N

N

On the Solution of Equations of Degree

Victor Zinoviev

» To cite this version:

Victor Zinoviev. On the Solution of Equations of Degree. [Research Report] RR-2829, INRIA. 1996.
inria-00073862

HAL Id: inria-00073862
https://inria.hal.science/inria-00073862
Submitted on 24 May 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/inria-00073862
https://hal.archives-ouvertes.fr

%l INRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

On the Solution of Equations
of Degree < 10
Over Finite Fields GF(2 ™)

V.A. Zinoviev

N° 2829
Janvier 1996

- THEME 2

apport
de recherc




Les rapports de recherche de I'INRIA
sont disponibles en format postscript sous
ftp.inria.fr (192.93.2.54)

si vous n'avez pas d'acces ftp

la forme papier peut étre commandée par mail :
e-mail : dif.gesdif@inria.fr

(n'oubliez pas de mentionner votre adresse postale).

par courrier :

Centre de Diffusion

INRIA

BP 105 - 78153 Le¢ Chesnay Cedex (FRANCE)

INRIA research reports
are available in postscript format
ftp.inria.fr (192.93.2.54)

if you haven't access by ftp

we recommend ordering them by ¢-mail :
e-mail : dif.gesdif@inria.fr

(don't forget to mention your postal address).

by mail :

Centre de Diftusion

INRIA

BP 105 - 78153 Le Chesnay Cedex (FRANCE)



.

ON THE SOLUTION OF EQUATIONS OF DEGREE < 10 OVER FINITE
FIELDS GF2 ™)

SUR LA RESOLUTION DES EQUATIONS DE DEGRE < 10 SUR LES CORPS
FINIS GF2 ™)

V.A. Zinoviev’

* Institute for Problems of Information Transmission, Russian Academy of Sciences, Bol’shoi Karetnyi 19,
Moscow, 101447, Russia
Invité au Projet CODES, du ler juillet au 31 décembre 1995



ABSTRACT

Algorithms for solving polynomial equations of small degree < 10 over the finite fields of
characteristic 2 are considered. In many cases our algorithms are more efficient and less

complex than the conventional Chien search. .

RESUME

Nous étudions les algorithmes de résolution d’équations de degré inférieur ou égal 4 10 sur un
corps fini de caractéristique 2. Dans de nombreux cas nous proposons des améliorations par

rapport aux résultats connus de Chien.



1. INTRODUCTION

It is well known that for decoding of BCH codes or Reed-Solomon (R-S) codes we have to

solve equations over Galois fields. A general method of solving such equations is the classical
Chien procedure, where as solutions of the polynomial equation over F 4

ox)=a'+a''o,+..+ac  +0,=0, c,eF,,
we try all the elements of GF(q). It is known, however, that for the case t < 4 it is possible to
find all roots of 6(x) directly Hy solving the equation o(x) =0 [1] (see also [2]). Alsoitis
known that roots of polynomials can be found using the affine multiple polynomial of f(z). In
this report we consider the complexity of a procedure described by Berlekamp, Rumsey and
Solomon [3]. For degrees d < 6 the algorithm seems to be simpler than the Chien procedure
even for the fields F,s. In Part 2 we follow Berlekamp [4] and Lidl and Niederreiter [5] and in

Part 3 we follow Berlekamp [4].



2. LINEARIZED AND AFFINE POLYNOMIALS

Let q denote a prime power and let Fq, Fq m, Fq s be the Galois fields, where Fq m (of order

q™) is an extension field of F qand F s is an extension field of F_ m

Definition 2.1: A polynomial of the form

n . ‘
L@=Y Lz9 (2.1)
i=0

with coefficients in F mis called a linearized polynomial (or a g-polynomial) over qu.

It follows from the definition that any linear combination of roots of L(z) with coefficients in
F, is again a root. Indeed let a, BeF ;S and c € F . Then

L(a+p) = z L(a+B) a2 Z Li(ozqi + qu) =
: , (2.2)
=YLt +TLBY =L@ L@ .

Lco) = T Lco) ¥ =% L co? = Lo . @2.3)

It follows that the roots of L(z) form a linear sﬁbspace over Fq. The special character of the set

of roots of the linearized polynomial is given by the following result [5].

