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Abstract: In this paper we develop a framework for computing upper and lower
bounds of an exponential form for a large class of single resource systems with Markov
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Bornes exponentielles avec application au contréle des
admissions

Résumé : Dans cet article nous développons un cadre théorique pour le calcul
de bornes exponentielles, supérieures et inférieures, pour une classe importante de
systémes & événements discrets en environnment Markovien dont la dynamique est
régie par une récursion stochastique de type Lindley. Ces bornes portent sur des
quantités telles que la distribution de probabilité complémentaire de la charge, du
nombre de messages en attente et du temps de réponse. Des expressions de ces
bornes sous forme close ou facilement calculables sont données pour divers modeles
classiques de files d’attente et des comparaisons numériques entre nos bornes et des
bornes déja connues sont établies. Dans une derniére partie nous montrons comment
nos résultats peuvent s’appliquer au contréle d’admission dans les réseaux.

Mots-clé :  Files d’attente; Bornes exponentielles; Chaine de Markov; Algebre li-
néaire; Processus de Markov modulé; Qualité de Service; Bande passante équivalente;
Controéle d’admission.



Ezxponential Bounds and Call Admission 3

1 Introduction

We are witnessing a phenomenal growth in the deployment and usage of networked
multimedia applications. Numerous networked teleconferencing applications have
recently been introduced (e.g., vat [37] and NeVoT [58] for voice, nv [28] for video,
and wb [38] and shdr [52] for shared whiteboard). In addition, there are plans
to deploy large-scale multimedia servers in the not too distant future, [54]. All of
these applications have in common the need for a minimal quality of service (QoS)
guarantee in the form of either an end-to-end delay constraint or a maximum tolerable
fraction of loss. Providing QoS guarantees to these applications poses one of the most

challenging problems facing designers of multimedia systems and applications.

In this paper we focus on a single resource and develop a framework within which
to obtain computable upper and lower bounds on the tail of the distributions of
quantities such as backlog, delay and queue length at that resource. These bounds are
exponential in nature when the combined arrival and service processes (to be made
precise) can be described by a Markov chain and the system is stable. In addition
to obtaining distributional bounds, we also apply these results to the problem of call

admission in a network and in a multimedia server setting.

More precisely, we consider the behavior of a single server as described by the
recursion
Xn+1 = max (0, X,, + U,), Vn >0 (1)

with Xy > 0 a.s, where the real-valued increments (U,,), are modulated by a Markov
chain (Y,,)n such that (Y, > m_o Um)n is a Markov Additive (MA) process [36]. In
our context, one application is when X, represents the waiting time of the n-th
customer in a First-In-First-Out (FIFO) G/G/1 single server queue, U,, = 0, — Ty,
where (0y,)n and (7,,)n are the service requirement and interarrival time sequences,

respectively.

Our primary objective is to compute exponential upper and lower bounds for the

tail distribution of X,,, both for every n > 0 and for the stationary regime X of X,,

RR n~ 2865



4 Z. Liu, P. Nain, D. Towsley

(when it exists), namely, to find strictly positive constants a, a,, b, b, and 6 such
that

an, e—@m

IA

P(X, >z)<b, e 0"

ae < P(X>z)<be ¥
forallz >0, n > 0.

In the particular case where (0,,), and (7,), are two mutually independent rene-
wal sequences (GI/GI/1 queue), Kingman [42, 43| showed that a exp(—nz) < P(X >
x) < exp(—nzx) for all n > 0 and = > 0, where 7 is the unique solution in (0, co)
of the equation Elexp(f (o, — 7,)] = 1 under the stability condition E[o,, — 7,] < 0
(a refinement of Kingman’s upper bound was proposed by Ross [57]). Our results
can be considered as an extension of Kingman’s result to stochastic recursions of the

form (1) where (X, )n is no longer a Markov chain.

As mentioned before, our work is motivated by the need to characterize the res-
ponse time distribution and/or backlog distributions in multimedia systems. Many
multimedia applications have real time constraints (e.g., voice, video) for which it is
important to characterize the response time distribution at a single resource, whether
it is a hop in a network or the I/O system at a server. Although such applications
have real time constraints, they are able to tolerate a small fraction of packets missing
their deadlines (approx. 1% for voice). Bounds on the tail distribution of quanti-
ties such as buffer occupancy and response times can be used by designers to size
systems. Furthermore, bounds can be used to develop policies for controlling the

admission of new applications (sessions) to the network.

