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Abstract: For the robust H* identification of linear shift-invariant systems from fre-
quency responses, the so-called two-stage algorithms are widely used. If the second step
of such algorithms is generally reduced to the resolution of a nonlinear Nehari extension
problem, the first stage may lead to specific interpolation or approximation techniques de-
pending on the nature of the available data (density, corruptness, distribution, ... ). In this
paper we present two approximation techniques. In section 1, we study on a subset of the
unit circle, the robust polynomial approximation based on a least-deviation problem. In
section 2, we generalize Partington’s results about robust Jackson and de la Vallée Poussin
polynomial approximation, to the case of non-equally spaced points densely distributed on
a subset of the unite circle.

Key-words:  Polynomial approximation and interpolation, Jackson and de la Vallée
Poussin Polynomials, robust H* and H? identification from frequency responses.

(Résumé : tsup)



Interpolation et approximation robustes des fonctions
de A(D) sur un arc du cercle

Résumé : Pour l'identification robuste H> des systemes linéaires invariants, les algo-
rithmes dits en deux étapes sont largement utilisés. Si la seconde étape de tels algorithmes
peut étre réduite a la résolution d’un probleme de Nehari, la premiere étape nécessite une
technique d’approximation ou d’interpolation spécifique tenant compte de la nature des
données disponibles (densité, perturbations, distribution, ... ). Dans ce papier, nous pré-
sentons deux techniques d’approximation. En section 1, nous étudions sur un arc du cercle
unité, ’approximation polynomiale robuste basée sur le probleme des moindres déviations.
En section 2, nous généralisons les résultats de Partington concernant I’approximation
robuste par les polynémes de Jackson et de la Vallée Poussin, au cas des points non
équi-répartis distribués d’une facon dense sur un sous-ensemble du cercle unité.

Mots-clé : Approximation et interpolation polynémiales, polynémes de Jackson et de
de la Vallée Poussin, identification robuste dans H* et identification dans H? & partir des
réponses fréquentielles.
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Introduction

Our motivation, as well as our framework and assumptions, in the study of robust inter-
polation and approximation for A(D)-functions on subsets of the circle [4] come from the
robust H* identification problem of stable linear shift invariant dynamical control systems
. Given corrupted frequency response measurements available at some set of frequencies
corresponding to the bandwidth of the unknown system, the worst-case deterministic (or
simply the robust H*) identification problem is solved, constructing a robustly convergent
identified model.

The robust convergence as stated in [25] quantifies the requirement for the identification
algorithm to recover exactly the system if the available information about the system
becomes more complete (as the number of measurements goes to infinity) and less corrupted
(as the noise level goes to zero). As described in [9], the worst-case formulation of the
identification problem is not only motivated by the identification framework but also by
the modern robust control design techniques.

The so-called two-stage algorithm is widely studied in the worst-case H> identification
problem [15, 8, 25, 26]. While the second stage can be reduced to a Nehari problem to
obtain the best analytic extension of the approximation computed during the first stage,
the latter consists of determining an interpolation (or simply approximation) of the given
data. Different techniques are available such as truncated spline Fourier series coupled with
attenuation factors (see [8, 10, 11], and also |9, sect. 3.2| and [15] for more details about
interpolating method using FFT, DFT, ...), rational wavelets with orthonormal basis [34],
Fejér and de la Vallée Poussin operators |25, 18, 15] and inverse FFT and window functions
[16]. To ensure convergence of the whole scheme in worst-case identification as emphasized
in [16, 22|, we require the interpolation step to be robustly convergent . An interpolating
method is robustly convergent if and only if any function can be identified exactly as the
noise level tends to zero and as the interpolating values are densely distributed over the
domain of this function.

When the points of measurements are equally spaced on the unit circle, the cited methods
are simple. The use of the Jackson and de la Vallée Poussin polynomials combined with
the Nehari step yields an algorithm for identification which is robustly convergent [25].
The Jackson polynomials as defined in [33] were also considered in [15]| using the idea of
Cesaro sums and in [16] using window functions.

However, the non-equally spaced points case is computationally harder. In [26], Partington
proposed for unequally spaced measurements a two-stage algorithm of identification (see
also [27] for a more general result about interpolation in normed spaces from the values of
linear functionals).

In this paper we will present two simple and robustly convergent polynomial approximation
schemes for non-equally spaced points on a subset of the unit circle. The robust polynomial
approximation which will be studied in section 1, solving a problem of smallest deviation,

RR n2778



4 Nabil Torkhans

is an adaptation, to a subset of the unit circle, of the classical robust polynomial approxi-
mation on the whole circle. We will be more interested in section 2 by robust Jackson and
de la Vallée Poussin polynomials. We will extend the use of these polynomials to a set of
non-equally spaced points over a subset of the unit circle. In section 3 we will investigate
how the Jackson and de la Vallée Poussin polynomials can be used in robust H* approxi-
mation and in analytic H? completion ; some results from [4] and |3] will be presented.
These sections 1 and 2 will be self-contained and some notations will be redundant.

1 Robust least deviation polynomial approximation

For every integer m, we consider a set {xgm), e ,xﬁZL”)} of m points in increasing order over
[a,b] C [0,27] where a and b are respectively the lower limit of the decreasing sequence
(a:lm))mzl and the upper limit the increasing sequence (z{™),,>;.

Let 6, = SUDy<pam 1 (x,(ﬁ)l — x,(cm) ) be the maximum gap between every pair of consecutive

points in the set {a:gm),... ,2i™}. Let I be the arc of the unit circle T defined by :
I = e'l*Y, Define, for all k =1,... ,m, the element z,(cm) of I by z,(cm) —eim,

For every integer m, let d be any increasing integer-valued function such that d(m) < m
and define P,,, to be the set of all trigonometric polynomials of degree at most m.

We suppose that, for some unknown continuous function f € C(I), we are given m noisy
data y{™ = f(2"™) +n{™, for k =1,...,m where 2™ belongs to the arc I and the noise
(n,(cm))bo is assumed to be any bounded sequence in I°°. Let [|7™)]|o = sup;<z<pn, \n,(cm)|.

Consider the following minimization problem : seek the approximation polynomial @,,, of
degree at most d(m), which realizes the smallest deviation from the noisy measurements

(y,gm)) of f at the evaluation points 2\™, ... ,20™) in the [* sense :
it s PG ] = s () -l (1)
PEP 4y 1<k<m 1<k<m

Moreover, if there exists such an approximating polynomial @),,, we will require this ap-
proximation procedure to be robustly convergent on I, that is :

77"1L1—I>noo sup ||Qm _f||L°°(I) = 0.
[In(m™)]|oc <v

v—0

The following theorem states the existence and the robust convergence of such a polynomial
approximation.

Theorem 1 Let f be a continuous function on I (and notations as above).

