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Abstract: The use of some new techniques such as self-calibration and calibration
from partial a priori information about the observed scene (angles, distances), to-
gether with the use of some classical techniques of video sequence processing, such as
features extraction and token tracking, makes the computation of three-dimensional
measurements of the observed scene from video sequences possible. Depending upon
the kind of calibration that has been obtained for the camera, these measurements
are projective, affine or metric measurements. They can be obtained directly from
the images without any reconstruction process.

The self-calibration technique described in this article is the generalization to
a large number of images of the algorithm developped by Luong and Faugeras|§]
based on the Kruppa equations. A theoretical study of these equations as well as
experimental results on real video sequences are presented.
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Autocalibration a partir d’une séquence vidéo: les
équations de Kruppa revisitées.

Résumé : L’utilisation de nouvelles techniques, telles que 1’autocalibration et la
calibration & partir d’informations connues a priori sur la scéne observée (angles,
distances), conjointement & celle de techniques classiques de traitement d’image,
telles que l’extraction de primitives caractéristiques et leur suivi, rend possible le
calcul de mesures tridimensionnelles de la scéne observée. Suivant le type de la
calibration qui a été obtenue pour le systéme, ces mesures sont de type projectif,
affine ou métrique. Elles peuvent étre calculées directement dans les images sans
passer par une reconstruction de la scéne.

La technique d’autocalibration décrite dans cet article est la généralisation & un
grand nombre d’images de l’algorithme développé par Luong et Faugeras[8| basé
sur les équations de Kruppa. Une étude théorique de ces équations ainsi que des
résultats expérimentaux sur des séquences vidéo réelles sont présentées.

Mots-clé : autocalibration, mesures & partir de séquence vidéos.
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Figure 1: The pinhole model.

1 Introduction

Section 2 describes the model used for the camera and the scene observed and
section 3 analyses the relationship between two views. Some calibration parameters
naturally appear in section 3.1: the fundamental matrix F, the homography of the
plane at infinity H., and the intrinsic parameters matrices A and A’. The knowledge
of these quantities allows to compute projective, affine or metric measurements as
described in section 3.2.

Section 4 briefly explains how to compute F and H, from point correspondences.
Section 5 explains how, in the case where A’ = A, the camera self-calibrates from a
video sequence by computing A from F or H,. Some partial a priori information
about the scene observed may easily be introduced in the process of self-calibration.

2 The model

2.1 The camera

The camera model used is the classical pinhole model. If the object space is conside-
red to be the 3-dimensional Euclidean space R3 embedded in the usual way in the
3-dimensional projective space P3 and the image space the 2-dimensional Euclidean

RR n°2793



4 Cyril Zeller, Olivier Faugeras

space R? embedded in the usual way in the 2-dimensional projective space P2, the
camera is then described as a linear projective application from P3 to P2[6]. We can
write the projection matrix in any object frame Fp of P3:

Qy Y Ug 1 0 00

0 a 010 0|QF (1)
0 0 1 0010
A P

where A is the matrix of the intrinsic parameters, C' the optical center (see figure 1)
and QQ is the notation for the matrix of change of frame F; to frame F;, such that
M/F; = QQM/E"

In particular, the projection equation, relating a point not in the focal plane
MC/F}-C = [X¢,Ye, Zc,Tc]T, expressed in the normalized camera frame to its projec-
tion m” = [z,y,1]7 is

Zcm = APGM 1, (2)

2.2 The scene

Even though our formalism also applies to dynamic objects, we concentrate in this
paper on scenes composed of static objects. Moreover, when we study the disparity
between two views, this restriction does not appear as a restriction any more if the
two views have been taken simultaneously by a stereoscopic system.

3 Two views

We study the relationship between two views of a scene. These views are supposed
to come from either two cameras or one camera in motion. The optical centers
corresponding to the views are denoted by C for the first and C’ for the second,
the intrinsic parameters by A and A’ respectively, the normalized camera frames
respectively by F¢ and Fgr. The matrix of change of frame F¢ to frame Fer is a
matrix of displacement defined by a rotation matrix R and a translation vector t:

Fo _ | Rt
More precisely, given a point M of an object o, we are interested in establishing

the disparity equation of M for the two views, that is the equation relating the
projection m' of M in the second view to the projection m of M in the first view.

INRIA
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3.1 The disparity between two views
3.1.1 The general case

Assuming that M is not in the focal planes corresponding to the first and second
views, we have, from equations (2) and (3):

Z@ﬂ:NmMﬁd:N[Rtﬁw%:zﬂmA4myQNt

We thus have obtained the general disparity equation relating m' to m:

Zem' = ZeHoom + Tee! (4)

where
H, = ARA! (5)
e = At (6)

H_, is the homography of the plane at infinity, as detailed below in section 3.1.3. e’
is a vector representing the epipole in the image frame of the second view, that is,
the projection of C' in the second view. Indeed, this projection is

A'PiCr, =A'[R t|Cr, = A't
Similarly,
e=—-ARTt (7)

is a vector representing the epipole in the image frame of the first view.
Equation (4) means that m' lies on the line going through €’ and the point
represented by H, m, which is the epipolar line of m. It is given by the vector

Fm (8)
where
F=[e]«Hx (9)
or equivalently I,
F = det(A)A'"'"EA ! (10)

lusing the algebraic equation [Mu]x = det(M)M™*T[u]x M ™?, valid if det(M) # 0

RR n°2793



6 Cyril Zeller, Olivier Faugeras

with
E =[t]xR (11)
F is the fundamental matriz which describes the correspondence between an image
point in the first view and its epipolar line in the second (see [8]). E is the essential
matriz[6].
Given two projection matrices [ P p ] and [ P p ] expressed in the same

object frame Fp, we can easily write the disparity equation: If the projection equa-
tions are

Amm =PP Mz, +p and A,m'=PPiM,z, +p'
the disparity equation is written
Mym' = PP !m+p' — PP 1p (12)

This implies that ' is proportional to p’—P'P~!p, and F to [p' = P'P~!p], P'P~L.

3.1.2 The case of coplanar points

In the case of coplanar points, the equation of the plane in F¢, relating Z¢ and T¢,
allows us to unify their different disparity equations in one disparity equation valid
for all of them.

The plane being given in F¢ by the vector IIT = [ n” —d }, where n is its

unitary normal in F¢ and d, the distance from the plane to C, its equation is
I—[TM/].-C = 0, which can be written, using equation (2),

0 = nTPoM/]:c—TC'd (13)

= ZCnTAflm —Ted (14)

If we first assume that d # 0, that is the plane does not go through C, we then
obtain the new form of the disparity equation?:

Zgm' = ZocHm (15)
where
nT
H=H. + e’TA*1 (16)

2using the algebraic equation uv’ Mw = (v Mw)u

INRIA
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This equation establishes the linear projective application, given by H, the H -matriz
of the plane, relating the projections of the points of the plane in the first view to
their projections in the second. It is at the basis of the idea which consists in
segmenting the scene in planar structures given by their respective H-matrices and,
using this segmentation, to compute motion and structure (see [4] or [18]).

If the plane does not go either through C’, its H-matrix is a homography
(det(H) # 0) since its inverse is given by

-1 1 -1 o
H =H =H_ +e7A (17)
where n’ is its unitary normal in F¢ and d’, the distance from the plane to C’.
If the plane goes through only one of the two points C or C’, its H-matrix is still
defined by the one of the two equations (16) or (17) which remains valid, but is no
longer a homography; equation (14) shows that the plane then projects in one of the
two views in a line representing by the vector

A 'Tn or Ay (18)

If the plane is an epipolar plane, that is goes through both C' and C’, its H-matrix
is undefined.
Equations (16) and (9) show that we have

F =[], H (19)

Finally, equation (7) shows that e’ and e always satisfy equation (15), as expec-
ted, since e/ and e are the projections of the intersection of the line < CC' > with
the plane.

3.1.3 The case of points at infinity

For the points of the plane at infinity, represented by [0, 0,0, 1]7, of equation T¢ = 0,

the disparity equation becomes
Zgm' = ZecHoom (20)

Thus, Hy is indeed the H-matrix of the plane at infinity. Equation (20) is also
the limit of equation (15), when d — oo, which is compatible with the fact that the
points at infinity correspond to the remote points of the scene.

RR n°2793



8 Cyril Zeller, Olivier Faugeras

3.2 Measurements from two views

It has been shown that the knowledge of F allows to compute a projective recons-
truction of the scene [5, 12]. Likewise, the knowledge of F and H leads to an
affine reconstruction and the knowledge of F, H,,, A and A’ leads to an Euclidean
reconstruction[19, 20]. In each of these cases, some measurements can be directly
computed in the images.

3.2.1 Projective measurements

The camera is modeled as a projective linear transformation so some projective
measurements are computable without any knowledge. It is the case for the cross-
ratio of four aligned points which is simply equal to the cross-ratio of their images.

If F is known, the H-matrix of a plane defined by any three points is computable,
as explained in section 4. It is then possible to compute the intersection between
planes and lines.

Given the H-matrix H of a plane P and the correspondences (m,m’) and (n,n’)
of two points M and N, the image ¢’ of the intersection of the line < M N > with
P is

i’ = (m’ x n') x (Hm x Hn)
since ¢ belongs both to < m'n' > and the image of < mn > by H[16].

Similarly, given two planes P and () by their H-matrices Hp and Hg, the
correspondences of the intersection L of P with @) is obtained by computing the
correspondences of two points of L. These points are, for example, the intersections
of two lines L1 and Ly of P with Q. The correspondences of such lines are obtained
by choosing two lines in the first image representing by the vectors 1; and lg, their
corresponding lines in the second image being given by H;lTll and H;lle.