Previous work in this area falls into three categories. First, a considerable amount
of work has focussed on the development of algorithms for computing the response
time distribution of a statistical multiplexer being fed by a Markovian Modulated
Process (MMP) pioneered by Neuts [51] (see, in particular, the important work by
Regterschot and de Smit on the M/G/1 queue with Markov modulated arrivals and

services [55], as well as [27] for a recent survey of this area). Unfortunately, these

INRIA



Ezxponential Bounds and Call Admission 5

computations are typically very expensive and do not easily yield the tail probability
distribution. Consequently, there has been considerable interest in the development
of approximations. These include methods which approximate the arrival processes
by simple Markovian models, (e.g., [33]) or fluids (e.g., [2]), are based on asymptotic
properties of statistical multiplexers (e.g., [1]) or on diffusion processes, (e.g., [56]).
The problem with these methods is that there is no way of knowing how accurate
they are in any one application. This has motivated interest in the development of
performance bounds for general arrival processes. This is exemplified by the works
of Asmussen and Rolski [6], Chang [10], Cruz [16, 17|, Duffield [20], Kurose [44], and
Yaron and Sidi [62]. With the exception of the work of Asmussen and Duffield these
papers make very few assumptions regarding the arrival processes and the resultant

bounds are very loose.

Previous work most closely related to ours include those of Asmussen and Rolski
[6] and Duffield [20]. Asmussen and Rolski derived bounds in the context of risk
theory and Asmussen |5 showed how they can be mapped into bounds on the tail
of the queue length distribution of an MMPP/G/1 queue. Our techniques apply to
a larger class of systems. Moreover, as will be described later, our bounds are, in
general, better than those in [6]. The mapping described in [5] can be used to apply
our bounds to risk theory. Duffield uses a martingale approach (similar to [42] for the
G/G/1 queue) to obtain upper bounds similar to ours for the case of a Markovian
environment. This approach does not appear easily to yield lower bounds. Neither

of the two approaches reported in [6, 20] appear easily to yield transient results.

We apply our bounds to several systems that have received considerable prior
attention. These include the MMPP/Ex /1 queue, the MMPP/D/1 queue and the
fixed rate discrete time queue fed by a homogeneous population of on/off sources.
For the first two models we present easily computable bounds on the tail of the
response time distribution and compare them with the bounds in [6, 20| and the
approximation in [1]. We observe from a large number of examples (see Sections
3.4,3.5) that our upper bound is better than the one in [20] and that our bounds

are usually better than those in [6]. We also observe that the difference between the
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6 Z. Liu, P. Nain, D. Towsley

upper and lower bounds is always smaller than that of [6]. For the discrete time
model, we present easily computable bounds which are then used to address the call
admission problem. Comparisons are made with the effective bandwidth approach

[32] which illustrate the conservative nature of the latter.

The organization of the paper is as follows. Upper and lower bounds are derived
in Section 2. This section includes a derivation of the largest exponential decay
rate and a treatment of both transient and stationary regimes. It concludes with a
demonstration of the tightness of the bounds. Applications of the bounds to queues
operating in a Markovian environment are found in Section 3 along with comparisons
to the bounds developed in [6, 20]. Applications to discrete time queues and to call

admission in multimedia systems are found in Section 4.

2 Exponential Bounds

In this section we derive exponential upper bounds (Section 2.2) and lower bounds
(Section 2.3) for the tail distribution of X,, as well as for the tail distribution of
its stationary regime X (Section 2.4). We establish these results by extending the
approach of Kingman [43] to the multidimensional case using matrix analysis tech-

niques. Prior to deriving the bounds, we introduce some notation.

2.1 Notation and Assumptions

Throughout this paper we assume that the real-valued increments (U, ), are modu-
lated by a Markov chain (Y},),, such that

(A) U, and Y41 conditioned on (Xy, Yp,...,Ys,Up,...,Up_1) depend only on Y.
We shall assume for the sake of simplicity that the Markov chain (Y;,),, has a finite

state-space § = {1,2,...,K}. The extension of our results to general state-spaces

INRIA



Ezxponential Bounds and Call Admission 7

can be found in [46] for the case when (Y, > _, Un)n is an uncoupled MA process
(i-e., when in addition to assumption (A), U, and Y,,4; are conditionally independent
given Y,,). The case of arbitrary MA processes and general state-spaces can easily

be handled by combining the approach in [46] with that in the present paper.
For any Borel set ' of (—00,0), 4,j € S, define
Fi'(r):P(Yn+1:ja Un€F|Yn:i) (2)

the kernel of the MA process (Sy, Y, ), and its transform
F50) = [ ™ Fyldu), 6 € (~o0,00). )

With a slight abuse of notation, Fj;(x) will correspond to Fj;((—o0,z]).

