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Continuous approach of scheduling problems
based on Petri nets

Jean-Marie PROTH 2:b, Nathalie SAUER 2

Abstract:

Scheduling a manufacturing system is usually an NP-hard problem. This means that only
heuristic algorithms can be used to provide near-optimal schedules. In this paper, we show that a
manufacturing system can be modelled using a particular type of Peri nets, called Controllable-
Output nets, or CO nets for short. These Petr1 net models are then used to introduce a two-stage
scheduling algorithm for large horizon problems. The first stage consists of distributing the
workload among the resources. The second stage derives a schedule from the resource workload.

The deterministic case is considered. Numerical results are proposed.

Keywords: Flexible Mé.nufacturing Systems, Scheduling Theory, Petri nets, Planning.

Une approche continue des problémes d'ordonnancement
basée sur les réseaux de Petri

Jean-Marie PROTH b, Nathalie SAUER 2

Résumé :

L'ordonnancement des systémes de production est un probléme NP difficile. Par conséquent, il
est nécessaire d'utiliser des heuristiques pour obtenir des solutions proches de la solution
optimale. Dans ce papier, nous montrons que les systémes de production peuvent étre modélisés a
l'aide d'une classe particuliere de réseaux de Petri, appelés réseaux & sorties controlables ou CO
nets (CO signifie "Controllable-Output). Cette modélisation permet d'introduire un algorithme
d'ordonnancement en deux €tapes pour les problémes sur un horizon important. La premi¢re étape
consiste a déterminer la charge des différentes machines. La seconde étape permet d'ordonnancer
les ressources en utilisant les résultats de la premiére étape. Le cas déterministe est considéré dans

ce papier. Des résultats numériques sont proposés pour valider les résultats obtenus.

Mots clés : Systemes de production, Ordonnancement, Planification, Réseaux de Petri.
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1. Introduction

Petri nets have been recognized as a powerful tool for the specification, the modeling and the
evaluation of discrete event systems, especially manufacturing systems. An excellent survey on
the subject can be found in Murata [6]. Silva and Valette [12] as well as Di Cesare et al. [2]
present a thorough analysis on the subject. .

As far as modeling and evaluation are concerned, researchers usually classify the
manufacturing systems in two types, namely the cyclic manufacturing systems, in which
production rates are constant, and non cyclic manufacturing systems, in which decisions are made
to optimally meet customers' requirements.

Cyclic manufacturing systems have been, widely studied in Hillion and al. {3], Laftit and al.
[4] and Proth and al. [9] from an analytical point of view. These authors showed that a cyclic
manufacturing system can be modeled as an event graph. They also proposed several heuristic
algorithms, as well as a branch and bound approach, to maximize the throughput while minimizing
a linear combination of the markings. These approaches have been developed in the deterministic
case, i.e. in the case when the firing times of the transitions are deterministic. Further researches
have been conducted in the case when the firing times are stochastic: for more information, see
Proth and al. [7-8]. Note that the basic results used to develop the research on the deterministic
case are due to Commoner and al. [1] and Ramamoorthy and al. [11], to quote only the most
important ones. Note also that perturbation analysis is widely used in the stochastic case. For
more information on perturbation analysis, see for instance Suri [13] and the related references.

The goal when analysing non cyclic manufacturing systems is to meet given customers'
requirements while minimizing Work-In-Process (WIP).  Since the size of non cyclic
manufacturing systems is usually very large, as compared to cyclic manufacturing systems, a
hierarchical production management approach is commonly used to solve this kind of problems.
The literature on the subject is huge. In the hierarchical framework, the global decision marking
process is decomposed into a series of subproblems that correspond to different levels of the
hierarchy. The solution of a subproblem imposes constraints on the solution of the subsequent
lower level problem. The number of hierarchical levels depends on the complexity. of the global
problem. The lowest level of the hierarchy is the scheduling level. The goal at this level is to
make the decisions on how to perform the tasks which are the solution of the previous level,
which is the short term planning level. These tasks should be performed by a given instant called
the horizon of the scheduling problem.