INRIA



Robust interpolation and approximation for A(D)-functions on subsets of the circle 5

1. For every integer m, there exists a polynomial Q., belonging to the set Pgum) of
trigonometric polynomials of degree at most d(m) such that :

inf { sup |P(z,(cm)) - y,(gm)|} = sup IQm(z,(cm)) - yl(cm)|- (2)

PEPd(m) 1<k<m 1<k<m

2. Moreover, if d(m) tends to infinity and d*(m) 6, tends to zero when m goes to infinity
then, Q.. converges to f robustly on I :

Adim Qo sup |Qm = fllzeq) = 0. (3)
™ llow <o

v—0

The remaining of section 1 is dedicated to the proof of the previous theorem. This will
require to establish the inequality of Bernstein for trigonometric polynomials on proper
closed subsets of [0, 27].

1.1 Inequalities of Bernstein and Markov

In this approximation scheme, we will make use of the fact that a trigonometric polynomial
of fixed degree cannot change "too rapidly". For a trigonometric polynomial defined on
the interval [0, 27], Bernstein’s inequality provides an upper bound of the derivative with
respect to the L norm of the polynomial itself and its degree |17, 19, 5, 21].

Theorem 2 (Bernstein’s inequality)

For every complex-valued trigonometric polynomial T, of degree n , the following inequality
holds :

‘T'r'lb(t)| < n ||Tn||L°°([0,27r]); 0<t<2m. (4)

This inequality can be extended for trigonometric polynomials defined on subsets of [0, 27].
To do this, we will first adapt to subsets of [—1, 1] the well-known Markov’s and Bernstein’s
inequalities for algebraic polynomials, stated bellow.

Theorem 3 (Bernstein’s inequality)
For every complex-valued algebraic polynomial P, of degree n, the following inequality
holds :

n
Pl T N — Pn ([ )
| n( )| = m ” ||L ([-1,1])
Theorem 4 (Markov’s inequality)

For every complex-valued algebraic polynomial P, of degree n, the following inequality
holds :

-l<z<1. (5)

Pi(x)] < 0’ ||Pllpeqory, —1<z<1. (6)

RR n2778



6 Nabil Torkhans

The following two propositions are simple generalizations to subsets of [—1, 1] and [0, 27]
respectively of the above results.

Proposition 1 Let K = [a,b], a < b, be a proper closed subset of [—1,1]. For every
algebraic polynomial P, of degree n, the following inequalities hold :

2
— [Pallz=ry,  a<z<b (7)

and

P ()] < n\/(x—a)(b—x) |Pallroe(ry, a<z<b. (8)

Proof of proposition 1: Let P, be an algebraic polynomial of degree n. Let 1 be the linear
function mapping [—1, 1] onto [a, b] and given by :

b—a a+b
+

—1.1
5 Vy € [-1,1],

and define the (algebraic) polynomial @, of degree n on [—1,1] by
Quly) = P((y), Vyel-11]

Then we have :

! 2 !

Pn(x) = an(y)a r = w(y)a xé[a,b], VZ/E[_lal]

and
|@nll oo (=1,1)) = | Pl 2o ([a,8) -

Proposition 1 can now be deduced from inequalities (5) and (6). g

Proposition 2 Let K = [a,b], a < b, be a proper closed subset of [0, 2w|. Let 0y, 05, 05 and
04 be in [0, 7] such that cos[a,b] = [cos b, cos0s] and sin[a,b] = [sinbs,sin ;). For every
real-or complex-valued trigonometric polynomial T, of degree n, the following inequalities
hold fora <t <b :

, 1 1
2
|Tn(t)‘ s n (sm 01+92 sin 01292 + COS 93+94 cos 04293> ”Tn”L“(K)’ (9)
and
@) <2 ( [ sint] |l =) . | cost| || Tl e x) )
T2 \/sin B0 gin H92 gin =0 gin St \/sin =01 gin 8=t cos s cos fatt (10)

INRIA



Robust interpolation and approximation for A(D)-functions on subsets of the circle 7

Proof of proposition 2 : We derive proposition 2 from proposition 1 using the usual substi-
tutions z = cost and y = sint.
Let P, be the even algebraic polynomial of degree n defined on [cos 61, cos 0s] by

P,(x) = %(Tn(t) + Tn(—t)> , with x = cost, VYt € la,b],

and let @,, be the odd algebraic polynomial of degree n defined on [sin 6, sin 6] by
1

Qn.(y) = 5 (Tn(t) - Tn(—t)> , with y = sint, YVt € [a,b].

It’s then obvious that :
|Pallreosy < W Talleeiry s 1 @ullzeiney < 1 Tallzee(xy 5
and that the derivative 7}, of T,, is given by :
T.(t) = —sint P,(z) + cost Q. (y), r = cost and y = sint Vi€ [a,b].
This leads to the following inequalities :

L@ < sup [P (z)]  + sup |Q,(y)|, Vte€la,b].

x€[cos b1 , cos O2] y€[sin 03 ,sin f4]

and
T, < [sint[|P,(x)] + [cost||@,(y), Vtela,b].

Owing to proposition 1, it results from previous inequalities that for a <t < b :

2n? 2n?
TI t < - A~ A Pn ©(cos A - A n > (sin
Tl < cos By — cos 0, 1l eeostacy sin f; — sin 63 1@nll =(eingicy
and
‘TI (t)| < n |Slnt‘ ||Pn||L°°(COS(K)) n ‘COSt‘ ||Qn||L°°(sin(K))
" B \/ (cost — cos bq) (cos By — cost) \/ (sint — sin ) (sin A3 — sin t)

which, after simplification, achieve the proof of proposition 2. 4

1.2 Proof of theorem 1
Introduce the following two maps on Py(m) :

I': Pim)y — RT
P supigen (IP(™)))

and
A Pd(m) — R*

P supiciem (|P(z1(cm)) - yl(cm)‘)

Then, the following lemma will be used to prove the first part of theorem 1 :

RR n2778



8 Nabil Torkhans

Lemma 1

lim T'(P) = oo lim A(P) = oo.

| Pl oo (1y—00 |1P||Loo (ry—00

Proof of lemma 1 : Let m be any fixed integer. Since polynomials in P,y are of degree
at most d(m) < m, the function I' vanishes only at 0 on Pn). Moreover, since for every
polynomial P € Py, I'(P) < sup,¢; |[P(2)| = ||P||pe(r), the function I' is continuous on
Pi@m)- Thereby on the compact set & :

51 = {P € Pd(m), ||P||Loo(]) = 1}
where I does not vanish, there exists a positive constant ¥,,;, such that :

0 < Yin = Fl)relglI‘(P).

Thus for all polynomial P € Py, except zero, I'(P/||P||re(r)) > Ymin, and then

VP € P iim), L(P) > Ymin [Pl o(n)-

Consequently,

'(P) = oc.

