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Abstract: Numerical simulations of viscous flow problems with complex moving bound-
aries commonly require the solution of the fluid equations on unstructured and deformable
dynamic meshes. In this paper, we present a time-accurate methodology for computing
the unsteady diffusive fluxes arising from such problems, and highlight its impact on the
accuracy of the overall low simulation. We illustrate this methodology with a viscous flow
problem related to a supersonic aeroelastic application. The numerical schemes presented in
this paper can be directly extended to the computation of turbulent flows on moving grids.

Key-words: Fluid Dynamics, Navier-Stokes equations, Moving boundaries, Unstructured
meshes, Two- and Three-dimensional flows.
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Schémas d’intégration précis en temps pour le calcul des
flux visqueux bi- et tridimensionnels en maillages
déformables non structurés

Résumé : La simulation numérique d’écoulements visqueux dans des domaines a frontieres
mobiles nécéssite en général la résolution des équations fluides sur des maillages déformables
mobiles et non structurés. Dans ce rapport nous présentons une méthodologie d’intégration
précise en temps pour le calcul des flux visqueux instationnaires dans de tels problemes.
On illustre cette étude avec la simulation d’un écoulement visqueux dans un cas de plaque
oscillante supersonique. Les schémas numériques présentés dans ce rapport peuvent étre
directement étendus au cas d’écoulements turbulents en maillages déformables.

Mots-clé : Dynamique des Fluides, Equations de Navier-Stokes, Domaines déformables,
Maillages non structurés, Ecoulements bi- et tridimensionnels.
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1 Introduction

In the past two decades, the problem of computing unsteady flows around oscillating airfoils
and wings has received considerable attention, especially from the computational aeroelas-
ticity community [1, 2]. Early investigations of such problems have essentially focused on
Euler flows, but laminar and turbulent viscous flows are often being considered nowadays
6]

When some of the fluid domain boundaries undergo a motion with a large amplitude,
it becomes necessary to solve the flow equations on a moving and possibly deforming grid.
Several approaches have been proposed for tackling such problems, among which we note
two closely related methods: the dynamic meshes [3] and Arbitrary Lagrangian Eulerian
(ALE) formulations [4, 5].

Whichever method is selected for solving the time-dependent fluid equations, it must
preserve the trivial solution of a uniform flow field (in the absence of other boundary condi-
tions, a uniform flow field is a solution of the Navier-Stokes equations). In |7, 8], the authors
have shown that this property is verified only when the numerical scheme chosen for solving
the flow problem, and the algorithm constructed for updating the mesh motion, satisfy a
Geometric Conservation Law (GCL) that is similar in its principle to the GCL condition
that was first pointed out in [9] for structured grids and finite difference schemes. However,
because the GCL condition affects only the convective fluxes, many authors have emphasi-
zed the correct computation of these [10, 11, 12, 7], and little has been written about the
time-accurate evaluation of the diffusive fluxes on unstructured dynamic meshes. The main
objective of this paper is to fill this gap. For this purpose, its remainder is organized as
follows.

In Section 2, we summarize the ALE formulation of the Navier-Stokes equations on
moving grids. We discretize the convective fluxes by an unstructured finite volume method,
and the diffusive ones by a P1 finite element approximation. In Section 3, we consider the
problem of evaluating correctly the unsteady diffusive fluxes in two- and three-dimensional
spaces. We derive a family of algorithms for time-integrating these fluxes on dynamic meshes,
and analyze their time-accuracy. In Section 4, we apply these algorithms to the prediction
of the unsteady supersonic viscous flow above a panel oscillating around its fundamental
elastic mode. Finally, we conclude this paper in Section 5.

RR n-"2823



2 Bruno KOOBUS and Charbel FARHAT

2 Formulation and discretization of the Navier-Stokes
equations on dynamic meshes

Figure 1: Deformable dynamic mesh

Let Q(t) C R™ (n = 2, 3) be the flow domain of interest, and I'(¢) be its moving and/or
deforming boundary. We introduce a mapping function between (¢) where time is denoted
by ¢t and a grid point coordinates by z, and a reference configuration (0) where time is
denoted by # and a grid point coordinates by &, as follows

z = z(£,0); t=0 (1)

The ALE nondimensional conservative form of the Navier-Stokes equations describing viscous
flows on dynamic meshes can be written as|7, §]

(g—twk + IV, F(W,z) = JV,..R(W) (2)
FW,i)=FW)—iW
o0z

where a dot superscript designates a time derivative, J = det(dz/d€), © = a—\ ¢ (x,t), and
T

(&,7) are the grid point coordinates and time variable associated with the flow configuration
at time ¢ and a reference configuration, respectively, W is the fluid state vector, F¢ denotes
the ALE convective fluxes, and R the diffusive fluxes.

