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Abstract

This paper deals with a particular aspect of the relation between signal anal-
ysis and nonlinear dynamics, which is the detection of changes in param-
eters of nonlinear dynamical systems from the information obtained using
experimental data. We propose a combination of the multiresolution wavelet
analysis with the idea of entropy. We show that it provides a new tool, that
we calle multiresolution entropy (MRE), useful for analyvzing nonstationary
signals and for the detection and localization of slight changes in nonlinear
dynamical signals parameters.

Résumé

Cette étude traite d’un aspect particulier des rapports entre I'analyse du
signal et les systémes dynamiques non linéaires: la détection de ruptures dans
les paramétres d’une dynamique non linéaire, a partir de I'information fournie
par des données expérimentales. Nous proposons une forme de I’analyse en
ondelettes qui utilise le concept d’entropie. Nous en déduisons un nouvel
outil, que nous appelons entropie multirésolution (MRE) dont nous mon-
trons 1'utilité pour la détection et la localisation de petites ruptures dans les
parameétres d'une dynamique non linéaire. ‘

Keywords: Lyapunov exponents, wavelet transform, multireso-
lution analysis, entropy, nonstationarity, nonlinear syvstems
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1 Introduction

This paper deals with a particular aspect of the relation between signal anal-
ysis and nonlinear dynamics, which is the detection of changes in parameters
of nonlinear dynamical systems from the information obtained using experi-
mental data.

When the nonlinear dynamic can be represented by differential equations,
there exist a variety of methods that provide a quantitative and qualitative
characterization of the system behavior. For example, the spectrum of Lya-
punov exponents {10] has proven to be one of the most useful dynamical
diagnostic for chaotic system. For systems whose equations are explicitly
known there are techniques for computing the Lyapunov spectrum (3], [13].
But when the equations of the nonlinear system are not explicitly given and
only experimental data is known, the mentioned methods can not be ap-
plied directly [22]. In that case, other approaches to this problem have been
proposed. They use the measured data, i.e. time series, and include the com-
putation of the correlation dimension [19], Lyapunov exponents {22], phase
space topography [6] and others. It is a common assumption the stationarity
of the signal to be analyzed.

This paper deals with changes in nonlinear dynamical systems that pro-
duce the experimental data; so the signal analyzed is nonstationary. In (6] a
modification of Wolf methods [22] is proposed with the aim of evaluate the
Lyapunov exponents taking into account the nonstationarity of the signal.
The results obtained indicate that the largest average Lyapunov exponent
can be useful in changes detection. The computational cost of this method
is very high due to the algorithm itself and the amount of data required (see
Section 4). In order to overcome the mentioned drawback, we analyze in this
paper the link between Lyapunov exponents and entropy. In fact, as it was
pointed out by Pesin [11], under some hypothesis on the nonlinear system
both concepts are related each one.

Thus, a) the changes in a nonstationary signal are related to the Lyapunov
exponents and b) these exponents are connected with the notion of entropy.
But the entropy itself is not useful for analyzing nonstationarities. In fact,
as we will show in the examples (Section 4), the computation of the entropy
of the signal does not exhibit the changes introduced in the parameters of a
nonlinear model.

Looking for an improvement of the entropy performance, we propose in
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this paper a new method based on the wavelet transform {8], which is gen-
erally acknowledged to be useful for studding nonstationary phenomena and,
has shown to be of value in event detection [5]. A combination of the mul-
tiresolution wavelet analysis with the idea of entropy is here proposed, and
we show that this provides a new tool, called the multiresolution entropy
(MRE), useful for analyzing nonstationary signals and for the detection and
localization of slight changes in nonlinear dynamical systems.

The notion of multiresolution entropy has the following advantages: 1) over
the entropy, because it is capable to detect changes in a nonstationary sig-
nal due to the localization characteristics of the wavelet transform; 2) over
the calculation of Lyapunov exponents, because the computational burden is
significant lower since the algorithm involves the entropy computation and
uses fast wavelet transforms in a multiresolution framework.

The organization of the paper is as follows: in Section 2 a description
of the multiresolution analysis and the digital filters used for calculating
the wavelet coefficient in fast form are given. The notion of multiresolution
entropy is introduced in Section 3. Examples are given in Section 4. In
them we show results obtained with the multiresolution approach. First we
present nonstationary signals generated simulating nonlinear systems with
an imposed time dependent parameter. Then we discuss the results obtained
in a real signal, using an electroencephalographic nonstationary signal from
epileptic patients, obtained using depth electrodes.

