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Abstract: In the present paper we prove some geometric properties of clothoids. A
clothoid (or Cornu’s spiral) is a plane curve whose curvature is a linear function of its
length. In suitably chosen coordinates it is given by Frenel’s integrals @ (t) = fot cos(B12/2)dr,
y(t) = [} sin(BT2/2)dr.

The clothoid appears in the problem to find (a) shortest plane curve(s) joining two given
points with given at them tangent angles and curvatures and with a bounded derivative
of the curvature. It turns out that a regular (i.e. of the class C3) point of a shortest curve
is either a piece of a clothoid or a line segment.

Some of the properties exposed in the paper are used in [5] to show that when the
distance between the initial and final points is sufficiently long, then, in general, shortest
paths have infinitely many points of discontinuity of the curvature’s derivative. Thus we
are led to the problem to describe a procedure of constructing paths (called ”suboptimal”)
longer no more than a fixed constant than the shortest one(s) and which can be constructed
explicitly. They are constructed from pieces of clothoids and a line segment (see [3], [4]).
The other properties of clothoids exposed in the paper are used in [3], [4] to prove the
suboptimality of the constructed paths.
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tryagin
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Quelques propriétés des clothoides

Résumé : Dans cet article on prouve certaines propriétés des clothoides. Une clothoide
(ou spirale de Cornu) est une courbe plane dont la courbure est une fonction linéaire de
sa longueur. Dans un systéme de coordonnées commode une clothoide est donnée par les
intégrales de Fresnel: a(t) = [i cos(Br2/2)dr, y(t) = [i sin(Br2/2)dr.

La clothoide apparait dans le probléme de trouver les trajectoires les plus courtes
joignant deux points dans R?, la dérivée de la courbure étant bornée par une constante
B, les tangentes et les courbures du départ et de ’arrivée étant donnés, la tangente et la
courbure de la trajectoire étant continues. Il se trouve qu’en tout point régulier (i.e. de
la classe C3) la trajectoire optimale est un arc de clothoide ou un segment de droite.

Certaines propriétés démontrées dans ’article sont appliquées dans [5] pour montrer
que lorsque la distance entre les points de départ et d’arrivée est assez grande, les trajec-
toires optimales ont, en général, une infinité de points de discontinuité de la dérivée de la
courbure. Ainsi on est amené au probléme de décrire une procédure pour construire des
courbes "sous-optimales” qui sont plus longues que les courbes optimales d’au plus une
constante et qui peuvent étre construites explicitement. On les construit de morceaux de
clothoide et d'un segment de droite (voir [3], [4]). Les autres propriétés montrées ici sont
utilisées pour démontrer leur sousoptimalité, voir [3], [4].

Mots-clé : robot mobile, chemin (sous)optimal, clothoide, principe du maximum de
Pontryagine



1 Introduction.

In the present paper we study some geometric properties of clothoids. A clothoid (or
Cornu’s spiral) is a smooth curve whose curvature is a linear function of its length. In
suitably chosen coordinates it can be represented by the formulas (4). Here ¢ is the natural
parameter and the curvature at the point (z(¢),y(t)) equals =Bt. A clothoid is a curve
symmetric with respect to its point of zero curvature (see an example of a half-clothoid
on Figure 1).

y A

Figure 1

The interest in the study comes from the fact that the clothoid appears in the optimal
control problem to find the shortest path(s) joining two given points on the plane with
given initial and final tangent angles and curvatures and with bounded derivative of the
curvature (see [1], [3], [4], [5]). Tt turns out that if (locally) the shortest path is C3, then
it is (locally) a piece of a clothoid or a straight line segment (see [1], [3], [4], [5]).

Some of the properties exposed in this paper are used in [5] to show that when the
distance between the initial and final points is sufficiently long (see the precise definition
in [5]), then, in general, optimal paths have infinitely many points of discontinuity of
the curvature’s derivative. Thus we are led to the problem to describe a procedure of
constructing paths (called ”suboptimal“) longer by no more than a fixed constant than
the shortest one(s) and which can be constructed explicitly. They are constructed from
pieces of clothoids and a line segment (see [3], [4]).

The paper is organized as follows. Next section explains in details the problem to find
the optimal (i.e. the shortest) paths in the planar motion with bounded derivative of the
curvature. We discuss the irregularity of the optimal paths and we explain how suboptimal
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paths are constructed. In each of the sections 3 — 8 where properties of the clothoids are
exposed we explain where exactly they find application (in the optimal control problem).

2 Formulation of the optimal control problem.

We consider the problem to find the shortest path connecting two given points of R? with
given initial and final tangent angles and curvatures. The tangent angle and the curvature
vary continuously, the speed of changing the curvature is bounded by some constant B.
The real background of the problem is to find the shortest paths for a car-like robot to
go from one given point to another with the above mentioned initial and final conditions.
One can turn the wheels of a car with a bounded speed. Hence, the speed of changing the
curvature of the path of a real car is bounded.

We consider two problems — with and without cusps. In the problem with cusps we
consider the planar motion of a car which can equally move forward and backward. One
of the couples of wheels of the car is considered mobile, the other is considered fixed.
Call "front” the gear of the car which corresponds to the direction of the motion at the
initial moment; the other gear is called "rear” (being front or rear doesn’t depend on being
mobile or fixed).

The angle between the mobile wheels and the axis of the car defines the curvature of
its trajectory at the given moment if the direction of motion is fixed; if the direction is
reversed, then the curvature changes sign. We assume that during the motion this angle
can be changed continuously, with a bounded speed.

We allow cusps of such a type that at a cusp the tangent angle has a discontinuity
(it changes by 7) and the curvature is continuous. We assume that a point moves with
constant speed equal to 1; that is why the variable ¢ is both the arc length and the time.

In the two cases (the cusps case is to the right) we have the following systems:

a:(t) = cos at) x(t) = c'os(oz(t) + e(t)m)
Ko=) HZsm o e
u(t) = u'(t) u(t) = u'(t)
lu'(t)] < B W'(t)|<B  e(t) €{0,1}

with initial and final conditions

X(0) = (%,y", % u"), X(T) = (2", y", ", uh). (2)

Here x(t) and y(t) are the planar coordinates of a point, w(t) is the curvature, «(t) is
the tangent angle between the axis Oz and the tangent vector to the path in the without
cusp case but in the cusps case instead of the tangent angle we introduce a variable «(t)
which changes continuously along the path: it is equal to the tangent angle to the path
after an even number of cusps and to the tangent angle +7 after an odd number of cusps.
In the cusps case the tangent angle is equal to a(t) + e(t)w. We control the derivative
of the curvature by u/(t) (it is a measurable real-valued function and u'(t) belongs to the
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interval [—B,+B]) and the control £(t) defines the positions of the cusps (it takes only
two values 0 and 1 and ensures the continuity of the variable o at cusps).

We want to find functions z(t), y(t) a(t), u(t) satisfying the system of equations and the
initial and final conditions and such that the associated control function should minimize
the total length of the path:

T
Jeu)=T =/ dt.
0

We prove the controlability for the system without cusps. To prove the controlability
for the system with cusps we use the same method.

If the distance between the initial and final points is much greater than the parame-
ter B (see inequality (5)), then one can construct a suboptimal path from (z", 4", a’,u")
to (zT,yT,a”,uT) (see below). If not, then one can construct a suboptimal path from
(2,4, a% u®) to a point (z*,y*,a’,u") such that inequality (5) holds for the points
(%,4), (z*,y*) and (z*,y*), (zT,yT), then a suboptimal path from (z*, y*, o’ u°) to
(T, yT,aT,uT). Both suboptimal paths belong to the class of paths under consideration.
So, the controllability is proved.

We prove the existence of an optimal solution and an optimal control in both cases
using Filippov’s existence theorem (see [1], [3]). To obtain necessary conditions for the
control function and for the trajectory to be optimal we apply in both cases the Maximum
Principle of Pontryagin. A measurable control and the associated trajectory satisfying
the given system and all conditions of the the Maximum Principle of Pontryagin will be
called extremal control and extremal trajectory. After applying the Principle we obtain the
following result (see [1], [3]):

Theorem 2.1 If an extremal path is reqular (i.e. the control functions have finitely many
points of discontinuity), then it is the closure of a union of open arcs of clothoids, corres-
ponding to u'(t) = £B, and line segments in one and the same direction ¢, corresponding
to u'(t) = 0.

A clothoid is a curve along which the curvature u(t) depends linearly on the arc length
t and varies continuously from —oo to +oo. In our case we consider only clothoids which
satisfy the following equation (see Theorem 2.1):

u(t) = £Bt, t€ (—o0,+00) (3)

We can also define the clothoid by its parametrized form (setting «(0) = y(0) = 0,
a(0) =0, u(0) = 0)

z(t) = /2/B fg B/2 cos(12)dr

y(t) = 2B [V sin(r2)dr

RR n"2752



The two possible choices of the sign correspond to the two possible orientations of the
clothoid.

Call B the parameter of the clothoid. The sign & defines the orientation of the clothoid,
the variable ¢ is the natural parameter and the curvature equals £Bt. For t = 0 the
clothoid has a (unique) inflexion point which is its centre of symmetry. Call half-clothoid
its part corresponding to t € [0,+00) or to t € (—o0,0].

In the without cusps case we have the following result (see [5]):

Theorem 2.2 If we assume that the distance between the tnitial and final points is greater
than the constant C = 144./27/B, then, in general, there exists no regular optimal path,
t.e. all optimal paths have infinitely many switching points.

In the cusps case it is not clear whether there exists a regular optimal path. So, in
both cases we construct explicitly ”suboptimal paths” and we prove their suboptimality.
”Suboptimal” means longer than the optimal by no more than a constant depending only
on the bound B of the curvature’s derivative (see [3], [4]).

In the without cusps case (see [4]) we construct a suboptimal path when the distance
between the initial and the final point is much greater than the parameter B. It means
that there exist constants a > 0, ¢ > 0 such that the following inequality holds:

dist((z",3"), (2",y")) > a/VB + <. (5)

In the cusps case (see [3]) we construct a suboptimal path when the distance between
the initial and the final point is much greater than max(B, |u"|,|uT|). It means that there
exist constants @ > 0, b > 0, ¢ > 0 such that the following inequality holds:

dist((z°,°), (2T, yT)) > a/VB + bmax([u’|, [uT]) + <.

The difference in the definition of the two cases comes from the fact that the cusps
allow to move essentially from the initial point to the final one while in the without cusps
case this possibility is absent.

We construct the suboptimal path whose graph of the curvature as a function of the
path length in both cases looks like the graph on Figure 2. This graph is piecewise linear,
the part of the graph between the points A and W corresponds to the line segment, the
other parts correspond to the arcs of clothoids. In the cusps case it is impossible to ”read
off” the form of the path from the graph of the curvature without knowing the positions
of the cusps. We assume that the tangent lines at all cusps are vertical and the path is the
graph of a continuous function if we choose for z-axis the line passing through the initial
and the final points.