Statement 2.1. Let L(z) be a nonzero linearized polynomial over Fq m and let the extension
field Fqs of Fq m contain all the roots of L(z). Then each root of L(z) has the same
multiplicity, which is either 1 or a power of q, and the roots form a linear subspace of E s
where Fys is regarded as a vector space over Fq.

Proof: We prove the second statement. If L(z) has the form (2.1), then its derivate

L'(z) =L, so that L(z) has only simple roots in case Lj# 0. Otherwise, we have L, =L, =
...=L ;=0,but L, #0 for some k 2 1, and then

L i n mk i n i-ky gk
-k
L= L.z% =Y L4 24 =(3 L™ a)™,
i=k i=k i=k



which is the qkth power of a linecarized polynomial having only simple roots. In this case, each
root of L(z) has multiplicity qk.

There is also a partial converse of this statement, which we give without proof (see [5]).

Statement 2.2. Let U be a linear subspace of Fq m, considered as a vector space over Fq.

Then for any nonnegative integer k the polynomial

L@ =] @B
ﬁeU

is a linearized polynomial over Fq m .

The properties of linearized polynomials give us the following method of finding their roots
(see [4,5]). Let L(z) be a polynomial (2.1) and suppose we want to find all its roots in the field
Fq s. Let {a,,...,0;} be a basis of Fqs over Fq, that is every Pe Fqs can be written in the form

S
B=) b, . b.eF . (2.4)
k=1

Using (2.2) and (2.3) we obtain for L(B)

S S S
L(®) = L( > bko'k) =Y, L) =Y b,Loy) .
k=1 k=1 k=1

Now let expand L(oy) over our basis
S

L= 0., ;e F .
o .

If we define the matrix M = | | Iy i | | Jkj=1,....s, over Fq, our equation L(z) =0 will be

equivalent to the following homogeneous system of s linear equations for b, ...,b_ over Fq:
(bys-.-sbg) M = (0,...,0) (2.5)

Indeed,



S S S
LB)=), bL@)=2 b, T ;a=0.
k=1 k=1 B

S
a; D byl =0
k=1

bklk1j=0 forall j=1,....5 .
k=1

If r is a rank of the matrix M, then system (2.5) has q°” solutions (b,,...,b), that gives ¢ **

roots of L(z) in F e of the form (2.4). So to find zeroes of linearized polynomial L(z) over Fq s
we have to solve the homogeneous linear system of equations over Fq, where its order s does

not depend from q.
Definition 2.2. A polynomial of the form
A(z)=L(z) - u, (2.6)

where L(z) is a linearized polynomial over Fq m and ue Fq m, is called an affine polynomial
(or affine g-polynomial) over Fq m.

Anelement B e Fisaroot of A(z) if and only if L(B) = u. If

S
u=2 u,a,, ukqu,
k=1

then in terms of the system (2.5) the equation L(B) = u is equivalent to the following system
for by,....b: '

B b IM=(u ) | 2.7

If (b,.....b ) is a solution of (2.7), then the element



B=2 b oy

k=1
isarootof A(z)in F .

The method of determining the roots of an affine polynomial shows that these roots form an
affine subspace - that is, a translate of the linear subspace. We give the corresponding
statements from [5].

Statement 2.3. Let A(z) be an affine polynomial over Fq m of positive degree and let the
extension field Fq s of Fq m contain all the roots of A(z). Then each root of A(z) has the same
multiplicity, which is either 1 or a power of q, and the roots form an affine subspace of Fqs,

where F is regarded as a vector space over F .

Proof: The result about the multiplicities is shown in the same way as in the proof of stat.2.1.
Now let A(z) = L(z)-u, where L(z) is a linearized polynomial over F q" and let B be a fixed root

of A(z). Thenye F . is a root of A(z) if and qnly if L(y) = u = L(PB) if and only if L(y-B) =0
if and only if y-f € U, where U is the linear subspace of F q° consisting of the roots of L(z).
Thus the roots of A(z) form an affine subspace of F Qs

Statemrnt 2.4. [S]. Let T be an affine subspace of F g™ considered as a vector space over F
. Then for any nonnegative integer k the polynomial

A =] @y
YyeT

is an affine polynomial over F qm

Proof: Let T =n +U, where U is a linear subspace of F qm™ Then

L= [[@p*
BeU

is a linearized polynomial over F qm according to stat.2.2. Denote u = L(n). Then

A(z) =L(z) - u = L(z-n)



" 1s an affine polynomial, and any root y of A(z) has the form y =n+p, where e U. But this
means thatye n+U=T.