3.2.2 Affine measurements

If F and H, are known, we can compute the intersection of any line with the plane
at infinity, as explained in section 3.2.1. This allows us to tell whether two lines are
parallel or not: they are parallel if and only if they intersect at the same point at
infinity. This also allows us to compute the ratio %i %ﬁ for any three points My, My
and M3 belonging to a line L, as the cross-ratio of M7, Ms, M3 and the intersection

of L with the plane at infinity.

INRIA
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3.2.3 Metric measurements

If F, H., A and A’ are known, it is possible to compute the angle between two
lines or the ratio of two lengths(7, 2].

Angle between lines. The angle between two lines L; and Lg is given by the
Laguerre formula

1
(L1, L) = ;- 1og(1V1, V2, I12, J12})

where V7 and V;, are the intersections with the plane at infinity of L; and Lo res-
pectively, and I12 and Jig, the intersections of < V3Vo > with the absolute conic 2
of equation

X24v24+22=0 , T=0

in any orthonormal frame of P3. {V1, Va, I12, J12} denotes the cross-ratio of these
four points so that we also have

1 . .
(L1, L2) = % log({v1,v2,%12, j12}) (21)

vy and vy are computed using H.., as explained in section 3.2.1. 12 and jio are
computed as the intersections of < wyve > with the image w of 2. According to
equation (2), the equation of w is

S(m,m) =0 (22)

where

S(p,a) =pTA A q

A general point of < vyve > is v1 + 0va, considering that vs corresponds to § = co.
According to equation (22), i12 and ji2 correspond to the two complex conjuguate
roots fy and 8y of

S(vi,v1) +20S(vy,va) + S(VQ,V2)02 =0

so that

00 _ —S(Vl,Vg) + i\/S(\;l(,VVZI)‘r‘S;()VZ,VZ) - S(VI,VZ)Q (23)

Now, we have
0—0y oo—6y 6

{v17v27i12,j12} = 0= 0_0 . o 50 — 5_0

RR n°2793



10 Cyril Zeller, Olivier Faugeras

We deduce from this and equations (21) and (23) that cos(Li, L2) is given by

S(vi,v2)

VS(v1,v1)S(va,va) (24)

e(vy,va) = —

Ratio of lengths. The ratio é—g, where A, B, C and D are four points, decom-

posed as
AB AB BC _ sin(CA,CB)sin(DB,DC)
CD BCCD  sin(AB,AC)sin(BC, BD)
So, once computed the images vqp, Vac, Ube, Vbd and v.q of the intersections with the

plane at infinity of < AB >, < AC >, < BC >, < BD > and < CD >, respectively,
as explained in section 3.2.1, é—g is given by

(Vabs Vac, Vbes Vbds Ved) =

\/S(vab,vm S(Vaes Vae) S(Voe, Vie) = S2(Vae, Vi) S(Vad, Vi) S (Ved, Vea) — S2(Via, V)
S(Veds Ved) S(Vab, Vab) S (Vac, Vac) — S2(Vaby Vac) S (Voes Voe) S(Vady Vod) — S2(Vie, vbd()25)

which results from equation (24).

4 Computing F and H,, from point correspondences

F and the H-matrix H of any plane P, and in particular H.,, are computed
from image point correspondences between the two views. These correspondences
are obtained either by tracking if the views belong to a sequence or by stereo
matching[19, 20, 21, 3|.

The disparity equation gives then the equations relating F or H to the image
point correspondences:

m7 Fm = 0 (26)
m'xHm = 0 (27)

We notice that these equations allow to compute F and H only up to a non-zero
scalar factor. So, eight points for F and four points for H in general configuration
are enough to compute them linearly. The epipoles are then computed as the eigen-
vectors of F and FT corresponding to the 0 eigenvalue. According to section 3.1.2,
they satisfy equation (27) and so three other points are enough to compute H.

INRIA
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In practice, much more points are available so that F and H are computed as
solutions of least squares problems [14, 21]. Their covariance matrices Ay and Ag
are also computed in order to quantify their uncertainty[3].

Of course, since equation (27) is satisfied only by some image point correspon-
dences corresponding to points belonging to P, some of them must be known to make
the computation of H possible. In particular, to compute H,,, we need to know
images of points at infinity, such as the intersections of parallel lines[17, 19, 20].
On the contrary, equation (26) is satisfied by any image point correspondences,
which makes the computation of F more immediate, since no additional knowledge
is necessary.

5 Computing A from H, or F

While F is more easily computable than H, it is in return more difficult to compute
A from F than from H.,, as explained in section 5.2 and 5.3.
5.1 Notations

The set of all the symmetric 3 x 3-matrices is a 6-dimensional vector space and X
equally refers to the matrix or its corresponding 6-dimensional vector.

For a set of linearly independent vectors {vi,...,vyx}, V(vi,...,vy) denotes
the vector space of basis (vi,...,Vy).

We denote the rotation axis of a rotation matrix R by any vector r, such that
Rr=r.
5.2 Computing A from H_

Writing that R is an orthogonal matrix and using equation (5), we have
RRY =13 <= A" "TH AATHL AT =13
which leads to
H . KH, =K’ (28)

where

K=AAT and K =A'AT

K is the matrix of the Kruppa coefficients related to A. If we consider that «,, and «,
(see equation (1)) are different from zero, which is always the case in practice, then

RR n°2793



12 Cyril Zeller, Olivier Faugeras

K is a positive definite symmetric matrix: It is thus in one-to-one correspondence
with A since A is uniquely obtained by constructing the Cholesky decomposition of
K.

Equation (28) shows how we can compute A’ from A and H,.

In the case where A’ = A, we can use equation (28) to compute A from H..
Since det(H,..) = det(A) det(R det(A~!) is then equal to 1, H, is exactly known
without a scalar factor indetermination and the problem is linear. More precisely,
proposition B.2 shows that a non-zero symmetric matrix X is a solution of equation

H. XH? =X (29)

if and only if
X € V(AAT, ArrTAT)

This has already been shown [18, 13]. Consequently, two equations of the same type
as equation (29), obtained, for example, from three views with same intrinsic para-
meters A, are necessary and sufficient to compute A, as soon as their corresponding
rotation axis are not parallel (see proposition B.7).

In practice, more than three views are available, so that K is computed as the
solution of a linear least squares problem [18, 1, 15].

5.3 Computing A from F

By multiplying equation (28) on the lefthand side by [e']« and on the righthand side
by [e/]Z and using equation (9), we obtain

FKFT = [¢'],K'[¢/]E (30)

But equation (30) is not usable as such in practice. Since F and e’ are computed
only up to non-zero scalar factors A\ and p (see section 4)

F=)F and & =pe (31)

the equation actually available to us is

.. A
FKF? = p2[e'] K'[¢)} with k== (32)
I
Equation (32) shows that we cannot compute A’ from A and F since, according

to proposition B.3, the following homogeneous linear system in the symmetric matrix
X
[ X[e']T = 033

INRIA
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is of rank 3.

In the case where A’ = A, we can use equation (32) to compute A from F. Since
e’ is computed as the eigenvector of FT corresponding to the 0 eigenvalue, k is also
unknown and the problem is not linear.

Section 5.3.1 puts the problem in terms of the well-known Kruppa equations
[8] which shows that the problem is quadratic indeed. Section 5.3.2, together with
appendices A, B, C and D, gives the formal solutions of the Kruppa equations in
function of A, R and t. This allows us to show off the particular spatial configura-
tions of the cameras that lead to degenerate cases for the Kruppa equations. Lastly,
section 5.3.3 describes how we solve the Kruppa equations in practice.

5.3.1 The Kruppa equations

The problem of recovering A from F using equation (32) amounts to find the sym-
metric matrices X such that

3z € R — {0}, FXFT = 22[¢] X[e']E (33)

Now, if we denote FXFT by My and [&'] X [&é']Z by M./, equation (33) is equivalent
to

3z € R — {0}, M = My — 2°M/, = 03,3 (34)

Since M is a symmetric matrix, M = 0343 is equivalent to a system of six scalar
equations of the form M;; = 0. Now, since

Me' = 03 where e':[e'l e eé] (35)

this system is in turn equivalent to any system of three equations among which two
are coming from a same line ¢ of M, say

Mii1 =0 and Miiz =0 (36)

such that 623 # 0, where i1, 79 and i3 are distinct, and the other one from another
line j # 1, say

ijl =0 (37)

RR n°2793



14 Cyril Zeller, Olivier Faugeras

such that e;z # 0, where j; and jo are distinct and different from . Indeed, equa-
tion (35) implies that

ei, Mii, +ej, Mii, +e€i, Mijy= 0 (38)
ej, Mjj, +e€5, Mjj,+ eiMj; =0 (39)
el M1 + ey Mo + €5 Myz=0 (40)

where k is the remaining line of M. Equations (38) and (36) then leads to M;;, = 0.
Since then M;; = Mj; = 0, equation (39) and (37) leads to M;j, = 0. Lastly,
two equations among My = 0, Mpy = 0 and Mj3 = 0 are then satisfied, so that
equation (40) leads to the third one. Such a system of three equations always exists
since even if only one coordinate of €’ is different from zero, say e;, then one can
take 13 = jo = [. If all coordinates of e are different from zero, there are 16 such
systems. Indeed, one can extract 20 systems of three equations from a system of six
equations and, among them, the four following ones are not correct:

{M11 = 0,M22 = 0,M33 = 0}
Vi € [1,3],{M;1 = 0, M;2 = 0, M;3 = 0}

So, equation (34) becomes

Jz € R — {0},
1\/[1:'“‘1 = mgMeliil and MFiiz = .’EzMeliiz and MFjj1 = 332Me’jj1

which is equivalent to
MFiil Meljjl = Me’iil MFjj] and MF“‘Q Meljjl = Me’iig MFjj] (4:1)

Equations (41) are two homogeneous polynomials, denoted by P;(F, X) and P»(F, X)
of degree two in the six unknown coefficients of

1 T T3

X

T5 To X4
T3 T4 g

They are the Kruppa equations.

