = A_4 Z ]E(szlszz)

Therefore
EG - [BG| = A* Y {B(&.¢) - E§)E(E))
J1,72
(k+1)A—1
=A~ > {EE) - EE)?}
j=kA
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and
= AN Y A[B(E) - B

Using (46, 47), we get :
N-1 B
Up =56 AA Y A(2) = A2A N,
=0

Formula (35) results from Lindeberg Theorem after having verified Lyapunov Condition,

which is equivalent to:

N/A-1

lim A 3 AP [ - EG] =0
k=0
this follows from
N/A-1 N-1 ~
A? Z A E [ Eg‘k] = ACte Y A6
=0
(see Appendix B) [

To prove Central Limit Theorem for Centred Moving Average Estimator (or MAE), we

used the following assumptions, which is fulfilled when 6?(.) is strictly positive:

(A4) 3vy > 0 such that Vj € [0,N], 67 > v

THEOREM 5.2 (CLT for ISE, CMAE)
Assume that (A0,A]) are satisfied and 6(.) is deterministic. Then when A — 0
N-1

R2CMA(y AJA) — 2471 Z Ay(tj)(éf.)?] = N(0,1) (36)

A1/2A71/2)\;V11A

where
N-1
A= ZAA‘3{56(02) B2(i,1) + 16 (67)° > 5°(4,7) (67) }
1=0 3<i

and [3(i,7) is the symmetric band array given by (37).

Remarks:
* Once again, the asymptotic is A — 0
* Aura depends on A and A, but it is bounded by ||6®||p~@r) T (16 + 56A7").
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* We could rewrite (36) as

N-1
R2OMA(y, A, A) = 2471 37 A7) + AuaATPAYPN(0,1)
i=0
So the error between the functions MISESM4(A) and ISECMA(A) is
Apra A712AL2 N(0,1) and is greater than for the Haar basis Estimator.

*1f 62(.) is a C? function, Theorem 5.2 combined to Proposition 3.2 give us back the result
of V.Lacoste [24, Th., p.320], after having changed the notations.

Proof: To simplify the notation, we work on MAE. Recall that CMAE is just MAE with
a delay. We have:

2

N-1 A-1 2 N-1
R2MA(y, A, A) = 4A > A(t)) {A_l > fj—i} =4AAT? " B(1,7) &&;
§=0 i=1 4,j=0
where
Bli,3) = > () (37)
k—A<ij<k
We obviously have:
0<Bi,j)<A and  Bli,j)=0if |i—j|>24 (38)

For notational simplicity, we assume that (A1’) holds. This induces no loss of generality
(see lemma A.2). From (13) and (46), we get:

N-1 N-1
ER2MA(y, A, A) = 4AA72 Y B(5,9)BE? = 2471 Y a, A(62)?

=0 i=0

Denote N1
Sy = R2MA(y, A, A) — ER2MA(y, A,A) = 4A A72 Y Xy,
i=0
where
Xy = p,i) [& — BE| + 26 B(i,5)
j<i

Let F; := Firyy and v; := Ej<i,8(i,j)fj, the random variables &; are F;,; adapted, so

v; is F; adapted and §; is independent from F;. Thus E(Xy,; | ;) = 0 and Sy is a

martingale array. Using Lemma A.2 47, we get :
B(X3i | F) = 6°(,0) [BE - (BE)] + 40, ) B [&(& — BE)| + 4B(E) v}

_ g 08 (1) B0, 6) + 4v; B(3, 1) 05(t;) + 202 04(t;)
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Therefore
N—-1
Vi = 16A%A7*Y E(X3,|F)
2=0
N-1
= A?ATH Y {56 8%(i,4) 05 (t:) + 64 B(i, i) v; 0°(t:) + 3207 0 (t:) }
1=0
and

N-1
EVE=A"A"*Y {5652(i,i) 0%(t;) + 160%(t;) > B*(4,7) 0*(¢ }
1=0

j<i

From (38) and (A4), we deduce
koeAA™Y < EVE < ki A A7Y6°]|

We define the normalized martingale array S v corresponding to X Ni = (]EV]\Q,)_l/ ' Ni-
We will show that VN,i := (EVE)™' V& converges to 1 in Probability. From Central Limit
Theorem for Martingale array [18, Cor.3.1, p.58|, we get (36). To obtain convergence in

Probability, it suffices to prove convergence in L? norm. We have:

E[BV) Vi -1 < CteAA2E[VE:-EV}]