The short term planning and the scheduling problems can be set using a special type of Petri
nets called CO nets, where CO stands for controllable output nets (see Proth and al. [10]). A
powerful heuristic, based on the properties of the CO nets, has already been developed by
Leventopoulos [5].

In this paper, we assume that:



(i) customers' requirements are huge and given by ratios which may change from one day to

the next one,

(i1) the types of requirements are always the same,

(ii1) the goal is to maximize the throughput.

The changes in the ratios are made in order to adjust the production to the flow of demands.
This situation arrises, in particular, in food industry where the goal is to maximize the production
while adjusting the ratios among products of the same family, according to selling objectives
which are defined every day.

Section 2 introduces the CO nets and shows how to use these nets to model non cyclic
manufacturing systems. The problem is formulated in section 3. In section 4, we set the short
planning problem and present the related continuous formulation. In section 5, we show that the
optimal throughput is reachable using a constrained operating mode (COM), and we propose a
scheduling algorithm which leads to the optimal throughput. Numerical examples are given in

section 6. Section 7 is the conclusion.
2. Modeling a manufacturing system

The job-shop model presented in this section is based on a new type of Petri nets called
Controllable-Output nets, or CO nets for short. CO nets have been first introduced by Proth and
al. [10] We give the definition of the CO nets in the next sub-section, and then show how to use
these CO nets to model manufacturing systems.

2.1. Controllable nets

A controllable net is a net having two types of places: the process places and the resource
places. The process places contain tokens which represent part while the resource places contain
tokens which represent resources. In this paper, the only resources used are the machines.

Formally, a CO net is denoted by G = (P U R, T, F, Mp), where P is the set of process places,
R is the set of resource places, T is the set of transitions, F is the set of arcs, and My is the initial
marking.

G is a CO net if the following conditions hold:

(KDH)Vte T,3re Rs.t. (t,r) € Fand (r,t) € F. Thus, for each transition, there exists a

resource place which is an input place and an output place of the transition.

(K2) Mp(r) 2 1, ¥V r € R. Each resource place contains initially at least one token. In this

paper, we assume that each resource place contains exactly one token.

(K3) The subnet G'= (P, T, F, M'o), where F' is the restriction of Fto (P x T) U (T x P) and

Mb is the restriction of Mg to the process places, is an acyclic graph. We will see that

this acyclic graph is not a connected graph in our application.
(K4) There exists T < Tst. 0t =3, Vte T,and Toc Tst. 0=, Vte To.



Furthermore:

-ifor=0, 102 J,

-ifto=, 0t 2 J,

-opxQP@andp2J,Vpe PUR

We denote by ©t (resp. °p) the set of input places (resp. transitions) of t (resp. p). We

also denote by t° (resp. p°) the set of output places (resp. transitions) of t (resp. p).

Ty is the set of input transitions and Tg the set of output transitions of G.

(KS) There exists a set W of t-invariants of G' such that:

) VteTo,d1e Ws.t.te tand “t'#t,t'e T1s.t. t' € To. In other words, it is
possible to associate a t-invariant to each output transition, and this t-invariant
contains only one output transition.

(@) {t/te W}=Tand {p/pe W) =P: the set of t-invariants belonging to W covers
G'.

It is easy to prove that a CO net is consistent, live, reversible, and can be kept bounded (see
Proth et al. [10]).

2.2. CO nets for modeling manufacturing systems

A manufacturing process can be defined as follows:

- a component is obtained by performing a sequence of operations on raw material or on a
component obtained by assembling other components,

- an assembly operation derive a component from several other components,

- a finished product is a component which is not further assembled or transformed.

Figure 1 represents a manufacturing process. In this process, raw material H; is transformed

into component Cj by performing successively operations O; and Oj, and raw material Hj is
transformed into component C; by performing O3. Components C; and Cp are assembled
(operation Aj). This results in component C3, which is further transformed to obtain component
C4. Raw material H3 leads to component Cs by performing successively operations Os, Og and
O7. Finally, components C4 and Cs are assembled through assembly operation A3 to produce the
finished product P.

