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e9cdP giVFe"U+To\¯^`_xr`VFe"fdT2PpTogbg5jVFgbVFeNjT
UBsVuU#Q2_xP]V
qd_be�a9P]_xndctsVFVNfdQ2epV¹gbVNfdPRQJn`g5jVuU#V
q'c�\¯^`QL_iv#qdV
gxT,qd_be�a9PR_�ndc`ap_iQ`r�qdVFe�qdQJrdrtsVFVFe"fdQJcdP�gbVFe
U�Tha9P]_b\FVFe
VFa¹gbVFe
�2VF\Fa�VucdPRe¹e-cdP�gbVFe�qd_��ZsVuP]VurLa�e"fdP]Q`\FVFe�e�VucdP]em¥��Dr`VDqd_iepa9P]_xndc`a�_bQJr�n`gbQ`\-¨�\FwJ\Fgb_b·dc`V
e�VuU#n`gbV�\FQ`r2�2Vur`_xPDfdQJcdP~gxT�f`gxcdfdT2P]aDqdVFeZThgiSLQJP]_ba9^dU#VFeul%U�To_beNcdr�\FQ`U�fdP]QJU#_be�VFepaNr"sVF\FVFe�e-To_xP]V
q'T2r`etgbV�\¯^`QL_iv#qdV�gxT.a9To_bgbgiVDqdVFe"n`gbQJ\Fe�®kfµQJcdP�Tm�2Q2_xP�jTDgxTD£kQ2_be�qdVFe"\uTogb\uc`gbe
VFa�\FQJU�U#cdr`_b\uToa�_bQJr`e
V-±¬\uTh\FVFe�VFa¬cdr`V�ndQ`rdr`V�PJsVufdT2PRa�_ba�_bQJr�qdV�\F^dT2P]SLVu³F¥º½�V¤\¯^`QL_ivBQJf`a�_xU�Thg¹VFepaXqd_��,sVuPRVur2a�fdQ`cdP
\F^dTo·dc`V�TogbS2QJP]_ba9^dU#V2lHVFaX_bg�VFepaXqdQ`r`\�VFe�e�VurLa�_bVFg�qdV�fdQJc`�LQ2_xP�fdToe�e�VuP�q�� cdr`V�qd_be�a9P]_xndc`a�_bQJr jT
g�� T2c`a-P]V�a9PFjVFeXP�T2f`_bqdVuU#VurLau¥�~QJc`e¬fdP`sVFe�Vur2apQJr`e�_b\F_�gbVFe¬TogbS2Q`P]_ba9^dU#VFe�qdV�P]VFqd_be�a9P]_xndc`a�_bQJr · c`V
r`QJc`eDTu�LQJr`e
_�U+f`g�TLr2adsVFe�q'T2r`e�gxT�n`_xn`gb_bQ2a9^�jVF· c`V�»d¼
[,½�[,O'[D¼�¾#¥��Dr`V�sVFa-c`qdVNqdV�\FQJU�f`gbVFvJ_badsV
�`_bVur2a#Vur`e9c`_ba�V�fdP]Q`c`�2VuP,g��ýV-±¬\uTh\F_iadsV�qdVFe#e�Q2gxc`a�_bQJr`e#\F^`Q2_be�_bVFeu¥�½�VFe�fdVuPÀ£kQJP�U+T2r`\FVFe#QJn`a�Vur`c`VFe
e9cdP+��rLa�VFg�O�T2P�ToS2Q`r°VFa�¼�P�Tmw©´��oÁ�\FQJP�PRQJndQJPRVur2a#r`Q2e¬P`sVFe9c`gba9Toa�eu¥���Q`c`e�U�QJr2a-P]QJr`e�gbV¤SJTo_xr
QJn`apVurJc�Vur�c`a�_bgb_ie-T2r2a°cdr`V�ndQJrdr`V°qd_be�a9P]_xndc`a�_bQJr qdVFe�qdQJrdrtsVFVFe¡Tm�2VF\°�©r`QowJT2c`v�qdV°\uTogb\uc`g
r`cdU#VuP]_b·dc`VXVFaDr`Q2e
£kQJr`\Fa�_bQJr`e�qdV#P]VFqd_be�a9P]_xndc`a�_bQJr�¥
� É%�u�FÇ������Ä¿� \uTogb\uc`g�fdT2P�Togbg5jVFgbV2lºThgiS'jVundP]V#gb_xr"sVuTo_xP]V�fdT2P�TogbgkjVFgbV2l \FQJU�U#cdr`_b\uToa�_bQJr°Vur sVF\F^dT2r`S2V
a�QLa9TogdfdVuP]e�Q`rdTogb_iedsVFV2l2P]VFqd_be�a9PR_�ndc`ap_iQ`r�qdV
qdQJrdrtsVFVFeulEÍDO�Î�l2P`sVufdT2P]ap_iap_iQ`r,qdV
qdQJrdrtsVFVFe�VurLa9P]VFgxTo\�sVFV
fdT2P~n`giQ`\Fe
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´�^`_be�fdT2fµVuP�qdVFep\uP]_xndVFe#a9^`V�e�QLg�c`ap_iQ`r�Qo£�a9^`V+q'Toa9T�P]VFqd_be�a9PR_�ndc`ap_iQ`r�fdP]QJn`gbVuU�T2P]_be�_xr`S�«N^`Vur
_xU�f`gbVuU#VurLa�_xr`S¬gb_xr`VuT2P�ThgiSLVundP�T�_�r�T.qd_be�a9P]_xndc`a�VFq¤e�wJepa�VuU�¥2[Dgba9^`QJc`SJ^ªT#n`_ba¹e-fdVF\F_xTogb_bFVFq(l�a9^`V
fdP]Q`n`giVuU TLr`q�_iapeNe�QLg�c`ap_iQ`r�\FQJrLa9To_xr`e,fdQ2_xrLa�e�Qo£�S2Vur`VuP�Tog _�rLa�VuP]VFepaZP]VFS`T2P]qd_xr`S�q'Toa9T�\FQJU�U#cL¨
r`_b\uToa�_bQJr°fdToapa�VuP�r`e
_xr�q'Toa9T+fdT2P�TogbgbVFgºgxT2r`S`cdToS2VFeu¥
¸�V�fdQ2_xrLaNQ`c`a¹a-^dToa
a9^`V�fdT2fdVuP~_beNr`Q2aNThqdq'P]VFe�e�_xr`Sªa9^`V�fdP]QJn`gbVuU�Qo£"^`Qo«�a�Q�qdVFa�VuP�U�_�r`V