I1Pll oo (ry—o00
In addition, since
AP) = sup (IP(=") —w'l) = T(P)— sup (ly')),
1<k<m 1<k<m

then

A(P) = oo

| P]| oo (1y—00

and lemma 1 is proved.g

Proof of theorem 1 : Since the function f is continuous on I and the noise sequences (n,(cm))’ln
is uniformly are bounded, the sequences (y,(cm))’ln are bounded independently of m. By

lemma, 1 there exists a positive constant C such that for all polynomial P € Py, if || P||pee(ry > C,
then A(P) > supi<pep (|y,(cm)|) Hence,

in < A(0) = su (m) < in A(P
|1Pllzoe (y<C B ( ) 1§k£m <|yk |) “ IPllizeey>C ( )
so that :
inf A(P) = inf A(P).
PEPa(my PEP 4ty |1Pll oo (1) <C

Moreover the function A, defined as the supremum of a finite set of continuous functions
P |P(z,(cm))—y,(cm)|, is continuous. Therefore, on the compact {P € P ym), || P|| =) < C},

INRIA



Robust interpolation and approximation for A(D)-functions on subsets of the circle 9

the function A attains its infimum, that is there exists a polynomial @,, belonging to P 4(m)
such that :

it {osup (PG -u”) = swp [Qu™) ol

PEP gy L1<k<m 1<k<m

This establishes equality (2) of the theorem 1.
In order to prove the second equality (3), we first establish the following lemma :

Lemma 2 Let {Qn}, -, be a sequence of minimizing trigonometric polynomials, that is,
for every integer m :

min {sup \P(zim))—yim)|} = sup [Qum(z™) - ™.

PEP 4y Li<k<m 1<k<m

Then {Qm},,>, is bounded in L=(I) if 177 || o is.

Proof of lemma 2 :
Suppose the sequence {Qp,},,~; unbounded in L>(I). Let 2z, = e'*" be an element of I

such that |@,,(z)| is maximum. Then there exists an integer £ < m for which xgn) < Ty <
Tyt-
Since the trigonometric polynomial (), is smooth on I, we have :

Zm ’

Qu(A™) = Qulzn) = [ Qulo) do

(m)
k

and then by proposition 2, we get :

e (Lomb Q™) 2 (1= @060 C) 1Qullin.

where C' is a positive constant independent of m.

Since d2(m) 6, converges to zero when m tends to infinity, then |Q.(z™ )| tends to infinity
with m, and this is also the case for

sup |Qum(2™) =y > sup [Qum(z™) = sup 5™
1<k<m 1<k<m 1<k<m

Hence, for m large enough

sup |Qum(z2™) — 9™ > sup |y
1<k<m 1<k<m

This shows that the zero polynomial does better than @, in the minimization problem (2)
which contradicts the optimality of Q)1

RR n2778



10 Nabil Torkhans

Proof of theorem 1 (continued) : Let z = ¢'® be any element in I and let ¢ > 0. Using
2™ =¢ %™ such that 2™ <z <™ write f(2) — Qum(2) in three steps :

@) = Qna) = (16 = 1) + (FE) = Q™) + (@) - Qn(2).

First, due to the continuity of the function f on I (and thus to its uniform continuity), there
exists a positive real « such that for all z and y in I and whenever |z — y| < «, we have
|f(z) — f(y)] < €/3. Also, since d,, < 6,, d*(m), then 4, tends to zero as m tends to infi-

nity. Hence, there is an integer mq such that for all m > mq, we have : | f(2) — f(z{™)| < ¢/3

for all z € I such that : [z — 2™| < a.
In addition, using proposition 2 and lemma 2, we derive from the inequality :

(m)
m %k !
Qu(A™) = Q)| < [7 Qo) dol,
the following one :
Qm (™) = Qulz)| < d26,CM.
Hence, due to the assumption that d*>(m)d,, — 0 when m — oo , there exists an integer

my > my such that for all m > m; we have : |Qm(z,(cm)) — Qm(2)| < €/3.
On the other hand,

Q™) = F(A™) < 1Qu(a™) — ™|+ ™)
< min {sup PE™) =™} + sup (")
PEP y(my L1<k<m 1<k<m

and then

Qu(Z™) = FZ™) < min  sup |[P™) = fF™) [ +2 sup ™).
Pepd(m) 1<k<m 1<k<m

Since the function f is continuous on I and d(m) goes to infinity when m tends to infinity,
then by Weierstrass approximation theorem [28, thm1.1], there is an integer my > m; such
that for all m > m,, there exists a polynomial R in P 4,y for which : ||R — fl| 1) < €/3,
and then :

Q™) = FE™) < ef3 2™l

Finally, if ||n™]|o < v, then for all m > my and all z € I : |f(2) — Qm(2)] < e+ 2n.
Thus :
Ve>0, dme>1, Vm>my : ||f —Qullrem < €+2n.

This achieves the proof of equality (3) of theorem 1.4

INRIA
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2 Robust Jackson and de la Vallée Poussin polynomials

For every integer m, we consider a set {a:?”’, ..., 2{™Y of m points in increasing order over
[0, 27] such that (xgm)) is a decreasing sequence while (2{"™) is an increasing one. Let

(m) _ _(m)
), sup xﬁ,’;”) and O = sup Thr1 — Tk

I = |inf xgm
m>1 m>1 1<k<m—1 2m

The compact I is the smallest one containing all points {:L'Scm)}zlzl while 276, represents

the maximum gap between consecutive points in the set {x&m), ..., 2{M} for every integer
m. Let ¢, be the continuous function, linear on ]x,(cm),:cﬁ)l[, for k=1,...,m—1, and
satisfying
m m m 2n(k — 1
on(0) =0, Gn(2m) =27 and pu(a{™) =6 = + ZTED v 1
" (11)

where {tgm), ..., t"™} are m equally spaced points over [0, 27].
We suppose that, for some unknown bounded function f on I, we are given m noisy values
w” = @)+, VE=1,...,m

and let ||n(m)||oo = SUP1<k<m nl(cm)'

We define the Jackson pseudo-polynomial jn,m of order n associated to the corrupted func-
tion f -+ 7 at these points {z{™, ..., z(™} by :

Fun(@) = Jumle gt = 3 Kaln(e) — 47) (12)
k=1

where n is any integer less then m and K, is the Fejér kernel of order n that we recall
later. Also, we adopt for the de la Vallée Poussin pseudo-polynomials V,, ,,,, the expression
used in [25, §3| as a discretization of the de la Vallée Poussin kernels [33, chap.IV] :

. 2n+1 - n+1 -

Vn,m = n,m — Jn,m -
n n

We will misuse the term polynomial to design also such pseudo-polynomial. Then,

Theorem 5 Let f be a bounded function on I (and notations as above).

If 6 = O(m™Y) then Jom(x, f +1) (resp. Vam(z, f+n)) converges to f(x) at every point
x € I of continuity of f as n — oo, m remaining always greater than n (resp. 2n), and as
the noise level € goes to zero :

lim sup
n—oo
(m>n) L lInt™]lec<e

e—0

jn,m(xa [+ 77) - f(x)‘} = 0. (13)

RR n2778



12 Nabil Torkhans

nh_)ngo{ sup } = 0. (14)
(m>20n) lIn(™) ||oo <e

Furthermore, this convergence is uniform in every closed interval [o, §] C I of continuity

of f.