0 O @\
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Fig. 1: A manufacturing process
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Note that usually several machines can perform a given operation, and that a machine can be
used to perform different operations. The time required to perform an operation may be different
from one machine to another.

As far as manufacturing systems are concerned, the following constraints hold:

(1) an operation is completely performed on the same machine, and an operation which starts

should be completed without any break, i.e. preemption is not allowed,

(i1) at most one operation is performed on each machine at a time.

When modeling a manufacturing process, a transition represents a pair (operation,machine),
and the firing time of the transition is the time needed to perform the operation on the machine. As
a consequence, one operation is represented by as many transitions as the number of machines
which can perform this operation. All these transitions have a common input place and common
output place which contain respectively the semi-finished product before and after performing the
operation. The output places whose output transitions belong to Tg contain finished products.

A token which represents one unit of raw material is introduced in the system by firing an input
transition, while a token which represents a finished product leaves the system by firing an output
transition.

To illustrate the modeling of a manufacturing process, let us consider the part of the
manufacturing process represented in Figure 1 which starts with raw materials Hy and Hp and
ends with component C3. Let us assume that O; can be performed using either machine M; or
machine M3, the manufacturing times being respectively 2 and 3 units of time. Let us also assume
that Oy is only performed on machine M3 (manufacturing time 4), O3 either on My (manufacturing
time 5) or M3 (manufacturing time 4), and A either on M4 (time 1) or M5 (time 2).

The related model is represented in Figure 2.

Fig. 2: Partial model of the manufacturing process of Figure 1



In this model, P (resp. P5) contains tokens which represent the raw material H; (resp. H»p).

Assuming that = stands here for "represents", we have:
t1 = (My, O1); t2 = (M2, Oy); 13 = (M2, 03); t4 = (M3, O3);
ts = (M3, O2); tg = (Ma, Ay); t7= (Ms, Ay)

Tokens in P3 represent components C; while tokens in Pg represent components Cy and tokens
in P4 represent components C3. Each time tg fires corresponds to a unit of C3 leaving this part of
the system.

R; (i = 1,2,3,4,5) are the resource places. Each resource place contains one token: this
prevents the machines to be used for manufacturing more than one product at a time. For instance,
the firing of t) represents operation O} performed on M. During the time t) is firing, there is no
token in Ry, which means that another firing of t; cannot start. When the firing of t} ends, a token
appears in Ry and t; can start firing again if there is at least one token in Py: this means that
machine M is idle and that another operation can start on the same machine. Similarly, when tp
fires, it means that Oy is performed on M3. During the time t3 is firing, the token in R, vanishes,
which prevents another firing of tp (i.e. the use of Mz to perform O; one more time
simultaneously), or a firing of t3 (i.e. the use of My to perform O3 while Mj is already used to
perform O2).

When a resource place R has only one input/output transition t, (R,t) is called a self-loop.
When a transition does not share a resource place with another transition, we associate a self-loop
to this transition. For the sake of simplicity, we do not represent the self-loops from now on.

Note that the partial model of the manufacturing process is a CO net. We can easily prove that
the model of the complete manufacturing process, or the model of a set of manufacturing
processes using the same set of machines, is also a CO net, each output transition corresponding
to one part type. In such a CO net, a minimal t-invariant is a routing.

If we consider the conditions which hold for a CO net from the point of view of a
manufacturing system, we can see that:

(1) (K1) and (K2) prevent a machine t from performing more than one operation at a time;

(i) G'is the set of manufacturing processes (condition (K3));

(iii) It is possible to introduce raw material in the system (by firing transitions which belong to
Tp and to exit finished products from the system (by firing transitions of Tg). The
process places guarantee that any semi-finished product can wait in front of the next
machine (condition (K4));

(iv) Finally, condition (K5) guarantees that it is possible to manufacture a product type
without being obliged to manufacture another type of product. Condition (K5) also

guarantees that all the available routings can be used.