For two-dimensional flows, W, F and R are given by

INRIA
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Ut
pUl’Ut + pé'ﬁ

(FL(W), F,(W)) = PV +pét2

(E+p) v
(')‘t
Iu, (O'.é‘l)t
RAW). Ra(W)) = | (e
(0.0)" + Plrvte
where
E = pe + 50|/ 7*
p=(y—1)pe )
oc=Viv+ V- EV.UId
’UZ (’Ul,’l}g)t
c
y==
- C’U
0=(0,0)
51 = (1,0)t and 52 = (0, 1)t

and p is the fluid density, p its pressure, e its specific internal energy, 7 = (v, vg) its velocity
vector, p its laminar viscosity, v its specific heat ratio, Rey the Reynolds number, Pr the
Prandtl number, o the stress tensor, I; the identity matrix, and a ¢ superscript designates
the transpose of a vector.

We discretize Eq. (2) on a triangulation (two-dimensional problems) or a tetrahedral
mesh (three-dimensional problems) from which we derive a dual mesh defined by control
volumes or cells (Fig. 2).

Figure 2: Control volume (unstructured two-dimensional mesh)

RR n-"2823



4 Bruno KOOBUS and Charbel FARHAT

First, we integrate Eq. (2) over a reference cell C;(0) of the £ space

oJWwW
/ IV dQ + / Vo Fo(W,4)Jd = / V. RW)JdQ
ci(0) Ot C;(0) C;(0)
Since the partial time derivative is evaluated at a constant &£, we move it outside of the
integral sign to obtain

d
— W JdS2 V. FS (W, 2)JdQe = V. R(W)JdQ 3
i b ¢+ /(m) (W, &) JdO /Ci(o) (W)Jd9 (3)

Next, we switch from the £ reference space to the x space at time ¢ and transform Eq. (3)
into

d
— WdS, V. F(W,2)d2, = V2 R(W)dS, 4
dt Jei) * Ci(t) (W,4) Ci(t) (W) ()
Finally, we integrate by parts the convective and diffusive fluxes, which leads to
d
— dsl, F(W,z).ndo = R(W).nd 5
dt Jo;(t) + aC;(t) (W, 2).fido aC; (1) (W).sido (5)

where 0C;(t) denotes the cell boundary.

Throughout this paper, we resolve the ALE convective fluxes by a suitable Reimann
solver [13, 7, 12|, and approximate the diffusive terms by piecewise linear finite elements.
The resulting semi-discrete version of Eq. (5) is

d .
%(AMG)+E'(WX,X):R1'(WX) (6)
where A; = dQ),, W; denotes the average value of W over the cell C;(t), F; and R; denote

Ci(t
respectively thé )discretized ALE convective and diffusive fluxes, W is the vector formed by
the collection of W;, and X is the vector of time-dependent grid point positions. Various
expressions of the flux approximation F;(W, X, X) can be found in [12, 7|. On the other
hand, the discrete diffusive fluxes are simply given by

R(W, X)= > R(T)Viz (7)

T, i€T

where T is a triangle in two-dimensional problems and a tetrahedron in three-dimensional

ones, ¥; =/ fido, 7i is the normal to the cell boundary, and R(T) = R(W)y is
3C-L(X)OT

the constant value of R(W) over T obtained by computing the mean value of ¢ over T as

1
#(T) == >_ # in two-dimensional problems, and #(T) = = Y @ in three-dimensional

k, keT k, keT
ones.

INRIA



Time-Accurate Schemes for Computing Two- and Three-Dimensional Viscous Fluzes on Unstructured ---

3 Time-accurate integration of the diffusive fluxes

Let At and t" = nAt denote respectively the chosen time-step and the n-th time-station.
Integrating Eq. (6) between ¢™ and t"*! leads to

tn+1 tn+1

A(XTYWEH - A XYW+ [ F(W, X, X)dt = / R(W,X)dt (8
tn

tn

tn+1

The  proper  evaluation  of  the  integrals / EW, X, X)dt (i)
t

n

and / R;(W, X)dt (ii) raises the question of where to integrate the fluxes: on the mesh
tTL

configuration at (¢", X™), on that at (¢"*', X"*1), or in between these two configurations?
In [7, 8|, the authors have focused on Euler flows and have pointed out that any proposed
method for evaluating the integral (i) must preserve the state W* of a uniform flow. From
this principle, they have derived a GCL as well as suitable explicit and implicit schemes
for time-integrating the inviscid equivalent of Eq. (8). Unfortunately, setting in Eq. (8)