Regard ¢’ as a parameter (see Figure 2). Increasing £’ monotonously leads to increasing
of the absolute value of the variable « at the point A. Hence, if ¢’ varies in some interval
[0,d'], then the variable « at the point A will assume continuously all the values from some
interval of the kind [Bo, Bo + 27] or [Bo, Bo — 27, Bo € R, depending on the sign of u". For
d' one can take the maximal length of an arc of halh-clothoid on which the tangent angle
makes a full turn (i.e. 27).
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Denote by (z’,3') and (z”,3") the points of the path which correspond to the points A
and W on the graph. Vary ¢’ and £” so that the tangent lines at (z’,y) and (z”,y") should
be parallel. For some values of &', ¢ which vary in the intervals [0, d'], [0, d"'] respectively
these lines coincide. This gives the suboptimal path (see examples on Figures 3—4).

YA

rY

(=',9")

Figure 4

In order to prove the suboptimality of the constructed paths and to prove that in the
general case the optimal path is irregular (i.e. it has an infinite number of switching points,
see the proof in [5]) we prove some properties of clothoids. We consider these properties
in the paper.

In Section 5, Subsections 8.1 and 8.2 we give various estimations which depend on the
parameter B (in most cases they depend directly on rp, which is defined by formula (14)).
If the estimations happen not to depend on B, then we set B = 2 in the computations
(for simplicity).

3 Monotonicity and asymptotic estimations of the lengths
of arcs of clothoids.

We use these properties in the case with cusp to prove the suboptimality of the constructed
paths.
Consider a half-clothoid (i.e. t > 0) described by the equations :

z(t) = [J cos (BT%/2) dr
(6)
y(t) = [{sin (Br%/2) dr

We set B = 2.

Fix a direction o ( mod 7, not mod 27) in R? and let Py, P, ... denote the consecutive
points on the half-clothoid with a tangent line at them of the chosen direction (with
t1 <ta <...). Set P, = (@i,vi), i = «(t;), yi = y(t;) (see Figure 1).

In the section we prove three lemmas, the proofs are to be found at the end of the
section.
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Lemma 3.1 P/]_-PQ is the longest among the arcs ﬁﬁ)ﬂ-l- Its length depends continuously
and monotonously on the choice of the direction a,. We have

— V&S ( 1 )
PP, i|l=—4+0|—
| +1| 2\/5 zxﬂ

and

il = PRI = =27 +0 (57)
PP, — P Bl | = — + O .
| 1BPisal - 1Pl | =~ 40 (5

Lemma 3.2 Denote by |proj,, P;P;;1 | the absolute value of the projection of the vector

—

P,P;i1 on a line parallel to the chosen direction as. Then the sum

x —
S(a) = [proja, PiPit1 |
i=1

is finite and there ezists a constant C > 0 such that S(ax) < C for every a.

Lemma 3.3 Denote by |proja*L P,P; 1 | the absolute value of the projection of the vector

—

PP, 1 on a line perpendicular to the chosen direction ax. Then
. 53 1 .
lproj,1 PPy | = Vi +0(1/iVi)
and 1t is @ monotonous function of ay if ay € [0,+00) is understood as a usual angle. Also
| [Projas Pit1Pits | = [proj,r PiPiyy | | = O(1/(iV5)) .
Both estimations are uniform for a, € [0,+00).

Proof of Lemma 3.1

o Vst
|PiP;yq1| = \/c052 12 + sin? 12dt = Vo, + i — \Jax + (1 — V)7 =
Voas+(GE-1)w

_ T T 1 _ NZs L
Ve tir Vo + G- VirJ1Fa/it+ 1+ (an —7) /i 2ﬂ+0 (z\ﬂ> ’

s T

- Vo +im + \/a*—+—(i—1)7r_ Var+ (@t —1)m+ Vae+ (i — 2)7

||P;Piy1|~|P_1 P |

s 1 1
B \/E*‘\/l—ka*/ivr—l— V1+ (ax —7)/im B V1+ (ax —m)/imr + /1 + (o — 27) [im
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ﬁ 1 1 _
Vi |1t o 1oL +1+ @01 0d) 1+%7+0F) +1+2%52Z +0(F)
V4 . 1 1 _
Vi |2422=T 1 0(1/2) 24 22537 4 0(1/:2)
VT 1 1 B
2i [T+ +0(1/3) 1+ 2251 0(1/2)

200 — 2 — 37
S -1+ oY)

dam 4o

ZZL\;;*‘l_

= 2_{2 (~1/2i + 0(1/i%)) = —% +0 <z°iﬂ> :

The first two statements of the lemma follow directly from the first chain of equalities.

The lemma is proved. O

Proof of Lemma 3.2

= Li(ox) .

(& cos ax + ¥ sin a,)dt

/\/m
Vast+(E—1)r

For convenience, we consider further a, to be a usual angle, o, > 0. Hence,

/0‘*"‘“’ cos (T — o) p
-
a+(i—1)m 2\/F

|proj,, PiPiy1|= ‘

/\/a*—Hw
Voas+(GE—1)7

Ii(ay) = ‘ cos (2 — o )dt| =

_ /7r cos (7' + (1 — 1))
0 2V +ax+ (-1

_/7r CosS T dr'
o 2yan+ (- D)7 \/1+TI/ (s + (2 —1)m)

where

We have
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dfw) _ 1 o0 fwso

dw  a(Vitwp 2

Hence, f(w) is an increasing function of the variable w, i.e. it takes its maximal value
if 7' =7 and o, = 0 (because 7’ € [0, 7], ax > 0). Thus

1 1 1
)< g 1 -0 0 (#)

and

Ii(a*) <

+

/” cost'dr! /"' 7' cosT'dr! N
0 2o+ (i—1)r 0 4ax+ (—1)m)Voax+(i— 1)
m cos 1/ 7!
+ - dr'| <
/é 2 a*—+—(i—1)7rf <a*+(2—1)7r> -

/0 ' cosT'dr'| + O <112> =0 (%) .

The series 352, 1/(i1/1) is convergent. The lemma is proved. a

_O+4(a*+(i—1)7r) ax+ (1 — 1)

Proof of Lemma 3.3

Similarly to the proof of Lemma 3.2 we obtain the formula

dr'| =

dr| =

/O‘* HImtT/2 cos(T — o)

/a* +7/2 cos(1! — oy + i)
a+(i—1)m+7/2 2\/;

ay—1)2 2\/Tl+i7T

proj,+ PiPit1 | =

/

/a*+7r/2 cos(T! — ay) (1 -4 O(l/ig)) dr'

a—m/2 2w

1

Wi

'/a*+7r/2 cos(r' — ) <T_I 4 O(l/iz)) 0

a—m/2 4

(- ) vo)-

Then we obtain the second assertion of the lemmas:

— —
| [projas Pit1Pio | — [proj,. PiPit1 | | =

ax+m/2 COS(T' _ a*) - .
——— (1= ———— + 0(1/7%) ) d7’
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a+m/2 ! _ !
/ cos(r’ — o) (1 S o(l/z'z)) dr'
a—m/2 Qm 2

O(1/iVi) +0(1/iV5i) +0(1/iV5)| =

1 1 1 1
-H7\m+ -1 “‘W‘H)fﬁ

1 1
VA D (Vi T+ Vi) VA D(Vi+ 1+ /i)

The lemma is proved. O

+0(1/(iv4)) +O0(1/iVi) .

4 Fundamental properties of an individual clothoid.

We use them in the case without cusp to prove the suboptimality of the constructed paths.
In the section we set B = 2.

Define as "the centre of the half-clothoid" the point O, with coordinates (zo., yo.)
defined as follows:

zo, = [° cosT2dr = \/7/(2V/2)
Yo, = [ sin2dr = 7/ (22)

Consider the coordinate system with the centre at the centre O, of the half-clothoid
and with the axes O.x., O.y. parallel to the corresponding axes of the coordinate system
Ozy (see Figure 5).

In the coordinate system O.z.y. the coordinates of the point (z.,y.) of the half-clothoid
(6) are defined by the formulas:

z.(t) = 2(t) —zo, = — [ cosT2dr
(7)

ye(t) = y(t) —yo, = — [ sint?dr

Denote by p the radius-vector of a point of the half-clothoid in the coordinate system
OCmCyC‘
Then

=22+ y2

and

. 1, . .
p(t) = ;(mcmc + ycyc) =

1 2 e 2 . 2 e . 2
= —(—cost* cos T7dT — sint” sintdr) =
p ! '
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A

hll

A

Figure 5

=_1/OOCOS(T2_t2)dT:_1/OO COS(n—t2)dn=_l/°° cos vdv
pJt t 0

pJe 21 p Wr+12
Thus

.(t)__i/"o cos Tdr (8)
P = 2pJo T+ t2

Lemma 4.1 The length of the radius-vector p(t) of the half-clothoid defined by system (6)

1s a monotonously decreasing function of t:

p<0.

See the proof of the lemma at the end of the section.

Lemma 4.2 The derivative of the length of the radius-vector j(t) of the clothoid defined

by system (6) is a monotonously increasing function of t, i.e.

p>0. (9)
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See the proof of the lemma in Appendix A.

We give a geometric interpretation of the inequality p > 0. Denote by v(t) the angle
between the radius-vector §(t) and the tangent vector 7(¢) of the point of the clothoid (6).
We have

p=cosvy . (10)
The angle v is in the interval (7/2, 7)( mod 27) (because p < 0, see Lemma 4.1). Hence,
the function sin+y is positive. We have
p=—siny (11)
and obtain, from (9), that
¥<0. (12)

So we obtain the geometric interpretation of Lemma 4.2:

Remark 4.3 The angle v(t) between the radius-vector p(t) and the tangent vector 7(t) is
a monotonously decreasing function of t; v(t) — 37 /4 fort — 0, y(t) — 7/2 fort — +o0.

Corollary 4.4 If we have an "unwinding" half-clothoid (i.e. half-clothoid with decreasing
absolute value of the curvature) defined by the equations:

z(t) = [§cos (12 + ugT + ap)dr z(0) =z ug <0
y(t) = [isin (12 +uoT + ao)dr y(0) =y t>0

then for such a clothoid we have the following conditions:

p>0,

p>0.

Corollary 4.5 If two half-clothoids clA and clB have the same centre O, the same orien-
tation and the same parameter B then either they coincide or they have no common point.

Consider the circle C with centre at the centre O, of clA and with radius equal to
the distance between the centre of clA and its point of zero curvature. Denote by OC the
circumference with centre at O, and with the same radius. Then C \ O, is the union of
non-intersecting half-clothoids. The mapping which maps each half-clothoid on its point
of zero curvature (lying on 9C) is a bijection from the set of half-clothoids onto OC.
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Proof

If clA and clB intersect, then at the intersection point they have equal radius-vectors,
hence, equal curvatures (see Lemma 4.1), hence, equal values of p (see Lemma 4.2),
hence, they must coincide, because they are obtained by integrating the equations & =
cos (t — t(])z, Y =sin (t — to)2 with equal initial data (zg,yo,to).