We assume the Markov chain (Y},),, is homogeneous, aperiodic and irreducible,
with transition matrix P = [p;;] (note that p;; = F;;(c0)). The irreducibility of P
implies that Perron-Frobenious theory applies to F*(#) for all § € D [36, Section
7(ii)]. Here D is defined as

D={0: Fj(0) <o Vi,jeS}.

As a result, we know that the matrix F*(#) has a unique left eigenvector z(0) =
(2k(0), k € S), with strictly positive components, corresponding to its largest eigen-
value p(6) and such that Y, 2x(0) = 1 [34, Theorem 8.4.4] (throughout this paper
upper case boldface will denote matrices and lower case underlined will denote vec-

tors). In the sequel we will assume that 6 € D.

To avoid triviality we further assume that the set M C S? defined by
M={(i,j) € 8% : F;(0) <p;j} (4)

is nonempty, as otherwise X,, — 0 a.s. as n goes to co.

RR n~ 2865



8 Z. Liu, P. Nain, D. Towsley

Last, we denote by m,, = (m,(0),...,7m,(K)) and # = (7(0),...,n(K)) the
probability distribution vector at time n and the stationary probability distribution
vector, respectively, of the Markov chain (Y,),. Unless otherwise mentioned, the
initial probability distribution vector mg is arbitrary in the sense that we do not

assume stationarity of the Markov chain (Y},),.

2.2 Exponential Upper Bounds

In this section, we derive upper bounds for the tail distribution of X,. Let (7]’-‘, j €
S),n=0,1,... 7} :]0,00) — [0,00), be a set of functions such that

S| k-0 Eydn) + o - Bye) m®)| <57 @
kes =T

The following result holds:

Proposition 2.1 Let P, denote the property that
P(Xm >z, Yo = j) < ;(x) (6)
forallz >0, j€S8.

If Py is true, then P, is true for all m > 1.

Proof. We use an induction argument on m. Assume that P, is true for
m=0,1,...,n and let us show that P, is true.

We have for all x > 0, j € S,
P(Xny1 >, Yoy =)

= Zﬂn(k)P(Xn‘FUn >z, Vo1 =j|Y, =k)
keS

INRIA
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= Y (k) [/ P(Xp >z —u|Uy=u,Y, =k, Yoi1 = j) Frj(du) + pr; — Frj(x)

keS

— Z [/xoo P(X, >z —u,Y, =k)Fyj(du) + (prj — Fij(x)) Wn(k)]

keS

< > [/; Ve (T — u) Fij(du) + (prj — ij(x))ﬂ'n(k)]

keS =V

< it ().

where (8) follows from the induction hypothesis, and where (7) is a consequence of

assumption (A).

The following result provides an upper bound for P(X,, > z,Y, = j).

Proposition 2.2 (Exponential upper bound)

If p(0) <1 and if

P(Xo>2,Yy=j) < Co(0)zj(0) e,  Vr>0,j€8

then, for allm >0,z >0, j € S,

P(X,>2,Y,=j) < Cn(0)z(0)e ™

with
> Tm(k) (prj — Frj(x))
Cn(0) = sup hes = < 0
G Y a0) [ Fydu)
T T kes ®

where £ = {(x,j) € [0,00) x 8§ : Fyj(x) < pgj for some k € S}.
In particular,

P(X, >z) < Cp(0) e,  VYz>0,n>0.

RR n~ 2865
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Proof. Define
V(@) = Cn(6) 2;(0) e~ (13)

Thanks to Proposition 2.1 it suffices to prove that the functions in (13) satisfy (5)
to establish (10).

We have

S| ke = ) Byl + G~ Figla) malh)|

keS
_ l 7 C(0) 21(6) ) Fyj(du)
kesLy =
/oo Cn(0 ) 9= Fyi(du) + (prj — ij(x))ﬁn(k)]

= 00 TEO0) - 3 [ [T (06 20 = mb) Fustin|
keS kes HFT

< €7 Cu(0) Y Fii(6) 21(6) (14)
keS

= e 77C,(0) p(0) 2(0) (15)

< e Chia(0) 4(0) = 1 (@) (16)

where (14), (15) and (16) follow from the definition of C},(#), the identity z (0) F(6) =
p(0)z(0), and the inequalities p(#) < 1 and C,, < Cj41, respectively. This proves
(10).

Summing up over all j in § both sides of (10) and using the normalizing condition

E]K:l zj(0) = 1 yields (12).