The remaining of section 2 is dedicated to the proof of the previous main theorem and
some related results. We first define the convolution & and establish that the Fejér kernel
K, is an approximate identity for the convolution s Then, we show that the sum J,, ,,

‘N/n,m(xa f + 77) - f(.’L‘)

can be regarded as a discretization over the m points {xgm) s, 2™} of the continuous

expression f e K,,, the convolution of f with the Fejér kernel K,,, and that the first part
of theorem 5 can be considered as the discrete version of proposition 4.

2.1 The convolution &

Let ® be the set of continuous piecewise linear and strictly increasing functions ¢ on [0, 27},
with ¢(0) = 0 and ¢(27) = 27. For every function ¢ in ®, let ¢ be the function defined
on [0,27] and equal everywhere to the right derivative of ¢ except for 2m where ¢(27) is
arbitrarily defined.

Voe & Ve 02 @) = lim ZEF)Ze@)

e—0t €

For every pair of integrable functions f and g, we define the convolution product f 4 g
by :

veelom: fEg) = o [ f0)elel) - p(0) ple)dr (15)

2

Remark 1 In the special case where ¢ = Id|g ], the right derivative ¢ is equal to 1jg 24
and we get in (15) the classical convolution product f * g |33, chap.II|, otherwise we have :

veel[0,2r]: f¢ g(x) = ((foe ' *g)op)(a) (16)

Recall (6, 3.2.1| that a positive sequence (K)o, of integrable functions is an approximate
identity for convolution * (a positive kernel for short) iff :

1 27
0 lim — / K, () dt =1
b 2 Jo (17)
(ii) lim K.(t)dt=0, VY& €]o,x].

n—00 F)

The name approzimate identity is justified by the following well-known property [6, §3.2.2].

INRIA



Robust interpolation and approximation for A(D)-functions on subsets of the circle 13

Proposition 3 Let (K,),>1 be an approzimate identity for the convolution x. Then for
every continuous function f on [0, 27|, the sequence (f * K,),>1 converges uniformly to f
on [0,27] :

dim [|f — fx KolLo2a)) = 0. (18)

A property similar to (18) holds for the convolution & for every function ¢ in the set
®. This is due to the relationship (16) between the convolutions ¢ and *. Let © be any
function in ®. Since the function ¢! is continuous on [0, 27], then for every continuous
function f on [0, 27], the function foe™! is continuous on [0, 27] and by (18), the sequence
fop™— foelx K, converges uniformly to zero as n tends to oc. The sequence
(fop™ — fop % K,) oy thus converges uniformly to zero as n tends to oo. Using (16)
we get :

Proposition 4 For every function ¢ in ® , if f is a continuous function on [0,27] and
(Ky)n>0 1S a positive kernel, then

lim ||f = f & Kullz=qo2ry = 0. (19)

We could have introduced in a direct manner the notion of approximate identity for the
. © o e . . .
convolution & : a sequence (K,)22, of positive integrable functions is an approximate

identity for the convolution é (or simply @-positive kernel) if and only if, this sequence
verifies :

®  Jmg [T Ko de=1 -
(i6) lim K1) 9(t) dt = 0, V5 €10, .

However, the following lemma shows that this notion is nothing new :

Lemma 3 A sequence (K,)°, of positive integrable functions is an approzimate identity
for the convolution x if and only if the sequence (K,)° is an approzimate identity for the

convolution & for every element ¢ of ®.

Proof of lemma 3
Let ¢ be any element of the set ®. Because of the equalities :

1
2T

[Mmememar = o [T k0a0 = o [T K00,

o ©(0) 27

parts (i) in the definitions (17) and (20) are equivalents.
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14 Nabil Torkhans

In addition, since for every 6 €]0, 27 [ and with

¢ = min(,¢(0),2r —p2r—0)) , 1 = max(4¢(6),2r — (27 — 7))
we have
2m—n 2m—§ . B p(2mr—6) 2n—(
/77 K, (0)dt < /6 Ko(o(t) p(t)dt = /@(6) K, (0)d9 g/c K. (0)d0,

parts (ii) in the definitions (17) and (20) are also equivalent. g

2.2 Dirichlet and Fejér Kernels for é

Let ¢ be any function in ®. Let L*([0,27],®) be the space of square-integrable functions
on [0, 27] with respect to the measure ¢(t) dt (see [33, chap.l.3]). For every integer n, we
define the complex-valued function w, in the interval [0, 27] by

Vit e [0,27] : wa(t) = ™D

Due to the equality 2= [07 w,(t) wm(£)@(t) dt = &7

n?

the system {w,}, 5, is orthonormal in L*([0,2 7], ¢).
Let D, stands for the Dirichlet kernel of order n defined by

where 9" is the Kronecker’s symbol,

LI ' +1/2)0)
D, _ ke _ sin((n 21
©) k;ne sin(6/2) (21)
and let K, be the Fejér kernel of order n as defined by :
1 Z 1 (sin(z26))?
K, = D, = 2 . 22
(6) n+1kZ:0 * n—l—l{ sin(30) (22)

Let f be an integrable function on [0, 27]. Then, for every integer n, we define the Fourier
coefficient f(n) of f, with respect to the system {wn}, -, -

. 1 o .
- —ing(t)
fo) = 5 [Trm e o dt. (23)
If S, f(t) denotes the sum > f(k)e™#®), then by (23) and (21), we have
k=—n
S.f = féD,. (24)

1 n
Now, if o, f () stands for the sum ] > Sif(z), then using (23) and (22), the following
k=—n

equality holds :

©

onf = fe F,. (25)
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Remark 2 When the function ¢ = Idjg 2], then from (24) and (25), we get the well-known
relations [6, chap.5]| :

S.f = [f*D, and onf = [xF,.

+

Recall from (22) the expression of K, the Fejér kernel of order n :
1 1 sin(Z

n  k ” 19) 2
n—l—lkz::ol;ke - n—i—l{ sin(50) } )

The trigonometric polynomial K, is of degree m and vanishes n times at the points

K.(6) =

B[N

fbifl, fork = 1,...,n. Moreover, the polynomial K, is differentiable everywhere and its
derivative K,’l vanishes n + 1 times at the points ZLfi, fork =0,...,n. Observe also that

for any constant 7, the constant term of the polynomial K, (6 + 7) is equal to 1 and using
the following lemma 4, we get for every constant 7 and for every integers m and n, m such
that m > n :

1 g2 1mz! o k
%/0 O+r)ds = 3 K= ) (26)

Finally, due to (26) and since K, > 0 and

1 1

- : <
Vo €]0,2n], VO €]§,2r — 4] K,0) < nr1sn’(02)’

the Fejér kernel is an approximate identity for the usual convolution .

Lemma 4 For any polynomial P of order n strictly less than m, and for any constant T
we have :

1 o 17 2k
— P(6 0 = —) P(— . 2
— | PO+7)d X PE ) (27)

Proof of lemma 4 :

Let P(§) = 7. . apet* be a trigonometric polynomial of degree n and let 7 be any
1

constant. Observe first that the constant term «y is given by : ap = 5- 3" P(6+ T)d6.