T�P]VFgbVF�oT2r2a,q'Tha9T�qd_be�a-P]_xndc`a�_bQJr�®5VF�2Vur�_Ë£¹VFvdfdVuPR_�U�Vur2a9Thg¹P]VFe9c`gba�e�TLP]V�S2_b�2VurÅ£kQJPD��rJcdU#VuPR_i\uThg
�oVuPpr`VFgie-³Fl�ndc`aD^`QE« a�Q#_�U+f`giVuU�Vur2a�T#SL_i�LVur�P]VFqd_be�a9P]_xndc`a�_bQJr�¥�¥
´�^`V¡fdPRQJn`gbVuU Qh£{q'Tha9T�P]VFqd_be�a-P]_xndc`a�_bQJrBQJ\F\ucdPRe�TheXepQJQJrÂToe�w2Q`c°qdVuTog
«�_ba9^BT2P�P�Tmw`e,QJr

fdT2PpTogbgiVFg�qd_be�a9P]_xndc`a�VFq°U#VuU#QJPRw¬\FQJU+fdc`a�VuPFlL£ PRQJU��2VF\Fa�QJP]e
a�QªUXc`gba�_Ë¨�qd_xU#Vur`e�_bQJrdThg"T2P�P�Tmw`eu¥J� a
T2fdf`gb_bVFe�ndQ2a-^�a�Q�q'Toa-Tm¨ÌfdT2P�TogbgbVFg�g�TLr`SJcdToS2VFe,e9c`\F^°Toe�ÍDO�Î�TLr`q²apQ¡»dOH|²Á�fdP]Q2SJPpT2U#eD«�_ba9^
U#VFepe9ToS2V-¨ÌfdToepe�_xr`S'¥(��r°a-^`V10�PRe�aN\uThe�V#a9^`V�P]VFqd_be�a9P]_xndc`a�_bQJrÂ_be,_�U+f`gi_b\F_ba�_xr°T2P�P�Tmw�e�a-Toa�VuU#VurLa�e
gb_x�oV�24365§«N^`VuPRV72�VFa"5 T2P]V�a]«
QZU+Toa9P]_b\FVFe"«~_ia-^#qd_��øVuPRVur2atqd_iepa9P]_xndc`a�_bQJr`eu¥d��r+a9^`V
e�VF\FQJr`q
\uToepV�Tªgb_xndP�T2PRw�£�cdr`\Fa�_bQJr°^dToe,a�Q�nµV#\uTogbgiVFqBa�QªqdQ�a9^`V#e9T2U#V�QJfdVuPpToa�_bQJr°QJP~_ba,\uT2r°Togbe�Q�ndV
^`_bqdqdVur°Toa�a9^`V�nµVFS2_xrdr`_xr`S²T2r`q�Vur`q¤Qo£HTLrªQJf`a�_xU#_bFVFq²P]Q`c`a�_xr`V�\uTogbgk¥
¸�VZfdPRVFe�Vur2aD^`VuP]V,a9^`V,TogbS2QJP]_ba9^dU TLr`q¬_xU�f`gbVuU#VurLa9Toa�_bQJrÅQo£ºa9^`V,P]VFqd_be�a9PR_�ndc`ap_iQ`r�P]QJc`ap_�r`V