W = W™ = W annihilates the integral (%), and therefore does not indicate how to com-
tn-‘,—l
pute / R;(W, X )dt. Next, we address this specific issue, and derive a family of algorithms
tTL
tn+1

for computing R;(W, X)dt with a desirable accuracy.
tﬂ/

3.1 The two-dimensional case

The discretized diffusive fluxes (7) can be written as

1
R,(W,X)= >, Yo o GW i, vir) (9)
jeliv (i)} Tesupp(ey) ATEUT)
where V' (7) is the set of the neighbors of x;, ¢; is the P; Galerkin function associated with
zj, Supp(¢;) ={T /| ¢; #0on T}, U7 = / - fido, and G; is a four-component vector
60j xX)nT
given by

wo ooy M G(W U Uir) \

where
Gy W, U, i)\ _
Gy (W, 1, Vi)
~g — — — — — - — — — f)/ —
(0 , "W, Ui, é1) , T(Wj, Ui, &) , T(W;, Ui, 9(T)) + ﬁejVj,T>
In the above expression, 0 = (0,0)?, and 7 is a two-component vector defined by

— — i — — — — 2 — — 7
T‘(Wj, l/j’T, b) = |:M(U]) (024 Mt(l/jjT) + Mt(’Uj) X M(l/j’T) — ng-Vj,TId] b
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where b € IR?, and the following notation is used for ¢ € IR* and A, B € IR* x IR?
M(é’) = ( 21 gl ) and (A X B)zg = Az‘j X Bij for Z,_] = 1,2
2 Co

We assume that within the time-interval [¢t", "], the position of a grid point z; can be
described by the linear transformation
zi(t) =0tz + (1—d(t))a}
(10)

t— ¢
i) = A7

In that case, 7; 7, V;r and Area(T) can be expressed in terms of §(¢) and At as follows

LH(x; — zi) = 1H [0(t) At(i; — i) + 27 — 7]

oC,(X)NT
Vi = fido = 3H (z, — z:) = 3 H [6(t) At(ix — ) + o — 27]
’ aC; (X)nT
Area(T) =3[P (z; — xz) AP (xk —;)].2
=3[P (@ &i) + o — ) A P (8()At(ix — &) + 2f — a7)] 4
0 -1 1 00 . oantt— g
WhereH_(l 0 >’ P_<0 10) P A 0 T z; and zj, are the three

vertices defining triangle 7" and positioned as depicted in Fig. 3, and 2 is the unit vector

along the Oz axis.

X

Figure 3: Description of a triangle T’

Substituting the above expressions of 7; v, 7;r and Area(T) in Eq. (9), leads to

/ R(W,X)dt = At / (za ABFS(1) / ibkm’“é(ﬂ’“) da (t) (1)

n

where ay, is some function of (X™, X W), and by, is a certain function of (X", X).
Now, developing the integrand of integral (11) in a Taylor series in At gives
gt 1
/ R(W,X)dt = At / (co + L ALS(E) + o AL25(1)? + - - )dd () (12)
¢ 0

n

INRIA
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where ¢, is another function of (X" X, W).
Finally, depending on the quadrature rule chosen for evaluating the above integral, the
following time-accuracy results are obtained

a) If the integration of Eq. (12) is performed at §(¢) = 0, only the constant polynomials
of §(t) are computed exactly, so that

tntl
/ R(W, X)dt = AtR(W*, X") + O(A)
tTL
k =mn for explicit schemes
k =n+1 for implicit schemes

b) If the midpoint rule is used for evaluating Eq. (12), the linear components of §(¢) are
computed exactly, and therefore

tn-‘,—l

J.

R(W,X)dt = AtR;(W*, X"t2) + O(A#)

k =mn for explicit schemes
k =n+ % for implicit schemes
1 n+1 n
n+ _w W
Wnre =
xnty = XrHloxn

2

¢) On the other hand, if the two-point integration rule at §(t) = %

quadratic components of 6(¢) are computed exactly, and one obtains

F ﬁ is used, the

tn+1

n

ml
m2
k1

k2

k1

k2
Wn+ﬁ
xnth

Hence, whether an explicit or

/ R;(W, X)dt =7[Ri(Wkl,Xml)—i—Ri(W“,xmz)]—|—O(At5)
t

At
— 1 1
AEREE
=n+§+m

=n for explicit schemes
=n for explicit schemes
=ml for implicit schemes
=m2 for implicit schemes
=Wt + (1 - W™
=B8X"M+(1-pB)X"

implicit time-integration scheme S is chosen for solving

R;(W, X)dt

the unsteady two-dimensional Navier-Stokes equations, the evaluation of /
t

should be carried out on the configuration (¢, X™) if S is first-order accurate, on the midpoint
configuration if § is second-order accurate, and using the two-point configuration if § is

fourth-order accurate.