Then, for every integer m > n, the following computation achieves the proof :

m—1 n m—1
> P(M) = mag+ Y, e’y {ei%}k = mag 4y
k=0 m Ir|=1 k=0
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16 Nabil Torkhans

2.3 Jackson and de la Vallée Poussin polynomials

Recall from (12) the expression of the Jackson polynomial J, ,(z, f) of order n associated

to the integrable function f at the m points {z7*,... , 2"}, where m is any integer greater
or equal to n, and ¢,, € ® and satisfying (11) :
7 T 1 & m m
Tam(@) = Jum(@ f) = = f@i) Kalpm(z) =17
k=1

Remark 3 This modified definition extends the use of Jackson polynomial .J to the cases
of non-equally spaced points and to a subset I of [0, 27].

Remark 4 The Jackson polynomial J associated to the function f with the non-equally
spaced points {z7*,...,z"} is related to the classical Jackson polynomial J associated
with the function f o ¢! at the equally spaced points {¢7*, ... ,#™} by the relation :

Jom(@, f) = Jum(t, foprl), where @.,(x) =t forall te[0,2n].
(28)

Note that, when m = n 41, J, .41(z, f) coincides with f at the points {z7*, ... 2"t

and that the latter do not need to be equally spaced as required in the the definition
of a classical Jackson polynomial [33, chap.X.6]. On I\ {z7*!,... 271}, the derivative

J +1(z, f) of the Jackson polynomial is given by :

n,

n+1
~

Jn,n—|—1(‘r’ f = n + 1 Z f n+1 QOTH-l( ) - tk+1) SO'rH—l('fE)

. ! . . . . .
Since K, vanishes at the points ZLﬁ, fork = 0,...,n and ¢,4; is a continuous piece-

wise linear function, the derivative .J nt1(@, f) can be extended continuously to the set
{a7*', ..., 2it1} with the zero value. The vanishing of the derivative J, , (=, f) at
the points {x”“, ..., o1} ensures a certain smoothness of the interpolating polynomial

Jn,nﬂ(ac f), but we Wlll consider the more general polynomial J, m(x, f).
Moreover

(m) (m)
1 1 ¢ ty, m m I (m m m
27 20— o (@ — ™) = p(l™) (@ — ")

m 27 »’Uﬁ)l—

then the Jackson polynomial J, m(z, f) is also equal to :

) (m)
Inm(z, f) = Z F @) Kn(pm(@) — om(ay)) ¢(af) (27 — i)
k=1

Hence, the sum jnm can be regarded as a discretization of the continuous expression f é K,
over the m points {z7*,... ,z"} and theorem 5 can be considered as the discrete version
of proposition 4. The next proposition summarizes the main properties of Jackson and de
la Vallée Poussin polynomials when approximating functions :

INRIA



Robust interpolation and approximation for A(D)-functions on subsets of the circle 17

Proposition 5 Let f be a bounded function on I. Then,
1. If m>mn and My < f < M, then My < J,, m(z, f) < M,.

2. Suppose now that m > 2n. The trigonometric polynomial Vn,m(x, f) wverifies :
WVam(Pllzeay < B+2/n) [fllz=q) - (29)

In addition, if m > 4n, Vn,m(po ©m) = DO ©m for all trigonometric polynomials p of
degree at most n.
Moreover,

||Vn,m(f) _f||L°°(I) S (4+2/TL) En(f: Qom)a
where E,(f, pm) = inf{||f — PO Pmllzery ; P+ a polynomial of degree n}
Proof of proposition 5 :
To prove the first part of the proposition 5, observe that for mm > n and by (26), if
M, < f < M,, then we have M; < J,,.(z, f) < M. The second part of the proposition,

which is [25, thm.3.1] in the case ¢,, = Idjo 24, can be derived from the expression of
Jnm(f). Using (27) and (26), we have ||Jnm(f)llzee(ry < || f]|Loe(r), whence

V(D) < B+ 2/0) fllz=qa) -

Now, if we replace in the definition (12) of the Jackson polynomial, the Fejér kernel and
then the Dirichlet kernel by their equivalent expressions (22) and (21), we get :

- 1 n k ) m )
— e Zp(pm(:c) _Zp‘Pm(w'r)
(2, f) Y Py E E e TE:1f($T) e )

k=0 p=—k

In the special case where f(6) = ¢’*¥~(®) with |a| < n and t; = 0, we have for m > 4n :

T ]_ n k . m—1 om r 1 n )
Jn:m(x7 f) = 6””‘0’”(36) 617(0‘_1’) = e“’“Pm(x)
m(n+1) ICZ:Op:Z—k 7;) { } (n+1) k:ZM
Hence,
j ntl-—laf ; . 2n4+1—|al
Jnm -~ L Qm(z) d J. nm — ia pm(T) '
s (.T,f) n+1 € an 2n, (l"f) 2n+1

Thus V. (e!®#m) = ¢'*¥= and so by linearity

VpeP, : Vim(PoYm) = pogn.

Moreover,

Vo (F) = Fllzoory = Vam (f —=poom) — (f =po@m)llzeery < (4+2/n) ||f — PO Pl roe(r)a

RR n2778



18 Nabil Torkhans

2.4 Robust convergence of jn,m and f/n,m

Suppose now that [f| < M on I and f is continuous at x € I and that ||n™ | < €
Given ¢ > 0, there exists a k > 0 depending on z and ( such that |f(y) — f(z)| < (/2
for all y € I such that |y — x| < k. Also, there is an integer my such that for all m > my,
x € I, = [z, 2%]. By (26), we have :

Jum(@)  f@) = - f: o™+ — f(2) Ku(pm(z) —t") = A+B+C,
m =1

where A, B and C stand respectively for :

A= Y {6 - f@) Kalpule) - 6]
B = L > {0~ f@) Kalon(@) - 1)}
|z ;,(GT;)|>N
and 1
¢ = o X {n" Kalon(®) -6}

First, due to the definition of K,, and its positivity, we have by (26) :

¢
< =
4] < 3

1
m .

> K. -#") = ¢/2.
In a similar way, since ||n{™ ||« < €, we also have
IC] < ..

On the other hand, for the continuous function ¢,,, define A,, by :

Ap = min ‘me(yl) - me(yQ)‘ .
yl:yQEIm

ly1 —y2|>K

Since the function ¢,, is piecewise linear and monotonic, then

(m) (m)
m 1
A,, > Kk min Prm (xk(ti)) (p(m() i) = K 5
1<k<m-—1 Ty — Ty, m O,

In addition, given that 6,, = O(m™'), there exists an integer m; > mg such that :

Ym > mq, A, >y
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Robust interpolation and approximation for A(D)-functions on subsets of the circle 19

for some real v > 0.