The corollary is proved. O

Proof of Lemma 4.1

Set - p
"C cos TAT
t?=a / =1I(a) .
S Y
The function cos 7 is periodic with period 27. So using the property of the symmetry
of the function cosT (cos(m — 1) = cos(m + 7) = —cosT, cos(2r — T) = cosT) we can
consider instead of the integral I(a) the following integral:
/2
/ Y. cosTdrT ,
0
where

E:i( 1 1 1 1 )

- - +
o \Wa+T+2kn Vr—14+a+2kr Vr+T+a+2kr V2r—7T4+a+2k7

This series is convergent because

1 1
Vat+1+2kr Jr—7+tadt2kn

T — 2T 1
- Va+1+2kry/r—1+a+2kn(Va+T1+2kr+ /7 —7+a+ 2kn) :O(k\/ﬁ)
and
1 1
_\/7T+T—+—a—}—2k7r+\/27r—7'+a+2k7r

-7+ 27
VT +7+a+2knV2r — 7+ a+ 2kn(Vr+7+a+ 2kt + 21 — 7 +a+ 2kw)

()

Consider the first four terms of the series. The function f(§) = e is convex and

monotonously decreasing, see Figure 6.
For the middle lines KM and LM of the trapezoids FABF and GCDH respectively
we have LM C KM . We have the followings formulas:
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F(&) =1//¢

E. ¢ M. H, F

(0] T+a 7r—7L+a 7r‘—|—a 7r—|LT+a 2n — T+ a 5;
Figure 6
1 1
+ =2|KM
VT+a V2r—1+a | x
1 1
=2|LM
\/7T—T+a+\/7r+7'+a Ml
|LM| < |[KM]| .
Hence,
1 1 1 1

>0.

- — +
VT+a Jr—17+a Jr+T1+a 2r—T+a

Every following sum of four terms in the series can be considered analogously. This
proves that the sum of the series under consideration is positive. The function cosT,7 €
[0, /2] is non-negative. Hence, the integral I(a) is positive and the derivative of the length
of the radius-vector j(t) is negative.

The lemma is proved. O

INRIA



5 Estimation of the maximal possible distance between two
points of a half-clothoid.

We use these estimations in the case without cusps to prove the irregularity of optimal
paths in the general case. The estimations depend on the parameter B, so, we consider
arbitrary B.

Consider a half-clothoid (6). The length of the chord OF for some point F belonging
to the half-clothoid (see Figure 7) is defined as follows:

2

|OE| = y/2(t) + y2(t) = \/(/Ot cos (B72/2) d7'>2 + </0t sin (B712/2) dT) . (13)

y A L
-
K
Oc
T \7
w
p
E
[] >
O F M z
Figure 7

Denote by K the point of a half-clothoid where the chord has maximal length. Denote
by rp the length of the line segment OO, i.e.

rg =4/7/(2B) (14)

In the section we prove three propositions, the proofs are to be found at the end of the
section.

Proposition 5.1 The tangent angle o at the point K belongs to the interval (7/2,37/4).
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Proposition 5.2 The mazimal possible length of the chord |OK| is smaller than 3rp/2.

Proposition 5.3 The maximal possible distance between two points of a half-clothoid is
smaller than 3rp /2.

Proof of Proposition 5.1

At the point K the tangent vector 7 is perpendicular to the chord OK (because at
K the derivative of the length of the chord is equal to zero). Denote by W the point of
a half-clothoid where the tangent angle is equal to 7/2. Evidently, ax > 7/2, because
d|?1I/V| = cos, and v € (0,7/2) at the point W, hence, leW‘ > 0. On Figure 7 we denote
by O, the centre of a half-clothoid. Recall that the point 0 has the coordinates (z¢,,y0,)

defined by the following formulas:

20, (1) = [§° cos (Br2/2) dr = \/7/(2VB)

Yo () = Jy* sin (Br?/2) dr = \/7/(2V/B)

The angle OKL is equal to /2. The angle O.K L is smaller than 7/2 (because p < 0,
see Lemma 4.1). Hence, the angle MOK is smaller than the angle MOO,. But the angle
MOO:. is equal to /4, hence, the angle MOK is smaller than n/4 and the angle OM K
is greater than 7/4, i.e. the tangent angle g at the point K is smaller than 37 /4.

The proposition is proved. O

Proof of Proposition 5.2

In Lemma 4.1 we have proved the following property of the half-clothoid: the radius-
vector p(t) of the half-clothoid (6) is a monotonously decreasing function. Hence (see

Figure 7),
|O.K| < |OW|, ie. |OK|<|0OO.+|OW|=rp+ |OW]|.
But for |O.W| we have the following formulas (see (13)):

OW| =

NeT
<A cos (B12/2) dT—\/_/ 2\/7 < sin (B12/2) dT—f/(2\/7>>

<\/2/73/é " cos72dr—f/ 2\/_ ( 2/B ver s1n72d7—f/(2f))

27'3/\/5\1 (/0\/7r_/2COST2dT - ﬁ/(Q\/i))z + </0\/msin7'2d7' - ﬁ/(2\/§))2 ~
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21«3/\/%\/(0,98 —0,62)2+ (0,55 — 0,62)2 =~ 2r5+/0,14/y/7 = 0,42rp <rp/2 .
Hence, we obtain the desired inequality:
|OK| < rp+rp/2=3rpg/2.

The proposition is proved. O
Proof of Proposition 5.3

Consider two points P and @ of a half-clothoid (6) (see Figure 8). We prove that for
any points P and @

|PQ| < |OK],

where K is defined as in the beginning of the subsection.

y A

S

Figure 8

Evidently, we must consider the case when if only one point (P or ) belongs to the
arc OL (the tangent line at the point L passes through the point O). If the chord PQ has
the maximal possible length then the tangent lines at the points P, Q (denote them by
mp, mq respectively) are perpendicular to the chord PQ.

Counsider a point £ € @73 Denote by g the tangent angle at the point Q, by ar —
the tangent angle at the point E. The line EF is parallel to the lines mp and mgQ.
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The length of the straight line segment EE can be defined by the following formula:
- V2ag/B 9
|E'E|=/ cos (B’T /2—04Q> dr
V2aq/B

(because ap = Bt%/2).
Assume that the point £ coincides with the point P, i.e. agp = ag + 7. Hence, we
have the following equality:

v/ (2aq+27)/B

0= cos (BT2/2 — ag) dr . (15)
\2aq/B ( )

We can rewrite equality (15) as follows:
™  cosTdr
0= / _ 8T
0 \/2B(ag + 1)
T cosTdT
[,
0 2B(ag +T)

because cos T = cos(m — 7) for any 7 € [0,7/2) and

1 1
\/2B(ag +T) g \/QB(aQ—I-W—T) '

Hence, equality (15) isn’t correct and, hence, the chord PQ can’t have the maximal

possible length, i.e.

[PQ| < |OK] .
From Proposition 5.2 we have
|OK | < 3r B/ 2.
Hence, the maximal possible distance between two points of a half-clothoid is smaller
than 3rp /2.
The proposition is proved. O

6 Properties of two arcs of clothoids at their concatenation
point.

We use them in the case without cusp to prove the suboptimality of the constructed paths.
In the section we set B = 2.

Consider two clothoids ¢/l and cl2 (see Figure 9) which for t = 0 have the same initial
conditions (2, yo, @o, up), uo < 0, the absolute value of the curvature of ¢/l is decreasing
with ¢, the one of ¢l2 is increasing with ¢; ¢/l and ¢l2 are defined by equations:
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z(t) = fot cos (T2 + uoT + ag)dT + x¢
cll : (16)
y(t) = fot sin (7'2 + ugT + ap)dT + Yo

z(t) = fot cos (=72 4 ugT + ag)dT + zg
cl2 : (17)
y(t) = [isin (=72 + ugT + ag)dT + yo

YA

", (ZanO)

Figure 9

Consider clothoids ¢ll1 and ¢l2 on a small interval ¢ € [0, s] (see Figure 10).

On this figure the point O is the centre of ¢ll, the point A is the initial point, the
points B and C belong to the clothoids cl1 and c2 respectively and |AB| = |AC| = s.
The angle between the tangent vector to ¢/l and ¢l2 at point A and the vector equal to
(=pa) ( pa is the radius-vector at point A) is denoted by 6y. The angles between the
tangent vectors to cll and cl2 at the points B and C and the vector equal to (—74) are
denoted 8y and 65 respectively. The angles between the tangent vector at the point A and

the vectors AB and AC are denoted t; and ¥y respectively. And the angles between the
radius-vector g4 and the radius-vectors pp and p¢ at the points B and C are denoted ¢
and @2 respectively. Denote by é; (¢ = 1,2) the angles between the tangent lines at the
points B and C and their radius-vectors (6; = 0; + @i, 1 =1,2).

Lemma 6.1 For the clothoids cll and cl2 on a small interval t € [0,s] the following
equalities hold:

4
Ph — pe = gPAasin 0ps® + O(s*) , (18)
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Figure 10

2cosby 5
—s

(51 — 52 = 252 +
3pa

+0(s) . (19)

See the proof of the lemma in Appendix B.

Corollary 6.2 Denote by C. the point of the clothoid cll with the same curvature as the
point C belonging to clothoid cl2. Denote by C, the point of the clothoid cll with the same
length of the radius-vector pc as the point C of the clothoid cl2; and denote by C., the
point of the clothoid cll with the same angle v between the radius-vector and the tangent
vector as the point C of cl2. Denote by va, vB, 7o the angles v at the points A, B, C.
Then the points C., A, C,, C,, B on a small interval [0, s] are encountered in their order
along cll.

See the proof of the corollary in Appendix B.

7 Two properties of concatenated arcs of half-clothoids.

We use these properties in the case without cusp. In the section we set B = 2.

1) At first we consider a property used to prove the suboptimality of the constructed
path.

Consider two paths with the same initial conditions (zg,yo, &0, u0) and whose graphs
of the curvature as a function of the path length are shown on Figure 11.
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pel

cl

=Y

o ud /2

Figure 11

The path ¢l is a piece of a half-clothoid whose curvature is defined by the equation
u = —2s+ug (up > 0). The path pcl consists of several pieces of clothoids whose curvatures

are defined by equations of the kind v = —2s + 4% or u = 25 + i (@° > 0 and i > 0),
the sum of their lengths is equal to ug/2. Denote by O, the centre of ¢l, by p.(t) the
radius-vector of a point of ¢/ in the coordinate system with centre at O. Denote by pgpq(t)
the radius-vector of a point of the path pcl in this coordinate system. For ¢ = 0 we have

ﬁcl(o) = ﬁpcl(o)'
Lemma 7.1 For any path pcl (defined as above) and for the path cl (both paths are defined
on the interval s € [0,up/2]) we have the following inequality:

pa(s) > ppa(s), for every s € (0,uq/2] . (20)

See the proof of the lemma in Appendix C .