INRIA



Ezxponential Bounds and Call Admission 11

We conclude this proof by showing that the constant C,,(#) is always finite. This

property follows from the obvious inequalities

> wm(k) (prj — Frj(z))

7Tm(j)
Cn(0) < sup hes < sup < 0 (17)
@iyee Y zk(0) (pryj — Firj(x)) ~ o<m<n 2i(0)
0<m<n kesS JES

where the last inequality follows from the positiveness of the eigenvector vector z (6).

Define 6* = sup{f# € D : p(f) < 1}. An interesting issue is to determine when
#* > 0 or, equivalently, when does an exponential upper bound exist for the tail
distribution of X,,. In the case when the set D is open, the answer is provided by
Duffield [20, Lemma 2] who showed that 8* > 0 if and only if the stability condition
E;[Up] < 0 holds, where E; denotes the expectation operator associated with a
stationary Markov chain (Y},,), (i.e., 7o = @ ). This result in turn implies that an
exponential upper bound exists for P(X,, > z) if and only if the system is stable (see
Remark 2.1). In that case, 6* is the largest exponential decay rate among all positive
decay rates such that p(f) < 1. However, this leaves open the question whether 6*
is the best possible decay rate over all # > 0. An affirmative answer to this question
again follows from Duffield [20] (see also Glynn and Whitt [30, Theorem 1]) who

established that
lim log P(X > x)

—00 T

L (18)

when the set D is open. The results in [20] require that the recurrent condition
(3.2) in [36] be satisfied. However, this condition is automatically fulfilled when the
Markov chain (Y,), has a finite state-space, as observed by Iscoe et al. [36, Section
7(ii)|, which therefore validates the use of Duffield’s results here. In the case when

the state-space is general, then condition (3.2) in [36] must be assumed.

As mentioned above, the results in [20] also require that the set D be open.

While it is not difficult to contruct examples where this assumption is violated, it

RR n~ 2865



12 Z. Liu, P. Nain, D. Towsley

turns out that a large class of distributions yields an open set D. This class includes

the distributions with rational Laplace transforms (e.g. phase-type distributions).

Large deviation results for queues like (18) have also been obtained lately by
Abate et al. [1], Chang [10], Courcoubetis and Weber [15], de Veciana et al. [19],
Duffield and O’Connell [21], Elwalid and al. [25], Kesidis et al. [35], Parulekar and
Makowski [53], Simonian and Guibert [59], among others.

Remark 2.1 When the Markov chain (Y,) is stationary, the stability condition
E:[Up] < 0 follows from Loynes [49]. In the non-stationary case one may use a
coupling argument due to Borovkov and Foss [7] to prove that Er[Uy] < 0 is also the
stability condition or, in other words, that there exists an almost finite r.v. X such

that X,, converges in law to X as n — oo independently of the joint distribution of
Xy and Y.

2.3 Exponential Lower Bound

In this section we address the problem of computing an exponential lower bound for
the tail distribution of X,,.

Proposition 2.3 (Exponential lower bound)
Assume that p(0*) = 1. If
P(Xo > x,Yy=3j) > Byzj(0*) e %,  Vr>0,j€S8 (19)
then, for alln >0,z >0, j € S,
P(X, > 2,Y, =j) > B,zj(0*)e "° (20)

where

G Y ae) [ e Ruddu)
- keS x

INRIA



Ezxponential Bounds and Call Admission 13

In particular,
P(X,>z)>B,e "% VYz>0,n>0. (22)

Proof. Let (67, j € S), 67 : [0,00) — [0,00) be a set of functions such that
S [ st -0 Rt + s - @) ma)] 257 @3
kes H
for 5 € S, n > 0. Let @, be the property that
P(X, >z, Y, =j) > 6} (x)
forall z > 0, n >0, j € §. Mimicking the proof of Proposition 2.1 we can prove

that @, is true for all n > 0 if Qg is true.

Define now the functions 67 (x) = By, zj(6*) exp(—6*z). By using the same ar-
guments as in the proof of Proposition 2.2 and the identity p(6*) = 1, it is easily
checked that the functions 67 (z) satisfy (23), from which (20) and (22) follow. g

The equation p(f) = 1 always has one and only one solution § = #* in DN (0, c0)
when the set D is open. This follows from the strict convexity of p(#) on D (which
itself is a consequence of the strict convexity of log p(f) [36, Lemma 3.4(i)]), of
limg_.sp p(0) = oo [36, Corollary 3.1], of p(0) =1, and of p'(0) = E,[Up] < 0.