N— 2

< CteA’ASE { Z (1,3)v; 0°(t:) + 6*(t:) (v} — JEU?)}
i=0
Let ¢ = 26(4,7)v; 0%(t;) + 0*(t;) (vi — Ev?). From (38), we have (;(; = 0 as soon as
| i —j |> 2 A. Therefore
) N-1 i-1
E[(BVR) VR -1 < CteA?A Y > E(C)2E()?
i=0 j=i—A
< ACte— 0 as A — 0

Indeed, from (38) and Lemma A.2, we get:
B(G) < 40%(6,9) 07 (4) E(v]) + 0°(t;) Bo; +45(i, 1) 07(t:) B(v;)
i—1 i1
< Ctel|6"|z=(0.m) { PN ARIEDYS 53(131')}
j=i—A j=i-A

< Cte A]|0%||z~(o1)

It remains to verify Lyapunov Condition, this is done in Appendix B [ |
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6 Numerical Study.

We take T'= 1 and fix N = 5000, A = 2.1073 and v = 1jaa 1-aa). We consider different

cases of deterministic function 6(.) satisfying (A1’). From Proposition 3.2, we have :

2

_AT Al N-1
MISEM4(A,A) Z 0*(t;) — A1 92(tj_i)] +2471 Z a; AOY(t;) (39)
N-AT j+A/2 ]2 N_1
MISECMA(A,A) =AY 10%(t) — A1 > 0%(t)| +2471 ) BA0Nt;)  (40)
j=A | i=j—A/2 J 7=0
N/A-2 (k+1)A—1 [ (k+1)A—1 ]2 N—A
MISET(A,A)=A Y Y 10°@t;)— A" Y ()] +247" ) A6Y(,)
k=1 = j=kA |_ i=kA J j=A
(41)
We consider three examples of function 6(.):
Example 6.1: Few volatility jumps (two jumps)

fig 6.1
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Example 6.2: A lot of volatility jumps (19 jumps)

0.4

T
"sig2" ——

0.35 -
0.3 —— — — — — — — — — — —
0.25 -
0.2 -
0.15 -
0.1 | L . L L L e L L L
0.05 -

o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Example 6.3: A continuous function
0.6 T
"sig3" ——

0.5 -
0.4 -
0.3 -~
0.2 -
0.1

o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

6.1 Comparison on MISE:

We compute Mean Integrated Square Error as a function of window A. We plot on the
same diagram the functions MISEM4(A), MISE“MA(A) and MISE¥®(A) corresponding
to the Moving Average Estimator, Centred Moving Average Estimator and the Haar Basis

Estimator.

Example 6.1, MISE: Few volatility jumps
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fig 6.4

Example 6.2, MISE: A lot of volatility jumps

0.0025

T
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"MISEcmae2" -----
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0.002 -
0.0015 [ |
0.001

0.0005

L L L L
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fig 6.5

Conclusion:

In every case considered, Moving Average Estimator improved by centring procedure
is much more better than the classical Moving Average Estimator. As soon as there
is a volatility jump, MISESM4(A) is most often smaller (for Centred Moving Average
Estimator) than MISE¥(A) corresponding to the Wavelet Estimator (which remains
better than MAE). Moreover, MISE#(A) is an oscillating function for the Haar basis
Estimator when MISECMA(A) is a regular function. From all these reasons, the bound

of MISE is about twice for Haar basis Estimator than for CMAE. When no jump occurs,
the function MISE®(A) is near MISECM4(A).
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6.2 Comparison of approximated ISE.

Since we only observe a sample path, we should consider the standard ISE. From Theorem

5.1 and Theorem 5.2 we have Central Limit Theorems for ISE, recall that:

ISECMA(A) = MISE“MA(A) + Aema A~ 2AY2N(0,1)
ISET(A) = MISE"(A) + Ag A 1AY2N(0,1)

This induces that the result on MISE is not really modified if we consider ISE. Simu-
lations show that he functions ISE(A) are close functions MISE(A) and therefore the
above conclusions on comparison of Centred Moving Average Estimator and Haar basis

Estimator remain true.