Denote by D the class of the paths with initial conditions (zg,yo, @, uo), of length
up/2 and whose graphs of the curvature u as a function of the path length s belong to the
class Lip(2). Denote by j(t) the radius-vector of the point of some path L from the class
D in the coordinate system with centre at O.. Then we have

Corollary 7.2 For any path L from the class D and for the path cl from Lemma 7.1 (both
paths are defined on the interval s € [0,up/2]) we have the following inequality:

pals) > pi(s), for every s € (0,u0/2] .
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Really, the class of paths L belongs to the closure of the class of all paths pcl defined
at the beginning of the subsection.

2) We use the second property to prove the irregularity of optimal paths in the general
case.

Consider the graphs of the curvatures as functions of the path length ¢ (see Figure 12)
of two paths: the first path R; consists of two arcs of half-clothoids (the arcs correspond to
the pieces M N and N P of the graph, the switching point of Ry corresponds to the point N
on the graph) and the second path Ry consists of two arcs of half-clothoids corresponding
to the pieces M L and L@ of the graph and a line segment corresponding to the piece QP
of the graph. The path Rs has two switching points corresponding to the points L and Q
of the graph. The lengths of Ry and Ry are equal to 2a (here a and b are lengths of the
arcs of half-clothoids and 0 < b < a).

u(t) A

Y

M 5 2a—1b)

Figure 12

Construct the two paths R1, Rg by means of the graph u(t) and with the following
initial conditions:

ay = 2b>
T = fob[cos(—T2 +2b7 + b%) + cos Tz]d’/"

Ym = fob[sin(—T2 + 2b7 + b?) + sin 72)dT

Denote the points of the paths R and Ra, corresponding to the points M, L, N, Q
of the graph by M', L', N', @' and denote by P; the point of R; corresponding to P and
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by Pj the point of Ry corresponding to P. The point Q' coincides with the origin of the
coordinate system Ozy and the line segment Q' Pj belongs to the axis Oz (see Figure 13).

y A

P Q s, N L

"y

Figure 13
Denote by S’ a point of Ry such that |]V\S| = a — b and denote by P, S}, N, L, the
projections of the points P, S’, N', L' on the z-axis. Consider the case when [OP)| >
|OP;|. Estimate the maximal possible length | P, Ps|.
Proposition 7.3 If |OP)| > |OP;| then |P, P3| < |OL'| — |OLy|.
Proof

To estimate the maximal possible length of P)P; consider that |P{S'| = |P)S)| and
|S'L'| = |S,L,|. We have the following equalities and inequalities:

|P1S'| = QL'
IS'L| < |S'L!| = 2(a—b) ,
|PLL| = |B,S,| + |S, Ly | = |PS'| + |S'L| = |Q'L'| +|S'L'| < |Q'L'| +2(a—b) ,

PSLL) = [PAQ'| + QL] = 2(a — b) + Q'L
Hence

(BB = [ByL| — | P, <
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< [2a—b) + QL) - [2(a—b) + |Q'Ly|| = |Q'L'| - Q'L .
Thus

PIPI < ILI _ ILI .
teﬁgfgfm]l pFal < QL' = [Q'Ly|

The proposition is proved. O

8 Some properties of half-clothoids used in the without cusp
case to prove the irregularity of optimal paths in the ge-
neral case.

Plan of Section 8.

1. In subsection 8.1 we obtain the following result: if the optimal path is a finite
concatenation of arcs of clothoids, then the length of any piece between two neighbouring
points with zero curvature is no longer than some constant C,,. depending only on the
parameter B (see Corollary 8.3).

2. In subsection 8.2 we obtain the following result: if we denote by E some point

belonging to a half-clothoid and by F' its projection on the axis Oz (see Figure 7), then
— OE|—|OF

|OE|-|OE]
3. In subsection 8.3 we obtain two important properties of the function h(t) = |OF| —

the maximal value of the function f(t) is smaller than 3 (see Corollary 8.8).

|OE| and of its inverse function h™1:
1) the function A(t) is monotonously increasing for t € [0,+o00) and it is concave for
t € [0,tk] (see Proposition 8.9); here by K we denote the point of a half-clothoid whose
chord has a maximal possible length and by tx the value of ¢ corresponding to the point
K,
2) for every point E € OK we have the following inequality:
h=Y(kA)

W<1—(1—k)/64

(see Lemma 8.10).

8.1 Some estimations of the length of an optimal path.

These estimations depend on B, hence, we consider arbitrary B in the subsection.
Consider an arbitrary C? and piecewise C3 path ¥ defined on the interval [0, T] which
is a finite concatenation of arcs of clothoids defined by equation (3) and which satisfies
the initial and final conditions (2). Suppose that this path is optimal. Denote its length
by l,p:. Denote by d the distance between the initial and the final points. Consider a
suboptimal path W,,,; described in [4]. Denote its length by l,o:. This path consists of
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five pieces: the first, second, forth and the fifth pieces are arcs of half-clothoids and the
third piece is a line segment. The example of the graph of the curvature u as a function
of the arc length ¢ for the first and the second pieces of ¥, is shown on Figure 14. On
this figure ¢’ and n' are arc lengths, ' = u’/B; we consider ¢’ as a parameter.

w A

=Y

Figure 14
In [4] we have obtained the following result:

¢ <2orp "< 2/orp , (21)

where rp is defined by formula (14) and £” is, respectively, the parameter corresponding
to the forth and to the fifth pieces of W,,p;.

We prove two propositions and a corollary (see the proofs at the end of the subsection).

Proposition 8.1 The suboptimal path is longer than the distance d between the initial
and final points by no more than the sum of some constant Cy , which depends only on
the parameter B of the clothoid, and of a constant Co, which is equal to the sum of the
absolute values of the initial and final curvatures devided by the parameter B, i.e.

lsopt S d + C11 + 027 (22)

where

Cy = Cy(B), Cy = (Ju°] +u"]) /B .

Proposition 8.2 For the length of an optimal path we have the following inequality:

lopt S d+01 +02,
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where

C1 = (6+8V2)rp = C1(B), Co = (Ju°| + |u"[) /B .

Proposition 8.2 follows directly from Proposition 8.1.

Consider an optimal path ¥. Denote by X' (X") the first (the last) point of ¥ of zero
curvature. Consider the path ¥ from the point X’ to the point X" (denote it by ¥). We
have the following

Corollary 8.3 The length of any piece of U between two netghbouring points with zero
curvature (denote it by l,) is no greater than some constant Cq,. depending only on the
parameter B (more precisely, on rp): Cure = (15 + 8V/2)rp.

Proof of Proposition 8.1

The piece AF of the graph u(t) (see Figure 14) corresponds to some arc of a half-
clothoid, the piece F'D corresponds to another arc of a half-clothoid. From Proposition 5.3
we know that the maximal possible distance between two points of a half-clothoid is smaller
than 3rp/2. Hence, the largest possible distance between the initial point and the point
of W,y corresponding to the point D on the graph u(t) is equal to 3rp.

On Figure 15 we denote by X" (XT) the initial (the final) point, by X/, the point of
WU ,opt corresponding to the point D on the graph u(t) and by X7, the point belonging to
the corresponding part of ¥,,,; from the final point. On this figure we show a disposition
of the points X9, X7, X1y, X7, such that the distance between the points X/, and X7 is
the largest possible.

X1 X° Xr X

3 3
TB d 3TB 5TB

0w

3
2B

Figure 15

The length of W,,,: from the point X to the point X}, is equal to 2¢' + [u°|/B
(respectively, the length of ¥,,,; from the point X7 to the point X7, is equal to 2" +
|uT|/B). Hence, from (21) we obtain that this length is no longer than 4/2rp + |u°|/B
(respectively, than 4v/2rp + [uT|/B).

The largest possible distance between the points X}, and X7, is equal to d + 6rp.
Hence, we obtain the following inequality:

Liopt < d+6r5+4V2rp +|u’|/B+4V2rp+[uT|/B = d+ (6+8V2)rp + (|u0| + |uT|> /B,
i.e. we obtain the inequality (22) where

C1 = (6 +8v2)rp = C1(B), Cy = (Ju°| + |uT]) /B .
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The proposition is proved. O
Proof of Corollary 8.3

Denote the length of the part of ¥ between the points X? and X’ by 19, denote,
respectively, the length of the part of ¥ between the points X7 and X" by IT. We have

0 T
) s el
=B =B

Denote the length of ¥ by [ and the length of ¥ by . Then we have

l=l°+lT+l~2M+l~ (23)
and
L=1+ 1T +1<d+ (6+8V2)rp + ([u°] +[u]) /B (24)
(from Proposition 8.2).
Hence, from (23) and (24) we obtain
I<d+(6+8V2)rp . (25)

The minimal possible distance between the points X’ and X" is equal to d — 6rp (see
Figure 16).

XO XI XII XT

3
3B 37"B

W

3 3
$TB B

Figure 16
Denote by d, the distance between the initial and the final points of the piece of U

with the maximal possible length I,. By Proposition 5.3 we have d,, < (3/2rp) x 2 = 3rp.
Hence, we obtain the following inequality:

I[>1,4+(d—6rp) —dp>1l,+ (d—6rp) —3rp =1, +d—9rp . (26)
Comparing (26) with (25) we obtain

l, < (15 +8V2)rp .

The corollary is proved.
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8.2 [Estimation of the maximal possible value of the function f(t) =
|OE|—|OF|
|OE|-|0E|

In the subsection we consider an arbitrary B in Lemma 8.4 and we set B = 2 in the others
lemmas.

Consider a half-clothoid (6). The length of the projection of the chord OF on the axis
Oz (denote it by |OF|, see Figure 7) is defined as

|OF| = /Ot cos (BT2/2) dr .

The length of the projection of the chord OF on the axis Oy (denote it by |EF|, see
Figure 7) is defined as

|[EF| = /Ot sin (B72/2) dr .

The length of the arc OF is equal to t.
Consider the function

|OE| — |OF|

|OE| - |OB|

on the interval [0, Cy,.], where the constant C,,. is defined in Corollary 8.3. We have the
following

f(t) =

Lemma 8.4 The function f(t) defined on [0, Cyyrc] is a positive-valued continuous function
and, hence,

sup  f(t)=M >0, inf  f(t)=m>0.
te[oycm‘c] tE[O./CaTE]

See the proof of the lemma at the end of the subsection.

In order to estimate supsc(o c,,.) f() (see the estimation in Corollary 8.8) we prove
axiliary lemmas (Lemmas 8.5-8.7).

Denote by v the angle between the vectors OF and 7, by (3 the angle between the

vectors OF and OF (see Figure 17).
Recall that by a we denote the tangent angle to the path. For these angles we have
the following equality:

a=0F+7. (27)

Lemma 8.5 The angle v as a function of t is a monotonously increasing function for

te [0,y/37/(2B)|, i.c.