The fact that roots are simpler to find for affine polynomials gives the following method of
finding the roots of an arbitrary polynomial f(z) over Fq m is an extension field F of Fq m [3].

Define a nonzero affine polynomial A(z) over F_ m, which is divisible by f(z) (so called affine
multiple of f(z)). Then determine all the roots of A(z) in F by the described method. Since the
roots of f(z) in F must be among the roots of A(z) in F, we have to calculate f(a) for all roots o
of A(z) in F.

The only thing that remains is to indicate how to determine an affine multiple A(z) of f(z). The
following algorithm applies for arbitrary polynomials f(z).

Statement 2.5. (Berlekamp, Rumsey and Solomon [3]). Let f(z) be any polynomial of
degree d(d 2 1) over Fq m. The affine multiple A(z) of f(z) can be achieved as follows:

(a) For j =0,1,...,d-1 calculate the unique polynomial r(j)(z) = ‘Li) r(ji) z'of degree <
d-1 such that
29 = 19(2) (mod (f(z)) . 2.8)

(b) Solve the homogeneous system of d linear equations for the d + 1 unknowns u, Ly,

L,,....Ly., over Fq m

o - - - 0 -
(V] 0 (0)
Tga = = = T T
1 1 1
Lol kg 0 - - o P =(0,...,0) (2.9)
d-1) (d-1)  (d-1)
S To

Such a system always has a nontrivial solution. If (u, L, L,,....L; ,) is one of the solutions,

then the polynomial



d-1 .
A@)=L@u=), Lz%"u
j=0

is an affine multiple of f(z). If at this step we have several solutions, it is clear that we may take
A(z) 10 be a monic polynomial of least degree.

Why A(z) is a multiple of f(z)? Indeed, by (2.8)

a1 ; d¢1 i
Y Liz9=) L@ (mod f(2)
j=0 =0

But r(j)(z) = ‘Lt) r(ji) z', thatis

¢l 0 ¢l ¢l "
1
2 L@ =) ') LiY=u,
j=0 =0 =0

where at the last step we used (2.9). It follows, that

d1 .
Lz)= ), Lz = u (mod f(z))

=0

or L(z) - u = A(z) is divided by f(z) .



3. THE SOLUTION OF EQUATIONS OF DEGREE <4inF;n

We considered in detail this problem in [2]. Here we consider the same problem using the
approach developed in Part 2. All this material is directly based on [4].

Th ion of r
Consider the equation
z*+az+b=0, abe Fym 3.1)

where a # (0 (we always assume that the roots are distinct). The substitution z = ax gives the

equation
x2+x+bal=0. (3.2)

According to well known result of Berlekamp, Rumsay and Solomon [3]. has a solution in
F,m if and only if Tr(b/a 2) =0 (here Tr(c) means the trace function Tr: F, » — F, given by

Tr(c)é—- c+c2+c4+...+c2m4)‘ ; | 3.3)

Now we consider the algorithm of solving the equation (3.2). Let

_b
==

m-1 )
=z ua', u,eF,, (3.4)
i

where o is a primitive element of F, m.. For each i, 1 =0,1,...,m-1, find x; such that

ol if Tr(a') = 0
x2 +x. = , (3.5)

al+ a if Tr(a®) = 1

where o ¥ is some fixed element in F, m such that Tr(a l‘) = 1. To solve the equation

) m-1 ]
X +x=u=z uo’
' i=0

10



write
m-1

X = 2 ux,; .
i=0

Then using (3.5) and (3.4) we get

m-1 m-1
x2+x=z ui(x2i+xi)=z uo+ z uiak=
i=0 i=0 i:Tr(od)=1

m-1 o
u+akz u Tr(a’) =
i=0

m-1
=u+ak’Tr(z uiai)=u+akTr(u) ,
i=0

where we have also used the fact that the trace is a linear function (indeed, the trace is the
linearized polynomial; see (2.2) and (2.3)). Therefore, if Tr(u) = 0, then two solutions of
equation (3.2) are as follows