6.3 Simulation of a path.

We make numerical simulation of a path for (X;) satisfying (5), using Euler method with

step A/10. For A=110, by example, we get:

Example 6.1, Estimation of the volatility on a simulated path: Few volatility

jumps

T
C "HAARL(D"
T CMAEL(t)" -----

eigir -

L L L L L L L L L
o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

fig 6.10
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Example 6.2, Estimation of the volatility on a simulated path: A lot of volatility

jumps

0.35 T T
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o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

fig 6.11

Example 6.3, Estimation of the volatility on a simulated path: A continuous

volatility

0.6 T T T T T T T T T
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"CMAE3()" -----
AL S

0.2 B .

0.1 Vg TR o DV o N - PO, e
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o 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

fig 6.12

On a simulated trajectory, we can compute the exact value of Integrated Square Error for
each window size. We plot on the same drawing the functions ISE“M4(A) and ISEZ(A)

computed on the simulated path for different sizes of window and we get :
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Example 6.1, Estimation of ISE on a simulated path: Few volatility jumps
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fig 6.13

Example 6.2, Estimation of ISE on a simulated path: A lot of volatility jumps
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fig 6.14
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Example 6.1, Estimation of ISE on a simulated path: A continuous volatility

without jump
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fig 6.15
All simulations give the same kind of result : as soon as there is a volatility jump ISE(A)
is in most circumstances better for the Centred Moving Average Estimator than for the

Haar basis Estimator. This corresponds to the above deductions.

6.4 Conclusion:

Theorical study as numerical simulations shows that for ISE and MISE, Centred Moving
Average Estimator is better than Haar basis Estimator as soon as there is a volatility
jump. Moreover ISEg(A) is an oscillating function of the window for of Haar basis
Estimator, when I.SEcjpra(A) a regularly varying function. In this sense, Centred Moving
Average Estimator is more robust with respect to the window.

This justify the use of Centred Moving Average Estimator (or MAE) to build Estima-
tors of volatility jump times. This idea, combined with making varying size of window,
will be used in our next paper.

In [1], we give applications to Estimation of volatility of real financial processes (Fu-

tures of Italian Bunds, for e.g.).

A APPENDIX (Some properties of the random va-
riable ¢ and bound on 7;)

First we give a bound on the second moment of the random variables 7.
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Lemma A.1 Let X; verify (3) and assume that (A0), (B1) are satisfied. Then Vi we

have

1/2
() < 12V2A [Kr | BO() [pxqutien] - [L+O(A)
Proof : >From (17) and Jensen inequality we have:
E(r;)
tit1 tit1 ] 2
1 4 1/2 411/2
< 2A {/E[b (s, X)) 7 B (X, - Xx,)1] s + / E [9(5)/b(u,xu)du] ds}
t; t; t;

tiy1 tiya1 8 1/2
< 2A1{/K§-/2E (6, = %, ds + / {HZE‘O‘*(-)”LOQA?’/]Eb‘l(u,Xﬂ,)duJ ds}
t; t;

t;

Using (42) below, we get

E(n})
< 20 H{ V2K P A2 (36 | E0Y |~ + Ko A2 + Kyl ?| 0412 [ (s — 1) ds
< 20Ky {V2[36 | B0 1~ + Kr A2V + LA| E0Y |2}

since

E(X, — X;,)* <8(s — ;)7 [36 | BO*|| (1, 1.10) + K1 A?] (42)

This results from the definition of the solution of a S.D.E applied to (2). After we use
[25, Lemma 4.12, p. 125] and Hélder inequality and we obtain the following bounds:

s 4 s 4
E(X, - X,)* < S8E (/9(s)dW5) +8IE (/b(s,Xs))
t; t;
< 8 {36||1Ee4||m,w (st JE|b(s,Xs>|4ds}
t;
>From assumption (B1) we deduce (42) [ |

We give some useful properties of the family of random variables (¢;) defined by (16).

Lemma A.2 Assume that (A0) is satisfied, we have:
FE¢; =0,V and E(&4) =0 when k #1 (43)

Egyz < 3||]E04(')”L°°(tj,tj+1) and E&i < C4||E08(')||L°°(tj,tj+1) (44)
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Moreover, when 6(-) is deterministic, the (§;) is a family of independent random variable

and we have: )

2; = A7} / 9(s)dW3] -0 £07 [B} - 1] (45)
J

B = (@) (46)

BE = @)% e = (0) (47)

More generally, Vm € IN, 3K5,, such that E&™ = Kgm(ﬁ_jz)"”

Proof:
From (16), (A0O) and the properties of Stochastic Integral, we get (43).
The bounds (44) result from assumption (A0O) and bound of Stochastic Integral Mo-

ment see e.g. [22, p. 163]. Indeed, we have for example :

tjt1 s 4
AEE < A / E 9(5)/0(u)qu ds
J t)
2

tiq1 s 8y 1/2
oA [ E[Qs(s)]m{E {/e(u)qu} } ds

<
tjt1 s V2
5/2 8 1/2 8
< Cy A2 /]E[@ (s)] /IE«9 (u)du ds
£ t
ti+1
< C4A_1/E08(s)ds
tj
< CaAYEO ()] oty iy00)

t]'-I—S

We turn now to the deterministic case. Let Z, = [ 6(u)dW,, , we have
t.