3. Problem formulation

Let M be the CO net model of a manufacturing system S. If the number of part types to be
manufactured is N, then | To| = N, where Tg is the set of output transitions of M.

To illustrate the problem, we will use the model presented in Figure 3 in the remainder of the
paper. This model concerns two product types W1 and W3, W) is obtained by performing two
operations Op and Oj. Oj can be performed either on machine M1 or on machine M3, while Oy is
performed only on machine M3. W results from the assembly of two components C; and C».
Component C is obtained by performing operation O3 on M, while C; is the result of operation
O4 performed on M4. The assembly operation Os is performed on M3.

We assume that we know, for each product type i, the ratio y; to be manufactured during a
given period Y. 6y is the time required to fire transition t € T. We assume that 6; is deterministic.
The goal is to find a schedule which maximizes the thfoughput of the system and meets the
required ratios while keeping the marking as small as possible. From a pratical point of view, the
goal is to maximize the productivity and meet the required ratios while minimizing the Work-In-
Process (WIP). '

Fig. 3: A CO model for two product types

4. Continuous formulation of the planning problem

If ng is the number of times t € T fires during period Y, the planning problem to be solved can
be written as follows, and is referred to as P in the following of this paper:
Max n@, where t* is any of the transitions belonging to To, (D
such that:



1- VqeR, Y nb <Y (2)

[s)

teq
R includes the places belonging to a self-loop.
2- VpebP, z"n[=2‘nl 3)
te’p  tep®
3- Vie Tpn g Yon0| @

where Qp(t) is the maximal firing frequency of t, and Lal represents the greatest integer
less than or equal to a. These frequencies are known fort e Tj.

n, . n, +1
- ~ — S <~
4- Vte To, zns My < 2"s+1 (5)
seTp seTp

where |, is the ratio ; if product type i corresponds to output transition t.

(1) indicates that we want to maximize the number of firings of one of the output transitions,
which results in maximizing the number of firings of all the output transitions, since the firing of
the output transitions verify the given ratios.

Constraints (2) are the capacity constraints. They mean that any machine cannot be busy for a
time greater than the manufacturing period Y. 6, is assumed to be deterministic.

Constraints (3) indicate that if operation O; follows operation Og on a product P, then the
number of times O is performed is equal to the number of times Og is performed. This results in
keeping the buffer levels strictly positive, which is desirable since buffers are supposed to absorb
random events. '

Inequalities (4) are the constraints on the number of firings of the input transitions. They
guarantee that this number can be reached taking into account the flow of raw materal arriving in
the system.

Finally, inequalities (5) are introduced to make sure that the ratios reached are as close as
possible to the desired ratios. ‘

The planning problem P does not take into account the scheduling of the parts on the machines,
but only the load of the machines. As a consequence, the productivity derived from the optimal
solution of P may be not feasible, and is an upper bound of the optimal solution of our scheduling
problem.

We consider the continuous formulation of the planning problem, that is the formulation in
terms of frequencies. @(t) is the firing frequency of t. The problem is formulated as follows:

Max ¢(t*) fora t* € Tp, (1Y
such that:
1- VqeR, > o(tp <l (2"
. teqg®
2- VpeP, Yo=Y o (39
1®p tep®
3- Vie T, @) =on(t) (4"



4- Vie To 00/ Jo®=<p <[om+ %]/ | Som)+ 1 4 (51
seTp seTp

This problem is referred to as P ¢ in the remainder of this paper.

Note that P is an integer linear programming problem while P ¢ is a real linear programming
problem. Thus P, unlike P ,is easy to solve.

The following result connect the optimal solution of P ¢ to the optimal solution of P.

Result 1. Assuming that t*€ T is the same transition in the formulation of problem P than is
the formulation of problem P ¢, the optimal value of the criterion of problem P ¢ multiplied by Y is
an upper bound of the optimal value of the criterion of problem P.