F(t) > 0.
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Figure 17

See the proof of Lemma 8.5 in Appendix D.

On Figure 17 denote by L the point of the arc OE where the tangent line (denoted by
lp) is parallel to the chord OF. Denote by L the orthogonal projection of the point L on
the chord OF.

Lemma 8.6 Forte (O, \/37r/2] we have the following inequality:

T<a<2y. (28)
Fort € (0,+/m] we have the following inequalities:

|OL| > |LE| , (29)

|OL| > |LE| . (30)

See the proof of Lemma 8.6 in Appendix E.
Consider the function q(t) = 1 + f(t), i.e.

B |5E| —|OF| t—fgcosa(T)d'r

— . 31
|OF|—|OE| t-— f(f cosy(r)dr (31)

q(t)

For this function we have the following
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Lemma 8.7 On the interval t € [0, Cyyc]

max t)<4.
t€]0,Carc) q( )

See the proof of Lemma 8.7 in Appendix F.

(t) = [0BI=IOF.

Corollary 8.8 Fort € [0,Cy,.] one has f B5-[0x]

Corollary 8.8 follows directly from Lemma 8.7.
Proof of Lemma 8.4

Obviously, on [0, Cyyr.| and outside a small half-neighbourhood of zero the function f(t)
is a positive-valued continuous function.

Consider the function f(¢) on a small half-neighbourhood of zero. In this small half-
neighbourhood of zero for the functions |OE|, |OE|, |OF| and |EF| we have the following

formulas:

OB =t,

ot -\/B_/‘Zt
OF =/ cos (BT2/2) dr = /2 B/ cosTdr =
(OF| = | cos (Br?/2) d7 = \/2/

0

_ \/2/73/0‘/3_/% (1-7*/2+0(%)) dr = /2/B (\/B/Qt - (\/B/2t)5 /10 + O(t9)> _

=t— B*°/40 + O(t°) , (32)

|EF| = /Otsin (372/2> dr = \/2/7B/0\/B_/2t sinr2dr =
v [V oty = o7 ((JB_/%)?’ 3+ o<t7>) -

= Bt3/6 + O(t") ,

|OF| = \/|EF |2+ |OF |2 = \/B2(5/36 + O(t1°) + t2 — B2(6 /20 =

= t\/1 - B2t4/45 + O(%) = t (1- B**/90+ 0(t%)) =
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=t— B%*°/90 + O(%) . (33)

Hence, from formulas (32), (33) we obtain

_t- B2t5/90 + O(t%) — (t — B%t°/40 + O(1?))

t =
1) t — (t — B2t5/90 + O(t9))
B25/72 + O(%) 4
B /o0 r o /AT o)
Thus
t’l_l)Iilof(t) =5/4>0.
The lemma is proved. O

8.3 Some properties of the function h(t) = |OE| — |OE| and the inverse
function A 1.

In the subsection we prove four propositions, the proofs are to be found at the end of the
subsection and in Appendix F. We set B = 2 in the subsection.

Proposition 8.9 The function h(t) = |OFE| — |OE| (here E is an arbitrary point of a
half-clothoid) is a monotonously increasing function for t € [0,+00) and it is a concave
function on the interval [0,tx] (recall that by K we denote the point of a half-clothoid (6)
whose chord has the mazimal possible length and by tx the value of t corresponding to the
point K ).

Consider the function h(t) = |O/E'| — |OF] on the interval [0,tx]. Consider the inverse
function A~=1(w) on the corresponding interval [0, h(tx)] (see Figure 18).

Consider some point E € h™!(w) for w € [0,h(txk)]. The line EB is tangent to the
graph of the function 2~ (w). The point C is a projection of the point £ on the argument-
axis. Denote |OC| by A. Fix some number k, 0 < k& < 1. The point R € OF is such
point that |OR'| = k|OC| = kA (here by R' we denote a projection of the point R on the
argument-axis).

The line E'R intersects the argument axis at the point P. Denote |OP| by [ and denote
|BO| by c¢. We have the following estimation of the ratio

h=Y(EA)
h=H(A)
Lemma 8.10 For every point £ € OK we have the inequality:

h=Y(kA)
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h(#) A
h™ (w)

tK %

tK

g =Y

Figure 18

The proof of Lemma 8.10 is in Appendix F.

In order to prove the lemma we prove some auxiliary propositions.

Denote by L the point of the arc OE where the tangent line is parallel to the chord

OF (see Figure 19)~. The lines LL and ED are perpendicular to the chord OF. Denote
by x the angle LOL and by ¢ the angle LEL.

y A

Figure 19
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Proposition 8.11 For every point E € OK we have the following inequalities:

|OD| < |OLE| , (34)
H(E)/D(FE) < cosx . (35)

Proposition 8.12 For every point E € OK and corresponding t
H(E)/D(E) = H(t)/D(t) = H'(6t)/D'(61) ,

where 1/2 < § < 1.

Proof of Proposition 8.9

The length of the projection of the unitary tangent vector 7 at the point E' on the
chord OF is smaller than 1. Hence, |OF| grows more quickly than |OF| and the function
h(t) is a monotonously increasing function for ¢ € [0, +00). Consider the function A(t) =
|5E'| — |OE)| on the interval [0,tx]. We have

cost? [J cos T2dr + sint? [} sinT2dr

h'(t)=1- — — =
\/(fg cos 7'2d7'>d + (f(; sin TZdT)
|OF|cost? + |EF|sint? <|OF| , |EF| 7>
=1- =1—-(-——= 4+ — t*
|0E| |OElcos +|OE|sm

Recall that by 3 we denote the angle between the vectors O—};’ and O—E'), by v the angle

between the vector OF and the tangent vector 7 (see Figure 17) and that o = t2 for
B = 2. Hence,

h'(t) =1 — (cos fcosa + sin Bsina) =1 —cos(a— ) =1 —cosy .

So
R"(t) = ¥siny .
Recall that tx € (y/n/B,+/37/(2B)) by Proposition 5.1. Hence, by Lemma 8.5 the
angle v is a monotonously increasing function for ¢ € [0,tx] and, hence, ¥ > 0, siny > 0.
Thus we obtain h”(t) > 0, i.e. the function h(t) is a concave function on the interval
[0,tx].
The proposition is proved. O

Proof of Proposition 8.11
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For the angles x and £ we have the following formulas:

|OL| |OL|

cosy = = — —
OLl /oL + |ILp
|LE| |LE|

COS € = =

ILE| \LEP + |LLP2
From Lemma 8.6 we have the inequality |OL| > |LE|. Hence,
cos) > COs€ , (36)

because this inequality is equivalent to the following inequality:

|OL|? S |LE|?
|OLP? + |LL]> ~ |LE]?+ |LL|?’

i.e.
|OLP’|LE|> + |OL]?|LL)? > |OL|?|LE|* + |LL*|LE|? ,
hence,

|OL| > |LE| .
For the lengths of the line segments LD and LE we have the following formulas:
|LD| = |LE|/cosx , |LE| = |LE|/ cose .
So, using inequality (36), we obtain
|LD| < |LE| . (37)
Now, using (37) we have
|OD| = |OL| + |LD| < |OL| + |LE| < |OL| + |LE| = |OLE| .

Inequality (34) is proved. To prove inequality (35) we estimate the ratio H(FE)/D(FE),
using inequality (35), as follows:

H(E)/D(E) = |OE|/|OLE| < |OE|/|OD| = cos x .

Thus, we obtain inequality (35).
The proposition is proved. O
Proof of Proposition 8.12

Consider the two functions H(t) and D(t). Apply Roll’'s Theorem for every point
E € OK. We have
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H(tg) — H(0) _ H'(tw)
D(tz) ~ D(O) _ D'(tur)

But H(0) = D(0) = 0, hence, we can rewrite (38) as follows:

where tr € [0,tE] . (38)

H(tg) _ H'(tu)
D(tg) D'(tm)’

and, using (35), we obtain the following inequality:

H'(tm)
— . 39
B < cosx (39)
Denote by y(t3s) the angle between the chord OM and the tangent vector at the point
M. Then B (tar)
tu
o $ 40
D'(tM) COS'Y( M) ( )
and, from (39) and (40) we obtain that cosy(tjr) < cosx, i.e. y(ta) > x.
The angle x is the angle between the chord OL and the tangent vector at the point
L (we can denote x by ¥(t1)). The angle v is a monotonously increasing function of ¢ on
the interval [0, /37 /4] (by Lemma 8.5), hence, v is a monotonously increasing function
of t on the interval [0,2k] (by Proposition 5.1). Hence, if y(ty) > v(tL), then tar > tr,
i.e. M € LE. From Lemma 8.6 we know that |[OL| > |LE|, i.e. t; > tg/2, and, hence,
tu > tE/Q.
Thus we have proved that

= where 1/2 <0< 1.

The proposition is proved. O
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A Appendix: Proof of Lemma 4.2.

An arbitrary point A of the clothoid (6) has a tangent vector 7(t) with coordinates (cos 2,
sint?) (see Figure 20).

Consider a point D of the clothoid (6) with tangent vector 7, = (0,1). The point A
is mapped onto the point D by means of the rotation on angle 6 defined by the rotation

matrix
- 42 2
sint“ —cost”
2 .42 |-
cost” sint“
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7(cos t2,sin t?)

S

Figure 20

Hence, th e radius-vector 5= (— [° cos 72dr, — [ °sin72dr) (see (7)) is mapped into
the radius-vector

o0 o0
- 2 2 2
Pn = <—smt / cos TdT + cost / sinTdr ,
Jt Ji

2 e 2 2 > 2
— cost” / cos 7“dtT — sin t* / sin T"dT) =
Ji Jt

= </too sin(7’2 — tz)dT , — ./;OO cos(T2 — tz)dr) =

(/OO sin vdv ® cosvdv )
o Vv +t2’ 0o Vv +t2)
We want to investigate the function dp/dt. Instead of it we can investigate the function

dvy/dt (see formula (10)). Denote by [ the angle between the vector g, and the axis O.z..

At the point D we have the following relations between the angles v, 3 and the coordinates
Ty, Yn of the vector py,:

¢ tan / cos vdy // Sll’ll/dl/
coty=—tanf=—-"— =
7 2V + 2 2\/1/+t

Compute the derivative d(tan 3)/dt:

d(tanf3) t /°° cos TdT * sinTdT ®  sintdr > cosTdT
dt dz.? o (Vr+ ) Vit b () Vil
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sin tdt sint

__ _
4z [{2/0 By (VrEe)

/OO sin 7dT
o ) 0 VT2

1/00 sintdT sinT /OO sin tdT
2h (vrre) Vi+e| [ (rre)’

_ t |-3 /°° sintdr /"O sin 7dt /00 sintdr \
822 |"h (rreyh Vire \h e’ |
(We use integration by parts).
Denote the expression in the brackets as J(t2). Consider J(t?) with co changed to 27mp

(p € N,p > 1). Consider the corresponding Riemann sums with step A = 7/n instead of
the integrals:

o
S

' sintg

R

27 sinTdrT .
/ _SmTer BT A4+ O(A), mo=nk/n, i={1,3,5}  (41)
0 (Vr+t) S (Wn+t?)