INRIA
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5.3.2 A study of the Kruppa equations

From equation (33), we see that the Kruppa equations are also equivalent to
3z € R — {0}, FXFT = %] X[e']%
which, according to proposition B.5, is equivalent to
Jz e R —{0},X € Vr,
where

Vr i1 = V(AAT ArrT AT AS_1tt7ST AT)
Vi, = V(AS,ttTSTAT AS_,tt7ST AT A(S,.tr” +rt7ST,)AT)

if t is not proportional to r or

Vr11 = V(AAT ArrTAT)
Vi, = V(ArrTAT)

otherwise and with
Sx=RZ+ (A —tr(R)R + (A2 — tr(R)\ + tr(R))I3

Appendix A is devoted to the study of Sy which helps in demonstrating the
above result in appendix B.

This result shows that K belongs to a solution vector space and so, that one set
of two Kruppa equations (41) is not enough to compute K. Appendix B, together
with appendices C and D, also studies how a system of two sets of two Kruppa
equations constrain K. More precisely, proposition B.9 shows that such a system
obtained, for example, from three views with the same intrinsic parameters A, is,
except for particular spatial configurations of the views that are detailed in table 9,
in general enough for K to be an isolated solution of the system, that is such that
there exists a neighborhood around K that contains only solutions proportional to

K.

5.3.3 Solving the Kruppa equations

In practice, more than three views are available, so that K is computed as the
solution of a non-linear least squares problem [1, 15].

RR n°2793



16 Cyril Zeller, Olivier Faugeras

More precisely, K is computed as the matrix that minimizes the following crite-
rion:

- T T
=1 % (Fi’ X)AF; %(Fh X) %% (F‘i’ X)AFz % (Fia X) (42)

where N is the number of fundamental matrices F; available. If n views are avai-
lable, we have N = n(+—1) The minimization is done using a classical Levenberg-
Marquardt method [1, 15].

X is parametrized by an upper triangular matrix U such that X = UUT, in order
to be a symmetric positive definite matrix. Moreover, the bottom-right element
of U is fixed to 1, which amounts to take g = 1: This eliminates the solutions
proportional to K. The minimization is thus done over five parameters.

Three ways of initialization are possible:

e Taking three fundamental matrices leads to a system of six polynomials in five
unknowns. From this system, we build six systems of five polynomials and
solve them using a homotopic method.

e Assuming that v = 0 (see equation (1)), which is a good approximation for
usual cameras, allows to introduce the following additional polynomial equa-
tion:

T5 = T3T4

so that taking two fundamental matrices leads to a system of five polynomials
in five unknowns which is also solved using a homotopic method.

e Assuming that v = 0 and (ug,vg) is the center of the image, which is also a
good approximation for usual cameras, leaves only z; and x2 as unknowns so
that taking one fundamental matrix leads to a system of two polynomials of
degree two in two unknowns which is solved analytically.

In each of these three ways, several systems are extracted from several fundamental
matrices and the solution common to all of them is chosen. The more systems are
taken in account, the more precise is the solution. Since, on one hand, they generate
a lot of solutions and, on the other hand, they need the use of a homotopic method,
which is a quite fastidious process, the systems built by the first two initializations
are not well-adapted to a large number of images. On the contrary, the third ini-
tialization allows a quick statistical processing: The points (o, = \/Z1, 0, = \/Z2)
are distributed along a line whose slope gives the aspect ratio § = g—z; this line is
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estimated by robust fitting and the corresponding outliers are not used in the pro-
cess of minimization; the mean is taken as initial value. Figures 3, 4 and 5 show
that choosing (ug,vg) around the image center does not have a big influence on the
computed value of §.

5.4 Using geometric information

If we have some a priori information about the scene such as N, angles 6; between
lines and N, ratios p; of lengths, equations (24) and (25) are used to add to the
criterion giving by equation (42) the following criteria:

% fj (cos(6;) — Cj(Fi, X))?

Cangle(X) =

T )
i=lim1 %57 (Fi, X) Ap, 25 (F;, X)

ratio . : 8R'T OR.
i=ti=1 3§ (Fi, X)Ag, 75 (Fi, X)

where
Cij(F;, X) = ¢(viij,vai;) and  Rj(Fy;, X) = r(Vabij, Vacij, Vieijs Vbdij Vedij)

In order to evaluate Congie(AAT) and Cratio(AAT), given a current A at each
iteration of the processus of minimization, and since these criteria require computing
the images of points at infinity, we need to compute Hy, from F and A.

For that, we first compute E, using equation (10), and then, decompose E like in
equation (11) to recover R, Hy, being then given by equation (5). In [6], Faugeras
shows that the decomposition of E like in equation (11) is possible if and only if E
has one singular value equal to zero and the other two singular values equal to each
other. Now, applying equation (10) directly leads to a matrix E = ATFA which does
have a singular value equal to zero, since F is parametrized in order to be exactly
singular, but whose two other singular values r and s are not necessarily equal. In
[10], Hartley explains that the closest matrix E to E under the sum-of-squares norm
which decomposes like in equation (11) is obtained by replacing » and s by H'Ts in
the singular value decomposition of E. Now, there are two ways to decompose E
like in equation (11) [10]. Indeed, if we denote R4 the rotation matrix of axis t and

[t1%
1t

3using the Rodrigues formula R = I + sin(8)[r]x + (1 — cos(8))[r]%

angle 7, we have3

Ri=1I3+2
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so that?*
E = [t RR
o N
= PR =2 R
= [t]xR

To compute these two rotation matrices, we first compute a vector proportionnal to
t, according to equations (31) and (6):

t=Ate =put

where p is an unknown scalar. R and R¢R are then equal to
——(E*T + [t]«E)
&2

where E* is the matrix of cofactors of E [6]. When dealing with images that come
from a sequence, we choose the rotation of smallest angle.

6 Computing the projection matrices from A and F

The n views considered in this section are assumed to have the same intrinsic pa-
rameters matrix A and are such that the fundamental matrices between each two
views are known.

For any view 7 of optical center C; and any view j of optical center C;, we denote

Fo, Ri]‘ t;;
Qrc, = log 1]

According to section 5.4, we can compute Eij = pi;t;; and R;; where p;; is an
unknown scalar. We then define the frame Fg by its matrix of change of frame from

Fc, to Fg:

13 03
Qz, = [Og 1 ] (43)

p1z

*using the algebraic equation [u]} = —||u||*[u]«
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In FE, we have then

Pi = AP)Q. = A I 0]

F Foy ~Fc .
P, = AP(Q = APQ Qs = A [Ryz fno

and for any view 7 > 2

Fe. Fe, 1o T
P, = AP\Qsy = AP0Qs0 Qzp' = A [Rui (2]

Now from . . =
C; __ C; Ca
Q= Q7 Qe

we deduce that
t1; = Rojt1o + to;
so that . - _
Bz (b2 X t1;)7 (b2; X Roitao)

fi1i [[£2i x t1i|2
The projection matrices computed this way are in practice refined using a tech-
nique similar to the classical bundle adjustment method.
For that, we assume that we have p point correspondences corresponding to p
points M; of the scene of unknowns coordinates (M;);c[1,)- The refinement of the
projections matrices is then done by minimizing the following criterion:

P 1M, , 1M,
> > (i = ) + (Wi — 7)) (44)
j=liel, I3M; 13M;

over

e the set of all the points coordinates M; (for each j, I; is the set of the indices

T
¢ of the images in which the projection m;; = [:ci]' y”} of M; is known),
e the set of the projection matrices of the n views (P;);c(1,,) so that

1%
Vi€ [1,n],P; = |14
1Z
13
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More precisely, this is done by minimizing the criterion (44) over the set of the
projection matrices only, by using a classical Levenberg-Marquardt method : at
each evaluation of the criterion, the points coordinates M; are linearly computed
from the equation

Vi € Ij,mi]‘ X PiM]‘ =03

The projection matrices are parametrized the following way
Pi=A [13 03} and Vi€ [2,n],P; =A [Ri ti]

which makes a total of 5 + 6(n — 1) parameters. R; is initialized by Ry; and t; by

p12 4
i b1,
7 Results

In this section, we show the results obtained with three real sequences. The point
correspondences have been obtained automatically by tracking, in the case of the
sequence 1 (figure 2) and manually, in the case of the sequences 2 (figure 7) and 3
(figure 11).

For each of the sequence, the results concerning the self-calibration technique
described in section 5.3.3 are first shown. Three kinds of minimization are tested
depending on the parametrization of A: five parameters, four parameters (v = 0),
four parameters (o, = da,), three parameters (y = 0 and «, = éa,,), where § is
the aspect ratio evaluated at the initialization. In the case of the sequence 1, the
intrinsic parameters computed with a classical calibration method[9] are also given.
The aspect ratios are very similar. The other parameters are also well estimated,
above all with the two last kinds of minimizations, considering the fact that, even
with classical calibration methods, they are estimated up to 5% for a, and «, and
10% for ug and wvy.

Metric measurements, computed directly in the images, using the equations gi-
ven in section 3.2.3, are then shown and compared with real measurements. Each
measurement shown is the median of all the measurements computed from all the
pairs of images of the sequence.

At last, for the sequences 2 and 3, a reconstruction is shown that has been obtai-
ned after computing the projection matrices by the method described in section 6.
Metric measurements, computed from the reconstructed points, are also shown.
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Figure 2: Sequence 1 : 43 512 X 512-views; the tracks of the points in four images
(1, 12, 28, 43).