{ m-l ) m-l
x()=2 uixi,x()=l+z u X, . (3.6)
i=0 i=0

If we have already calculated the elements x;,1=0,1,...,m-1, (this can be done because the

equations (3.5) do not depend from u, that is from the original equation (3.1)) then to solve
(3.1) we have to do the following: '

- go to (3.2) (one division and one square) ;

- expand the element u over the standard basis;

- calculate one root x'! of (3.2) (m-1 additions);

- calculate one root z'" of (3.1) (one multiplication)

- calculate the second root 22 of (3.1) (one addition).

Now if we compare this algorithm with the algorithm presented in [6] (see [2]), where the field
F,m is given by normal basis, the difference is that here we have to calculate the elements x;.

2 Th uation of degr

11
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Let us have an equation

z3+az%+bz+¢ =0 , a',b,c'€ Fym (3.7)

Multiplying the left side of (3.7) on the linear multiplier z + a' (that is, adding one more root

2 = a") we obtain

z4+azz+bz+c=0, (3.8)

where a = (a") L b, b=a'b' + ¢, c =a'c’. To solve it we first find the coefficients of L(ai),

1=0,1,....m-1, where
L(z)=z4+azz+bz .

Foreachi= (),l,...,m-i, let

. m-l .
La)=) 1,;a’, [,eF, (3.9)
=0
and let
m-1 ) '
c=, cjaj, c;eF, (3.10)
j=0

Then to find all roots of (3.8) we have to find all solutions of the following system of linear

equations:
oo o lo.m-1
ho ha L me1

(b greeesb ) = (Cgre-sCpyy) -(3.11)
lm-l.O lm-l.l lm-l.m-l

If (3.7) has three distinct roots in F,m (we consider the case where exactly three errors have

occurred), then this system (3.11) has exactly four solutions in F,m.



Hence to solve the equation (3.7) we have to do the following:

- £0 to (3.8) (two multiplications, one square and two additions);
- calculate values of the polynomial L(z) in m points o', i = 0,1,...,m-1 (two
multiplications, one square and two additions for each point; it follows from the

expansion
L(a i) =0 i(oz i(ot 2i+a)+b) ;
so we need 2(m-1) multiplications, 2m additions and m-1 squares) ;

- solve the linear system of equations of order m over F,.

Th i f degree 4
Let us have an equation

z4+az3+bz%4cz+d=0, (3.12)

where a,b,c.d € F,m. The substitution z = x+e reduces it to the form

3
x4+ax‘+(ae+b)x2+(ae2+c)x +

+et+ae’+be’+ce+d=0 (3.13)

If we choose e such that
aeZ+c=0 : (3.14)

(this is always possible in the field F, m; if a=0 or ¢=0 then there is nothing to do), we eliminate

the linear monomial. Then transition to the inverse equation (that is, the substitution x = 1/y)
and normalization reduces (3.12) to the equation (3.8) that we have already considered. To do it
we need:

- linear substitution (one division, one square root, five multiplications and five
additions);
- transition to the inverse equation (three divisions).

13
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4. EQUATIONS OF DEGREE 5

Let us have any polynomial of degree 5
f(z)=zs+a424+a3z3+a222+alz+ao, a,#0 (4.1)

where a; € Fym foralli=0,...,4. As we remember from Part 2 there is the algorithm of

finding the affine multiple of f(z) of degree 2% We show now that it is very easy to solve the
question about the existence of the affine multiple of f(z) of degree 2.

Statement 4.1. Let us have a polynomial f(z) of the form (4.1) over F, m. If the following

equation is valid
a,a3+a,2% +a,a,+a,=0 ' 4.2)
34 4 24 4 19 4 o= " » .

then the affine multiple of t(z) of degree 8 is defined by the solution of a triangular system of
the linear equations in F, m that needs 12 multiplications and 9 additions in F , m.