RR n-"2823



8 Bruno KOOBUS and Charbel FARHAT

3.2 The three-dimensional case

For three-dimensional problems, the discretized diffusive fluxes (7) become

RW.X)= 3> ¥

JE{L,V(4)} TeSupp(¢;)

1
Vol(T)

G;(W, Uz, Vi)

where V (i), ¢; and Supp(¢;) have the same meaning as in the two-dimensional case, T' de-

notes a tetrahedron and Vol(T) its volume, 7, r = nido , and G is a five-component
aC;(X)nT

vector given by

Gy (W, Uz, Vi)

G2j (Wa l?j,T: Iji,T) -ij',T
G3;(W, 7,1, Uir)

Gi(W, Vjr, Vir) = _RLey

where
G (W, 7 r, Ui r)
Gy, (W, 0, Vi) | =
ng (Wa Z?j,Ta Iji,T)

= — — — —, — — — — — —, — — fy —
(0 ) T(Wjayj,Tael) ) T(Wjayj,Ta€2) ) T(Wjal/j,Tae?)) ) T(Wﬁyj,T:/U(T)) + P_T,ejyj;T)

In the above expression, 0 = (0,0,0)%, & = (1,0,0)", & = (0,1,0)", & = (0,0,1), and 7 is a
three-component vector defined by

-

-, = . 2 oS
r(Wj, Ujr,b) = [M(ﬁj) ® M'(Fr) + M'(7) ® M(Pjr) — g“j-’/j,TId] b

where b € IR?, and the following notation is used for ¢ € IR* and A, B € IR® x IR?

cCT €1
M@ =] ¢c ¢ ¢ and (A@B)ij:AinBij fori,7=1,...,3
C3 C3 C3

Using the same parametrization (Fig. 4) as in the two-dimensional case for the evolution
of a grid point during [t",t"*!] (given by (10)), we derive new expressions for 7, 7, 7 7 and
Vol(T) as functions of §(¢t) and At

ir = /aci(X)nT rido
= t(ze — 75) A (21 — )
[(6()At(Ex — &) + x5 — 27) A (6(0)At(dr — &) + 2 — 2T )]

_1
6 J

Uir = sl0@)At( — ;) + a — ) A (0(8) At(dy, — &) + zff — a)]

(k= 25) A (0 = 25)) (x5 — 23)
[(8() Aty — ;) + 2 — 27) A () At(d, — 35) + 2] — 27)]
(8()At(d; — &) + 27 — 27)

Vol(T) =

INRIA
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Figure 4: Parametrization of a facet in the three-dimensional case

where z;, x;, ) and z; are the four vertices defining the tetrahedron 7" and positioned as
n+1 n
" —x

depicted in Fig. 5, and © =
epicted in Fig. 5, and = A7

Xk

X
]

Figure 5: Description of a tetrahedron 7°

From the above expressions of 7 7, ;7 and Vol(T') we deduce

tn+1

/tn R{(W, X)dt = At/o1 (i akAtk(S(t)k/ibkAtkd(t)k> ds(t) (13)

where a;, is a function of (X”,X,W), and by, is a function of (X", X)

As in the two-dimensional case, we develop the integrand of integral (13) in a Taylor

series
tn+1

/tn R(W, X)dt = At /O {(co+ L AD(E) + ey ALRS()? + - A1) (14)

where ¢ is yet another function of (X ",X ,W). Depending on the quadrature rule chosen for
evaluating the above integral, we obtain the following time-accuracy results

RR n-"2823



10 Bruno KOOBUS and Charbel FARHAT

a) If the integration of Eq. (14) is performed at §(¢) = 0, only the constant polynomials
of §(t) are computed exactly, so that

tn+1

J.

Ri(W, X)dt = AtR;(W*, X™) + O(A)
k =mn for explicit schemes
k =n+1 for implicit schemes

b) If the midpoint rule is used for evaluating Eq. (14), the linear components of §(¢) are
computed exactly, and therefore

tn-‘,—l

J.