RR n°2793



22 Cyril Zeller, Olivier Faugeras

4000+

3000+
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2000+

1000+

00 500 1000 1500 2000 2500 3000
au

Figure 3: Sequence 1 : Robust fit of the initial values of o, and a,; the slope of
the line is the aspect ratio; here: ug = 256, vg = 256 and 6 = 1.474.
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4000
3000
av
2000
1000
0 500 1000 1500 2000 2500 3000
au

Figure 4: Sequence 1 : Robust fit of the initial values of o, and a,; the slope of
the line is the aspect ratio; here: ug = 200, vg = 300 and 6 = 1.485.
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1000

1500 2000 2500 3000

au

Figure 5: Sequence 1 : Robust fit of the initial values of o, and a,; the slope of
the line is the aspect ratio; here: ug = 300, vg = 200 and § = 1.495.
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Table 1: Sequence 1 : The intrinsic parameters computed by self-calibration com-

Minimization over 5 parameters

1164.15 —9.96 198.34
A= 0 1761.47 289.5 6 =1.513
0 0 1
Minimization over 4 parameters : v =10
1094.4 0  208.72
A = 0 1649 269.2 6 =1.508
0 0 1
Minimization over 4 parameters : § = §y«
952.66 —0.36 215.26
A= 0 1404.07 214.3 6=1.474
0 0 1
Minimization over 3 parameters : v =0 et § = §pa
949.82 0 215.26
A= 0 1399.88 214.3 6=1.474
0 0 1
Classical calibration
940 0.05 249.35
A= |0 1387 25535 6 =1475
0 0 1

pared with those obtained using a calibration pattern.
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Figure 6: Sequence 1 : The segments used for measurements of table 2.

‘ Angle H Computed | Real H Ratio H Computed | Real ‘

cos(1,2) | 0.079 [0.089 || 1/2 2.68 2.8
cos(1,3) | 0.079 |0.029 || 1/3 2.9 2.98
cos(2,4) 0.91 0.94 || 2/4 1.1 1.2
cos(3,5) 0.4 0.34 || 3/5 1.16 1.05

Table 2: Sequence 1 : Some measurements relative to the segments of figure 6,
computed directly in the images.
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oyl bt

| |
i

Figure 7: Sequence 2 : 10 768 X 512-views of the Arcades place in Valbonne (1, 2,
4, 6, 8, 10).
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Initialisation

5000+

4000+

bet3000+

2000

1000+

260

260

600 800
al pha

1000 1200

69 = 1.089

Median

A=

625.061
0
0

0 384
564.979 256
0 1

6 =0.904

Minimization over 5 parameters

A=

667.732
0
0

9.832  415.015
717.939 328.047
0 1

6 =1.075

Minimization over 4 parameters : v =0

A=

670.747
0
0

0 416.072
729.394 334.974
0 1

6 = 1.087

Minimization over 4 parameters :

B = oo

A=

666.705
0
0

9.897  414.542
726.272 327.606
0 1

6 =1.089

Minimization over 3 parameters : v =0 et § = §pa

A=

670.566
0
0

0 415.958
730.478 327.606
0 1

6 =1.089

Table 3: Sequence 2 : The intrinsic parameters computed by self-calibrati®RIA
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Figure 8: Sequence 2 : The segments used for the measurements of table 4.

‘ Angle H Computed | Real H‘ Ratio H Computed ‘ Real ‘

cos(3,4) 0.031 0 1/2 1.04 1
cos(4,8) 0.105 o || 5/7 0.983 1
cos(8,10) ||  0.032 0 |f11/12| o0.373 1
cos(5, 6) 0.031 0 || 13/14| 0.994 1
cos(13,15) 0.07 0

Table 4: Sequence 2 : Some measurements relative to the segments of figure 8,
computed directly in the images.
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Figure 9: Sequence 2 : The segments reconstructed in figure 10.

‘ Angle H Computed | Real m Ratio H Computed ‘ Real ‘

cos(3,4) 0.017 0 | 1/2 1.01 1

cos(4,8) 0.004 0 5/7 0.954 1
cos(8,10) || 0.028 0 |[[11/12] o0.987 1

cos(5,6) | 0007 | o ||13/14| 0.983 1
cos(13,15) || 0.062 0

Table 5: Sequence 2 : Some measurements relative to the segments of figure 8,
computed from the reconstructed points.
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0 00

[
—/ ——

HD% {

N ¢

_—

Figure 10: Sequence 2 : Four views of the reconstruction of the segments of figure 9.
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Figure 11: Sequence 3 : 15 512 x 768-views of the church of Valbonne (1, 3, 5, 10,
12, 14).
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Initialisation
4000+
3000+
bet a
2000+
1000+ .
0 1000 2000 3000 2000 5000 6000
al pha
6o = 0.977
Median
639.460 0 256
A= 0 693.682 384| 6 = 1.085
0 0 1

Minimization over 5 parameters
679.515 —3.258 254.466
A= 0 677.470 383.476| 6 = 0.997
0 0 1
Minimization over 4 parameters : v =0
681.345 0 258.802
A= 0 679.285 383.188| 6 = 0.997
0 0 1
Minimization over 4 parameters : 8 = dp«
694.213 —3.578 249.650
A= 0 677.954 377.627| 6 = 0.977
0 0 1
Minimization over 3 parameters : v =0 et § = §pa
694.998 0 255.448
A= 0 678.721 377.627| 6 = 0.977
0 0 1

RETabl2763 Sequence 3 : The intrinsic parameters computed by self-calibration.
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19
=20

Figure 12: Sequence 3 : The segments used for the measurements of table 7.

‘ Angle H Computed | Real m Ratio H Computed ‘ Real ‘

cos(1,3) 1 1 2/4 0.993 1
cos(1,2) 0.054 0 4/5 0.999 1
cos(3,5) 0.032 o [[t0/12] 105 1
cos(6,7) 0.999 1 || s/9 1.004 1
cos(15, 16) 1 1 || 17/18 | 0.966 1
cos(19, 20) 0.101 0 13/14 0.902 1

Table 7: Sequence 3 : Some measurements relative to the segments of figure 12,
computed directly in the images.
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Figure 13: Sequence 3 : The segments reconstructed in figure 14.

‘ Angle H Computed | Real m Ratio H Computed ‘ Real ‘

cos(L, 3) 1 1 || 2/4 || o0.982 1
cos(1,2) 0.026 0 4/5 0.999 1
cos(3,5) 0.018 0 10/12 1.022 1
cos(6,7) 1 1 || 89 1007 | 1
cos(15, 16) 1 1 || 17/18 | 0.984 1
c0s(19,20) || 0.022 0 |l13/14| 0.955 1

Table 8: Sequence 3 : Some measurements relative to the segments of figure 12,
computed from the reconstructed points.
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s —p

Al
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Figure 14: Sequence 3 : Four views of the reconstruction of the segments of
figure 13.
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8 Conclusion

The self-calibration technique described in this article is the generalization to a
large number of images of the algorithm developped by Luong and Faugeras|[8]. In
comparison with the original, its robustness is improved essentially because of the
use of statistical tools, such as robust model fitting and covariance matrices, at each
step of the process (initialization and minimization).

Its main advantages over other algorithms[11] are that its initialization is easy
and needs no a priori knowledge about the camera due to the algebraic structure
of the equations and that the number of parameters over which the minimization is
done is low which makes it very efficient.
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Appendices

A

Study of S,

In this section, R is a 3 X 3-rotation matrix different from I3, 6 is its angle and r,
its rotation vector such that Rr =r and |r|| = 1.

Definition A.1 We define Sy by

Sy=R2+ (A —tr(R))R+ (A2 — tr(R)A + tr(R))I3

Proposition A.1

(R — M3)Sy) = det(R — M3)I3
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Proof. We have
det(R — M3) = =A% + tr(R)A* — tr(R)A + 1
so that, according to the Cayley-Hamilton’s theorem, we have

R3 —tr(R)R? + tr(R)R — I3 = 03,3

Thus,
(R —AI3)S)
=R3 —tr(R)R2 + tr(R)R + (=23 + tr(R)A? — tr(R)\)I3
= det(R — \I3)I3
a0

Proposition A.2 If A # 1, Sy s wnvertible and

R -3

Sl=-—— "3
AT det(R — AT3)

Proof. This results from proposition A.1. O
Proposition A.3
S; = (3 —tr(R))rr?
Proof. Since tr(R) = 2cos(8) + 1, we have3®

S
=R%2-2 0015,(0)R + 13
= I3 + sin(260)[r]x + (1 — cos(28))[r]% — 2cos(8) (I3 + sin(8)[r]x + (1 — cos(8))[r]%) + I3
= 2(1 — cos(#))rr”

d
Proposition A.4 For any 3 x 3-matriz X, we have

RS, XSTRT — )28, XST = det(R — A\3)(det(R — AI3)X + XS, X + AXST)

®using the algebraic equation vvT = ||v|]*I5 + [v]%
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Proof. Indeed, according to proposition A.1,
RS)\XS"}CRT — AzsAXS?C
= (det(R — M3)I5 + AS,)X(det(R — AI3)I3 + AST) — A28, X ST
= det(R — M3)(det(R — AI3)X + AS) X + AXST)
d
Proposition A.5 For any A1 and Ay different from 1, we have
Sx Sx, = 81,8
Proof. Indeed,
Sx; Sy, = det(R — A\1I3) det(R — AI3)(RZ — (A1 4+ A)R + A hI3) = Sx, Sy,

|

Proposition A.6 For any 3-vector v not proportional to r and any distinct A1 and
A2 different from 1, Sy, v, S),v and r are not coplanar.