The function sin 7 is periodic with period 27 and sin(w + 7) = —sin .
Denote the three Riemann sums (corresponding to the three integrals) by

d1+---+dnp, g1+ ...+ gnp, h1+..-+hn,p,
whereif j=s+vn, s=1,...,n, v=0, ...,p—1,then
g — sin 7, B sin 7,
T Vet 2w+ 2 T+ 2um+ w2
sin T, sin T,
95 = 3 N3
(V1s+2um +t2)° (V1 +2um+ 7+ t2)
o sin T, B sin T,

T (\/7'8+21/7r+t2)5 (\/7'5+2V7T+7T+t2)5 .

Show that
I=3djhj—g;>>0. (42)

Set 75 + 2vm = a. Then rewrite I as follows:

3( sina sina )( sina sina )
(Vat?) (Vatn+)) \Va+t® Vatr+
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_( sina B sina )2
Vat+®)’ (Vatrn+e))
Denote va + t2 by o, vVa+ m+ t2 by 3. Then

(1 1N/l 1\ (1 1N\* (F-a)B-a) (-
= wm) G5) - (E-m) - -

s 7)) 5 Em 2B o

a B

_3(B— o)’ (B*+ BPa+ 2o + B’ + o) — (B— a)} (P + fa+a?)’ _

a6 56

_ (B = oX)’B(F* + Fa+ f2 + o’ + o) — (7 + o+ o?)’]

ad85(f + a)*
m2(26* + 20* 4 BPa + o)
T ah(F+a) o
Thus we prove (42). Show that
K = 3(d;hj + djhi) — 2gig; >0 . (43)
Set
Ts + 2vm = a; Tw+21/71':a]',

Va;+t2=a, Va,+7+t2=0,
Ve +t2 =7, Vaj +rHt2=6.

Rewrite K as follows:

K—3 [(sinai sin a,L-) (sin a; sinaj) N (sin a; sinaj> <sin a; sin a.,)]
- N v 5 7° &° a g

5 sina; sina; sina; sina;
a3 ﬁ3 ,),3 53 -

_ w’sinag;sina; [3(/@4 + B3a + f2a? + Bad + o)
— (BHa)(y+b)apys atp
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3(6% 4+ 83y + 6292 + 673 +44)
+ Ted
%6

B 2(5%62 + %6y + B%92 + 82Ba + faby + 2 Ba + a?8% + oPby + QQVQ)] (44)

a2,5’2’)/2 52

Estimate the expression in the brackets (denote it by L).

I Ol4+20£2ﬂ2+ﬁ4 ")’4+2’)’252+54_2(,6252+O£252+ﬁ2’)’2 +,6262) N
- 0‘4,84 ,.},454 012,8272 §2

(1 n 1 n 1 n 1) 2 }+
a3 af’ 436 483 afyé

11 1 1Y\ 2(8%y+8Pa+y*Pa+a’
+ 2<_ _+_4+_)_ (567 ﬁza2 ;/foz a?67) .
Y o F4y46

+{ ! +1( L +i+i>+ ! } (45)
azﬂz 2 a3ﬁ aﬂ?’ 735 ,753 ,7252 -

The expression in the first parentheses is positive. Really,

4 222 4 4 202 4 2 2

a® + 2046% + + 276+ 6 1 1 1 1

A E | Y 2re =(—,)+ )+<—9+—) >
otf 7*é -

11\ /1 | 1\ _ 2(8%6%+0a%%+ 529% + a’y?)
HateE) \Fte) T 2 '

The expression within the second parentheses is also positive because we have the
following inequality:

1{1+1+1+1}>( 1 )1/4_1
4 la38  aB3 43§ 483 a3Ba@3y36v83 Cafys
Hence

1{ 1 N 1 n 1 N 1 }> 2

2 la?B  aB3 38 483 aBys

Estimate the expression within the third parentheses. Denote by M the following
fraction:

M

2" F

_ 2(8%6y + 6%Ba ++*Ba + a®8v) 2(1 1>+2(1 1)
af

o758 ~ 7P
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Using the inequalities

2 <1+1
aff " a?2 32
and
2 1 1
e S
we obtain
1 1 1 1 1\?2 1 1)\?
M<2 ﬁz —+6—2 < @‘F@ + ?4—5_2 =
1 1 2 1 1 2 1 1 1 1
—atFETeEtatEt g ittt

So the expression within the third parentheses is positive and L (see (45)) is positive.
Hence the expression K (see (44)) is positive because the points a;, a; belong to the
interval (0, 7] and, hence, the functions sin a;, sin a; are non-negative. So we prove (43).

From (42) and (43) when n — oo it follows that

3/ _sinTdr (2" sinTdr /2”1’ sinrdr \’
Vi) Vr+d? o (Vrre)
If 2rp — oo and n — oo we obtain that J(#?) > 0 and, hence, d(tan3)/dt < 0.
Remember that tan 8 = —coty and p = —¥siny (see (11)). Hence,

W - _su;); 5 >0, ¥<0
and
p>0.
The lemma is proved. O

B Appendix: Proofs of Lemma 6.1 and Corollary 6.2.

B.1 Proof of Lemma 6.1.

Consider a coordinate system A{n (see Figure 21), the axis n coincides with the tangent
vector to ¢ll and c¢l2 at the point A, the axis £ is a perpendicular to the axis 7.
In this coordinate system cl1 and ¢l2 are defined by the following equations:

£(t) = [y cos (12 +ugr + 7/2)dr
cll:

n(t) = fg sin (72 + ot + 7/2)dr
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cll

cl2

Figure 21

£(t) = [ cos (=72 4+ ugT +7/2)dT
cl2 :
n(t) = fot sin (=72 + ugr + 7/2)dr

So for the coordinates of the points B and C' we have the following formulas:

ép(s) = —/ sin (7'2 + uor)dT np(s) = / cos (7'2 + ugr)dT
0 0

éo(s) =— /05 sin (—72 4+ ugr)dr ne(s) = /: cos (—72% + upr)dr .

Then, using the Taylor series at 0 for the functions sin z, cos  we obtain:

1 2

Ep(s) = —58" — 2+ 0", mp(s) =s — 2+ 0(sY)
1 2

fols) =32+ 30 40(Y), me(s) =s— L+ 00

But tan; = €p(s)/np(s) and tans = €c(s)/nc(s). Now we use Taylor series again
and obtain the following formulas for tan; and tans:

1 1
tany = —%s — gsz +0(s%) , tan g = —%s + 552 +0(s%) .
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Since we consider the clothoids c/1 and ¢l2 on a small interval [0, s], we can use for the
angles 1 and 12 the following formulas:

1 1
hi=-Ts - P H00),  da=-Tst oS00 (46)

Compute the values of pQB and p%. For this purpose we use the cosine theorem, the
Taylor series and formulas (46):

Ph = pa+ s> —2pascos (b0 — ¢1) =

3 3

1 1 5)\? 1
=p4 + 52— 2pas lcos bo (1 - 5(%5—!— §SZ> ) — sin b <%S + gsz)] =

1 o, 1
= p4+52—2pys [cos 6y cos (—%s —~s2 4 0(53)> + sin 6 sin <_%3 — st 0(53))] -

2

. u 2 .
= p4 — 2pacosfys + (1 + paugsinby)s® + (pAZO cos g + 3hA SmHO) 2+ 0(sh)

pe = p4 + 5% —2pascos (8g — 2) =

1 1
cos 8 cos (—%s + §s2 + 0(53)) + sin fy sin <—%s + 532 + 0(53)>] =

= p2A+32—2,0AS

1 1 5\? 1
= P,24 + 52— 2pas lcos&o (1 — 5(—%5—# 532) ) +sinfp <—%5+ gSQ)] =

2
6 2
= p4 — 2pacosbys + (1 + paugsinby)s® + (PA% cos by — 3P4 sin00> 24+ 0(sh) .
Thus we obtain formula (18):
4
P — pe = 3P4 sin s + O(s%) .

Compute the values of the angles 6; and 82. From formulas (16) and (17) for the angles
01 and 6> we obtain:

_ 2
{ 01 =0y +ugs + s (47)

0y = 0 + ugs — s>
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Figure 22

To compute the angles ¢1 and @2 make the additional construction (see Figure 22):
the segments BK; and C K> are perpendicular to the line OA.

‘We have
|KlB| = |AB| Sin(90 — ’(/)1) = |OK1|tan<,01 ,
|K2C| = |AC| sin(00 - '(/)2) = |OK2| tan g .
Hence,
|AB| .
t = 0y —
an o1 0K, sin(6g — 1) ,
C|
t = ———sin(fy — .
62 = 5T sin(fp — ¥2)
But
|AB| = s + O(s%) , |AC| = s+ O(s?) ,

|OK1| = |[OA| — |AK1| = pa — |AB|cos(8p — 11) = pa — scos(6p — 91) ,

|OKs| = [OA| — |AK2| = pa — |AC| cos(0y — tp2) = pa — scos(f — 22) -
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Thus we have that

ssin(6y — Y1) ssin(6y — ¥2)

tan p; = , tan o = .
$ pa — scos(by — 1) $ pa — scos(by — 2)

Now using formulas (47) and Taylor series for the functions cosz, sinz and f(z) =
1/(1+ x) at 0 we obtain the following expressions:

sin(fg — 1) = sin Oy cos 1)1 — cos Oy sin); =

— sinfy (1 1(u0+12)2 + 0(u°+12>—
= sin 0 AR cosfo | s+ 387 )=

cos 6y u%

s T3 sin00) s+ 0(s%)

=sinfy + %cosﬂos-i— <

cos(fy — 1) = cos by costpy + sin by sin iy =

—eoson [1 1<u0+12>2 ~6(u0+12)_
= cos b 3 23 33 sin 0 25 35 =

sinfy  u?

+ -2 cos 6’0) 52+ 0(s%)

=COS€0—%S1H008— ( 3 3

ssin(6y — 1) 1
tan (‘01 = s =
pa 1= cos(0o— o)
s s s2 9
= —sin(fp — ¢1) [ 1 + —cos(fp — 1) + —5 cos™(6p — 1) | .
PA PA PA

Hence after this series of transformations we obtain the formula for tan ¢y:

sin 6 sin 26, uq cos 8
0 s+ . 0 + 0 0 82+
pA 2pa 2pa

tan p; =

cos 6y u(Q) sinfy wugcos26y sin 26 cos by
3pa 8pa 20% 2p%

—~ + + - ) s+ 0(s?) . (48)

After analogous transformations we obtain the formula for tan ¢s:
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ban g = siné’os 4 (sin200 n U COS 00> 24

PA 2% 2pa

cos B u% sinfly  wgcos268y  sin 26 cos by
3pa 8p4 20% 2p%

) s34+ 0(st) . (49)

In a small neighbourhood of the initial point A tan ¢; = ¢; +O0(p3) (i = 1,2). Hence,
from the definitions of the angles §; and 83 and from formulas (48)- (49) we obtain equality
(19):

2 cos 6,
cos o 3
PA

61—522282+ +O(S4) .