Proof. Let {ii;}c T be the optimal solution to problem P. Then {fiyY = @(t) }1e T is a feasible
solution to problem P ¢ since:
- inequalities (2") hold for (1) if inequalities (2) hold for fi; since (2') is derived from (2) by
dividing both sides of the inequality by Y.
- similary, inequalities (3') hold for @(t) if inequalities (3) hold for f.
- inequalities (4) lead to fiy £ Y.pm(t) and, by dividing both sides by Y: @(t) < @m(t):
inequalities (4') hold.
- finally, (§") is derivided from (5) by dividing the numerators and the denominators of the
fractions by Y.
Thus, whatever t*e T(:
fige /Y = @(t*) < @ (t¥), optimal value of the criterion of problem P¢.
Finally:
figr €Y. Q(t%)
Q.E.D.

5. A scheduling for optimal productivity

In this subsection, we show how to take advantage of the optimal solution of the continuous
problem P ¢ to maximize the productivity of the system. More precisely, we will prowe that:

(i) itis possible to reach the flows which are the optimal solutions to problem P¢ in a limited
time, and

(i) it is possible to derive a scheduling process from the previous result in order to reach the

optimal flows while keeping the WIP as small as possible.



(i) Reaching the optimal flows of Pc

Assuming that the @y(t) are rational numbers, that the ratios {1 are also rational numbers, and
that Y is also rational, we know that there exists an optimal solution { @(t)}e T whose components
are rational. Thus these flows can be written as @(1) = aj(t) / ap(t), where aj(t) and a(t) are
integer values. Let A be the lowest common multiple (LCM) of the set {az(t) }ie T of integer
values. Then @(t) = B(t)/ A for any t € T, where B(t) is an integer value.

From inequalities (2') we derive:

- Y B8, <A, VgeR
teq®

These inequalities show that each t € q° can be fire B(t) times during period A without any
overlap between firings, assuming that enough tokens are available in each p € P m 0(q9).

From equalities (3'), we obtain:

Y B(y= Y B(t), VpeP
1€ p tep©

Thus, the total number of firings of the transitions of p® during period A is the same for any p
belonging to the model of the same manufacturing process. |

For instance, if we refer to Figure 3, the total number of firings of t} and t3 during period A is
the same as the number of firings of t3 during the same period. Likewise, the number of firings of
t4, t5 and tg during period A are the same, but they are usually different from the number of firings
of t3. Since one output transition corresponds to one manufacturing process, we refer to this
number of firings by Na(t), t € To. We also refer to a place p, which belongs to the same
manufacturing process model as t € To, as a predecessor of t, and we refertot € To as a
successor of p.

We now assume that initially each p € P contains NA(t) tokens, where t € Tg is a successor of
p. Some of these tokens are real tokens, i.e. tokens which compose the ininal marking. Place p
contains Mo(p) such tokens, where Mg is the initial marking of the system. The remainder, that is
Na(t) - Mo(p), are artificial tokens. These artificial tokens can fire the transitions exactly as real
tokens do.

If Mp(p) > Na(t), then all the tokens are real, and we consider that Mg(p) - Na(t) tokens are
frozen in place p: they will never be used. Furthermore, since we assume that there is no limit on
raw material, and since the firing time of the input transitions is equal to O, we can assume that
they are Na(t) real tokens in any place p € (t¥)0, where t* € Ty and t € T belongs to the same
manufacturing process model as t*. '

We now consider the following constrained operating mode (COM). At the beginning of each
period A, we start firing the Na(t) tokens contained in each place. Transitions fire as soon as they
are enabled, but we do not allow a token to fire more than one transition during the same period A.
Thus, the NA(t) real or artificial tokens which are in a place p =10 € P predecessor of t € Ty, at the
beginning of a period A, will be available in (p®)° m P at the beginning of the next period A, and

10
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soon. As a consequence, the set of tokens which fire an output transition are composed only with
real tokens at the latest after a time K.A, where K is the maximal number of places minus 1 on the
paths joining the input transitions to the output transition under consideration, each path being
included in only one manufacturing process model. We assume that the output transitions, whose
firing times are equal to zero, fire as soon as they are enabled.