a9^dTha¹_beNc`epVFq�_�r�»d¼{[Z½�[,O%[N¼�¾98;:%l �=<Ì¥?>,cdP
epQ2gxc`a�_bQJrª_beNT�qdw rdT2U�_i\�TLfdfdP]QJTo\F^�_xrªQJPRqdVuP
a�Q
\FQJr`epa9P�c`\Fa"a-^`V�\FQJU�U#cdr`_b\uToa�_bQJr+e�VFa�e
T2r`q�a9^`Vur#V-±ª\F_iVurLa�gbwª\FQJU�U#cdr`_b\uToa�V�a9^`VuUÅ¥@>,cdP"ThgiSLQo¨
P]_ba9^dU c`e�VFe�e�VF�2VuPpTog�e�a9P�ToapVFS2_bVFe¹qdVufµVur`qd_xr`S�QJrªa9^`V�T2U#Q`cdr2a
Qo£ºq'Tha9T�a�Q�ndV,\FQJU�U#cdr`_b\uToa�VFq
T2r`q°QJr¤a9^`V�a9T2P]SLVFaZT2PR\¯^`_ba�VF\Fa9cdPRV�\uT2fdT2n`_bgb_ba�_bVFe#_�r}QJP]qdVuP~a�Q¡nµV#�2VuP]w�£�Toe�am¥'�ka�P�cdr`e~£kQJPNTLr2w
r`cdU#ndVuP~Qo£HfdPRQJ\FVFe�epQJP]eul'U+T2�2_xr`S¬Tm�oTo_bg�TLn`giV#a9^`V#fdQ2epe�_xn`_igb_ba]w�Qo£�gbQJToqd_xr`S�T2r`q�qdQo«NrL¨�gbQJToqd_xr`S
£�P]QJUBAha�Q#QJr`V�fdP]Q`\FVFe�e�QJP
apQ@Am£�P]QJU�U�T2rLw¬QLa9^`VuP]eu¥
»`VF\Fa�_bQJr���S2_b�2VFe�TBndP]_bV-£XqdVFep\uP]_xf`a�_bQJr�Qo£XP]VFgxToapVFq «
QJP��Leu¥"»`VF\Fa�_bQJr ��_xrLa9P]Q`q'c`\FVFe�a9^`V

»d¼
[,½�[,O%[N¼�¾ q'Tha9T�qd_iepa9P]_xndc`a�_bQJr°U#Q`qdVFgieDT2r`q�r`Q2a9Toap_iQ`r`e{c`epVFq�_xrªa9^`_beZfdTLfdVuPF¥'»`VF\Fap_iQ`r!:
fdP]VFepVur2a�e,a-^`VXTogbS2QJPR_ia-^dU#eNa-^dToaN«
VuP]V#c`e�VFq¤£5Q`P�a9^`V#P]VFqd_be�a9P]_xndc`a�_bQJr}Qo£"q'Toa9TªT2r`q�epVF\Fa�_bQJr°�
fdP]VFepVur2a�e,ap_�U�_�r`S°P]VFe9c`gba�e,QJn`a-To_xr`VFq�QJr¤qd_��øVuPRVur2a�U�Th\¯^`_xr`VFe¡® rdT2U#VFgbw�a9^`V�¼�PpTuw�´~�oÁ T2r`q
a9^`V#��rLa�VFgºO�T2PpToS2QJrd³F¥
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Î%QJP
T�gbQJr`S#a�_xU#V2ldP]VFqd_be�a-P]_xndc`a�_bQJr�«�Toe
\FQJr`e�_bqdVuP]VFq��LVuP]w�qd_Ë±¬\uc`gbaN_xrªa9^`VDS2Vur`VuP�Thg�\uThe�V2ldT2r`q
U#QLe�a�_xU�f`gbVuU#VurLa9Toa�_bQJr`e�T2P]V�P]VFepa9P]_b\Fa�_xr`S©a-^`V�fdQ2e�ep_�n`gbV°qd_be�a9P]_xndc`a�_bQJr`e�apQ}n`gbQ`\¯�BQ`P#\FwJ\Fgb_b\
qd_be�a9PR_�ndc`ap_iQ`r`eF8 �dl��JltW2W2ltWElHG�<Ìl QJP,_xrÂe�QJU#V�_xU�f`gbVuU#VurLa9Toap_iQ`r`e�Thgig�n`gbQ`\¯�h¨�e�_bFVFe¬^dToq�apQ²ndV
U#c`gba�_xf`gbVXQh£òVuTo\F^ªQ2a9^`VuPRe�a�Q�VuToepV,e�QJU#V�U#VuU�QJP]w¬To\F\FVFepeNQJfµVuP�Toa�_bQJr`em¥
»`QJU#V²PRVF\FVur2a�«
QJP��Leªe9^`Qo« a9^dToaª_ba�\uT2r�ndV°qdQJr`V�Toaª\FQJU�f`_bgbV�a�_xU#V�_xr�a-^`V�S2Vur`VuP�Thg