The lemma is proved. O

B.2 Proof of Corollary 6.2.

It follows from (17) that the absolute value of the curvature at the point C is greater than
the one at the point A. That is why the point C. is located before the point A.

Note that the angles v; and §; are connected by the following equations: v; = 7 — §;
(i =1,2). Hence from formulas (47) and (48) we obtain that

sin 6 sin 26 ug cos 6
*yA—*yB:él—OO:(uo—i— 0)s+ 1+ 90+ 0 0 s+ 0(s) .
PA 2p4 2pa

From Remark 4.3 we obtain that the angle v is a monotonously decreasing function,
hence,

YB <7A -
From (19) we have

2 0
Yo =B = 61— 62 =25 + “= % L O(s?) .
3pa

So, vp < 7v¢ and vp < 4. But the difference between vp and 74 is of order s, and the
difference between vp and 7¢ is of order s?. Hence, we obtain the following inequalities

YA > YC > VB

and the point C, is located between the points A and B.

The difference between p% and pZ is of order s® (see (18)). The difference between ¢
and 7p is of order s?. Hence, the point C, is located between the points C, and B.

The corollary is proved. O
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C Appendix: Proof of Lemma 7.1.

a) Consider the path c¢l. We parametrise it by the natural parameter s, setting s = 0 for
the point (20, yg, @, up). Hence, the graph of the curvature u as a function of the path
length s looks like the one shown on Figure 11 (for s < 0 it is given by the dotted line).
In the proof we consider the path ¢l only on [—ug/2,u/2].

Denote by O the point of the path ¢/ with zero curvature (i.e. s = ug/2), by A —
the point with curvature 2ug (i.e. s = —ug/2), by S — the point with curvature ug (i.e.
s = 0) and by P — an arbitrary point corresponding to some value of the parameter
s € (—uo/2,u0/2) (up(s) € (0,2up)), see Figure 23.

Figure 23

Consider a small é-half-neighbourhood (s,s + §) of the point P and consider a path
beginning at the point P which is piecewise clothoid (u = —2s+a" or u = 23+1:L0, a’ > 0,
1:&0 > 0), of length 6 and with the same values of z,y, «,u at the point P as the ones of the
point P of cl. Denote the final point of this path by IV, the final point of the corresponding
piece of the clothoid ¢l by M (the lengths of the arcs PM and PN are equal to 8, the
curvature of ¢l is decreasing from P to M). Denote by N, the point of the clothoid ¢l
with the same curvature as the point N, by N, — the point of the clothoid ¢/ with the
same length of the radius-vector j(t) as the point N, by N, — the point of the clothoid
cl with the same angle v(t) between the radius-vector g(t) and the tangent vector 7(¢) as
the point N. Then for every point P there exists a small é-half-neighbourhood where the
points N., P, N, N,, M are encountered in this order along cl (see Corollary 6.2). Denote
this disposition of the points N, P, N,,N,, M by disposition(x). The number § can be
chosen the same for all values of s € [—ug/2,ug/2]; assume that 6 is fixed.

b) Consider some path P of the class A of all paths beginning at the point P, piecewise
clothoid (u = —2s+ @’ or u = 25+ z:LO, a > 0, i’ > 0), of length < v(s) = ug/2 — |s| and
consisting of n pieces (n > 1/6, each piece being of length 1/n except the first one which
is of length < 1/n).

We prove the lemma for paths P € A first, by induction on n. For paths pcl defined
at the beginning of the subsection the lemma will be proved in c).
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For the first piece of the path P we have disposition(x) (because the length of this
piece is < 6§ and for the é-half-neighbourhood of the point P we have this disposition).
Suppose that disposition(x) doesn’t hold at some moment s'. If s’ is the very first moment
when it happens, then 3 cases can occur:

1) If at the moment s' the point N, coincides with the point N,. Then at the next
moment we shall have disposition(x). Really, using the Taylor series, as in Lemma 6.1,
we shall obtain the result of Corollary 6.2, because at the moment s’ both paths ¢/ and
P have the same value of the radius-vector p(t) and the same angle v(t) between the
radius-vector p(t) and the tangent vector 7(t), and the curvature at the point N, of the
path P is greater than the curvature at the point N, of the path cl.

2) If at some moment s' the points Ny, N, and N, coincide. Then this means that
we move along a half-clothoid ¢/ but with a delay; hence, we either continue like that and
come with a delay, or at some moment we have again disposition(x).

3) If at some moment s’ the point N, coincides with the point N, and the point N, is
situated after them (see Figure 24). Then it doesn’t happen in the first piece of the path
P (see the definition of §). Hence, if it happens in the k-th piece of the path P then for
the (k — 1)-st piece of the path P disposition(x) holds.

Figure 24

Prove that in this case

paa(s) = pa(s) 2 pp(s) = pp(s)  fors>s .

We denote by M the point belonging to the path ¢/ and corresponding to the moment
s', by N — the point belonging to the path P and corresponding to the moment s’ (see
Figure 24). Note that the notation is the same as the one of Figure 23. Denote by ML
an arc of the path ¢l corresponding to the interval [s',s' + s*] for some s* > 0 and by
NK — an arc of the path P corresponding to the same interval [s',s’ 4+ s*]. Denote by
Spe (spe < ') the moment to which the point N, = N, corresponds and denote by ]\T,Y\Q
an arc of the path ¢l corresponding to the interval (s, sp. + s*]. Translate the arc NK
so that the point N should coincide with the point N, then rotate the image so that the
tangent vector to the image at the point N, should coincide with the tangent vector to
the arc ]\fy\Q at the point N,. Denote the obtained arc by ]\77\R

For the lengths of the radius-vectors p(s) at the points N,, N, and M we have the
following inequalities:

RR n"2752



PN, < pN, < PM -

This follows from Corollary 4.4 (p(s) > 0).
Rotate the arcs N,Q, N,R and N K around O on different angles so that the points
M, N, and N should be on the line O4M, see Figure 25 a).

L

—,

Q
A b
R N
OC] Ocl
a) b)
Figure 25
Denote

AP'P:|OC[K|—|OCIN|, APP”:|OC[R|—|OC[N7|,
Apclp'r = | Ole | - | OclN’)/ | ) Apcl = | OclL | - | OCIM | .

We know that for the (k — 1)-st piece of the path P disposition(x) holds. Hence,

Ap'Ptr < Apclpr (50)

(by the inductive assumption, as k < n).
Using Corollary 4.4 (5 > 0) we obtain

Apclpr < Apcl . (51)
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Prove that

App < App,, - (52)

The tangent angles at the points N and N, are the same, the curvatures — too. Hence
(see Figure 25 b)),

|[KK'| = |[RR/| = v, INK'|=|N,R|==.
Denote
|OaN| = a, |OaN,| =0 .
We have the following equalities:

App =[(axz)?+y*—a, App, =/(bxz)+y>—b.

Inequality (52) is equivalent to

Viexaz)2+y2—a</(btaz)2+y2—-b,

(axz)®—(bxa)> < (a—0b) <\/(a:tm)2+y2+\/(b:l:a:)2+y2> ,

i.e.

(a+b+22) < <\/(a:i:a:)2+y2+\/(b:tm)2+y2>.

Thus we have

a+bt2z=(axz)+(btz)<l|atez|+|btz|< <\/(a:|:m)2+y2+\/(b:|::c)2+y2) .

This chain of inequalities is correct, hence, inequality (52) is also correct. Thus, from
inequalities (50)—(52) we obtain the desired inequality:

App < Apg

Le. pa(s) = pa(s') > pp(s) — pp(s') for s > .

Thus we proved that if at some moment s’ disposition(x) doesn’t hold then for the
moments s > s’ the length of the radius-vector g (s) for the point belonging to ¢l is greater
than the length of the radius-vector gp(s) for the point belonging to 7. This holds for
any path of the class A for any point P corresponding to some value of the parameter
s € (—up/2,up/2).

c) Assume that the point P coincides with the point S (see Figure 23). The curvature
of the path pcl and the curvature of any path of the class A are continuous functions.
Hence, if n — oo, then we can uniformly approximate the path pcl by a sequence of paths
of the class \A. Hence, for s € [0,u0/2] the length of the radius-vector p.(s) is greater
than the length of the radius-vector gpq(s), i.e. inequality (20) is proved.

The lemma is proved. O
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D Appendix: Proof of Lemma 8.5.
From equality (27) we obtain
y=a—0.
For the angles o and (3 we have the folowing formulas

|EF| JisinT2dr

2

o=t tan 8 = = .
b |OF| fg cos T2dr
Hence,
& =2,
IB- B 1 sin t2 fg cos 72dT — cos t2 fg sin 72dr B
— - 5 —
[1 + (fot sinT2dr/ fot cos 7'2d7') ] (fg cos 7'2d7')

fg sin(t? — 72)dr
2 2
(fot cos Tsz) + (fot sin Tsz)

Thus we obtain the following equality:

. f(f sin(t2 — 72)dr

G- =2t !
(f(f cos TQdT)-‘ + (fot sin Tzd’l')

We want to prove the following inequality:

2 [(Jﬁtc0572d7>2-+ (jﬁtsh1¢2d7>2 >»Jétsnu¢2-f2)d7 for t € [O,V&;;;q . (53)

We prove inequality (53) at first for ¢t € [0, v/ 4] . For this interval the function cos 72
is monotonously decreasing function, hence,

5 -

2

t Z
(/ cos Tsz) > (tcos(m/4))* =12/2 . (54)
0
For the function sin(¢2 — 72) we have the following inequality:
sin(t> —72) < t? =12 < 1%,

i.e.

13
/ sin(t> — r2)dr < txt2 =13, (55)
0
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From inequalities (54) and (55) we obtain that inequality (53) is true for t € [O, \/7r/4} .

Consider now the interval [\/7‘(‘/4, \/7r/2] . For the functions sin(#? — 72) and cos 72
restricted to this interval we have the following estimations:

t
/ sin(t? — 7%)dr < tsin(r/2) =t ,
0

2

t 2 /6 Jy/7/4
</ cos 72d7'> > (/ cos 7'2d7+/ cos 'rsz> >
0 0 J/7/6

> (\/W—/Gcosw/ﬁ + <W— \/7('—/6> Cos7r/4)2 =

2

= (V7/(2v2) + Va(V3 - V2)/(2V6))

2

=7 (1/(2v2) +1/(2v2) - 1/(2V3))

=7r(1/\/§—1/(2\/§))2=7r(\/6—1)2/12. (56)

Hence, from inequality (56) we obtain

2

t 2 t 2 2 t
(/ cos 7'2d7'> + </ sin 7'2d,7'> > <\/6 - 1) /12 + (/ sin 7'2d7') >
0 0 0

\/7/2

2
> (\/6— 1)2/12 + (/\/m SiIITQdT) >

>7r(\/€—1)2/12+ (W— \/TM)zsinQW/ll:
=7r(\/6—1)2/12+7r(\/§—1)2/8=7r(7—2\/6)/12+7r(3—2\/§)/8=

= (28— 4V6+6v2) /24> (23 - 4V6+6V2) /8 . (57)

Also, we know that

23 —4v6 +6v2 > 23 — 0,98 > 22 .
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Hence, from last ineqiality and inequality (57) we obtain that

t 2 t 2 22 11
2t (/ cos 7'2d7') + </ sin7'2d7'> > X —=—1t>5t.
0 0 8 2

But
t
/ sin(t? — r%)dr < t,
0

hence, we have proved that inequality (53) is true for ¢ € [\/77/4, \/7r/2].