Proof: Let us succeed in finding of the affine multiple A(z) of degree 8 for given f(z). This
means that there is a polynomial y(z) of degree 3 such that

A)=f@)y@) . (4.3)
Let
A@=z%+b,z*+bz?+b z+b,, b.eF,m 4.4)
and
y(z)=z3+czz2+clz+c0, c,eFym 4.5)

where we have to find all coefficients b, and c;. Using (4.1), (4.4) and (4.5), the polynomial
equation (4.3) gives us the following system of linear equations of order 4 for c, ¢,, C,:



15

4 ‘ (4.6)

Cy+a,C +a5C, = a,

\. a3c0+a2cl+alcz =4,

This system is solvable if and only if the condition (4.2) is valid. In this case the coefficients of
the polynomial A(z) can be written immediately

r —
by = ay¢y
b, =a;c, + a,c,

) 4.7)

b2 = a,C + a,C; + a,4C,

\b4 a4y + 24C, + 2,0, + 4,

The solution of the system (4.6) needs 3 multiplications and 3 additions and the calculation of
all b, needs 9 muliplications and 6 additions.

If the condition (4.2) is not satisfied, the substitution z = 1/x and the normalization reduces the
equation f(z) = 0 to the following form:

x*+dxtrdxt+dx?+d x+d =0, (4.8)

whered,=ag fa, i=123,4andd = l/a, Using the statement 4.1 for (4.8), we obtain

the following
Statement 4.2. Let us have a polynomial {(z) of the form (4.1) over F, m. Then if the
following equation

a, 3 a, (2 a
(i) a2+(5§) a3+($)a4+1=() 4.9)

is satisfied, then the affine multiple of y(z) of degree 8 is defined by the solution of a triangular
system of linear equations in F, m with the same complexity as in Statement 4.1.

Now consider the case when both conditions (4.2) and (4.9) are not satisfied. Of course, we
can use the same approach as in proof of Statement 4.1. But it is better to use the algorithm of

Berlekamp, Rumsey and Solomon, given in Statement 2.5, which we now consider in detail.



Let us have a polynomihl f(z) of the form (4.1). At step (a) (see Statement 2.1) we calculate 5
polynomials

r(j)(z) =Y 4i=0 r(ji) z!
of degree < 4 such that
2%’ = 19) (mod f(2)) , i=0,123.4 .
The polynomials r(o)(z) , r(l)(z) and r(z)(z) can be written immediately,
r(o)(z) =2z, r“)(z) =z 2, r(z)(z) =2
To find r(3)(z) we have to solve the congruences
2% =) (mod f(z)) . ‘ (4.10)
The usual way is to divide z by {(z), and as f(z) has 5 nonzero coefficients we have to do 5
multiplications and 5 additions for one step of division or 20 multiplications and 20 additions

for all. The calculation of r(4)(z) needs 12 steps with 5 multiplications and 5 additions for each
step, that is, all together 6() multiplications and 60 additions for finding r(4)(z) .

Another way to find r(4)(z) is to use rm(z) . Let r(3)(z) have the form
rm(z)=r4z4+r3z3+r222+rlz+r0. 4.11)
From (4.10) we have

2% = (@) ? (mod 1(2))

or using (4.11)

16
A

8

6 4
+r232 +r222 +r21z2+r20, (4.12)

r2
4 Z

where we again can use (4.10) to find

r'@z)=r i . rm(z) = ri 28 (mod {(2))

16
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(for 5 multiplications) and calculate

r"(z) =13 2° (mod f(2))

by division, which needs 10 multiplications and 10 additions. Therefore to find r(4)(z) from

ra)(z) we have to do 20 multiplications and 20 additions. Then we have to solve the
homogeneous system (2.9) of 5 linear equations over F,m for the 6 unknowns. As each of the

first 4 rows of matrix in (2.9) has exactly one nonzero element 1 this system can be solved by
performing not more than 10 multiplications and 10 additions in F , m. It is clear that this last

method seems to be simpler than the approach described in the proof of Statement 4.1.

Thus, if for given f(z) of the form (4.1) the condition (4.2) is satisfied, we use Statement 4.1.
for finding the affine multiple A(z) of degree 8. If not, it is better for finding of A(z) of degree
;16 to use the algorithm of Statement 2.5. But then, of course, we must calculate first r(3)(z)
and then r(4)(z) . But this is not good, because of the extra calculations for checking of
condition (4.2). Can we use this condition (4.2) in the algorithm of Berlekamp, Rumsey and
Solomon directly? We give the positive answer by the following statement, which is really a
refinement of Statement 2.5 for this case.