2 Wavelet Transform. Multir‘esolution Anal-
ysis

Suppose that 9 (t) is any basic wavelet, i.e. it verifies (8]

/Zw(wdt =0 (1)

The integral wavelet transform of a finite energy signal f(t) € L%(R) is
defined by (8]

Wer)b,0) = 1ol ™2 [~ st @
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We have chosen the polvnomial spline wavelet transform introduced by
Unser et. al. {18]. The multiresolution representation obtained from this
wavelet transform and the digital filters derived allow us the time localiza-
tion of events in a nonstationary signal in such a way that the requirements
enumerated in the Introduction are verified, i.e. good localization and low
computational burden. The recursive algorithm for calculating the wavelet
coefficients is given by the formulas (6) to (10).

The wavelet function v (t) [18] is:.

| .
, = ————1—op(2t + 6 1 t+5)—16770(2t + 4)+
v(t) 10390 (2t + 6) + 124¢(2t + 5) o(2t +4)

+ 79040(2t + 3) — 184820(21 + 2) + 242640(2t + 1) —
— 184820(2t) + 79040(2t — 1) — 1677(2t — 2) +
+ 12402t — 3) — o(2t - 4)],

where o(1) (the scaling function) is

L= [t +(1/6)]t]> = (1/3)(1 = [¢])* if [1] <1
ot) = { (2—1t])*/6 if1<|<2 (3)
0 if t| > 2.

In order to analvze the time-frequency localization properties of the anal-
vsis. we will calculate the values of the center and radius of the time and
frequency windows and obtain the value of the window area in the time-
frequency plane. 2.00268. i.e. almost the optimal value 2 (Cf. [4]). Thus. the
selection of this wavelet guarantee a good localization in the time-frequency
plane. which was the first of the key points enumerated in the Introduction.
The second one. i.e. the numerical implementation of the algorithm. will be
considered in the following. _

For a given signal s(t) € L*(R) initially represented by its polynomial
spline coefficients at resolution level 0, the wavelet decomposition is

<
sty = Y colk)o(t —k) =
k==nc
o N X
= Y entk)e@ M-k + 3 N dikw(@t—k). (1)
kz—x J=lk==x
where the numbers dy(k).da(k), .. .. dn(k) are the wavelet coefficients, and

the sequence {cn(k)} represents the coarser resolution signal at resolution
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level N. If this decomposition is carried out over all resolutions levels. the
wavelet expansion

(1) = Z Z d;(k)u (27t —k)

Jr—=x k==ox

———
-t
~—

is obtained. In each level j the series in (5) has the property of complete
oscillation [4]. which makes the decomposition useful in applications to time
localization of events. A .

At this point it is convenient to introduce two digital filters that will be
used in the algorithm. They are given by the transfer functions

6
B7l(:) = ————
(=) s+t 44
-1 5040 '
AT(z) = — = ol
24273 42416 + 1191(2 + 271) +120(22 4 279

where > is a complex variable.

As it is usual. we indicate with b~!(k) and a~}(k) the impulse responses
of these filters. :

Following [18] a fast recursive scheme for obtaining the expansion coeffi-
cients in (4) is given by (the symbol * means discrete convolution):

co(k) = [b7"*s](k) (6)
Cj.;.l(k) = ['U'*lejg(k) (7)
djs1(k) = [w”*c;]ja(k), | (8)
where .
vi(k) = (1/2)[[a 2 *axul(k) (9)
w(k) = 2)|la™ g2 * ug % 81)(k). (10)
and
u (k) = (=1)*u(k), 6; *a(k)=a(k—1),
[a]j2(k) indicates ...,a(-2).a(0).a(2).... and [a}ja(k) = a(k/2)if k is
even and

la]ia(k) = 0 if k is odd. )
Summing up, the coefficients of the expansion (4) are calculated with the
digital filters (9) and (10).
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'3 Multiresolution Entropy

As it was pointed out, the wavelets have interesting localization properties
in the time-frequency plane. The wavelet coefficients corresponding to the
level j of the multiresolution analysis are

If the total amount of analyzed data is a power of two, i.e. 2V, the number
of coefficients in the level j is 2¥~7 due to the decimation effect.