\uToepVI8KJ`ltWu�=<¹QJP.qdVFe�\uP]_xndVªa9^`V�To\F\FVFe�e�Qh£~TLP�P�Tmw�VFgbVuU#VurLa�e#«�_ba9^°qd_��(VuP]VurLaXepa9P]_bqdVFeL8 �=<Ì¥�¦
c`a
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S2Vur`VuPpTogbgiw�a9^`VFepV�«
QJP��Le¬Toqdq'P]VFepe�VFq�P]V-¨�qd_be�a-P]_xndc`a�_bQJr�Qo£XT2PpP�TmwJe#«�_ba9^�T 0'v`VFq§rJcdU#ndVuP+Qo£
fdP]Q`\FVFe�e�Q`P]e¬Toa#\FQJU�f`_bgbV-¨�a�_xU#V2l
QJP�a9^`V�\FQ`U�f`_bg�Tha�_bQJr�Qo£,q'Toa9T¤VFgbVuU#VurLa�e�To\F\FVFe�e#£kQJP#n`gbQJ\F�o¨
\Fw`\Fgb_i\+qd_iepa9P]_xndc`a�_bQJr�¥�¸�V�fdP]QJfµQ2e�V#T�P�cdrL¨�a�_xU#V�T2fdfdP]Q`To\¯^ÅQo£�q'Toa9Tm¨ÌP]VFqd_be�a-P]_xndc`a�_bQJr°«�_ba9^¤r`Q
\FQJU+f`_igbV-¨�a�_xU#V+_�rL£kQJP�U+Toa�_bQJr�T2r`q�T#�oT2P]_xT2n`gbV�rJcdU#nµVuP
Qo£"fdP]QJ\FVFepe�QJP]eu¥


 ������ø� ������������!#�
��� !#��$%�'&(��)+*,���-�.	 �Z	.! &(�t!X�p$'�%&(��)+*Z���9�.	

´�^`V�»d¼
[,½�[,O%[N¼�¾�gb_xndP�T2P]w°c`e�VFe,a9^`V�n`gbQJ\F�h¨�\FwJ\Fgb_b\¬q'Tha9T�qd_be�a-P]_xndc`a�_bQJr°QJr°T+�J_xP]a9cdThg�SJP]_bq
Qo£NfdP]Q`\FVFe�e�Q`P]e�_xrÂQJP]qdVuPDa�Q°P]VuTo\F^°S2Q`QJq°gbQJToq`¨ÌndTogxT2r`\FV2lHS2QJQ`q°\FQJU�fdc`a9Tha�_bQJr°V-±¬\F_bVur`\FwBQJr
T2PpP�TmwJe�T2r`q T2r�VF· cdTog#U#VuU#QJPRw�c`e9ToSLV}nµVFa]«¹VFVur fdP]QJ\FVFepe�QJP]eu¥~[ZPpP�TmwJe�T2P]V�«DP�T2fdfdVFq n2w
n`gbQ`\¯�Le"_xrªTogbgdqd_�U�Vur`e�_bQJr`e
\FQJP�P]VFe9fµQJr`qd_xr`S�a�Q,a-^`V{fdPRQJ\FVFe�epQJP�SJP]_bq(¥J´~^`V¹Î�_bSJcdPRV�W
_bgigxc`e�a-P�Toa�VFe
a9^`V+QJP]SJT2r`_buToap_iQ`r°Qo£¹a-^`V¬n`gbQJ\F�o¨�\Fw`\Fgb_b\�qd_be�a9P]_xndc`a�_bQJrÂQo£NT��oÁ T2P�PpTuw`e,QJr°T��hÁ�S`P]_bq�Qo£��
fdP]Q`\FVFe�e�Q`P]eu¥
´�^`V�qd_be�a9PR_�ndc`ap_iQ`r°Qo£¹T�U�Tha9P]_bv�_beNqdV$0�r`VFq©nLwª£kQJcdPNU+To_xr�fdT2P�TLU#VFa�VuP]e�%T¬n`gbQ`\¯�ª«�_bqda9^

e�_bFV2l�����T�n`gbQJ\F�°^`VF_bSJ^2a,ep_iFV2l�����a9^`V�r`cdU#ndVuPDQo£�fdP]QJ\FVFepe�QJP~_�rÂT�P]Qo«�l����������'a-^`V¬rJcdU#nµVuP
Qo£�fdP]Q`\FVFe�e�QJP]e,_xr�Tª\FQLg�cdU+r�l������! "TLr`q�£kVF« Q2a9^`VuPRe,a�Q¬qdVFapVuP�U#_xr`V2l(«N^`Vur°Tªe9cdnL¨ÌU+Toa9P]_bv�_be
c`e�VFq(l�«D^`_i\F^¤VFgbVuU#Vur2a,Qh£"a9^`V�S2gbQJndThgòU�Tha9P]_bv¬_be,a9^`V�e�a9T2PRa�_xr`S¡fµQ2_xr2a�T2r`q¤«N^`_b\¯^°fdP]Q`\FVFe�e�Q`P
_ba,ndVFgbQJr`S2eDa�Q'¥