Statement 4.3. Let f(z)' be any polynomial of degree 5 over F , m of form (4.1). The affine

multiple A(z) of f(z) can be achieved as follows:
(a) Calculate the polynomial A ,(z) of the following form
A @=2%+bz*+bz  +bz? +bz+by=f(2) y,(2) (4.13)

where y(z) is a polynomial of the form (4.5). If by = 0, then A (z) is an affine multiple of

f(z) (that needs 15 multiplications and 12 additions).
(b)  Calculate the polynomial A ,(z) of the following form:
A@=2"0+1 2% +1.,2 +1,2° %1 241 = 1(2) y,(2)

(using A,(z) it takes 20 multiplications and 20 additions). If / ; = 0 then A ,(2) is the affine
multiple of {(z). .



(¢) Find ¢ such that/ ; + cb; = (). Then the polynomial A,(z) + cA,(z) is an affine multiple

of f(z), (it takes one division, 5 multiplications and 5 additions).

To find the roots of the affine polynomial A(z) of degree 8 or 16 we use the approach of
Berlekamp, Rumsey and Solomon [3], described in Part 2. Let A(z) be given by (4.4) and let
L(z) = A(2) + b, Forall i, i=0,1,...,m-1, we have to calculate L(a"), '

m-1
Le)=a®+boa*+ba® +ba'=3 [, a’, (4.14)
=0 '
where li_j € F,. Let
m-1 ) :
bp=D, bg a’, by €F,.
j=0
Then all roots of A(z) are obtained by solving of the system of equations of order m of the form
(2.9).
So to find all roots of t(z) of the form (4.1) we have to perform the following steps:
- Find the affine multiple polynomial A(z) of degree 8 or 16 (see stat.4.3).
- Calculate the values L(o') in m points, i = 0,...,m-1. For A(z) of degree 8it  takes
5 multiplications and 3 additions for one point, if we write L(a') as follows
La’) = a'(b +o ‘(b .+ Z(b +a *)) .

For A(z) of degree 16 it takes 7 multiplications and 4 additions for one point, if we write L(a i)

as follows
L@ =a'b o ‘b S0 (b 0 (b g+ *h)))

- Solve the linear system of equations of order m over F, (about m 2 additions in
Fom).

- Choose among all roots of A(z) the roots of f(z), that is, we have to calculate f(z)
in 8 points of F,m for A(z) of degree 8 (4 multiplications and 4 additions in F,m for one
point) and in 16 points of F,m for A(z) of degree 16.

18



Therefore tor m=8§ in the worst casc when t(z) has no the affine multiple of degree 8 to find all
roots of t(z) ot degree 5 we need about 160 multiplications and 200 additions in F,m. The Chien

procedure for the code of length n takes S multiplications and 5 additions for one point, that is
5n multiplications and 5n additions in F,m.

19



S. EQUATIONS OF DEGREE d <10

Let f(z) be any polynomial of the form

f(z)=zd+ad_lzd'1+...+a0, a, Fym, (5.1
where d < 5. For given d define the natural number j ; such that

270l c2do (5.2)
Define the set of natural numbers:

J,o={jlj=2%3<j<d1y . (5.3)
It is easy to see that the cardinality of J | is equal to d-j ,-1; let us denote d-j 5-1=k.

Then the algorithm for calculation of the affine multiple A(z) for the polynomial f(z) looks as
follows (refinement of Statement 2.5.):

Statement 5.1. At the j-th step, j =j ,...,d-1, calculate the polynomial A j(z) of the form

A@=z"+bg 2% +b 2%+ L +b =0 (mod f(z)) (5.4)

Try to solve the homogeneous system of k linear equations for j-j , unknowns ¢ 5o €

i, e Joi

(L j e j 1€ 5 ) = (0,0....,0) (5.5

jo+ ) e bj0+1,ik

Jo by o Jo ik
where {i ,....,1,}=J . Ifc i il is its solution (possibly zero) then the polynomial

A@) =A@ +3 j{ljo A (2) (5.6)
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is the affine multiple of f(z) of degree 2 J 1f not, go to step j+1. The complexity of calculating
of A(z) in the worst case, when A(z) has degree 2 d'l, can be evaluated as follows:

2
- the number of multiplications in F , m < (d- 0+1)-g- + %— (d-jg) 3 ,

- the number of additionsin F ,m < %(d-j0+1) d%+ 1§(d-j0) 3 .
- the number of divisions in F , m < (d-j ,-1)(d-j 4-2)/2 .
Proof: One of the distinctions with the algorithm of Berlekamp, Rumsey and Solomon [3]

(see the stat.2.5.) is that our system (5.5) of equations has half the order for small degree d <

10 and binary case p=2. The other thing is that we try to solve it at each step j to get the affine
multiple of less degree. Consider now how to calculate the polynomial A j(z) using the

preceeding polynomial Aj_l(z). For given d define

{2i]d<2i<2d-2) U {d+1}) forevend
I, = (5.7)
(2ild < 2i < 2d-2) for odd d

It is easy to see that |J2| =[d/2] .
For given f(z) find and keep in memory the polynomials B(z), s €] ,, of the following form:
B (2)=z"+r (2)=0(mod {(z)) , (5.8)

where degr (z) < d-1. Now we want to evaluate the complexity of calculation of B (z) under
the condition that we know B ,(z). Let

B, ,(2)=2*? +1,_,(2) = 0 (mod {(2)) , (59
where
d-1

r(Z)=1 5 442 +... 40, ,.

Multiply both sides of (5.9) with z 2.
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2* +7°r,_,(z) = 0 (mod £(2)) . (5.10)
We use
z? Fs241°2 = 5-2,0-1B441(2) +144,(2))

(d+1 € J, for any d)

2 d-2 _ f ¢l
Z° T 0402 =T 54,((2)+ 2 az).

i=0
This gives for B (z)
1 ,
B,=z2"+r(2) =Zs+rs-2,d-l rd+l(z)+rs-2,d-2z a;z l
i=0

(that takes 2d multiplications and 2d additions in Fym).

Therefore to calculate all polynomials B(z) we need 2d l J 2| multiplications and
2dJ,| additions in F,m.

Now we are ready to consider the recurrent calculation of Aj(z). Let

A @=22" +b, (2)=0(mod f@) , (5.11)
where
d-1 .
b (@=2, b, ,z". (5.12)
s=0

Squaring of (5.11) we obtain

z2+b,,(2) =0 (mod £(z)) .

But



d-1 d-1
2 2 25 _ 2
bj-l(z) =Z b 1.s2 2 b j1s T 2(2) +
s=0 s={(d+1)/2)

o
+ 2 b,z (mod f(2) ,
s=0

SO

A (2) = 2+ b(2)=0 (mod f(2))

where
[(d-1)2) _ d-1

b= 3 b’z%+ T bl r,@ .
=0 s=[(d+1)2]

Therefore using Aj_l(z) and the polynomials B(z), we obtain A j(z) by d([d/2}+1)
multiplications and d[d/2] additions in F,m. The polynomial Aj O(Z) is either f(z) ( when
d=2 %) or one of B(z) (when d<2 j 0). So the complexity of calculation of

o oAy (2) isequal to (d-j -1)d([d/2]+1) multiplications and
(d-j 4-1) d [d/2] additions in Fym.

d-j (-1 polynomials A;

Now consider the complexity of solving of linear system (5.5) at the last step. As this value we
can take the number of operations which we need to transform the last d-j ;-1 =k rows of the

matrix | | b i || in (5.5) to the upper triangular form. At the last step this matrix has order

(k+1) x k. Using the linear transformations over columns takes not more than k(k+1)(k+2)13
multiplications, k(k+1)(k+2)13 additions and k(k-1)12 divisions in F , m. Of course, it is not

necessary to do this transformation at each step independently. We can use here the recurrent
procedure. Using memory we can keep the order of columns of the matrix | b i | | and the
. TS

coefficients of the linear transformation, which we used for getting the matrix of the triangular

form at the previous step.