7

dZ? =27,0(s)dW, + 6*(s) ds

This gives us the first equality of (45).

We have the martingale change time :
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Therefore :

26, = 0} [(AG}) ' Bz, — 1] (48)
>From the scaling property, we deduce (45). Then using (44) and the moments of gaussian
random variables, we can compute all the moments of §;. For ZE§]2, a direct calculation
is simpler [ |
Remarks
* For a stochastic volatility adapted to (F;), we still have (48). But B(Aéf) is not a
Gaussian random variable and (46) is not always true as it is shown by the following
counterexample. If 6(s) = W, — W,,, we get IEE; = 2A” and IE(F7)* = 5A?, therefore
E¢g = SE(0?2)2
*If 0%(t) is bounded from below: V¢,0%(t) > vy > 0, a.s. then IEE > ju4.

* Lemmas A.1, A.2 and A.3 remain true when the sampling interval is not constant.
Therefore, we can transpose most results of this paper to the case of variable sampling

intervals A; = t; 41 —t; (see [1]).

Using the regularity assumption, we get a better result:

Lemma A.3 (i) If (A0) and (A2) are satisfied. Then:

tjt1
&= P()A [ (W~ W )dw, +e, (49)
t
with
. 1/2
EE <307 [EKYw)] 1B ()2 0p L+ 124] (50)
Therefore

EE = 11E<94( ti—k) + O(kA)™
(i) If (AO) and (A1) are satisfied, then (49) holds with

2 2 1/2 1/2
Ee) <12P(p € [tj,t;01)) 10 | 2 0emll BOC) 1200 [1+124]  (51)

and
Jim P(p €[t —ht)) =0 (52)

Proof:
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(i) Using (16), the bounds of Stochastic Integral moments and Hslder Inequality, a
straightforward calculation leads to (50). Indeed we have:

tjq1

g =A" / [0(s) — 0(t;)] [/ e(u)qu} dW, + A 10(t)) 7 [/ O(u) — H(t]-)qu] dw,

tj ti |t

and

IN

%]Eef A2JE{ YRR {/ 9(u)dWw] dWs}

ti

+A21E{ /{/0 ) — 6t ]dW}
A2 71A2”‘E{ K(w /9 dW] } s

i t:+1 8 o
+AE [0()] {IE{ / [/9@) - e(tj)qu] dWS} }

ti |t

2

IN

1 4. 1/2
AA™ [BKY(w)] /{ {/9 dW]} ds

tjt1

12A2E [04(tj)]1/2{36A / E { / B(u) — O(t;)dW,

14

IA

2

4 1/2
ds}

32 [BIC )] | 0°C) 12 ) +360%A (K@) B [0(1))

J

1/2

IN

m 1/2 1/2
< 3A™ [ERYw)| I BOY() (11200 [L+124]

(ii) The proof of (51) is quite the same. We turn to (52). Since there is a finite number
of volatility jump times, it suffice to prove the result with p;, the first one. We have:
P(p €[t — h,t)) = E(p(h,w)) with p(h,w) = 1iff p; € [t — h,t)),0 elsewhere.

But ¢t A p; is F; adapted and also ¢(h,-) which is bounded by 1.
Moreover limj, ~¢ ¢(h,w) = 0 a.s. From Lebesgue’s Dominated Convergence Theorem,
we deduce (52) [ ]

Remark :
We also get limy, o P(p € [t — h,t + h]) = P(p = t) and more generally lim;,_, P(p €
I,) = P(p =t) when I, is an interval such that ¢t € I,, and diam(7,) = h — 0.

RR n"2739



36 Pierre BERTRAND

B Verification of Lyapunov Condition in Central Li-

mit Theorem for Integrated Square Error.

End of Proof of Th.4.1 (CLT for ISE for the Haar basis Estimator)

Lyapunov Condition is

N/A-1 .
. 4r7—4 2 2 _
lim (AA)*U; I;) E([G-EG] =0

This is equivalent to

N/A-1 .