Let us assume for simplicity a fix resolution level and its wavelet coeffi-
cients

D={d(k), k=1, . K} (12)

They are calculated with the method explained in Section 2.

On this set of wavelets coefficients we define a sliding window depending
on two parameters: the width w € N (an even number), and the sliding
factor A € N. The definition of the sliding window of data is the following:

Wim,w,A) ={dk),k=1+mA,...,w+mA},m=012...M (13)

where A and w are selected such that w < K and (K — w)/A € N.
For example, if w = 10 and A = 5, $(1;10,5) = {d(1),d(2),...,d(10)},
$(2;10,5) = {d(6),d(7),...,d(15)}, etc. The center of the window (13) is
d(w/2 +mA).

For each window W (m;w, A) we take a partition

s0=58(m) < s; < 89 < ... < 51, = S(m),

where

s(m)=min [W(m;w, A)] = mkin {d(k),k =1+mA,. .. w+mA}]

S(m)=max [W(m;w,A)] = max [{d(k),k =1+ mA,...,w+ mA}]
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and consider the set {I; = [s;_1,8;), I = 1,..., L}, of disjoint intervals such
that

-
Wmiw, A) = Ul (14)
=1

We will indicate p™(I;) the probability that the wavelet coefficient d(k) €
W (m;w, A) belong to the interval I;. This probability is the quotient between
the number of wavelets coefficients of W (m;w, A) in I; and the total number
of wavelets coefficients in W{(m,;w, Q).

Now we define the multiresolution entropy (MRE) as

L
H(m)= -3 p™©)log(p™(L)), m=0,1,... M. (15)
1=1

In this way we obtain the entropy evolution of the wavelet coefficients at
the considered resolution level.

In the general case it will be M = M;, D = D;, K = K;, L = Ly,
W(m,w,A) = W;(m;w,A), p™ = pj* and H(m) = H;(m).

As it will be shown in the next section, if we plot at each level the MRE
(15) vs. time, considering the points {w/2 + mA, H;(m)}, m =1,..,M;,
this approach has the localization properties of the wavelets, so it is useful
in detecting changes. Moreover, its computational burden is lower than the
methods based on Lyapunov exponents.

4 Results and Discussion

We will analyze four examples: in the first three ones, the signals are gener-
ated using known models in which we impose a change in one parameter; the
fourth one corresponds to an electroencephalographic signal from an epilep-
tic patient. In the simulated cases, we also discuss the behavior of the MRE
and the entropy of signals obtained for constant parameters values, under
a linear modification of one of the output states of the system. As we will
show, the MRE presents a clear change at the three first resolution levels in
most of the simulated models. Even if the entropy shows a similar behavior,
it is not so clear in some cases. It will be shown that in almost all the cases,
the MRE keeps invariant in face to a linear change of the output signal, that
not affect in an obvious way the original signal’s graphic.
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1.0

0. . A N A
%00 850 1000 1050 1100 1150
Time (n)

Figure 1: Temporal evolution of the cuadratic map (eq. 16), with linear
variation of the parameter a, as in (eq. 17), with a; = 3.57, ap = 3.60,
ny; = 1024, n, = 1048, and initial condition z; = 3.60.

4.1 Case I: Signals generated by a discrete models
4.1.1 Simulation performed using the cuadratic map model

First we present a simulation performed using the cuadratic map model

Tpil = a@pZyn(l —z5) (16)

i) Consider parameter a, evolving in order to produce a change at the dy-
‘namic behavior as :

a) if n<n
an =4 a1+ [(n—ni)lag—ay)/(no—m)} if ni<n<nyg (17)
“ag if n > ny

Figure 1 shows the temporal evolution of the cuadratic map with a
linear variation of the parameter a, at a band where a chaotic attractor
is present [15], with a; = 3.57, as = 3.60, n; = 1024 and ny, = 1048.
The entropy does not exhibited any change worthy of notice in its
evolution (Figure 2). However, the MRE evolution shows an important
change at levels 1,2 and 3 (Figure 3).
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0.25

Entropy

005

0 00 A A A
0 512 1024 1536 2048
Time (n)

Figure 2: Entropy temporal evolution of the cuadratic map signal (Figure 1).
It does not exhibited any change worthy of notice in its evolution

~ ii) We assume a linéar perturbation at the output z,, of the system (16) with
constant parameter a,. As a first case, we perform a multiplication by

a factor b, and we consider:

_ . _J 1 if n<n,
Yn = bn Tp; wherebn—{b if n>n, (18)

We obtain the behavior shown in figure 4, for a,constant, a,, = 3.60,
b =1.1,n, = 1024, and initial condition z; = 3.60. In figures 5 and 6
can be appreciated that the entropy presents a smooth modification,
like a lobe, around n,, but the MRE does not present any jump at n,

at its three first levels.
iii) As a third case, we add a value ¢, to the output:
] <
0 if n<n, (19)

41 = Tpe1 + Coywhere ¢y, = .
Yn+ n+ n n c if n>n,

In figures 7, 8, 9 we show y, evolution and its entropy and MRE evolu-
tions respectively, for a,,n, and z; as before and ¢ = 01
(> 10 of Maz|z,]). Again the entropy presents a lobe around n,,
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Figure 3: MRE evolution of the cuadratic map signal Figure 1. It shows an
important change at levels 1,2 and 3.
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xC
Qc

0'7900 950 1000 1050 1100 1150
Time (n)

Figure 4: Temporal evolution of the cuadratic map (eq. 16), with linear
perturbation of the output z, as in (eq. 18) , with a, = 3.60, b = 1.1,
no = 1024 and initial condition z; = 3.60.

E ntropy

0.00 A s "
0 512 1024 1538 2048
Time (n)

Figure 5: Entropy temporal evolution of the cuadratic map signal(Figure 4).
It presents a smooth modification, like a lobe, around ng.
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Figure 6: MRE time evolution of the cuadratic map signal in Figure 4. The
MRE does not present any jump at ng.
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\L
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- | r%’f i i | WMW “Mw

>,: 0.4 !

|
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0'%oo 850 1000 1050 1100 1150
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Figure 7. Temporal evolution of the cuadratic map (eq. 16), with linear
perturbation of the output z, as in (eq. 19), for a,, n, and r, as before and
c=0.1.

and the MRE keeps without any perceptible jump at its three first
levels, even if something appears at the fourth one

4.1.2 Simulation performed using Henon map.

Tn =14 yn-1— an.:r?l_l (20)
Yn =b . Tn :

i) In figure 10 we show the signal corresponding to the first state of the
system, z,, with fix parameters a = 1.4 and b = .3. In figure 11 we
show its entropy evolution and in figure 12 the MRE entropy evolution.

ii) Now, we consider the signal corresponding to the first state of the system,
zn, with parameter a, changing linearly as in eq. 17, with a; = 1.4,
as = 1080744879, n, = 1312, no = 1348, and parameter b = .3. In
figures 13 and 14 the entropy and MRE time evolution are shown. The
drops at the place where the changes of the parameter a, are imposed
are clearly shown at the two first levels of the MRE. At the third
level we observe that the MRE increases its value, being coincident the
temporal localization with what is observed at the other two resolution
levels.
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025

0.15

0.10 -

Entropy

0.05 |-

A 1 3.
0.00 0 512 1024 1536 2048

Time (n)

Figure 8: Entropy temporal evolution of the cuadratic map signal at Figure 7.
Again the entropy presents a lobe around n,.

iii) In figures 15. 16, 17 and 18 we show the entropy and MRE time evolu-
tions for the signals obtained imposing to the output z,, of Henon Map
(eq.20), with constant parameters a = 1.4, b = .3, as in equations 18
and 19 , at n, = 1000. There is any clear evidence of the modification
imposed to the signal.

In all the cases we have selected small linear variations in the output or
in the parameter, so that it could not be detected by simple visual inspection
of the signal '

4.2 Case Ib: Signal generated by a continuous model

In this example we use the Lorenz equations

(1) = oly(t) - =(t)]
v ()= =z(t)[R(t) - 2(t)] —y(?) (21)
z (t) = a(t)y(t) - b2(t)

with parameters 0 = 16.0, b = 4.0. R(t) is used as the variable parameter

changing according to a continuous version of (eq. 17), with ‘R, = 45.92,
Re = 5592 | t; = 980 and t; = 1020. The Lyapunov spectrum for the initial
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Figure 9: MRE evolution of the cuadratic map signal in Figure 7. The MRE
~ keeps without any perceptible jump at its three first levels.
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Figure 10: Temporal evolution for the first state of Henon Map equation
(eq. 20), with fix parameters a = 1.4 and b = .3.
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Figure 11: Entropy temporal evolution for the first state of Henon Map
equation (eq. 20), with fix parameters a = 1.4 and b = .3.
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Figure 12: MRE temporal evolution for the first state of Henon Map equation
(eq. 20), with fix parameters a = 1.4 and b = .3.
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Figure 13: Entropy temporal evolution for the first state of Henon Map
equation (eq. 20), with parameters changing as in eq. 17.