For instance, if we consider Figure 3, both t}) and t% will be fired with real tokens at the latest

after a ime 2.A. This means that, under the constrained operating mode previously described, the
system is in a steady state which meets the optimal flows solution of problem P ¢ at the latest at

time 2.A. This, of course, remains if transitions fire as soon as they are enabled and if we relax
the COM.
Thus, result 2 holds.

Result 2. If transitions fire as soon as they are enabled, the system is in a steady state which
meet the optimal flows solution of problem P ¢ at the latest at time K.A where:

- K is equal to Max(Z,— 1), where Z, is the number of places belonging to the manufacturing
teTp

process model corresponding to t € T,
- A has been previously defined.

Since the optimal value of the criterion of P ¢ provides an upper bound of the optimal value of

the criterion of P, since the optimal value of the criterion of P gives an upper bound of the optimal
criterion of the scheduling problem, and since we exhibit a schedule whose criterion value reaches
the upper bound provided by the optimal solution of P, we can cleam that this schedule is

optimal.

Result 3. The previous schedule is optimal at the latest from time K.A onwards.

(1) A scheduling process

From the previous subsection, it turns out that, if each p € P contains initially NA(t) tokens,
where t € To is the successor of p, then the system is in steady state from time 0 onwards.
Indeed, this statement also holds if we relax the COM by allowing a token to fire a transition more
than once during the same period A.

The first goal is to minimize the total number of tokens which are initially in the places of P
while keeping the system in steady state from time 0 onwards. We will then show how to reach
these state whatever the initial marking is.

We first propose an heuristic algorithm to minimize the total number of tokens.

a. Minimizing the total number of tokens
Assume that initially Mo(p) = NA(t), for any p € P, where t € Tq is the successor of p.

11



We simulate the system following the rule presented hereafter:

- when an event arises at time T, that is when a token appears in a resource place r, we consider
the subset T;* of r© such that , if t € T,", the number n((1) of firing starts of transition t until
time T is less than @(t).A.

- 1_f;I}_* =, no action is taken, and we wait for the next event.

otherwise, we compute: (6)
si(1) = @ (t).7 - ny(t) for each t € T,;* and we start firing t; € T;" such that:
St, (1) = Max s, (1)
te

Note that, if T;* = &, then s, (t) > 0.

We perform the simulation on a period A and keep, for each p € P, the minimal marking
Mm(p) during this period.

Thus, if Mg(p) = Na(t) - Mp(p), for any p € P, the system is in steady state from time 0
onwards and the productivity is maximal, assuming that the above scheduling rule (6) holds. We

refer to this marking as the reduced initial marking.

b. Controlling the transient state
In the previous subsection, we defined a reduced initial marking which guarantees that the

system is in steady state as soon as the system starts running, assuming that a idle transition starts
firing as soon as it is enabled. |

Unfortunately, due to machine breakdowns and/or the discrepancy between the scheduling
decisions and their application and/or the changes in the production ratios, it may happen that the
initial marking M is different from the reduced initial marking Mg related to the production ratios
to be met. In this case, we have to control the transient state which will move the marking from
ﬁo to Mg.

Let ny be the number of firings which should be performed ont € T to reach the marking Mg.

The following relations hold:

z ng - zﬁl =Mo(p)-Mo(p), foranypep (7)
tep® 1eCp

Let us considere to € To and p € P such that there exists a directed path from p to to which
does not contain a resource place (P is essor of to). We denote by P(p,tg) < P the set of places
which belong to this path. Then, by adding side by side relationships (7) for all the p € P(p.to),

we obtain:
D As=mg+ D (Mo(p)-Mo(p) (8)
) peP(P.lo)

Relationship (8) holds for any p € P and tg € T, where p is a predecessor of tg. The
number of relationships (8) is IPI. Since we want to meet the production ratios, n, = K.B(tp) for

any to € To, where K is the smallest positive integer such that:

12



K2 Max|~ > (Mo(p)-Mo(p) /B(to) ©)
(o) peP(p,t0) )

Result 4. For any pair (p,to), p € P, 10 € To, where D is a predecessor of tp, the number
of firings of the transitions of ©p required 1o reach the steady state is given by:

> As=K.B(to)+ Y. (Mo(p)-Mo(p))
se° p pEP(ﬁle)

where K is the smallest positive integer which verifies (9).