. 2 8 2 _ me2)t
lim A Lz::o ASIE [ck ZECk] 0
We compute this in function of the moments of A?¢?. We denote them:
My = A2 ECE, My = A*IEC, Mz = ASIECP, My = A IECE,

We have:

4

A (G2 - BEG| = My — 3M} — 4My M + 6My M} (53)

We turn now to the moments My, My ... Since 6(.) is deterministic, Lemma A.2 gives us

E(é.]zm) = sz(ZES;‘-’)m. We deduce:

(k+1)A—1
My = Y E¢
j=kA
(k+1)A—1
My = M{+(Kyq—1) ), (EE)
j=kA
(k+1)A—1 (k+1)A—1
Ms = MP+3(Ky—1)My Y, IE()+(Ke—3Ki+2) Y ()
j=kA j=kA
(k+1)A—1 (k+1)A—1
My = M{+6(Ky—1)M} Y E(E)P?+4(Ks—3K, +2) My Y, E(&)?
j=kA j=kA
(k+1)A—1
+HEKs—1) Y E(E)*
j=kA

Indeed

M4 = Z E(g;zlg;zz ]235124)

jl 7j2 7j3 7j4
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and

Let

RR n°

Mgz

2739

> B(G)EEG)EE)EE,)+6 > B )E(E,)EE,)

NFJ2F I3 F s 1#52.03
(k+1)A—1
+4 Y E)EE)+ Y E)
i i=kA
M{+6(Ky—1) > E(E)EE)EE,)
J1#£32,53
(k+1)A—1
HA(Ke—1) Y B(E)PE(E)+(Ks—1) Y, BE)
J1#7g2 j=kA
(k+1)A—1
M} +6(Ky—1)M7 Y E(;f
j=kA
(k+1)A—1
(4K — 12K, +8) Y E(E )P B(E) + (Ks—1) Y. B
J2,J3 j=kA
(k+1)A—1
My +6(Ky —1)M7 Y. (&) +4(Ks — 3Ky + 2)M; ) E(E,)°
j=kA J2.J3
(k+1)A—1
+(Kg — 1) Z E(f?yl
j=kA
> B(gE.E,)
J1,J2,J3
(k+1)A—1
. EE)E(E)EE)+3 )Y EE)BEE,)+ Y E(E)
J1F#j2F s J1#d2 j=kA
(k+1)A—1
M +3(Ky—1) Y E(&E)VEE)+(Ke—1) Y, E(E)
J1#72 j=kA
(k+1)A—1 (k+1)A—1
M43(K - 1)My Y. EB(E) +(Ke—3Ki+2) Y. E(E)
j=kA j=kA
(k+1)A—1
T, = (Ku—1) > (EBE)
j=kA
(k+1)A—1
Ty = (Kg—3K4+2) Y, (&)
j=kA
(k+1)A—1
ﬂ:(mq)z_mﬁ
j=kA
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we get:

M, = Mf + 15

M; = M} +3MT,+T;

My = M{+6MITy +4M T, + Ty
Therefore

My — 3M{ — AM M3 + 6MyM}E =T,
combined with (53), this induces

N/A-1 N-1

4
AN Y AE[G-EBG = A(Ks—1) Y AE(E)*
k=0 =0
N-1
= AK - 1) A@)'
§=0
|
End of Proof of Th.4.2 (CLT for ISE for CMAE)
Verification of Lyapunov Condition: L, — 0 in Probability, where
N-1 _ N-1
Ly= Y B[ A Xy | Fi] = Cte APA 2 30 B || Xy, [°| 7
i=0 i=0
It suffices to prove convergence in L*(Q2). But we have:
N-1
ILyllr2@) < CteAPA2 3 ||E [| X | 7'_2'] [ z2(0)
i=0
N-1
< Cte AV2AT2 37 |IXY illze(o)
i=0
< Cte A'PT|0|}iory =0  asA—0
Indeed, since
XNJ' = ﬁ(Z,Z)VZ + 2A fz’Ul
with v; = [ﬁf — ]Efzz] and v; = E]-<,L-A_1,B(i,j)fj.
We use standard inequalities to deduce:
1 X3l z2 () (54)
< C A (¥ |paqoy + V76wl pagoy + 146007 200y + 1670822 0] (55)
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< CA[B(A)? + BiE) PEW])? + BOIE) B + B(E)E(W)?] (56)
S CAP 1+ ATV 4 AT 4 AP0 1 0.m) (57)

The last inequality results from the indepedency of & and v; and the following bounds :

B = ¥ BEEE) < A0~
J1.J2,73
E(v;) < A%0°||z=c0.m)

E(v)) < Al0*lz=om)

which are deduced from indepedency of (&;), (38) and Lemma A.2 [ ]
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