Because (K,,)n>o is a positive kernel, then for every p > 0

lim {sup Kn(t)} = 0
n—00 t|>p

and there exists an integer ng such that for all n > ny and for all y > A,, > 7, we have
K, (y) < 5. Hence for all n > ng and m > my,

Bl < 2ML Y Kulpw() - 1) < ¢/2

1<k<m

Finally,
[ Jom(z) = f(2)] < JA[+[B[+|C] < (+e

To achieve the proof of the first part of the theorem, remark that if f is continuous on
[, B], k does not depend on x (and then neither v nor m; do) and the above proof shows
that J, ., converges uniformly to f in [a, f].

To prove the last part of the theorem, notice that :

~ 2n+1 ~ n-+1 N
f - Vn,m = (f - J2n,m) - (f - Jn,m)a

n n

and then we conclude using the first part.g

2.5 Numerical evaluations of jn,m and Vn,m

For numerical purposes, we will derive the two matrix expressions (see (32) and (33)below)
which will be used to compute easily the Jackson and de la Vallée Poussin polynomials.

In the expression of the Jackson polynomial, expand the Fejer and then the Dirichlet
kernels by (22) and (21), we get

1 n k

- (m)
Jn,m(m‘) = B — yrm elp(tpm(ﬂ?) —ty )
(n+1)m Z ,;)p;k
Then, using the relation :
n k n
oS a = n+1)+> (n+1-k)(a"+a ")
k=0 p=—k k=1
we have : "
. noo +1-— ks L (m)
Jpm(T) = gikem@) (DT 2 18] (m) g=ikta""
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In the same way, the de la Vallée Poussin polynomial is expanded to :

Vn,m(x) = % Z yrm) Z Z ezp(cpm(a:)—tr ) 7
r=1

k=n+1p=—k

and making use of the relation :

- . 2n n+1
Yo Y = XY +1-k +a ) +ndY (@ +a ) +n,
we have : ,
Fune) = 3 ton (S i),
k=—2n r=1
where
L - si 0<|kl<n+1

These expressions set jnm and f/nm as trigonometric polynomials with respect to the

orthonormal system {wy},,,-

Let F be the column vector of length m whose r'" element is f(z™). Define the (n + 1) x
m-matrix BT and the n x m-matrix B~ respectively by :

gt— (Tt 1-(k-1) i (k1)1
(n+1)m

1<k<n+1

= 1<k<n
1<r<m

1<r<m

]. - . m
and B = <Lk ezkti ))

(n+1)m

Also define the (2n + 1) x m-matrix V* and the 2n x m-matrix V= respectively by :

; (m) s g, 4(m)
k—1 _—2 (k—1)t — k kt
vVt o= (Un,m et )15k52n+1 and V— = (Un,m ettt )13k§2n
1<r<m 1<r<m

If A¥(z) and A~ (z) stand for the row vectors of functions, of lengths respectively n + 1
and n given respectively by :

At(z) = (1, e ,ei"‘p’"(m)) and A (z) = (e—wm@)’ o ’e—inwm(z))

and if WT(z) and W~ (z) stand for the row vectors of functions, of lengths respectively
2n +1 and 2n given by :

Wt(z) = (1, o ’eiZntpm(SL‘)) and W (z) = (e—z'«pm(x), o ’efiQanm(ac))
then the polynomials .J, ,,(z) and V,, ,(z) can be regarded as matrix products :

Jum(z) = (A*(@z)BY+A (x)B) F (30)
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and

Vam(z) = (WHa) VI+W () V") F (31)

Hence, evaluating jnm and Vnm at a set of points &;,...,&,, can be written as matrix
formulae which is accurate for numerical computation mainly when a massively parallelized
computer is used [30] :

Tnm (£1) AT (&) A~ (&)
: = : BT F + : B™F (32)
Tnm(Ep) A*(&) A~ (&)
and
Vi (€1) W(&) W=(&)
: = : VYF + : Vo F (33)
Vim(&p) W+(&) W=(&)

Notice in expression (30) that the column vectors BT F' and B~ F contain the coefficients of
the Jackson polynomial J,, () in the basis {1,... , e"#(®} and {e ¢ einen(®)}
while the expression (31) gives with V*F and V~F, the coefficients of V,, ,,(z) in the basis
{1,...,¢2¢m@®Y and {e7ivm@) | emi2nem(@)]

When the points {z7",..., 2]} are equally spaced over [0, 27] that is when ¢, = Idjg2n
then the computation of these coefficients gives directly the expression of the Jackson and de
la Vallée Poussin polynomials in the standard basis {1,e**e*? ...} and {e™*%,e72" ... }.

Using the attenuation factors ([12, chap13|), these coefficients can be related to the Fourier
coefficients of the function f at the m sampling values {f(¢*),..., f(t™)}.

However, when the sampling points {z7*,... ,z} are not equally spaced over [0, 27|, an
auxiliary step to sample the approximating polynomials will be needed before aliasing the
approximation operator.

2.6 Attenuation factors

Define the discrete Fourier coefficient a, of order p associated to the values {yi’”), e,y
at the m equally spaced points {£™, ..., t(™} by

1 & i ()
VpeZ: a = p- STyl emivt (34)
r=1
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Let J,m(z) and V,, ,(z) be the Jackson and de la Vallée Poussin polynomials associated
O e )

"L n+1-— |k| ik "k . ik
Jn,m(x) — ez x (m tkt — e etke
and
2n - 1 m (m) 2n . X
Vn,m(m) — Z ez - Z y m —1t, — Z ez x v
k=—2n mo.= k=—2n
with
11—k 1 0< |kl < 1
sz = LHfor —n<k<n and vf{ = Snt1—|k| <k <n+
n+1 =2 n+2< |kl <2n.

These coefficients 7* and v* can be considered as attenuation factors ! since they allow

to compute the discrete Fourier coefficient a; of order k, for —n < k < n (respectively
for —2n < k < 2n), from the coefficient 7% Gy (respectively v¥ G;) of the polynomial J, ,
(respectively V).

2.7 Back to equally spaced points

When the values {yim), ..., y™} are given at non-equally spaced points {xgm), o xm
over [0, 27|, Jackson and de la Vallée Poussin polynomials are defined with respect to the
basis B,,, = {€'"¥"},cz where ¢, € ®. To use these polynomials in identification (in
particular to build Hankel or Toeplitz matrices as detailed in the next section), we will
need their expressions in the standard basis {e'"'},cz. One simple way to come back to the
standard basis is to construct the classical Jackson and de la Vallée Poussin polynomials

associated respectively to jn,m and Vn,m at the equally-spaced points {ti, ..., }. Let jn,m

and f/n,m be these polynomials. Recall the expressions of jn’m :

. " (n+1-—|k| i)
Jn,m(-T) — (7 (m itk “pm(x)k
2\ e nm &Y

and that of f/n,m :

2n m 1
. , (m) = 0<|kl<n+1
Vo(z) = o ) Gilem@—t"N ke gk Im - =

m(2) ll};ﬂ; i U mn =\ 2y < k| < 2n.

lsee [12, §13.2-I11] for the definition of the attenuation factors and their use in linear and cubic inter-
polating functions (splines).
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The trigonometric polynomials J n,m and Vnm defined respectively by :

= = n+1_|k| - 3 m ikl i
Tun®) = 3 (T S o) ) e )
k:—n r=1
~ 2n mo . (m) .
anm(;];) — Z Ufz,mzvn,m(t‘(om))e_wtp etpe (36)
p=—2n p=1

are then expressed in the standard basis. The next theorem states the convergence proper-
ties of these polynomials :

Theorem 6 Let f be a bounded function on I. Let :]Nnm and I:/nym be defined as above by
the expressions (35) and (36). )

If 6,, = O(m™1), then the trigonometric polynomials J, ., (respectively V, ) converges
robustly to f(x) at every point x € I of continuity of f as the noise level goes to zero,
and as n tends to infinity, m remaining always greater than n (respectively 2n). The
convergence is uniform in every closed interval (o, 3] C I of continuity of f.