2.4 Bounds for the Stationary Regime

In this section we determine upper and lower bounds for P(X > z), the stationary
tail distribution of X,,, and we discuss cases when the lower bound is not trivial.
Proposition 2.4 (Stationary lower and upper bounds)

Assume that the stability condition E[Up] < 0 holds (see Remark 2.1). If p(0) <
1 then
P(X >z)<C(0) e, Vo >0 (24)

RR n° 2865



14 Z. Liu, P. Nain, D. Towsley

for all 0 < 6 < 6*, where

> w(k) (prj — Fj(x))
C(0) = sup kes . (25)

(z,j)€€ Z 21(0) / fIu—z) Fij(du)
kes “

Furthermore, if p(0*) = 1 then
Be ¥ < P(X > ), Vo >0 (26)

where

> w(k) (prj — Fij(x))

= inf kes = .
(z,g) €€ Z Zk;(g*) / 69*(11.—58) ij (du)
kes x

B

(27)

The proof of Proposition 2.4 follows from Propositions 2.2 and 2.3 and from the
result that P(X,, > z) —, P(X > z) independently of the joint distribution of X
and Yy whenever the stability condition E[Up] < 0 is satisfied, as already discussed
in Remark 2.1.

It is simple to construct examples where the constant B in (26) is equal to 0.
However, we expect B > 0 in practice. In the rest of this section we discuss two
cases where B > 0: the case when the increments (U,), are bounded from above,

and the case when they have phase-type distributions.

Our discussion will be based on the following technical lemma whose proof is

given in Appendix A.

Lemma 2.1 For (j,k) € M, let Ay; = inf{x > 0, Fy;(x) = pi;} (see (4) for the
definition of M). If for every pair of states (j,k) € M such that Ap; = oo the

INRIA



Ezxponential Bounds and Call Admission 15

constant {; defined by

kj = liminf Phj = Fk](x)
e / e’ %) Fi(du)

18 strictly positive, then B > 0.

An immediate corollary of this lemma is that B > 0 when the increments (U, ),

are bounded from above, that is, when Aj; < oo for all j,k € M.

We now address the case where Fj;(x) has a polynomial-exponential density
function. A probability density function f(z) of a (0,0c0)-valued r.v. is polyno-

mial-exponential if it has the form
n
flz)= Z a;iz™ e P Vo >0
i=1

where a;’s are nonzero real numbers, m;’s nonnegative integers and [;’s are strictly
positive real numbers. The set of r.v.’s with polynomial-exponential density functions
is quite large and includes, in particular, the set of r.v.’s with phase-type distributions
(e.g., Coxian distributions — see [4, pp. 74-75]). Recall that the latter set is dense in
the set of probability distributions on (0,00) [4, Theorem 6.2, p.76]. The following
result holds:

Corollary 2.1 If for every (k,j) € M either Ay; < oo or Fji(x) has a polyno-

mial-exponential density function, then B > 0.

Proof. Thanks to Lemma 2.1 it suffices to show that {;; > 0 when Fj(z) has a

polynomial-exponential density function for (k,j) € M since in this case Ag; = oo.

For all j,k € S, let

nkj

fk](ﬂf) = Z Ofji kb, e_ﬁkj,il‘
=1

RR n~ 2865



16 Z. Liu, P. Nain, D. Towsley

be the density function of Fy; (z), where aj,i's are nonzero real numbers, my; ;’s are
nonnegative integers and (y;;’s are strictly positive real numbers. Assume without
loss of generality that for all j,k € S, Brj1 < Brj2 < -++ < Bijny,, and that if
Brji = Brjit1, then my;; > mpjip1. As frj(x) > 0 for all x > 0, it is easy to see
(by letting « go to infinity) that ay;; > 0 for all j,k € S.

It then follows that for all z > 0, j,k € S,

nkj 0o
> . Mkji o—Bhij,i v
Fioj(du) Zakzg,z/ uMkii e kit
7 i=1 x
T _ =
3 - N s
0*(u—zx) J oo
e dFy(u 0" (u— B
/m ki) Zakj,z‘/ e () ymii i g Prii iy
i=1 z
Tk 5 Mji ] 1
—Prj,i T .. . —
Z € akjﬂmk]”“ Z l! mkj,H—l—l
_ i=1 =0 kj,i /29)
ng; M il 1 \
—BrjiT |
€ TN Qg Mg i Tl po
) > L z+1_l
i=1 1=0 I (ﬁkm 0% )73

Dividing both the numerator and the denominator in the r.h.s. of (29) by ay; 12™ki1e Pri1®
and using the fact that the couple (fx;,1, —mk; 1) is the smallest in the lexicographic

order among all couples (fB; i, —mkj,i), we obtain that

. Prj — Fij(@) Brj1 — 0"
lim —— = > 0. 30
3—00 [ 0% (u=2) dF} ;i (u) Brj (30)
The proof is thus completed. B

Instances where Fj; has a polynomial-exponential density function and A; < oo

may be found in Section 3.2 and 3.3, respectively.