If we have found the solution (c ISR 4.2) of (5.5) at the last (d-1)th step, then, to obtain

the atfine multiple A(z), we need (according to (5.6)) not more than (d-j ,)d additions and
(d-j ¢-1)d multiplications in F,m.. This gives the complexity of calculation of A(z) in
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Statement 5.1. Now let us consider the complexity of finding of the roots of the polynomial
f(z) of degree d, 5 < d < 10, over Fom.. Let this polynomial have the affine multiple A(z) of

d-
degree 2 Vover F ,m,

A( _ 2d-l 2d-2 _
)=z +by 2 +...+bz+u=L(z) +u (5.13)

We are going to find the roots of A(z) in the field F,m. Let {1,a,...,a m'l} be abasis of F , m
over F ,. Calculation of the value

2 d-4

. . d-2 . 4 d3 . .
Lie) =(..(@'? +b)a'? +b a0’ ? +.. +bya’

foranyi=0,...,m-1 takes 2(d-2)+1 multiplications and d-1 additions in F,m, or (2(d-2)+1)m

multiplications and (d-1)m additions in Fym for all values L(1), L(a), ...,L(a m‘l) .

If
. m-l .

La)=), I, (5.14)

=0

and
m-1 )

u= ua’, (5.15)
j=0

then at the next step we have to solve the linear system of equations over F,:

10‘0 cee lo'm_l
Lo o A

(€ s € 12eeen€ oy p) =(u gt ph..0ll ) 5(5.16)
lm-l,O lm-l,m-l

The complexity of solving of this system is equal to m(m+1)(m+2)13 additions in F, m (the
complexity of reducing of the matrix | | l i | | to the triangular form), or (m+1)(m+2)13

additions in Fom.



Let the system (5.16) have 29! solutions (this is the worst case for us). Now we have to try all
these solutions as the roots of our polynomial f(z). For one root it takes d-1 multiplications and
d additions in F, m or for all roots it takes (d-1)2 "' multiplications and d2*"' additions in F, m.

Here we must take into attention also m(d-1) multiplications and md additions in F, m which we

need for generating all roots of (5.16).
Now we have calculated the number of operations which we need to find all roots of f(z).

Statement S.2. Let f(z) be any polynomial of the form (5.1) of degree d, 5 < d < 10, over

F,m.. Let j ; be defined by (5.2). Then to find all roots of f(z) in F,m we need
d-1 . @ 1,,..3 g . d-1 . d?
(d-1)2 7" +(d-j o+1) 5 + §(d-.]0) + (3d-4)m multiplications, d2 ™ + (d-j 0+1)7 +

%(d-jo) A (m+1)(m+2)13 + m(2d-1) additions, and d-j ;-1)(d-j ,-2)12, divisions in F,m.

25



REFERENCES

(1]

(2]

(3] -

(4]

(5]

[6]

Chen, C.L., "Formulas for the Solutions of Quadratic Equations over GF(2 ™",
IEEE Trans. on Inform. Theory, Vol. 28, No. §, pp. 792-794, 1982.

Dodunekov, St.M., Zinoviev, V., "On Fast Decoding of Reed-Solomon codes over
GF(2 ™) Correcting t < 4 Errors", Linkoping University, Dept. of EE, LiTH-ISY-I-
0750, August, 1985.

Berlekamp, E.R., Rumsey, H., Solomon G., "On the Solution of Algebraic Equations
over Finite Fields", Information and Control, Vol. 10, pp. 553-564, 1967.

Berlekamp, E.R., "Algebraic Coding Theory", McGraw-Hill, New York, 1968.
Lidl, R., Niederreiter, H., "Finite Fields”, Cambridge University Press, 1984.

MacWilliams F.J., Sloane N.J.A., "The Theory of Error-Correcting Codes", North-
Holland, Amsterdam, 1977.

-



e

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Lorraine - Technopile de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - B.P. 101 - 54602 Villers les Nancy Cedex (France)
Unité de recherche INRIA Rennes - IRISA. Campus universitaire de Beaulicu 35042 Rennes Cedex (France)
Unité de recherche INREA Rhone-Alpes 46, avenue Félix Viallet - 38031 Grenoble Cedex | (France)
Lnit¢ de recherche INRIA Sophia Antipolis - 2004, route des Lucioles - B.P. 93 - 06902 Sophia Antipotis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt - B.P. 105 - 78153 Le Chesnay Cedex (France)

ISSN 0249 - 6399

YA
RR. 2829«