Proof of the theorem 6 :
First, notice that :
2n+1 E n+1

f - Vn,m = n (f - J2n,m) - n

(f - jn,m) .

Hence the proof is reduced to the part with the Jackson polynomial.

Let J, . be the classical Jackson polynomial computed at equally-spaced points. Since

f_:jn,m = (f_Jn,m) + (Jn,m_ j’n,m) )

the proof of theorem 6 is reduced to establishing the uniform convergence of f — J, ., and

Jnm — Jnm to zero as n tends to infinity and m remaining greater than n. The uniform
convergence to zero of f —J, ,,, results obviously from the uniform convergence of J,, ., to f

while that of J, m — Jym is due to the fact that Jackson polynomial does not increase the
norm of the associated function, namely f — J, ,, in this case, and so converges uniformly
to zero. The theorem is thus proved.y

Remark 5 This theorem allows us to derive a two-pass interpolating or approximating
algorithm using the same procedure. This two-pass scheme can be useful when points of
measurement, are not equally spaced or simply inaccurately measured, these points being
then considered as not “enough” equally spaced since this condition is necessary for the
classical Jackson and de la Vallée Poussin polynomials to be well behaved. this is not
surprising if we have in mind the shape of the graph of K,,.
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Furthermore, as will be detailed in the next section 3, we need to compute, for a given
function u, the Fourier coefficients associated to its restrictions x;u on I or xr\;u on T \ 1.
The uniform convergence to u of Jackson and de la Vallée Poussin polynomials associated
to u permits us to go from the Fourier coefficients associated to u to those associated to

X1U Or XT\1U.

2.8 Restriction of functions

Suppose that the infinite series 3,z o, €™? converges uniformly to the function u(#) on

the compact I C [0,27]. Then the Fourier series associated to the function x;u(f) is given
by ez B €i™? where the coefficient 3y is defined for every integer k € Z by :

1 2 » . ) o
B = %/o xru(f)e kogp = Y;Zanrﬁ with rfl — %/16( K0 g9
or equivalently :
Be | =R | an where R=1| --- ¢k

In the same way, if the infinite series 3°,¢7 &, €'™? converges uniformly to the function (6)
on T \ I, then the Fourier series associated to the function xo\; %(6) is given by 3¢z B, €"™?
where, for every integer k € Z, the coeflicient [y is defined by :

~ 1 27 . 1 .
_ L Q) e k0 dp — 5, i I Sk _/ i(n—k)0 gg
Or o Jo xm\u(f) e Ea T where T o T\Ie

or equivalently :

B = R | an where R = R

Remark that, since :
VnelZ,Vkel: rF+it = oF,
where 0% is the Kronecker’s symbol, then the sum R + R is equal to the identity matrix.

What’s more, if the interval I is symmetric, that is if,

I = {%: —a<#<a} oo I = {e’ :a<h<2r—a},
then 7F and 7* are given by :
1 a . 1 2m—a —
=~ [ eirtgy = ¢ sinc(p a) and — / er?dp = T %inc (p (m—a)) .
21 J-a T 21 Ja T

Moreover R and R are symmetric Toeplitz matrices.
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3  Application to identification

As an application of robust interpolation and approximation in identification, we consider
now the robust H* identification scheme as described in [4], and the analytic H* comple-
tion problem studied in [3] for the classical example f(z) = 3(2? +1)/(2* + 2z + 5) (see
[24]).

First, we fix a few notations. Let L*°(T) and H* stand respectively for the space of
essentially bounded Lebesgue measurable complex-valued functions on the unit circle T
and the space of bounded analytic functions in the open unit disc D. Let L?*(T) be the
space of square-modulus-integrable functions on T and let H? be the Hardy space on the
unit disc D, subspace of L*(T).

3.1 Robust H* identification

Consider the problem of robust H* identification of functions in the disc algebra that
consist in recovering a scalar BIBO-stable transfer function from a series of experimental
pointwise measurements at a set of frequencies lying within a bandwidth. In their article
[4], the authors propose an algorithm to build a sequence of maps from data to BIBO-stable
models which uniformly converges to the seeked transfer function on the bandwidth when
the number of measurements goes to infinity and the noise level goes to zero, while asymp-
totically meeting some gauge constraint outside.

As in the classical case where data are available at frequencies distributed on the whole
circle [15, 8, 25, 26|, a two-stage algorithm has been found useful to approach this robust
band-limited H identification problem. The first stage consists in determining a robustly
convergent polynomial interpolation (or simply approximation) of the given data while the
second stage can be reduced to a constraint (nonlinear) Nehari extension to obtain the
best approximation to the polynomial just being computed (see [4] for the study of the
robust convergence of this algorithm). The robust convergence of the interpolation step is
necessary to ensure that this property globally holds for the map from the data set to the
identified model above provide sufficient condition to build such a procedure.

In realistic identification applications, the transfer function is only given by its pointwise
values at a set of non-equally spaced points. The good-behavior of the Jackson and de
la Vallée Poussin polynomials to approximate functions from their pointwise values and
mainly the extension of their use to the case of non-equally spaced points, justify the use

of J and V (or J and V) in the first step of such algorithms (see §2).

For the second stage of these algorithms, consider here the classical extremal problem (see
[31] and the references therein for a complete study of bounded extremal problems). Let
f be any function in L>(T) (f is generally the result of the first interpolating step). We
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seek for go € H™, such that :

If - 90||L°°(1r) = mif}x) If — 9||L°°(1r)
geH

This is a Nehari problem and the Hankel operator I'; will be used to give a best approxi-
mation gq in terms of singular values and vectors as stated by a theorem of Adamyan, Arov
and Krein [1] (basic properties of Hankel operators can be found in 23, Chap.3|). The
Hankel operator ['; with symbol f, 'y : H> — L*> © H? is defined by : ['y(z) = P_(f )
where P_ is the orthogonal projection operator from L? on L? O H?. The well-known Ne-
hari theorem giving the solution of the Nehari problem states that if the Hankel operator
I'; attains its norm at a non-zero vector z (i.e. ||[I'yz| = |||l ||z||), then there is a unique
best approximation gy to f given by :

Pf{L'
= - —. 37
9o T (37)
Such a non-zero vector x is called a maximizing vector and it exists at least when the
Hankel operator I'; is compact that is when f € H* + C(T) by Hartman’s theorem. More

details about the solution of Nehari’s problem can be found in [32, Chap.15].