(0,1) (0,2)

(1,0)

(2,0)

(3,0)

(0,4) (0,5)(0,3)(0,0)

(2,3)

Blocks owned by the processors [0,0]

Grid of Processors [2,3] Block - Matrix 

0 1 2

1

0 (2,0)

(1,0)

(3,0) (3,3)

(1,1)

(3,1)

(1,4)

(3,4)

(1,2) (1,5)

(3,2) (3,5)

(0,3)

(2,3)

(1,3)

(0,1) (0,4)

(2,1) (2,4)

(0,2) (0,5)

(2,2) (2,5)

(0,0)

Î�_bSJcdP]VDW�o´�^`V¹n`gbQ`\¯�D\Fw`\Fgb_i\~q'Toa9T
qd_be�a9PR_�ndc`ap_iQ`r�Qh£�T��oÁ T2P�PpTuwDQJr,TD��"
��S`P]_bq�Qo£�fdP]Q`\FVFe�e�Q`P]eu¥

��r�»d¼
[,½�[,O%[N¼�¾#l2a-^`V¹V-±ª\F_iVur`\Fw+Qo£øP]VFqd_be�a-P]_xndc`a�_bQJr�_bet\uP�c`\F_xTog�Toe�_xr�TLr2w#q'Toa9TDfdT2P�ThgigbVFg
T2fdfdPRQJTo\F^�ndVF\uT2c`epVN_ba"e-^`QJc`gbq¡nµVZr`VFS2gb_bS2_xn`gbV�QJP�Tha"gbVuToe�ate9U�Togbg'\FQ`U�fdT2P]VFq�apQ,a9^`V�\FQJU�fdc`a-Tm¨
a�_bQJr+_ba"«�Toe�qdQJr`V{£5QJP ¥2´�^`_be¹_betVFe9fdVF\F_xTogbgbw�qd_Ë±¬\uc`gba¹ep_�r`\FVDa9^`VNPRVFqd_iepa9P]_xndc`a�_bQJrªQJfµVuP�Toa�_bQJr�^dThe
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a�Q�ndV+qdQJr`V#qdw rdT2U�_i\uThgigbw2l «�_ba9^°r`Q�\FQJU�f`_bgbV-¨�a�_xU#V¬Q`P�e�a-Toa�_b\�_xrL£kQJP�U�Toap_iQ`r�¥(´�^`_be,qdw rdT2U�_i\
T2fdfdPRQJTo\F^B_�U+f`gi_bVFe¤a9^dToa#«
V�qdVuTog
£�P]QJU a9^`V²nµVFS2_xrdr`_xr`S�«�_ba9^�a9^`V�U�Q2e�a#S2Vur`VuP�Tog~\uToe�V�Qo£
P]VFqd_be�a-P]_xndc`a�_bQJr°TogbgiQo«
VFq�nLw¬QJcdP{\FQJr`e�a9P�Th_�rLa�euldrdT2U�VFgiwª\Fw`\Fgi_b\#«�_ba9^�n`gbQ`\¯�LeNQh£ºe�_bFV¡®���� �u³HQJr
T�������� " �����! ��`_�PRa9cdTog'S`P]_bq�a�Q�\Fw`\Fgb_i\,«~_ia-^�n`giQ`\F�2e
Qo£ºep_iFV�®������ ���x³�Q`r¬T ���� ��� " ������  �J_xP]a9cdThg
SJPR_iq
	o¥@>,cdP
P]QJc`ap_�r`VFe�T2PRVNTogbe�Q�c`e9T2n`gbV,«N^`Vur+qdVuTogb_xr`S�«�_ba9^+e9cdnL¨ÌU�Toa9PR_i\FVFe�®kndc`a
qdQ#r`Q2a
a9T2�oV
_xrLa�Q¡Th\F\FQJcdr2a
e�a-P]_bqdVFe9³F¥
|²Q`P]VFQo�2VuPFlJr`QªgxToa�Vur`\Fw�^`_bqd_xr`S�a�VF\F^dr`_i·dc`VFeDQJP
Qo�2VuP]gxT2fdf`_xr`Sª\uT2r�ndV#c`e�VFq²nµVFaÌ«
VFVurÅa9^`V

P]VFqd_be�a-P]_xndc`a�_bQJr�T2r`q�a9^`V�fdP]VF�`_bQJc`e
\FQJU�fdc`a9Tha�_bQJr#ndVF\uT2c`e�VDa9^`VFe�VDP]QJc`a�_xr`VFe¹TLP]V�_xr`qdVufdVur`qdVurLa
®kPRVuU�T2P��.a9^dToa�_ba�qdQJVFe
r`Q2a"fdP]VF�2VurLa"a-^`V{c`epV�Qo£�a-^`VFe�V�a�VF\F^dr`_b· c`VFet_�r`ep_iqdV,a-^`V{PRVFqd_iepa9P]_xndc`a�_bQJr
P]Q`c`a�_xr`V�_ba�e�VFgË£�l�Toe~_ia~_ieDVFvdf`g�Th_�r`VFq°_xr�epVF\Fa�_bQJr�:'¥Ë�2³F¥