Consequently, we can reach the steady state by firing the wansitions of °p, p € P, as soon as

they are enabled, until ZHS firings are performed. If a conflict arise, the transition to be fired is
Se°p

chosen at random. The steady state starts when, for any p € P, the transitions of °p have been

fired Zﬁs times.
Se°p

c. The scheduling algorithm
The scheduling algorithm has three main steps:

1. We first apply the heuristic algorithm provided in subsection 5.a. in order to define the so
called reduced marking.

2. We then apply result 4 in order to reach the steady state.

3. We then continue to fire the transitions on a EOM (Earliest Oprérating Mode) basis ; in other
words, we fire the transitions as soon as they are enabled.

The algorithm stops as soon as either customers’ requirements, or the horizon Y, are reached.

6. Some numerical examples
We consider the model given in Figure 4. In this figure, the resource places are not represented
for simplicity. This model represents a system of 6 machines performing 5 types of products.

The machines related to each transition, as well as the corresponding firing times, are given in the

figure.
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Fig. 4: An example

6.1. First example

- In this run, the ratios are:
<02:02:02:;02:02>
The initial marking is:
<0,31,0,0,2,0,0,0,0,0,2,1,0,0,2,0,0,0,2,0 >
The computation leads to the following reduced marking:
<0,2,0,0,0,0,0,0,1,0,0,1,2,0,0,0,3,0,0,3.0>
The time needed to reach the steady state is T = 24.
Periodicity in steady state: A = 23.
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We consider the output transition t},. The firing frequency is:

in transient state: 3 /1 =0.125
in steady state: 3/ A =0.130

6.2. Extension of the previous example

We keep the same ratios as in the previous example, but we modify the initial marking. The

results are given in table 1.

Table 1: Examples

Ex. Initial marking T Frequency in |Frequency in
transient state | steady state

< 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0 > 18 0/t=0 0.130

< 0,2,1,0,0,0,0,0,1,0,0,2,1,0,0,2,2,0,0,0,0 > 31 3/1=0.097 0.130

< 0,12,11,0,0,0,0,0,1,0,0,15,1,0,0,13,2,0,10,0,0 § 117 [21/1=0.179 0.130

< 0,15,1,0,0,2,0,0,0,0,0,2,1,0,0,2,0,0,0,2,0 > 107 |15/1=0.140 0.130

N ih (W N i

< 0,2,0,0,0,0,0,0,1,0,0,1,2,0,0,0,3,0,0,3,0 > 0 0/1=0 0.130

Time T is the time needed to reach the steady state, i.e. the state defined by the reduced initial
marking. But the firing frequencies, which reflect the productivity of the system, can be higher on
[0, 7] than in the steady state: it is the case when the initial marking is very high compared to the
reduced marking (see example 3 for instance). But, if the initial marking is low compared to the
reduced marking , the firing frequency may be very low, if not zero, compared to the frequency in

steady state (see example 1).
7. Conclusion

In this paper, we propose a scheduling algorithm which:

(1) defines a reduced marking which allows to maximize the firing frequency by firing the
transitions as soon as they are enabled ; |

(i) moves the initial marking to the reduced marking (transient state) ;

(i) continues the firing process by firing the transitions as soon as they are idle, which is
possible since the reduced marking guarantees that an idle transition is also enabled.

Further research will focus on the study of an algorithm which will guarantee that the reduced
marking is minimal. This should be possible by adjusting the starts of the transition firing at the
expense of an additional computation complexity.
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Other investigations should be conducted to see if the strategy which consists of targeting the

steady state, and then of continuing on an EOM basis, is the one which leads to the best global

frequency.
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