INRIA



Ezxponential Bounds and Call Admission 17

3 Application to Queues and Comparison with Other
Bounds

In this section we specialize the recursion (1) to the case when the increments (U, ),
are in the form U,, = 0,, — 7, with o, > 0 and 7, > 0. In this setting (X,,)» typi-
cally represents the waiting time process in a FIFO G/G/1 queue with interarrival
times (7, ), and service requirements (o,),, and equation (1) is called the Lyndley’s
equation. Our aim is to give explicit formulae for the coefficients C'() and B that
appear in the upper bound (25) and in the lower bound (27), respectively, and to
numerically compare these bounds with bounds that have been recently proposed in
the literature. This section is organized as follows: in Section 3.1 we derive lower
and upper bounds for the tail distribution of the stationary waiting time for queues
in Markovian environment; in Sections 3.2 and 3.3 these bounds are specialized to
the case of MMPP/Ey/1 and MMPP/D/1 queues, respectively; in Section 3.4 we
review bounds proposed by Asmussen and Rolski [6] and Duffield [20] and place
them into the context of the queueing models introduced in Section 3.1; Section 3.5
concludes with numerical results and a discussion on the tightness of the various

bounds presented in Sections 3.2-3.4.

3.1 Bounds for Queues in Markovian Environment

We assume that customers arrive at a FIFO single server queue according to a Markov
modulated Poisson process (), [27]. More precisely, we assume that the arrival
process is a doubly stochastic Poisson process with arrival rate Az(;) at time ¢, where
(Z(t), t > 0) is an irreducible Markov process on the set S = {1,2,..., K}, with
infinitesimal generator Q = [g;;], rate matrix A = diag (A1,...,Ax), and invariant

measure ¢ = (¢(1),...,q(K)).

Service requirements (o,,), are also modulated according to the Markov process

(Z(t), t > 0) in the sense that the probability distribution of the service requirement
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of the n-th customer, o,,, may depend on Z(t¢,—). We denote by H;(x) = P(o, <
x| Z(tp,—) = i) and H*(0) = Elexp(f 0,) | Z(t,—) = 7] the probability distribution
and the Laplace transform of o,,, respectively, given that Z(¢,—) = i. We also assume
that the service requirements are mutually independent r.v.’s, and that the service re-

quirement o, is independent of the state Y;,;11 and interarrival time 7, given Y,,. Last,

we will assume that the queue is stable, namely, ;¢ s (fooo xdH;(z) — )\-_1) q(i) < 0.

2

In order to apply the results in Section 2 we need to identify the Markov chain
(Y3)n, the kernel (2) and its transform (3). In this setting, it is easy to see that the
Markov chain (Y;,), must be chosen as the Markov chain imbedded in (Z(t), t > 0)

at arrival instants, that is Y;, = Z(¢,—). Its transition matrix P is given by (see [27])
P=(A-Q)lA. (31)
Let us determine the kernel F;;(x). We first observe that F;;(x) need only to be

determined for z > 0 as the supremum and the infimum in (25) and (27), respectively,

are only taken over nonnegative values of . We have, for x > 0,
Fij(x) = pij—PYnt1=J, T <on—x|Y,=1)
= pi— /:o P(Yoi1 = jyma <y —z|Yy =) dHi(y)  (32)
or, in matrix notation,
F(z) =P — /°° dH(y) Gy —z), Ve >0 (33)

with F(z) = [Fj;(z)], H(z) = diag (H;(z), i € §) and G(z) = [P(Ynt1 = J, Ta <
x|Y, =1)]. It is known (see [27, formula (5)] for instance) that

G(z) =P —exp((Q—A)x)P, Ve >0 (34)

so that, from (33),
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where I stands for the identity matrix. This, in turn, implies that
dF() = [ dH@) ep(Q-A) (y-a)Adz,  Vo20  (30)

by using the identity (A — Q)P = A.