value Ry is L1 = 2.16, Ly = 0.0 and L3 = —32.4 [22], so we have a chaotic
dynamic for the initial value R, of the parameter.

i) Figure 19 shows the first state of the model (21) solved using four order
Runge-Kutta method, with a step A t = 0.01 and initial values z(0) =
10, y(0) = 1, 2(0) = 0, and constant parameter R; = 45.92. Figures
(20) and ( 21) show the entropy and MRE evolution. We observe that
both, the entropy and the MRE follow the geometrical changes of the
signal. '

i) In figure 22 we show the first state of the model (21). R(t) is used
as a variable parameter, changing according to a continuous version
of (17), with Ry = 45.92, Ry = 55.92, t; = 980 and to = 1020. The
Lyapunov spectrum for the initial value R, is L, = 2.16, Ly = 0.0 and
Ly = —32.4 [22], so we have a chaotic dynamic for the initial value
R, of the parameter. The entropy (Figure 23) drop around t = 1000 is
deeper than at the fix parameter case. The MRE presents (Figure 24)
the same kind of behavior that we will observe at the eeg signals: a
simultaneous drop, in this case at the two first resolution levels.

iii) In ﬁgurés 26, 27, 28 and 28 it is possible to appreciate that neither the
entropy, nor the MRE present any particular feature in front of a linear
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Figure 14: MRE temporal evolution for the first state of Henon Map equation
(eq. 20), with parameters changing as in eq. 17.
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Figure 15: Entropy temporal evolution corresponding to the first state of the
system ( 20), with a linear perturbation of the output signal as in eq. 18.

change of the output signal eqs.( 18) an.d ( 19), for fix parameters, at
the corresponding temporal localization, besides what we have already
observed at the signal itself (Figure 19).

4.3 Case II: Electroencephalographic signal

Some physiological systems behaves in a nonlinear chaotic fashion, and differ-
ent methods have been developed to determine the presence of an attractor,
its dimension, and the values of the Lyapunov exponents. In this case we
present an example of EEG signals corresponding to epileptic patients. Some
authors have shown that the variability of the EEG signals does not repre-
sent noise but an attractor ({1}, [2], [9]). As it was pointed out by lasamedis
et. al. [7], electrocorticograms of partial epilepsy of temporal 16be origin in-
dicate that the epileptogenic focus also generates signals characteristic of a
‘nonlinear dynamic system. lasamedis et al. [6] established that during the
preictal period, signals from each electrode exhibit positive values of the first
Lyapunov exponent L,, with multiple transient drops; at the onset of the
seizure, signals show a simultaneous drop in L; to its lowest value.
. The stereo electroencephalography (SEEG) (Bancaud and Talairach, 1952)
intends to measure the electrical activity of the brain in a three-dimensional
way. In each patient the strategy of the implanted electrodes is planned
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system ( 20), with a linear perturbation of the output signal as in eq. 18.
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Figure 17: Entropy temporal evolution for the first state of Henon Map
(eq. 20), with fix parameters, and the output signal z,, changing as in eq. 19,
at ng = 1000; ¢, = 0.1.

according to the spatial and temporal organization of the ictal discharges
that are simultaneously correlated with clinical symptomatology. The EEG
records presented correspond to patients who were explored with 12 mul-
tilead electrodes, with length 2 cm. and 1.5 mm. diameter. The analysis
of interictal and ictal data is accomplished by visual analysis of the SEEG
record. Each signal was amplified and filtered using a 1-40 Hz band-pass
filter. A four-pole Butterworth filter was used as low-pass filter, serving as
an anti-aliasing scheme. The SEEG was digitalized at 256 Hz through a 10
bits A/D converter.