Proof. Indeed, according to proposition A.5, we have then

1Sy, v+ @Sy, v+ar =03

=
als;;V + agsxllv + aSLlS;;r =03
=
A A a(1-A1)(1-2s) —
(det(Ra—lAlIg) + det(Rf“—zAZIa))Rv - (det(gll—ill:;;) + det(§2—§213))v + det(R—Allg:; det(Rz—AZIg)r - 03
=

a=a1=ay =0
|

Proposition A.7 For any A different from 1, we have

1—-2%)2|r x v|?
Sav)T(rx S_yv) = (
(X Sav) (r X Sav) = G R L) det(R + 13)
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Proof. Since we have?
det(R — \I3) det(R + A\I3)S;'ST3T = (R — AI3)(RT + \Ip)

= (1-X)I3+AR-RT)
= (1 - 2)I3+ 2Xsin(8)[r]«

we have!
(r x Syv)T(r x S_y\v)
= (S;lT[v]X(l - )\)I’)T(S:IT[V]X (1+Mr)
=(1—A%)(v x r)Tsxls:iTv X T
- (1-X)?|lrxv]?
dot(R_AT3) det(R1AL3)
d

Proposition A.8 For A # 1, if we denote by Fr any frame composed of r |, r x|
and r, where r| is any vector orthogonal to r, Sy is then written in Fg:

l Vd(1- NI 0, ] l Rys, 02 ]

07 d o 1

where d = A2 — 2cos(0)\+1 and RgsA 15 a the rotation matriz of angle Og, defined

by
cos(0) — A

Vd

Proof. First, we note that d is always positive and that

sin(0)
Vd

cos(fs,) = and sin(fs,) =

det(R — AI3) = d(1 — \)

Then, in Fgr, R is written

Ry 09 . cos(f) —sin(6)
lOf 1 ] with Re = [ sin(f)  cos(6) ]

so that S;l is written

Ry — My

SI)‘_1 0,
d(1—X)

1| with Sy'=
0; 3

Now, we have

d*(1 - 22818 = (Ry — ML) (R} — M) = (A2 + 1) — AM(Ry + RY) = dI,
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This means that v/d(1 — )\)S')‘_l is a rotation matrix of angle —fg, and S;l is thus

written .
o e
ol 1 (0 1
a

B Study of the self-calibration equations

In this section, we give the formal solutions of the equations that are at the basis of
the self-calibration process described in section 5. Section B.2 deals with the equa-
tions corresponding to one displacement and section B.3 deals with the equations
corresponding to two displacements, that is with systems composed of two of the
preceding equations.

The unknown of these equations or systems of equations is either X, or (z,X),
or ((#1,22),X) where @, 1 and x5 are non-zero reals and X a non-zero symmetric
3 X 3-matrix.

These equations are defined using the following quantities:

H, = ARA! (45)
e = At (46)
F = [¢]«H. (47)

These last three equations are equivalent to the equations (5), (6) and (9) in the case
where A = A’. When systems are considered, the corresponding indexed quantities
are used:

H.,, = ARA°!
e; = Ati
Fi = [e]]xHx,

We consider that R, respectively R, is equal to I3 and that t, respectively t;, is
not equal to 03 in which cases the solutions of the equations, respectively systems,
studied are obvious.

B.1 Notations

The set of all the symmetric 3 x 3-matrices is a 6-dimensional vector space and X
equally refers to the matrix or its corresponding 6-dimensional vector.
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For a set of linearly independent vectors {vi,...,vyx}, V(v1,...,vy) denotes
the vector space of basis (vi,...,Vy).
We denote the rotation axis of a rotation matrix R by any vector r, such that

Rr=r.
If R is a 3 X 3-rotation matrix and A a real different from 1, we define Sy by

Sy=R2+ (A —tr(R))R+ (A2 — tr(R)A + tr(R))I3

S, is studied in section A.

B.2 The solutions corresponding to one displacement

Proposition B.1 The solution set of equation
RXRT — 22X = 03,5 (48)

{($>X)>m € {_1:1},X € VR}

where

Vr = V(I3,rr7)

Proof. Equation (48) is a homogeneous linear system in X. Using some computer
algebra system, it can be proved formerly that the rank of this system is 6 if 2% # 1,
or 4 otherwise.

If 22 # 1, the solution is thus unique and equal to 033.

If 22 = 1, the solution vector space Vg is thus of dimension 2. I3 is a solution
of equation (48) since RRY = I3. rr’ is another solution of equation (48) since
Rrr’R7T = rr”. Since, according to proposition C.5, I3 and rr” are then linearly
independent, they form a basis of V. O

Proposition B.2 The solution set of equation
H. XHL — 22X = 03,3 (49)

{(:E,X),:I: € {_171}7X € VHOO}

where

Vi = V(AAT ArrTAT)
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Proof. According to equation (45), equation (49) is equivalent to
RATIXATRT — 22A7 XA = 03,4

Thus, (zg,X() is a solution of equation (49) if and only if (z¢, A"*XoA"!7T) is a
solution of equation (48). O
Proposition B.3 The solution set of equation

[V« X[V]T = 0343 (50)
18
T T)

V(vvi + vivl, vl +vovT vl + vav

where (v1,Va,Vv3) is any basis of R3.

Proof. Equation (50) is a homogeneous linear system in X. Using some computer
algebra system, it can be proved formerly that the rank of this system is 3. The
solution vector space is thus of dimension 3.

For any vector u of coordinates (z1,22,23) in (vi,Va,Vvs), on the one hand,

vul 4+ uv” is obviously a solution of equation (50), on the other hand, we have

2=3
vul +uv? = Z zi(vvi +vivT)
i=1

T

Thus, vvI +vivT, vwI + vovT and vvi + v3vT form a basis of the solution set. 0

Proposition B.4 The solution set of equation
[t]«(RXRT — 2?X)[t]] = 03,3 (51)
18
{(z,X),ze R, X EVRt:}

where

Vrit1 = V(Is,rrT,S_qtt7ST))

VRiz = V(S.tt7ST,S_,tt7ST | S,otr” + rt”ST)
if t is not proportional to t or
Vi1 = V(Is,rr")

V(rrT)

VR,t,m

otherwise.
Furthermore, V& # £1,1I3 € VRt 2+
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Proof. Equation (51) is a homogeneous linear system in X. Using some computer
algebra system, it can be proved formerly that the rank of this system is 3 if t is
not proportional to r, or otherwise, 4 if 2 = 1, or 5 otherwise.

Let us first assume that t is proportional to r.

If 22 = 1, the solution vector space VR t,+1 is thus of dimension 2. I3 and rr’,
as solutions of equation (48), are also solutions of equation (51) and thus, according
to proposition C.5, form a basis of Vr ¢ +1.

If 22 # 1, the solution vector space VR t,. 18 thus of dimension 1. rr’l

is obviously
a solution of equation (51) and thus form a basis of VR 4 5.

Let us now assume that t is not proportional to r. The solution vector space
VR t,» is thus of dimension 3.

According to proposition A.4, we have

[t]« (RS ttTSTRT — 22S,ttTST)[t]Z
= det(R — zI3)[t]« (det(R — zI3)ttT + zS,ttT + xttTST)[t]L
= 03x3

Let us suppose that z? = 1. In addition to I3 and rr”, that is, according to
proposition A.3, equivalently, SlttTS{, a third solution is thus S,ltthzl. If t
is not proportional to r, r and S_;t are not proportional either because S)r is
proportional to r. According to proposition C.6, I3, rr’ and S_1tt7S”, are then
linearly independent, thus form a basis of VRt +1.

Let us now suppose that 2 # 1. Then S, tt7ST and S ,tt7ST_ are thus solu-

tions. S atr? +rt? sz is then also a solution: Indeed, according to proposition A.1,
we have

[t]« (R(S,2trT + rtTST)RT — 22(S,2trT + rt”ST))[t]1
= [t]x ((det(R — z2I3)I3 + 2%S,2)trTRT + Rrt” (det(R — 2%I3)I3 + 2?ST)
—z2(S,2tr” + rt7ST))[t]L
= det(R — z%I3)[t]« (tr? + rtT)[t]T
= 03x3

Since, according to proposition A.6, neither S;t, S,»t and r, nor S_,t, S,»t and r
are coplanar, S,tt7ST, S_ ttTST_ and S,2tr” + I‘tTS"; are linearly independent,
according to proposition C.14, and thus form a basis of VR t ;.

Now, in the case where t is proportional to r, according to proposition C.5,
Ve #+£1,1I3 € VR t -

In the case where t is not proportional to r and z # =1, according to proposi-
tion C.17, the rank of (I3, S,tt7ST,S_,tt7ST S otr? + rtTsz) is 4. Indeed, on

—x?
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the one hand, according to proposition A.6, S,t, S_,t and r are then not coplanar
and, on the other hand, according to proposition A.7, (r x S,t)T(r x S_,t) # 0
so that, according to proposition D.1, cos(S,t,S_,t) # cos(S,t,r) cos(S_,t,r) and
S.t, S_,t, r and S,>t do not satisfy equation (70).

Consequently, Vz # +1,I3 € VR t,. 0O

Proposition B.5 The solution set of equation
FXFT — 22[e/]« X[e/]E = 0343 (52)
18
{(z,X),z € R —{0},X € Vg, }
where
Vra1 = V(AAT ArrTAT AS_;tt7ST A7)
Vr o V(AS,ttTSTAT AS_,tt7ST AT A(S,2tr” + rt?ST,)AT)

if t 1s not proportional to r or

Vra1 = V(AAT ArrfAT)
Vr. = V(ArrTAT)

otherwise.