We are now in position to write down the coefficients C'(#) and B (see Proposition

2.4). In matrix form, these coefficients become by using (35) and (36)

CO= swp_gilw0).  B= int_g(n6) (37)
(JJ,])Eg (EJ)E‘E
with
5 ([ @ - ep((@- A)u-2) Pe,
EOE ; (39)

20) ([T e [T ane) ep(@- )y - w)du) Ae,

for 0 < 6 < 0%, where e is the vector whose components are 0 except the j-th one

which is equal to 1.

Let us now determine the matrix F*(4) for § € DN [0,00). Since, for all n > 0,

oyp is independent of 7, given Y,,, we clearly have
F*(0) = H*) /0 e dG(z)
= H'@)@OI+A-Q)'A, VIecDN[0,00) (39)
with H*(0) = diag (H}(0), i € S), where (39) follows from (34).

From (39) we may compute the left-eigenvector z (6) of F*(#) corresponding to
the largest eigenvalue p(#), and derive the optimal exponential decay rate 6* as the

unique solution in (0,00) of the equation p(f) = 1.

We conclude this subsection by briefly discussing the case when the interarrival

and customer requirement sequences are mutually independent renewal sequences
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(GI/GI/1 queue). In this case, our lower bound (26) reduces to the lower bound
found by Kingman [43] and the upper bounds (24) reduce to the upper bounds
derived by Ross [57] (see also [60]). In particular, the lower bound and the upper
bound in (26) are equal when the service times are exponentially distributed (GI/M/1

queue).

3.2 Bounds for the MMPP/Ey/1 Queue

We consider the queueing model defined in Section 3.1 but we now assume that
the service requirements (0,), form a renewal sequence, independent of the arrival

process, with common distribution function H(z) given by an N-stage Erlang proba-

bility distribution (MMPP/Ey /1 queue), namely, H(z) = 1 — e #= SV o1 (ua)! /1.

This assumption implies, in particular, that (cf. (39)) F*(0) = (u/(n—0))" (6 1+
A—-Q)tAforall # € DN[0,00) = [0, ).

Recall the definition of g;(x,0) (see (38)). Straightforward algebra yield

r!

N-1 1 r
T < Z (z ) (MA)N—1—1> AAe;
1

w0 =(15) (w0)

uw—0

7!

0
N-1 I N
2 (0) ( AL 0>A>N-H) NG

where A = (uI+ A — Q)~! (hint: use the identity (I — u A)P = A A).

Consider first the case that N =1 (MMPP/M/1 queue). Then, C(f) and B in
(37) take the simple form

I T AAg; ( 1L ) . mAAe;
—( Tk gt _T2Ae oy
c() (u—e)%‘g(emAg’ =) B e ane, MY

Assume now that N > 2 (MMPP/Ey /1 queue). We conjecture that the supremum

(resp. infimum) of g;(z,6*) over z in [0,00) is always reached for z = oo (resp.
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x = 0). This conjecture has always checked true in all the numerical experiments we
have performed using the Maple V! software for symbolic computation. When this

conjecture holds, then

* o EAAQJ'
_ . 42
) (u—(?*)g'neag z(0*)AAe; (42)

B N r(I-(pAM)I-pA) 'AAg; )
B = (%) M ma e o A T A AR

3.3 Bounds for the MMPP /D /1 Queue

We now specialize the queueing model in Section 3.1 to the case when the service

requirements (o), are all equal to the same constant s (MMPP /D/1 queue). Then,
cf. (39), F*(0) =€’ (AT+ A — Q) 1A for all § € DN[0,00) = [0, 0).

In this case, C'(0) = supp<,<s jes 9j(%,0) and B = infocp<s jes gj(w,0%), and it
is not difficult to show that

T (I—exp(Q—-A)(s—2))Pe; (44)

932:0) = G T exp((0T+ Q- A) (s — ) (611 A Q) TAc,

for0 <z < s.

Again, we conjecture that the supremum (resp. infimum) in g;(z,6*) is always
reached for x = s (resp. x = 0) as this has always been observed through our

experiments. When this is true, then C(6*) takes the simple form

. _ (j)
C0°) = max ey

!Maple V is a registered trademark of Waterloo Maple Software.
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3.4 Other Bounds for Queues in a Markovian Environment

In this section we rewiew bounds recently proposed by Asmussen and Rolski [5] and
Duffield [20].