� � �"!#��$%�'&(��)+*,���-�,	�����N�~&(�]�����

´�^`V+«N^`Q2gbV¡fdPRQJn`gbVuU Qo£
q'Toa9T�P]VFqd_be�a9PR_�ndc`ap_iQ`r�_be�£5Q`PDVuTo\¯^°fdP]Q`\FVFe�e�Q`P,a�Q!0�r`q�«D^`_i\F^Âq'Toa9T
e�apQJP]VFq�gbQ`\uTogbgiwB^dToe�a�Q�nµV�e�VurLa,a�Q�a9^`V�QLa9^`VuP]e�T2r`q©PRVFe9fdVF\Fa�_b�2VFgbw©^`Qo«�UXc`\F^¤q'Toa9Tª_ba�«~_igbg
P]VF\FVF_b�2V�£�P]QJU�a-^`V�Q2a9^`VuPReZT2r`q¤«N^`VuP]V�_iaD«�_bgbgºepa�QJP]V,_ba,gbQJ\uThgigbw2¥�¸§^`Vur�a-^`V�\FQJU�U#cdr`_b\uToa�_bQJr
ndc �(VuP]e¬TLP]V�ndc`_bgia�®kP]VFe-fdVF\Fa�_b�2VFgbw�PRVFe�VuP]�2VFq'³Fl�a9^`VFw�^dTm�2V�a�Q�ndV¤a9P�T2r`eR£5VuP�PRVFq nµVFaÌ«
VFVur a9^`V
fdP]Q`\FVFe�e�Q`P]eu¥

����� ��������� ��!#"%$ �'&(��&*),+%�'$-).&*/��'�0&

1�É 	32 ���F�d�54xÉ06�É.7¬��8�Ä§Ê(�d�F� �FÄ`�u� �5£�«¹V�Toe�e-cdU#V�a9^dToa�a-^`V�q'Toa9T°T2P]V�e�apQJP]VFq�\FQJrLa�_Ë¨
SJc`Q`c`e�gbw _xr§TBn`giQ`\F� \Fw`\Fgb_b\°£ The9^`_bQJr�QJr�a9^`V�fdP]Q`\FVFe�e�Q`P]eulta9^`V�fdP]QJn`gbVuU _be�a9^`Vur�a�Q 0�r`q
«N^`_b\F^�q'Tha9T�_ba�VuU#e�e�a�QJPRVFq�QJr�fdP]Q`\FVFe�e�Q`P ��9�«~_igbg
ndVªe�Vur`q©apQ�fdP]QJ\FVFepe�QJP �;:E¥�´�^`VFe�Vªq'Toa9T
_ba�VuU#e�^dTm�2V#a�Q�nµV¡fdTo\F�oVFq�_xrÂQJr`V¬U#VFepe9ToS2V�ndV-£kQJP]V�ndVF_xr`S°e�VurLa�a�Q � : _xrÂQJP]qdVuP.a�Q�Tm�2Q2_bq
e�a-T2P]a]¨ÌcdfªqdVFgxTmwJem¥

>,cdPºTogbS2Q`P]_ba9^dU e�\uT2r`e�Toa(a9^`V
e9TLU#V�a�_xU#V
a9^`V¹U+Toa9P]_bv,_xr`qd_b\FVFe"Qo£'a9^`Vtq'Toa9TDn`gbQJ\F�2e�e�a�Q`P]VFq
QJr � 9 T2r`q�a9^`QLe�V�a9^dToat«�_bgbgønµV,e�a�QJPRVFq�QJr � : ¥L|°QJP]VNfdP]VF\F_be�VFgbw2ld«
VN�hVFVuf�a]«
Q,\FQJcdrLa�VuP]eulLQJr`V
\FQJPpP]VFe9fdQ`r`qd_�r`S�apQ �09 � eNq'Toa-T#gbQJ\uToap_iQ`r�_xr¤a9^`V�S2gbQJndTog�U�Toa9P]_bv�T2r`q¤a9^`V�QLa9^`VuP�apQ �
:��ýe�Q`r`V2¥
¸�V�_xr`\uP]VuU#VurLa�a9^`VuU�fdP]Q2SJP]VFepe�_b�2VFgbw¡nLw¡n`gbQ`\¯��The�_xr�T�U#VuPRS2VNepQJP]a�_xr�Q`P]qdVuPta�Q�qdVFa�VuP�U�_�r`V
a9^`V+QE�LVuP]gxT2f�T2P]VuThe�Toe�e9^`Qo«Nr¤_xrÂÎ�_iS`cdP]V¬�©®5a9^`V#\FQJU�f`gbVFvJ_ba]w�_be�gb_xr`VuT2P�_xr�a-^`V¬rJcdU#nµVuP,Qo£
n`gbQ`\¯�Le9³F¥
´�^`Vur�«
V�fdTo\F�Âa9^`V�q'Toa-T°_ba�VuU#eª\FQJP�P]VFe9fµQJr`qd_xr`S©apQ�a9^`V�Qo�2VuP]gxT2f�T2P]VuToe#_xr�QJr`V
U#VFepe9ToS2V,a�QªndV�epVur2a�apQ �;:2¥