Furthermore, Yz # +1, AAT ¢ Vg .
Proof. According to equation (47), equation (52) is equivalent to
(]« (FL XL — 22X)[e/]% = 0.5
or using equations (45) and (46)
[At] (ARA XA TRTAT — 22X)[At]L = 03,3

that is !
[t]« (RATIXATITRT — 22 A7 XA [t])T = 0343

Thus, (2q,X) is a solution of equation (52) if and only if (zg, A"1XoA1T) is a
solution of equation (51). O

RR n°2793



48 Cyril Zeller, Olivier Faugeras

B.3 The solutions corresponding to two displacements

The systems considered in this section are composed of one equation of unknown
(z1,X) and another of same type of unknown (z2,X), so that the unknown of the
system is (21,29, X). If {(z1,X),21 € R — {0},X € S,, } is the solution set of the
first equation and {(z2,X),z2 € R — {0},X € S, }, the solution set of the second,
the solution set of the system is {(z1,22,X),z1.220 € R — {0}, X € S;;, N Sy, }-

A basis of §;; N'S,, is given by dim(S,;, N S;,) linearly independent vectors of
Sz, NS;, and we have®

dim(Sg, NSy, ) = dim(Sy, ) + dim(S,,) — dim(S,, + Su,)
Proposition B.6 The solution set of the system

RiXRT — 22X = 03,3
RoXRJ — 25X = 03,3
18
{(azl,wg,X),azl,mg € {—1,1},X € Vr, ﬂVRz}

where Vg, N VR, is V(I3) if r1 and ro are not proportional, or Vg, otherwise.

Proof. According to proposition B.1, I3, rir] and rar obviously span (Vg, +
VR,). Now, according to proposition C.6, if r; and ry are not proportional, we have

dim(Vr, N\ VR,) =2+2-3 =1
and (I3) is obviously a basis of Vg, N Vr,, otherwise
Vr, N VR, = VR, = VR,
d
Proposition B.7 The solution set of the system

Hoo 1 XHL; — X = 05,3

HooXHT, — X = 03,3
18
V(AAT) ifry and ry are not proportional
VH_, otherwise

VHocl m VHooz = {

Susing the relation dim(E; + E,) + dim(E; N E;) = dim(E;) + dim(E,), valid for two vector
spaces E; and E»
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Proof. This results from proposition B.6 and by using the same argument as in
the proof of proposition B.2. 0O

Proposition B.8 The solution set of the system

[t1]x (R1XR] — 21X)[t1]% = 033
[t2]x (R2XRS — 23X)[t2]}; = 03x3
]
{(xl,xQ’X)axl’a:? SR {0}7X € VR17t1,$1 n VRz,tzﬂ‘z}
VR, 41,41 N VR t,,41 15 given in table 9 depending on the configuration of the

vectors r1, Sy _1t1, ro and Sy _1t2 between each other.
Furthermore, we have

vx # :t]‘713 g VRlatlvzl n VR25t2am2

Proof. According to proposition B.4, I3, rlrr{, Sly_ltlt{S{_l, I'gl'g and Sg,_ltgtgsg_l
obviously span (VR, ¢, +1+ VRs.t,,41). Now, according to propositions C.5, C.6, C.8
and C.10, several cases occur that are summarized in table 9. 0O

Proposition B.9 The solution set of the system

Fi1XF{ — zi[el]«X[el]% = 0343
FyXF] — 23[eb] X[eh]T = 0343
18
{(ZBl,CEQ,X),ZBl,mQ eR— {0}>X € VFl,ml N VFg,mg}

Vr, +1 N VF, +1, depending on the configuration of the vectors r1, S _1t1, T2
and Sa _1to between each other, is deduced from table 9 the following way: A basis
of Vr, +1 N Vr, +1 s obtained from the vectors of a basis of VR, t,.+1 N VR, t,,+1bY
left-multiplying by A and right-multiplying by AT each of them.

Furthermore, we have

Va # +1,T5 & Vi, 2, N Vg 0

Proof. This results from proposition B.8 and by using the same argument as in
the proof of proposition B.5. 0O
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Configuration H dim(V(R 4,41, .,) ‘ a basis of Vgt +1), .,
r{ & Uy & Iy & Ug 242-2=2 13,1'11"{
ry & U & Iy 243-3=2 13,1'11'{
r|{ o< Uy & up 243-3=2 Ig,rlr{
ry X rs < u 3+42-3=2 Ig,rlr{
U] X Irg X ug 3+2-3=2 13,1111).;[1
r; « up,ro X Uy 242-3=1 I3
r; < re, U1 < U 3+3—-3=3 Ig,rlr{,ulurf
r; < Ug,re < Ug 3+3—-3=3 Ig,rlrr{,ulurf
1‘10(111,(1'1,1’2,112) o.b 243-3=2 Ig,I'lI"{
r; « ra,(ry,ug,uz) o.b 3+3-3=3 I3, riry  uju?
ri «< ug,(ri,u,r2) o.b 3+3-3=3 13,1‘11'{,11111"111
u; x ro,(r1,us,uz) o.b 3+3-3=3 I3, riry ugud
u; x ug,(ry,ui,ra) o.b 3+3-3=3 13,1‘11"{,11111’{
ro o llg,(l‘l,lll,l‘g) o.b 3+42—-3=2 Ig,rgl‘g
ry ocul,(rl,rg,uQ) n.o.b. 243—-4=1 I3
r] X ra, (1‘1, 111,112) n.o.b. 3+3—-4=2 13,1‘11"‘1?
r; « ug, (ri,uy,rs) n.o.b. 3+3—-4=2 I3, rir
uj x rg, (r1,us,uz) n.o.b. 3+3—-4=2 I3, rir!
u; OCUg,(I'l,ul,I'g) n.o.b. 3+43—-4=2 I3,I’1I‘f{1
I'gO(UQ,(I'l,ul,I‘g) n.o.b. 3+2—-4=1 I3
(r1,u,r2,uz) harmonic 3+3—-4=2 |13, ﬁrlr{ + ﬁulu{
(r1,u,r2,uz) not harmonic 3+3—-5=1 I3

Table 9: Description of VR, 4, +1 N VR, t,,+1 depending on the configurations of ry,
S1,-1t1, r2 and S _1t2; we denote Vg, t; +1N VR, t,,£1 By V(R t,+1), .5 S1,-1t1 by us
and S _1t2 by ug; the configurations are listed from top to bottom, from the least
general case to the most general case; “” means “is proportional to;” “o.b.” means

“form an orthogonal basis;” “n.o.b.” means “do not form an orthogonal basis.”
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C Study of ranks
Proposition C.1 The rank of (vivi,vavd) is 2.
Proof. Indeed, if vy is a vector orthogonal to v; but not to va, we have

1v1Vi + agvavl = 0343 (53)
—
ag(VgVu_)Vg = 03
—

as =0
and equation (53) then implies that oy = 0. O
Proposition C.2 The rank of (viv],vovd vavi) is 3.

Proof. Indeed, if vi, is a vector orthogonal to vi but not to vo nor to vs, we
have

a1vivi + aavovd + azvavi = 03,3 (54)
_—

az(v3vi)ve+ ag(vi vy )vs = 03
.

a9 = 3 =— 0
and equation (54) then implies that oy = 0. O

Proposition C.3 If vy, vo, v3 and v4 are coplanar,

= ovi) o or
7= 2ViVi = 03><3
= vl
with, fori,7 =1,2,1 # j,
C(V,L') = Sin(V4, Vl) Sil’l(V4, Vg) Sil’l(Vg, V]')2 — Sin(Vg, Vl) Sin(Vg, Vg) Sil’l(V4, Vj)2
e(vy) = — sin(vy, v1) sin(vy, v2) sin(vy, vo)?
c(vq) = sin(vs, v1) sin(v3, va) sin(vy, va)?
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Proof. On the one hand, if v, is the vector coplanar with vi, vo, v3 and vy,
such that ||v; || = ||vi]| and (vi,v;1) = —7/2, we have

vy vie = [villlvil sin(vj, vi)

and thus, for 7,5 =1,2,7 # 7,

ZV“_
_ \||“r"]{|||| sin(v;, v)e(vj)vj + ||||Z;|||\ sin(vs, v;)c(vs)vs + H sin(vy, vi)c(vy)vy
[lvill

v, 1l sin(vj, Vi)(sin(V4, Vl) Sin(V4, Vg) Sil’l(Vg, Vi)2
— sin(vs, v1) sin(vs, v2) sin(va, v;)?) v,
— sin(vg, v;) sin(vy, v1) sin(vy, va) sin(vy, va)
(H%”L Sin(Vg, V2)V1 - H%”L sil’l(Vg, V1)V2)
+ Sin(V4, Vi) Sin(Vg, Vl) Sin(Vg, Vg) Sil’l(Vl, Vg)
(1% sin(vy, va) vy — {2 sin(vs, vi)vo)

On the other hand, Z(v; x v2) = 03.

Consequently, since vy, Vo, and vi X vo form a basis of R3, Z =0343. 0O
Proposition C.4 The rank r of (vivi,vavd, vavl vyv]) is:

3 if vi, vo, v3 and vy are coplanar,
or 4 otherwise.

Proof. We have

alvlvf + OzQVQV%1 + Oz3V3V§1 + Oz4\/'4VZ1 = 0343 (55)
—
013(V1, Vo, V3)V3 + Cv4(V1, Vo, V4)V4 = 03 (56)

If vi, v, v3 and v4 are not coplanar, (vi,ve,vs) and (v, va,Vvs) cannot be both
equal to zero. So, equation (56) implies that at least a3 = 0 or a4 = 0 and, according
to proposition C.2, equation (55) then implies that a3 = ag = a3 = a4 = 0.

If vy, vo, v3 and v4 are coplanar, according to proposition C.3, r is less than 4.
So, according to proposition C.2, r is 3. O

Proposition C.5 The rank of (I3,vivT) is 2.
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Proof. Indeed, if vi is a vector orthogonal to vy, we have

apls + a1viv] = 03,3 (57)
=
agvyy = 03
=
ag=20

and equation (57) then implies that oy = 0. O
Proposition C.6 The rank of (I3,vivi,vavd) is 3.