Consider the interval [\/7r/2, \/37r/4] . For the function cos 72 restricted to this interval
we have the following inequality:

</t 2 )2 /t2 cosT ? /‘“/4c057d 2
cosT ar | = T > ——=aT R
0 0 2T 0 2T

/”/2 COSTdT 50> /3”/4 COSTdT
/4 2\/F w/2 2\/F .

because

Hence,

</(: cos7’2d7'>2 > (/0\/77/2 cos7'2d7'> > (V)2 CoS(71'/4))2 =7/8. (58)

For the function sin 72 we have the following inequality:

t 2 w/2 2 w/2 o 2
(/ sin 7'2d7'> > / sint2dr| = / ST dr| >
0 0 0 2T

/2 . 2
> (/0 sin TdT) [2m =1/(27) . (59)

Now from inequalities (58) — (59) we obtain the following inequality:

t 2 t 2
2t [(/ cos 7'2d7') + (/ sin 7'2d7'>
0 0

But

>2t(r/8+1/(27)) =t(r/4d+1/m)>t.

t
/ sin(t? — r2)dr < t,
0

hence, we have proved that inequality (53) is true for ¢t € [\/7!'/2, \/37r/4}.
The lemma is proved. O
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E Appendix: Proof of Lemma 8.6.

From equality (27) we obtain that v < a. If we prove that § < =, then using equality (27)
we prove that o < 27.

Consider the function J(¢) which is equal to the distance between the line [; and the
point of the arc OE.

In order to prove inequality (28) we can consider only the interval (0, +/7), because on

the interval [ﬁ, \/37r/2} for the angles v, a and 3 we have the following inequalities:
B<7m/2, a=p+~vy>m, hence, y>7n/2,

and, hence, evidently, # < 7 and inequality (28) holds.

Consider the coordinate system Lz1y; with the origin at the point L and with the z1-
axis coinciding with the tangent vector to the half-clothoid at the point L (see Figure 17).
In this coordinate system we can define the function J(¢) on the interval [—tr,tp —tr] as
follows:

t
J(t) = / sin(r2 +2tp7)dr, t€[0,tp —tg]
0

and
¢ ¢
J(t) = / sin(—72 — 2tpT + 7)d7 = / sin(r? + 2tpT)dr, t€ [—tr,0]
0 0

(we have J(0) = 0 at the point L).
Consider the graph of the function f(t) =t + 2t1t (see Figure 26).

F&)A

Ty

tg — 1L

2
7tL

Figure 26
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The function f(t) = t2+2t1t is a monotonously increasing quadratic function on the in-
terval [—tr,tg — tr]. Hence, the graph of the function sin f(¢) on the interval [—tr,tg — t1]
is of the kind as on Figure 27 (recall that tg < /7, hence, t1 < /7).

sin(t? + 2trt) A

—to+ B 21\ B -~

0 135] J\tL

o~

Figure 27

From the inequality ¢t < /7 follows that tg — t; < —tf + 4/t2 + 7. Indeed, tg < /7,
ie. tg —tp < \/m—tg, but —t; + \/t2 + 7 > /7 — t1, hence, tg — t < —tp + /12 + .

Consider a pair of points M € OL, N € LE such that J(M) = J(N). From the graph
of the function sin(t? + 2t1t) we see that

1) [tm] > tw,
2) the angle t2 + 2tyt for the point M is smaller than this angle for the
point N.

For the point M coinciding with the point O and for the point N coinciding with the
point F we obtain from 1) inequality (30), i.e.

0| > |LB|,
and from 2) we obtain the following inequality:

B<v.

Thus, we have proved inequalities (28) and (30). In order to prove inequality (29)
remark that from 2) we obtain that cos(t2+2t5t) at M is larger than cos(t2+2trt) at N.
But

~ —tr
|OL| = / cos(r? + 2tpT)dr
0
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~ tg—ir
|LE| = / cos(t2 + 2t 7)dr |
0
hence, using inequality (30) ({1 > tg — tr), we obtain inequality (29):
|OL| > |LE| .

The lemma is proved. O

F Appendix: Proof of Lemma 8.7.

For the function ¢(t) (see formula (31)) we can apply Cauchy Theorem on the interval
[0, Care] because functions t — fj cos a(r)dr and t — f cos y(7)dr satisfy all the conditions
of the theorem. So, we obtain that

1 —cosa(t")
1 —cosy(t*) ’

q(t)

where t* € [0, t]. Hence,

_ sinz(oz(t*)/Q)
sin®(y(t%)/2) -

From Lemma 8.6 we have the following inequalities:

a/2<y<a<2y.

Consider the function ¢(t) on the interval (0,/7]. Hence, a(t*)/2 € (0,7/2] and,
hence, by Lemma 8.6, we have v(¢*)/2 € (0,7/2). On this interval the function sin(¢2/2)
is a monotonously increasing function and v > /2. Hence

sin?(a(t*)/2) < sin?(a(t*)/2)
sin(y(t*)/2)  sin®(y(t*)/4)

= 4cos?(a(t*)/4) < 4,

i.e.
q(t)y <4  for t? € (0,7] .

When the function ¢(t) is defined on the interval [\/7, /37 /2], then a(t*)/2 € [r/2,37 /4]
and y(t*)/2 € (w/4,3mw/4). Hence, the maximal value of the ratio

sin?(a(t*)/2)
sin® ((¢*)/2)

will be obtained for a(t*)/2 = 7/2 and v(t*)/2 = 7 /4, i.e.
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E
0 F=F z
Figure 28
s 2 *
t*)/2 1
q(t) = sz(a( )/2) =2 for t* € [r,37/2] .

02 ()’

Consider the function ¢(¢) on the interval [\/37/2, Cyyc]. Consider for every point E
of an arc of half-clothoid defined on this interval the point E’ of an arc of half-clothoid
defined on the interval [0, /37/2] such that F’ = F (see Figure 28).

We prove that ¢(F) < q(E').

|OE| — |OF|
E)=1+f(B)=1+ 2=~ =71
(B =1+ 1) =1+ 22 =00
OF'| — |OF
o(B) =1+ () =1+ 221 =0T
|OE' | — |OF!|

But
|OF'| — |OF| > |OE| — |OF|

and

|OE'| - |OF'| < |OE| — |OE|

(because |O/E'I| < |6E| and |OF'| > |OE|). Hence, f(E') > f(F) and q(E') > q(E).
Thus, we prove that
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max 1)< 4.
t€]0,Carc) q( )

The lemma is proved. O

G Appendix: Proof of Lemma 8.10.

‘We want to estimate the ratio

h=Y(EA)
h1(A) -

We can rewrite it in the following form (see Figure 18):

h~'(kA) |RR'| |PR| |PO|+|OR| 1+kA 1/A+k
R=1(A)  |EC| |PC| |PO|+|OC| I+A IJA+1°

On the interval [0, h(tx)] the function A~!(w) is convex (because by Proposition 8.9
the function A(t) is concave on this interval). Hence,

l<ec

or

UA+k  c/A+k
<
I/JA+1 ~¢/A+1

because this inequality is equivalent to the following inequality:
le/A? +1/A+ke/A+k <le/A*+c/A+EklI/A+E,
ie.
(1-Fk)I/A<(1—=Fk)/A.
Thus, we can estimate the ratio

h=Y(kA)
h=1(A)
in the following way:
h_l(kA)<c/A+k_1 1-k
h1(A) T e/A+1 T c/A+1°

Denote by (h~1(A))’ the derivative of the function h=*(A). So for the function h=1(A)
we have the following formula (see Figure 18):

(60)
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h~YA) = (c+ A)tand = (c+ A)(R71(A))

ie.
h1(4)
A=—7—1 -1
I8 A
and we can rewrite inequality (60) as follows:
R (kA 1—k
o) (b (A))A (o1

R S/ T
A SR
Denote by D(t) the length of the arc, by H(t) the length of the chord corresponding

to some t and by D'(t), H'(t) we denote their derivatives. Recall that

h(t) = D(t) - H(t),  h~'(h(t)) = D(1) .

Then,
R7H(A)=D(t), (hR7H(A))'=1/(1-H'(t), A=D(t)-H(),
and we can rewrite inequality (61):
h=Y(kA) 1 1-k D(t)—H(t) 1— H(t)/D(¢)
i) ST DE C T1-EQ) 0

We estimate the right hand-side of inequality (62) using Proposition 8.12. So we can
rewrite inequality (62) as follows:

=1-(1-k)x (62)

%&A))<1—(1—k)xl_1[i(—g,/(g(ﬂzl—(l—k)x 1_11{/_(92//(31(915) ’
where 1/2 < 6 < 0.
But
1—H'(0t)/D'(6t) 1—cosy(0t)  sin?(y(6t)/2)
1—H'(t) L—cosy(t)  sin’*(y(t)/2)
Hence
%<1—(1—k)x% for some 1/2<6<1. (63)

From Lemma 8.6 we have the following inequalities for the angle ~(¢):

a(t)/2 < () < alt) forte (o, ,/:Jm/z] ,
where «(t) is the tangent angle, i.e. a(t) = t2. Hence, for the angles v(6t)/2 and ~(t)/2

we have two inequalities:

(6t)2/4 < v(0t)/2 < (61)?/2, (64)
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t2/4 < ~(t)/2 < 22 . (65)
Recall that 1/2 < § < 1, hence, we can rewrite inequality (64) as follows:
t2/16 < y(6t)/2 < t3/2 . (66)
Now using inequalities (65), (66) we obtain the following estimation:

sin(y(0t)/2) _ sin(#%/16)
sin(y(t)/2) sin(t2/2)

But
sin(t?/2) = 8sin(t?/16) cos(t?/16) cos(t*/8) cos(t*/4) ,
hence,
in(t2/1 1
sin(t”/16) _ >1/8,
sin(t2/2)  8cos(t2/16) cos(t?/8) cos(t?/4)
ie.
sin(+(61)/2)
—_—>1/8. 67
(1072 Y o0
Thus, using inequality (67) we can rewrite inequality (63):
h=1(kA)
——<1-(1—-Fk)/64.
The lemma is proved. O
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