< í�ß9á=û ê]Ü
á>=Eù-á�á>=uû ç$�-ÜÀéEÜÀÞ�ùpüøê]ù-çkÜtûýéEêÀüýè8#mÜÌç
á>=oÜ"ü ß-ù�#Fûýé8��ù�é�# #mß@?�é"�öü ß9ù�#Fûýé��XßA #mù9ákùBAbÞ�ß9ë�ù~ÝuÞ�ßFê]Ü]çkçkß�Þ
ákß
ù
ë�èmü á=û êÌß-ëtÝuèoákÜ�Þ
ù�é�#Nùpü çkß�ê]ùpüýü ç�ákß"Ýoù�Þ�ùpüýü ÜÀüdÞ�ß�èoá=ûýéEÜ]çCAbÞ�ß9ë�ù
çkÜED-èEÜÀéuá=û ùpü'ê]ß1#uÜ-÷
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��8�Ä²Ê �d�F���FÄ`�u� ´�^`VD\FQJU�U#cdr`_b\uToa�_bQJr`e�a-^dToa"Q`\F\ucdP�ndVFa]«
VFVur+a9^`V
fdP]Q`\FVFe�e�Q`P]eN\FQ`P�P]VFe9fµQJr`q�a�Q�TªfdVuP]epQJrdTogb_bFVFq � Togbg ¨�apQo¨ÌTogbg��'l'_k¥ýV2¥�T#a�QLa9Tog�VFvJ\F^dT2r`S2V�«�_ba9^�U�VFe]¨
e9ThS2V
e�_bFVFe"qdVufdVur`qd_xr`S�Qh£'a9^`VNfdP]Q`\FVFe�e�QJPReu¥E´~^`V�VuU#_be�e�_bQJr�ndc �(VuP�_be 0'gbgbVFq�T2r`q�a9^`V�P]VF\FVuf`a�_bQJr
ndc �(VuP]e�ep_iFVFe,_be�qdVFapVuP�U#_xr`VFq°a9^dT2rd�Le�a�Q#a9^`V�\FQ`U�fdc`a9Toa�_bQJrªQh£ºa9^`V�q'Tha9T�e�VFa�eu¥

intersection in two dimensions

distribution 1indices intersection bufferdistribution 2

Î�_bSJcdP]V�� ���PpT2fd^`_b\uTogòPRVufdP]VFe�VurLa9Toa�_bQJrÅQo£"a9^`V�P]VFe�VuT2PR\¯^ÅQo£"a9^`V#_xr2a�VuPRe�VF\Fa�_bQJr¤Qo£"a]«
Q¬n`gbQJ\F�o¨
\Fw`\Fgb_i\Âqd_iepa9P]_xndc`a�_bQJr`eª£kQJP�T�fdTo_xP+Qo£�fdP]QJ\FVFepe�QJP]eu¥ >,r`V�qd_xU#Vur`e�_bQJr�\uToe�V¤QJrBa9^`V¤giV-£kaul�a]«
Q
qd_xU#Vur`e�_bQJr¤\uToepV,QJr�a9^`V�PR_iS`^2au¥

����� � ) &%) �
	
��	
� ����� � ! "*$

´�^`V�n`gbQ`\¯�+e�\uT2rdr`_xr`Sª_be�qdQJr`V,qd_xU#Vur`e�_bQJr¤n2w�qd_xU#Vur`ep_iQ`r ®5e�VFVNÎ�_bSJcdPRV��2³
T2r`q¬a-^`V,QE�LVuP]gxT2fL¨
f`_xr`Sª_�r`qd_b\FVFe�T2PRV,a9^`V�¼�T2P]apVFe�_xT2r¬fdPRQJq'c`\FaDQo£ºa9^`V,_xrLa�VuP]�oTogbeN\FQJU+fdc`a�VFq�_xr�VuTo\F^ªqd_xU#Vur`e�_bQJr
®=a-^`VuP]V#_ie�r`Q�gb_xU#_ba9Toap_iQ`r°_xr�a-^`V�r`cdU#ndVuPDQo£"qd_xU#Vur`ep_iQ`r`eXep\uT2rdr`VFq�T2r`q°a9^`V#\FQJU�f`gbVFvJ_ba]w�_be
gb_xr`VuT2PD_xr�a9^`V,e-cdU�Qo£ºa9^`V,qd_xU#Vur`ep_iQ`r�ep_iFVFeD«N^`_bgbV#a9^`V�fdTo\F�2_xr`S�_beDQJn2�`_bQJc`e�gbw�gb_xr`VuT2P�_xrÅa9^`V
e�_bFV�Qo£òa-^`V�q'Toa9TL³F¥
´�^`_beX«
QJPp��_be#qdQJr`Vª_xr�VuTo\F^BfdP]QJ\FVFepe�QJP�_xr�QJPRqdVuP,a�Q¤e�Vur`q©q'Tha9T�T2r`q�P]VFe9fµVF\Fa�_b�2VFgbw�a�Q