Proof. Indeed,

H

aols + a1vivi + agvevy = 0343 (58)

——
agvy X vg = 03
=
ag=20

and, according to proposition C.1, equation (58) then implies that oy = a3 = 0. O

Proposition C.7 If vy, vy and v3 form an orthogonal basis of R3, then

= 0343
E Al z||° *

Proof. We have

Vi=1,...,3,Zv;=v;— ——=v;vlv; = 03 (59)

I zll"

and since vq, vo and v3 form a basis of R3, this implies that Z = 03,3. O
Proposition C.8 The rank r of (I3,vivi,vovl vavl) is:

3 if vi, Vo and v form an orthogonal basis of R3,
or 4 otherwise.
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Proof. If vi, vo and v3 form an orthogonal basis of R3, then, according to
proposition C.7, r is less than 4. So, according to proposition C.6, r is 3.

Otherwise, there exists ¢ such that v; is not proportional to the crossproduct of
the two others, v; and vi. We have then

ool + alvlvf + aZVZVg + CY3V3V§1 = 0343 (60)
—
ooV X Vi + Ozi(Vi, vy, Vk)vz' =03
.
ag =0

According to proposition C.2, equation (60) then implies that a3 = as = a3 = 0.
O

Proposition C.9 If vy, va, v3 and v4 are harmonic (see section D), then

i=4
e(vy)
oot £ et -
1=

where, for any distinct ¢,7,k,l=1,...,4,
e(v;) =0 if vj, Vi, v; form an orthogonal basis,
or e(v;)=-1 if i, k=1,...,4,7 F ki # j,1 #k,
cos(v;, vj) =0, cos(v;, vy) =0,
or C(VZ') = b(Vz', Vj, Vk)
. cos(v;,vg) .
~ cos(v; 7vi)cos(vifv;jfcos(v]-,vk) otherwise. (61)

Proof. Let us first suppose that

Vi,j=1,...,4,1# j,cos(v;,v;) #0

Then, for any 4, ¢(v;) is defined by equation (61), which is valid since, according to
proposition D.5, we have then

Vi, 5, k,l=1,...,4,distincts,
cos(vj, v;) cos(vy, Vi) # cos(Vj, Vi)
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¢(v;) really does not depend on v; and vy, since, on the one hand, b(v;,v;,vy) =
b(v;, vy, V;) and, on the other hand, b(v;,v;,vy) = b(v;,v;,Vv;) in virtue of equa-
tion (79). According to equation (78), for any distinct 4,7,k,l = 1,...,4, there
exists (Mg, \;) € R% — (0,0) such that

Vi X Vi = AV + Avg (62)
and equation (62) implies that
Akl|Vill cos(vy, vie) + Ail[vil cos(v, vi) =0 (63)
Then, using equations (62) and (63), we have

Vi, j,k,l=1,...,4,distincts
Z(Vi X Vj)

ovi)

[Ivl]?

= H(ALHVLH((,(‘I,—}C) + 1) + \i||vil| cos(vi, vi)) Vi

+A vl (52 + 1) + Al

[lval| o(vi)

— o) (k[ Vil| cos (v, Vi) + Millvill cos (v, vi) v
+ c(vy) cos(vy, V)
[lvill cos(v;,vi)

R . e V) (o, .
=v; xVj+ (Vi, Vj, Vi)V + e (Vi, v}, VI)Vy

(64)

V| cos(vy, vi))vi

(Mllvall cos(vi, vi) + Akl Vil cos(vy, vi))vi
=05
According to propositions D.3 and D.4, v;, v; and v, are not coplanar, which implies
that v; x v;, v; X v} and v; X vy, form a basis of R3 and, according to equation (64),
that Z = 0343.
Let us now suppose that

3(4,4), cos(vi, Vj) =0

According to proposition D.4, it means that, among v, va, v3 and vy, three of
them, either form an orthogonal basis of R3, or belong to a plane whose normal is
proportional to the fourth vector. If we are in the first case, there exist 7,5,k =
1,...,4 such that v;, v;, v} form an orthogonal basis, which leads to

c(vi) =c(vj)=c(vip) ==1 , ¢c(v;)=0

and the result is proven by proposition C.7. Let us suppose that we are exclusively
in the second case, that is, for example, v;, v and v; belong to a plane of normal
v; and no two of the three coplanar vectors are orthogonal. Then,

C(Vz‘) =-1 )
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C(V]‘) = b(Vj,Vk,Vl) ) C(Vk) = b(Vk,V]',Vl) ) C(Vl) = b(V[,Vj,Vk)
Using the same developments as those occuring in equations (59) and (64), we have

then
Zv;=03 , Z(v;xvj)=03 and Z(v; X v})=03

Since v;, v; x v; and v; x v, form a basis of R3, this implies that Z = 03,3. [
Proposition C.10 The rank r of (I3,v1v¥,vovl vavi vyvl) is:
4 if vi, va, V3 and v4 are coplanar or harmonic (see section D),

or 5 otherwise.

Proof. If vy, vo, v3 and v4 are coplanar or harmonic, according to proposi-
tions C.3 and C.9, r is less than 5. Now, among the four vectors, vi, va, v3 and vy,
there are necessarily three of them that do not form an orthogonal basis of R® and
so, according to proposition C.8, r is 4.

Otherwise, according to proposition D.2, there exist ¢ and j such that v; x v;
does not belong to the plane defined by the two other vectors, v; and v;. We have
then

aolz + a1vivi + agvavd + azvavl + ayvevi = 0343 (65)
S,
agv; X Vi + ap(Ve, vi, v;) Vi + ag(vi, v, vj) vy = 03
S,
ag=0
According to proposition C.4, equation (65) then implies that a1 = ay = a3 = g =
0. O

Proposition C.11 The rank of (vivl,vovl +v3vl) is 2.

Proof. Indeed, if vo, is a vector orthogonal to vo but not to vi nor to vs, we

have
011V1V"i[1 + Cvzg(VgV%1 + ngg) = 0343
—
T T =0
a1(vival)vi + azs(vyvay)ve = 03
—N
] = 93 — 0
a
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Proposition C.12 viv], vovl and (vivl + vov]) are linearly independent.
Proof. Indeed, if vo| denotes a vector orthogonal to v but not to vy, we have
Q1V1VE + aavovi + a1a(vivi +vovl) = 0343 (66)
SN
a1(vivay)vi + aia(vivay)ve = 03
=
a1 =ajg =0
and equation(66) then implies that g = 0. O
Proposition C.13 If v, vo, v3 and v4 are coplanar and such that
sin(vs, ve) sin(vg, vi) + sin(vg, vo) sin(vs,vi) =0 (67)

then ,
C(V3,V4)
= | [[valll[vall

with, fori,] = 1,2,2 7é 7,

(vavi +vavl) = 0343

c(vi) = 2sin(vs,v;)sin(vy,Vv;j)
c(vg,vy) = —sin(vy, va)?

Proof. On the one hand, if v;, is the vector coplanar with vi, vo, v3 and vy,

such that ||v; || = ||vi]| and (vi,v;1) = —7/2, we have
vy viL = |Ivjllllvill sin(v;, vi)

and thus, for ¢,5 = 1,2,17 # 7,

ZV'L’L
= Fedsin(v;, vi)e(v;)v;
+c (V3, V4) ( ||‘|“;;|||I Sln(v4, VZ)V3 + ||||v1|||‘ Sil’l(Vg, Vz')V4)

= QH sin(vj, v;) sin(vs, v;) sin(va, v;) v,
— sin(v1, Vo) [sin(va, vi) (Jf sin(vs, va) vy — 2 sin(v, vi)vs)
- L||| Sln(V4,V2)V1 H Yil sin(vy, vi)vo)]

+sin(vs, vi) (]

On the other hand, Z(v; x v2) = 03.
Consequently, since vy, Vo  and vi X vo form a basis of R3, Z =03.3. O
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Proposition C.14 The rank r of (viv],vovi,vavl + vavi) is:
2 if vi, vo, v3 and vy are coplanar and such that
Sin(Vg, Vg) Sin(V4, Vl) + Sin(V4, V2) Sin(Vg, Vl) =0
or 3 otherwise.

Proof. If vi, va, v3 and v4 are coplanar and satisfy equation (67), according to
proposition C.13, r is less than 3. So, according to proposition C.1, r is 2.

If vi, va, v3 and v4 are coplanar but do not satisfy equation (67), we have, for
i> 2,
_ lvillsin(vs; vo) —— [[vill sin(vy, vi)
~ vallsin(vi,va)  [[val[sin(vi, vo)

%

and so,

a1V1V’{ + angVg + 0134(V3VZ + V4V§1)

_ [[vsll[[vall sin(vs,v2) sin(va,v2) T
= (O[]_ + 20[34 V12 sin(’vl V2)2 : )V]-Vl

[[vs||[|val sin(v3,vy) sin(vs,v1) T
+(O£2 + 2a34 vl sin(vi.vs)? )V2V2
D

—a34 HV1|||||\‘I‘2’:|3|”S‘iII‘lI(4JI1,V2)2 (sin(vs, ve) sin(vy, vi) + sin(vy, va) sin(vs, v1)) (vivd + vov]

which shows, according to proposition C.12 and since vi, ve, vz and v4 do not
satisfy equation (67), that vlvf, VQV%-' and ngf + V4V§1 are linearly independent.
If vi, vo, v3 and v4 are not coplanar, we have

a1viv] + aavav] + a3a(vavy + vavy) = 03,3 (68)
—
a1(vi,v3, vq) V1 + a2(ve, v3, ve)ve = 03
=
a;=0 or as=0
and equation (68) then implies that o = s =93 =0. O
Proposition C.15 The rank of (I3,v1vi,vovl + vavl) is 3.
Proof. Indeed, we have
OzoIg -+ ozlvlvflr + 0123(V2V§1 —+ V3V2T) = 0343 (69)
=

agVvi X Vo + a3(Vi, Ve, v3)ve = 03
—

ag=0
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and, according to proposition C.11, equation (69) then implies that a3 = ag3 = 0.