A standard computational method to get the solution of the best H* approximation to an
L*(T) function is to solve numerically a Nehari problem with the aid of Hankel singular
values and vectors. If >°°° __ a,2" is the Fourier series associated to the function f, then

the matrix H; of the Hankel operator I'; with respect to the standard bases {1, z, 2%, .....}
of H? and {z71,272,.....} of L> © H? is the Hankel matrix :

a_1 Qa_—9 0a_3

and its singular values are the square roots of the eigenvalues of H} Hy.

The effective computation of gy in (37) imposes to handle only with finite dimensional
matrices so that truncations of accurate order of the matrix H; are operated. These
truncated matrices are constructed from a finite set of Fourier coefficients associated to
the interpolant or the approximant computed during the first step. Note that the continuity
in the Wiener algebra W of the approximation operator defined by the Nehari problem
(see [33, (6.5)-p.22]) and the convergence in W of Jackson and de la Vallée polynomials,

considered as Césaro sums (see [31]), motivate the use of J and V' (or J and V') in the first
step of the algorithm. Finally, a Singular Value Decomposition, for example, of a truncated
Hankel matrix H of Hy can then also be used to numerically compute the solution gq.
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3.2 Bounded H? completion

This problem also arises in band-limited frequency domain identification of stable linear
dynamical causal systems when one wants to get an H? approximation of the transfer
function. In harmonic H? identification of a transfer function f, when the experiments are
only available in some range of frequencies I, subset of the unit circle T and corresponding
to the bandwidth of the system, one is interested to find a bounded H? extension g to f on
the whole circle, that is a function g which coincides with f in the bandwidth and which is
as close as possible to the Hardy space H? while its norm remains bounded. This constraint
on the norm of g is justified by the density of the Hardy space H? in the Lebesgue space
L? restricted to a strict subset of the unit circle (see e.g. |2, thm.1]).

In realistic identification applications, the transfer function is only given by its pointwise
values at a set of non-equally spaced points on a subset I of the unit circle. The above
problem of bounded extension (or completion) which is detailed in [3], can then be solved
by mean of a two-stage algorithm. The first stage consists of determining a robustly
convergent polynomial interpolation (or simply approximation) of the given data on [
while the second stage can be reduced to a constraint least-square approximation in L?([)
to obtain the best analytic H? approximation to the polynomial just being computed.

The generalization to subsets of the unit circle of the standard properties of Jackson and
de la Vallée Poussin polynomials justifies their use in the first stage of such algorithms (see

§2) .

For the second stage of such algorithms, let I be a subset of T such that both I and T\ [
are of positive Lebesgue measures, and let C be a positive constant. Let the function f
be in L2(I) (f is generally the result of the first interpolating step) and let B¢ denote the
convex subset of L?(T \ I) defined by :

Be = {heL*T\I):||hllzmn < C}
We seek hg € B¢ such that :

dist(f V hg, H*) = min dist(f V h, H?)

hEBC

or equivalently such that :

1P72(fV ho)llzery = min [[Pg(f V A)l|z2cry
Let ® : H> — H? be the Toeplitz operator with symbol xT\7 defined by :
Then the unique solution hq is given by [3] :

he = —AI+X®)7" Pya(xr f)
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for some A > —1 such that [|Aq||2(r\p) = C.

To compute the solution hy of the above formulated completion problem, we have to solve,
iteratively with respect to A, the linear and infinite dimensional system :

Hence, if ey br €%? and 3, e @, €'Y are the Fourier series associated to the H? functions
respectively hg and Py2(xr f), then the equation (38) can be stated under the following
matrix equivalent form :

bo %)

(I+AT) bfk = | (39)

where 7" is the matrix associated to the Toeplitz operator ®. Recall that the Fourier
coefficients associated to an L*(T) function converge to that function in the L?-norm (see
[29, 4.26]. Hence Y jcnbr €'F? converges to go in the L:-norm.

The uniform convergence of Jackson and de la Vallée Poussin polynomials for continuous
function allows, as detailed in §2.8, to get the coefficients ag, aq,... from those of the
Jackson or de la Vallée Poussin polynomials associated to any continuous function whose
restriction on [ is f.

The numerical computation of hy in (39) imposes to manipulate only finite dimensional
matrices so that truncations of accurate order of the matrix 7" is used. The resolution of
the so truncated, linear and finite dimension system, can then be solved using for example
Levinson or Durbin algorithms [7]. Finally due to boundedness of the operator (I + AT)™"
for every A > —1 (see [31, Chap.3|), the solution of the truncated system converges to hg
in the L?-norm.

3.3 Numerical examples

T T
3(22+1)/(2°2+2245) —

We consider an example discussed in [24] na-
mely f(z) = 3(22 +1)/(2* + 2z + 5) given
by its values on a set of non-equally spaced
points on symmetric arcs

I =1, e V] in figure 1

and osl

I =[e®? ™3] in figure 2 1
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1 T T T T T T T

best constrained approximation ——
3(z*2+1)/(z"2+2z+5) -

0.8 -

0.6

04 -

-0.2 + -

04 + 4

-0.6 -

-1 1 1 1 1 1 1 1

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 14 1.6

Figure 1: best analytic bounded extension recovering the function in H>

An extremal bounded problem is solved in [4] for this problem. In the ideal case when the
constraint on the norm of the approximant is precisely the norm of f on T \ I, then the
approach taken in [4] allow us to recover the missing information on T \ I and to get the
best approximation of f on T \ I as shown in the figure 1.

For the same example, a bounded H? completion problem is considered in [3]. In the best
situation when the norm imposed to the extension is equal to that of f, then the function
f is entirely recovered from its partial pointwise values as shown in the figure 2.

A more realistic application (hyper-frequencies filter for the French CNES) is also conside-
red in [4]. It consists in identifying an hyper-frequencies filter given by noisy and partial
measurements on [ = [e"™/2 ¢'37/2)]. We refer the reader to the articles [4] and [3] for
details on the two identification problems considered here.

4 Conclusion

The robustness and uniform convergence of the interpolation or the approximation step
are shown to be critical in classical two stage identification algorithms. The two methods
presented in this paper with an illustrated example, are simple and find their motivation
in robust H* identification and analytic H? completion from non-equally spaced points
on a subset of the unit circle. We refer the reader to [26, 27, 34| and the references therein
for other approximation methods from non-equally spaced points.
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1 T T T T T T T

"3(z/2+1)/(z"2+2z+5)" ——
"Completion_0.38575" -~

0.8 -

0.6

04 -

0.2 -

0

-0.2 + -

04 + 4

-0.6 -

.0.8 4

-1 1 1 1 1 1 1 1

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 14 1.6

Figure 2: analytic H? completion with A\ = —1 + 0.25¢ — 11.
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