P]VF\FVF_b�2V#q'Toa-TXTLr`q�e�a�QJP]V,a-^`VuU Toa�a9^`V�PR_iS`^2aNf`gxTo\FV�_xr�gbQJ\uThgºU#VuU#QJPRw2¥'´�^`V,«N^`Q2gbV�\FQJU�U#cL¨
r`_b\uToa�_bQJr¤_beNT�fµVuP]e�QJrdThgi_bFVFq � TogbgË¨�a�Qo¨ÌThgig���Toe~_�rÅe�VF\Fa�_bQJr!:'¥öW2¥

���� ��� !#��$-����	.! �'�0&*/

¸�V�fdPRVFe�Vur2a#_xrBa9^`_be#e�VF\Fa�_bQJrBe�VF�LVuP�Tog"Q`f`a�_xU#_buToa�_bQJr`e�Qo£Da9^`V¬SLVur`VuP�Tog�TogbS2QJP]_ba9^dU a9^dTha�«
V
_xU�f`gbVuU#VurLa�VFq(¥�´�^`V 0�P]e�aDQJr`V�P]VFq'c`\FVFe�a-^`V�TLU#QJcdrLaNQo£
a�_xU#V�T2r`q�U#VuU#QJPRw�r`VF\FVFe�e9T2P]w¤£kQJP
a9^`V�\FQJU�fdc`a9Tha�_bQJr�Qo£�a9^`V�q'Toa9T#e�VFapeZT2r`q¤a9^`V,Q2a9^`VuPReN\FQJr`\FVuPpr�a9^`V�\FQJU�U#cdr`_b\uToa�_bQJr�Qh£"a9^`V
P]VFe-c`giap_�r`S�ndc �(VuP]e~qdVufdVur`qd_xr`S�Qo£�a9^`V,a9T2P]SLVFa{^dTLP]qd«�T2P]V�A�>,»ª\uT2fdTLn`_igb_ba�_bVFeu¥
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6C6;4�6��B� ´�^`V�QJnL�`_iQ`c`e�e�\uT2rdr`_xr`S,e�a9P�Tha�VFS2w,a�VFe�apeºQJr�VuTo\F^#fdP]Q`\FVFe�e�QJP�a9^`V
«N^`QLgiV�P�TLr`S2V
Qo£'_xr`qd_b\FVFe
Qo£'a9^`VtaÌ«
Q�q'Tha9T�qd_be�a-P]_xndc`a�_bQJr`e�a�Q 0�r`qXa-^`V¹_ba�VuU�eºa9^dThaònµVFgiQ`r`S2e�a�QDa9^`V¹fdP]Q`\FVFe�e�Q`P
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Togbg�a9^`V�a�_xU#_xr`S2e,«�_ba9^`QJc`a,P]VFqd_be�a9PR_�ndc`ap_iQ`r`e�QJn`a9Th_�r`VFq°«�_ba9^°Togbg�qd_��øVuPRVur2aD�J_xP]a-cdTogºS`P]_bqde�T2r`q
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a�_bQJrÅa�Q#a9^`VXnµVFe�a�\FQJr 0'S`cdP�Toa�_bQJr�¥
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Í~VuP]V�ToSJTh_�r�lHa9^`VuP]Vª_ieªr`Q�e�_xr`S2gbV�q'Toa-T�qd_be�a-P]_xndc`a�_bQJr�a9^dTha�fµVuP�U#_ba�a�Q�P]VuTh\¯^Ba9^`VªQJf`a�_xU�Thg
fµVuPÀ£5Q`P�U�T2r`\FV#QJn`a9Th_�r`VFq�nLw�a9^`VXPRVFqd_iepa9P]_xndc`a�_bQJr�nµVFaÌ«
VFVur¤VuTo\F^�QJfµVuP�Toa�_bQJr�¥�´�^`V�P]VFe9c`gba�eDQo£
a9^`V~QJf`a�_xU#_bFVFq¬fdP]Q2S`P�T2U�U#_xr`S,«�_ba9^`Q`c`a�_�r`_ba�_xTog�T2r`q 0�rdTog'PRVFqd_iepa9P]_xndc`a�_bQJr`e�T2P]V�Togbe�Q�f`gbQ2a�apVFq(¥
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