d
Proposition C.16 If vy, vy, v3 and v4 are such that
Je € {-1,1},
cos(vi,v3) =ecos(vi,ve) , cos(vy,Vs) = ¢ecos(va,Vy) (70)
cos(vy, va) = cos(vy, v3) cos(va, v3)
then
= c(vi) 1, c(vs3va) T T
Z =13+ v, v+ 7’(V3V4 + V4V3) = 0343
; il lvsllllvall
with, fort=1,...,2,
_ -1
C(Vl) - sin(vi,V3)2

C(V3’V4) = e—cos(v3,vy)
Proof. According to proposition D.1, if vy, v, v3 and vy satisfy equation (70),

there exists (A3, \s) € R% — (0,0) such that
Vi X Vo = A3V3 + A\gVy (71)

and equation (71) implies that
eA3|[vsl + Adllvall = 0 (72)

Then, using equations (71) and (72), we have

Z(Vl X VQ)
= V1 X V2 + %((w,w,w)w + (v1,V2,V3)Va)
o)+ Mlval)vs

e (Asllvsll(cos(vs, va) + a5
+%(>\4HV4H(COS(V3,V4) + sy Asllval)va

= <exs) (g vs]| + Al vall)vs
+ 0 30) (g [va| + Aallval)va

Similarly, there exists (A2, A\3) € R? — (0, 0) such that

V3 X V1 = AgVag + A3Vv3
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and equation (73) implies that
o[ vall cos(va, va) + As|lvs|[ = 0 (74)
Then, using equations (73) and (74), we have

Z(Vg X Vl)
= c(va) <(Vs,va)
= V3 X Vit [P (v1,va, v3)va + Tvalllval (V4, V3, v1)vs

= L2 alvall (1 + 225) + Asllvall cos(va, va))vs

el

+C(|‘|rx3r;‘|r\4) (A3lvsl[(cos(vs, va) + C(Tl,‘hl)) + A2||val| cos(va, va))vs
- %(g‘)\z”vﬂ‘ cos(va, vq) + A3l v3||)ve
+A83) (0 g | + Al vall cos (v2, va))va

Similarly, Z(v4 x va) = 03.

According to proposition D.1, neither vy, vy and v3, nor vi, ve and vy are
coplanar, which implies that vi X vg, v3 X vi and v4 X v form a basis of R3 and,
thus, that Z = 0343. O

Proposition C.17 The rank r of (I3,vivy,vovy,vavl +vyv?) is:

3 if vi, vo, v3 and vy are coplanar and such that
sin(vs, va) sin(vy, v1) + sin(vy, va) sin(vs,vi) =0
or vi, Vo, V3 and vy are such that
Je € {—1,1},
cos(vy,vg) =ecos(vy,vy) , cos(ve,vs) =cecos(va,vy)
cos(vy,va) = cos(vy, vs) cos(va, v3)
or 4 otherwise.

Proof. If vy, va, v3 and v4 are coplanar and satisfy equation (67) or satisfy
equation (70), according to propositions C.13 and C.16, r is less than 4. So, according
to proposition C.6, r is 3.

Otherwise, if vy, vo, v3 and v4 are coplanar, we have

aols + alvlvr{ + a2v2vr§p + O£34(V3V:‘f + V4V§1) = 0343 (75)
—,
agvi X vo = 03
S,

ag=0
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and, according to proposition C.14, equation (75) then implies that a; = ag = agq =
0.

Otherwise, if v; X vo does not belong to the plane defined by v3 and vy4, equa-
tion (75) implies that

agVy X Vg + O[34((V1,V2, V4)V3 + (Vl, V2,V3)V4) =03 (76)
>

a0=a34=0

According to proposition C.1, equation (75) then implies that a; = ag = 0.
Otherwise, if vi X vo belongs to the plane defined by v3 and vy, there exists
(A3,A4) € R? — (0,0) such that

Vi X Vo = A3Vv3 + A\gvy
and equation (76) implies that
(c0A3 + @34(V1, V2, V4)) Vs + (0As + a34(V1, V2, V3)) Ve = 03 (77)
If cos(vi,v3)? # cos(vi,ve)?, equation (77) implies that cg = agq = 0 and, accor-
ding to proposition C.1, equation (75) then implies that oy = ag = 0. Otherwise,
there exists ¢ = 3,... ,4 such that v; X v; does not belong to the plane defined by

vy and v;. If we take i = 3, equation (75) implies that

agv1 X V3 + a2(V1, Ve, v3)va + age(Vi, V3, v4) vy = 03
—s

ag=a34=0 or ay=a2=0

and, according to propositions C.1 and C.11, equation (75) then implies that oy =
ar=a34=0. 0O

D Harmonic vectors
In this section, vi, vo, v3 and v4 are such that

Vi,v; # 03 and V(i,7),i# j, V; and v, are not proportional
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Proposition D.1 For any i, j, k and [,

(Vi X V]')T(Vk X Vl) =0
—
cos(vy, Vi) cos(vj, vi) = cos(vy, Vi) cos(v;, Vi)
—
(Vk X Vl)T(Vz' X Vj) =0
Proof. Indeed, if we denote *ir by v;y and the plane defined by v; and v; by

[Ivill
P(v;,v;), for any distinct 4, j,k,l =1,... ,4, we have

TVkXVl)ZO

~~

(vi x vj)

!

Vi X Vj € P(vg,v))

!

Vin X V;N € P(Vin,Vin)

!

Ik, A1) € R? = (0,0), vin X VjN = ApVey + \iviy

!

3(Ak, i) € R* = (0,0),
V?N()‘kka + )‘IVIN) =0 and V?N()‘kka + )\IVIN) =0
=
(viyven) (viyviv) = (viyviv) (viyvin)
<
cos(vy, Vi) cos(vj, vi) = cos(vy, vy) cos(v;, Vi)

|

Proposition D.2 vy, vo, v3 and vy are said to be harmonic if and only if they
satisfy one of the three following equivalent equations:

Vi, g k0 =1,... 4, distincts, (v; x v;)T (v, x v{) =0 (78)

Vi, 5k, =1,...,4, distincts, (79)
cos( vy, Vi) COS(V]', Vi) = cos(vy, vp) cos(vj7 Vi)

cos(vy,va) cos(vs, vy) = cos(vy, v3) cos(va, vy) (80)
= cos(vy,Vvy) cos(va, v3)
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Proof. Equation (79) is clearly equivalent to equation (80) and, according to
proposition D.1, equation (78) is equivalent to equation (79). O

Proposition D.3 If vy, vo and v3 belong to a plane P then

V1, Vo, v3 and V4 are harmonic (81)
=
vy4 ts proportional to the normal to P (82)

Proof. If vy, v and v3 belong to P, the normal to P, vi X vg and vy X v3 are
all proportional. If vi, va, v3 and v4 are harmonic, equation (78) then shows that
this normal is proportional to the intersection of the plane defined by vs and v4 and
the plane defined by v, and vy, that is vy4.

Inversely, if v4 is proportional to the normal to P then cos(vy, v4) = cos(va,v4) =
cos(vs,vs) = 0 and vy, vo, v3 and v4 are harmonic according to equation (80). O

Proposition D.4

Vi, Vo, v3 and v4 are harmonic and

H(i,j),COS(VZ',V]') =0 (83)
=
Vi, Vo, v3 and v4 are harmonic and (84)
(7, 4, k), distincts, cos(vj, v;) cos(vy, vi) = cos(vj,vE) =0
<~
Among the four vectors, vi, va, v and vy, three of them,
either form an orthogonal basis of R3, (85)

or belong to a plane whose normal is proportional to the fourth vector.

Proof. If assertion (84) is true then assertion (83) is obviously true also.
Inversely, if assertion (83) is true then equation (79) shows that

cos(vy,v;) = 0= cos(vg,v;) =0 or cos(v;,v;) =0
so that
cos(v;,vj) =0 =

cos(v;, Vi) cos(Vg, vj) = cos(vy,v;) =0
or cos(v;, vy) cos(vy, vj) = cos(vy, vj) =0

and assertion (84) is true.
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V9
120° 120°
V4 Vi
V2 Vs \/
Vy V3
V1 1200

Figure 15: The umbrella from a general viewpoint on left and from above on right.

Now, if assertion (83) is true then at least one cosinus in each member of equa-
tion (80) is equal to zero and each of the sixteen possibilities leads to one of the two
configurations described in assertion (85).

Inversely, if assertion (85) is true then at least one cosinus in each member of
equation (80) is equal to zero and thus assertion (83) is also true. O

Another example of four harmonic vectors is given by four vectors that form
an “umbrella”, that is such that three of them have same angle a between each
other and belong to a cone of angle 3 whose axis is the fourth vector (see figure 15):
indeed, each member of equation (80) is then equal to cos(ea) cos(3).

Proposition D.5 If vy, vo, v3 and v4 are harmonac,

cos(vj, v;) cos(vy, Vi) = cos(Vvj, Vi) (86)
=
cos(vj, v;) cos(vy, vi) = cos(v;,vg) =0 (87)
(88)
Proof. According to equation (78), there exists (A, A\x) € R? — (0,0) such that
Vi X V= AV + ALV (89)
which implies that
)\zHVZ“ COS(V]‘, Vz‘) + )\k”Vk” COS(V]',Vk) =0 (90)
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Using equations (89) and (90), we have

cos(vj, vi)vI(vj x vi)
= )\zHVz”2 COS(VJ‘, Vi) + )\k VZ” HVk” COS(Vj, Vz') COS(Vz‘, Vk)
= Xillvillllvill(cos(v;, vi) cos(vi, vi) — cos(vj, vi))

So equation (86) implies that cos(v,,v;) =0 or v} (v; x v;) = 0. If cos(v;,v;) =0,
equation (87) is satisfied. v} (v; X v;) = 0 means that v;, v; and v; belong to a
plane P and, according to proposition D.3, the normal to P is necessarily vi. Thus,
cos(v;, vi) = 0 and assertion (87) is true again. 0
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