Ri(W, X)dt = AtR;(W*, X"2) + O(A#)

k =mn for explicit schemes
k =n+ % for implicit schemes
nty _ wrtl_wn
WnT2 = 5
Yty — XtHoxm

2

¢) On the other hand, if the two-point
quadratic components of 6(¢) are computed exactly, and one obtains

s At
/ R(W, X)dt = —- [Ri(WH, X™) + R(W*2,27™)] + O(AF)
t

n

integration rule at 6(t) = 3 F ﬁ is used, the

ml =+t L

m2 =n+l+ b

k1 =n for explicit schemes
k2 =n for explicit schemes
k1 =ml for implicit schemes
k2 =m2 for implicit schemes
Wn—|—ﬁ — ﬁWTH_l + (1 _ ﬁ)Wn
Xn—|—ﬁ — ﬂXn_H + (1 - ,B)Xn

implicit time-integration scheme S is chosen for solving
t"+1

the unsteady three-dimensional Navier-Stokes equations, the evaluation of R;(W, X)dt
tTL

Hence, whether an explicit or

should be carried out on the configuration (¢, X™) if S is first-order accurate, on the midpoint
configuration if § is second-order accurate, and using the two-point configuration if § is
fourth-order accurate.

4 Applications

Here, we illustrate the methodology described in this paper for computing the diffusive fluxes
on dynamic meshes, with a three-dimensional viscous flow problem related to a supersonic
aeroelastic application.

INRIA
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We consider the supersonic flow above a flexible panel of length L; = 0.5, width Ly, = 0.1,
and thickness th = 0.00135. The panel is clamped at both ends. The flow domain is
discretized into 20250 vertices and 94080 tetrahedra. The freestream Mach number is set to
M, = 1.9, the Reynolds number to Rey = 100, and the initial angle of attack to a = 0.

The panel is forced to oscillate around its fundamental flexible mode shape X} with a
constant circular frequency w and an amplitude a (Fig 6). Hence, the position Xp of the
fluid points lying on the surface of the panel are forced into the harmonic motion

Xp = aXpsinwt

The amplitude a is chosen so that the maximum vertical deflection of the panel is equal
to 5.4% of its length L;. The circular frequency is set to w = 1000. At each time-step
t", the position of the fluid dynamic mesh is updated by a Jacobi-based relaxation scheme
[3, 13] in order to conform to the new boundary position. Finally, we note that the CFD
code employed in this investigation utilizes a first-order accurate backward Euler scheme for
time-integrating the semi-discrete three-dimensional Navier-Stokes equations.

flow

Figure 6: Oscillating panel

First, the CFL (Courant-Friedrichs-Lewy criterion) number is set to 10, and the diffusive
fluxes are evaluated at the midpoint configuration (even though the backward Euler scheme
is only first-order accurate). The resulting unsteady solution is labeled as the reference
solution because at CFL=10, the period of the predicted lift is sampled at 500 time-steps.
Next, the CFL number is set to 100, and two other unsteady solutions are computed, using
the (", X™) and midpoint configurations for evaluating the diffusive fluxes, respectively. The
computed lift histories are graphically depicted in Fig. (7).

Clearly, the results reported in Fig. (7) highlight the effect of the algorithm used for
evaluating the diffusive fluxes on dynamic meshes, and its impact on the accuracy of the
overall flow simulation. When the midpoint configuration (second-order time-accurate) is
used instead of the (¢", X™) configuration (first-order time-accurate) for computing the vis-
cous fluxes, the accuracy of the lift is improved by roughly 4%. More drastic improvements

RR n-"2823



12 Bruno KOOBUS and Charbel FARHAT

850 T T T T T T T T T

Reference computation (CFL=10) —
midpoint configuration (CFL=100) ----
(X_n,t_n) configuration (CFL=100) -----

800 [ 1 ‘ ‘ 4

750

Lift

700

650

600

550 1 1 1 1 1 1 1 1 1
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02
Time (s)

Figure 7: Lift prediction using various algorithms for evaluating the diffusive fluxes

can be expected when the semi-discrete Navier-Stokes equations are time-integrated with a
second-order implicit scheme — which our current code does not have — because in that
case larger time-steps can be afforded, and the errors resulting from computing the “mo-
ving” diffusive fluxes at the (", X™) configuration grow as O(At), while those resulting from
computing these fluxes at the midpoint configuration grow as O(At?).

5 Conclusion

In this paper, we have considered the solution of unsteady laminar viscous flow problems
with moving boundaries and deformable dynamic meshes. We have presented a methodology
for computing accurately the diffusive fluxes associated with such problems, and highlighted
its impact on the overall accuracy of the flow simulation. The numerical schemes presented
in this paper can be directly extended to the computation of turbulent flows on moving grids.
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