In preliminar papers ([16],(17]) we have shown that the MRE offers an
alternative method for the analysis of EEG signals, corresponding to epileptic
patients. Figure 30 shows one channel of an epileptic seizure beginning with
a spike followed by a spike-wave paroxysm. The mark was made by the
physiologist and corresponds to the starting point of the seizure activity. The
frequency distribution of this signal suggests the presence of chaos which is
confirmed by the presence of a strange attractor at the phase space diagram
(Figure 31) obtained by the time delay method [14]. It is assumed the real
time data embedded in a p = 7 phase space. Even if the signal entropy time
evolution shows several drops (Figure 32). it is difficult to obtain information
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Figure 19: First state temporal evolution of the model (eq. 21) solved using
four order Runge-Kutta method, with a step A t = 0.01 and initial values
“z(0) =10, y(0) = 1, 2(0) = 0.
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Figure 20: Entropy time evolution of the signal shown in figure 19.
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Figure 22: Fifst state temporal evolution of the model (eq. 21) solved using
four order Runge-Kutta method, with a step A t = 0.01, initial values z(0) =
10, y(0) = 1, 2(0) = 0 and R = R(t), according to a continuous version of
eq. 17.
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Figure 23: Entropy time evolution for the signal shown in figure 22, compared
with Figure 20 (in dot line)
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Figure 28: Entropy time evolution for a linear perturbation (eq. 19) at the
output signal shown in figure 19

about the seizure onset localization.

Figure 33 shows the MRE time evolution of the signal shown in figure 30
at the three first resolution levels, obtained with w = 128 and A = 5. At the
seizure onset it suffers a sudden drop at the first level to its minimum value.
This slope is preceded by similar ones of less magnitude at the three first levels
which corresponds to the spike paroxysm shown by the first arrow. The first
drop has been observed at other channels of the EEG at which only the spike
paroxysm is present. It can be observed that the MRE increases its value
again, oscillating between the same values while the EEG signal is arranged
at a spike-wave paroxysm as the seizure evolves. lasamedis {6] established
a similar behavior using Lyapunov exponents (Figure 34). Comparing the
EEG shown in figure 30 with the MRE time evolution drop (Figure 33), it is
clear the agreement between them at the onset of the epileptic seizure.

5 Conclusion

We have developed a method using a multiresolution analysis approach. This
method has the localization properties of the wavelets, so it is useful in de-
tecting changes. The results obtained with nonlinear discrete and continuous
models at chaotic parameters range suggest that the MRE method must be
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Figure 29: MRE time evolution for a linear perturbation (eqs. 19) at the
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Figure 32: Entropy time evolution of EEG signal (Figure 30).

considered as complement or alternative for detecting changes in the param-
eters of the system.

Both the entropy and the MRE have shown to be useful for detecting
changes in simulated systems. However, the studied cases show that the
proposed method allows to distinguish between changes in one parameter
and linear perturbations at the output of the system.

In the case of EEG signals, we could establish a suitable agreement be-
tween the seizure onset localization obtained by visual inspection, the Lya-
punov exponent method and the MRE method proposed in this paper. Fur-
ther more, the sub-band decomposition of the signal should allow to establish
a differentiation between frequency levels, and thus at which ones the tran-
sition suggested by Pijn [12] and West ([20],[21]) from one chaotic system to
another of different complexity level is dominant.

The main advantage of the entropy and MRE method, compared with
lasamedis’ method for evaluating the Lyapunov exponents, in the goal of
detecting changes in the signal, is that it allows the analysis with short
signal segments with less computational cost. The last one is very high due
to the algorithm complexity and the fact of requiring a register segment of
around 10” to 30 points, where D is the attractor dimension. For example,
in the EEG case presented here, D is between 2 and 3 at the ictal case {7].
So the record length must be around 20 min., starting 10 min. before the
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Figure 34: First Lyapunov exponent of EEG signal (Figure 30), computed
using Wolf’s algorithm with lasamedis’ modification.

seizure onset. With the method here proposed, 8 s analysis windows were
used. The algorithms have been implemented in Mathematica 2.2 and run
on a PC-486 DX2 (66 MHz). For an EEG segment of 3180 samples, the CPU
time for the evaluation of the temporal evolution of L. has been of 61706 s.
The corresponding CPU time for the MRE has been of 246 s. The former has
been evaluated with Iasamedis algorithm ([6]) with a temporal evolution of
20 samples. For most of the MRE evaluations here presented the parameters
have been A = 5, w = 128 and M = 10. A modification in the values of
w and A produce a zoom-in or zoom-out efect in the results observed at the

MRE evolution.
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