The bounds proposed by Asmussen and Rolski [6] have been derived in the context
of risk theory. In the queueing setting of Section 3.1 Asmussen and Rolski’s bounds
read [6, Corollary 4.1], [5, Theorem 3.8]:

> aB) () C(k) e T < P(X 2 ) < 3 q(k) hi(v") C(k) ™, V>0

s kES
(45)
with
Colh) = max—— sup gt —2) (46)
i€s h;(v*) x>0/ 7" (u—z) dHy(u)
C (k) = min 1 inf 1= Hilx) (47)

1€ hj(y*) =20 / T ) g (u)

Note that bounds in [4]| are only available for the stationary regime and for Markov
chains (Y;,), with a finite state-space. To define the unknown quantities v* and
hi(v*) in (45)-(47), introduce the matrix M(vy) = S(y) + Q* — 71, where S(vy) =
diag (A (H;(v) —1), i € S) and where Q" = [¢};] with ¢j; = q(j) ¢;i/q(7) for i # j, is
the infinitesimal generator of the reversed Markov process (Z(t), t > 0). Let h(y) =
(h1(y),---,hx(7))T be the right-eigenvector of the matrix M(y) corresponding to
the eigenvalue k() with the largest real part. Then, when the queue is stable, v* is
the unique solution in (0, c0) of the equation k() = 0. It can be shown that 6* = ~v*.

Note that this result directly follows from inequalities (26) and (45) whenever B > 0
and Y pes q(k) hy(y*) C—(k) > 0.

In [20] Duffield derived a set of upper bounds for the tail distribution of the

stationary regime X of a stochastic process (X,,) defined by the recursion (1) under
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the assumptions that (}°,_g Um,Ys) is a MA process (same assumption as ours)
and that the Markov chain (Y},), is stationary (we do not impose this condition).
Specializing Duffield’s bounds to the queueing model of Section 3.1 yields, for A; > 0
forall: € S,

P(X >z) < D(6)e 2, Ve >0 (48)
for all ¢ € [0,60%], with
1
D(8) =sup ——, 49
(0) SUp ) (49)

where 7;(6) is the j-th component of the unique vector r (6) satisfying the relations

F*(6).(6) = p(8) £ (6) and yes () ri(6) = L.

It is difficult, in general, to analytically compare the bounds in [6] and in [20] to
ours since they appear in very different forms (see (26) where B and C(6) are given
in (37)-(38), (45), and (48)), which is a consequence of the fact that they have been
derived using very different techniques: risk theory and Lundberg’s inequalities for
Asmussen and Rolski, martingales and large deviations for Duffield and extension
of Kingman’s method for our bounds. A comparison based on numerical results is

presented in the next section.

Other (upper) bounds have also been recently obtained by Chang [10], and Yaron
and Sidi [62], for queues with very general arrival patterns and deterministic service
requirements. These bounds, based on Chernoff’s inequality, are in general not as

tight as our bounds.

3.5 Numerical Results and Discussion

In this section we report numerical experiments performed for various queueing mo-
dels with two-state MMPP arrival processes. Tables 1-4 display our lower and upper
bounds (LNT 1Lb/u.b.; see Sections 3.2, 3.3), Asmussen and Rolski’s lower and upper
bounds (AR 1.b./u.b.; see (45)), and Duffield’s upper bound (D u.b.; see (48)), for
the tail distribution, P(X > z), of the stationary waiting time for MMPP/M/1,
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MMPP/E;/1, MMPP/E5/1, and MMPP/D/1 queues respectively. These bounds
have been computed for different values of the traffic intensity p (p € {0.4,0.75,0.95})

and for various values of x. In each case, the mean service time is 1.

As a general comment, we notice that the tightness of the bounds increases as the
traffic intensity and the variability of the service times increase. Our lower bound
is always better than Asmussen and Rolski’s, while our upper bound is sometimes
tighter (for exponential and Erlang (2) service times, and for Erlang (5) service
times when p € {0.4,0.75}) sometimes looser than theirs (for Erlang (5) service
times when p = 0,95, for deterministic service times). We may also observe that the
gap between our lower and upper bounds is always smaller than the corresponding
gap for Asmussen and Rolski’s bounds. In particular, our bounds appear to be
very tight for the MMPP/M/1 queue. On the other hand, Duffield’s upper bound
appears to be the loosest bound. In particular, the coefficient D(6) in (48) is always
larger than one (since the normalizing condition ) ;.5 7(i)73(f) = 1 implies that
supjes(1/7j(0)) > 1). It is also worth noting that the computation time needed to
get these bounds is very small (of the order of a few seconds with Maple V to get all
the values displayed in the tables).

We also propose the following, ((1—a) B+a C(8*)) exp(—6* ) with a = p'/(1—),
as an approximation for P(X > x). An appealing feature of this approximation is
that it always lies between our lower and upper bounds since a € (0,1). This
approximation (referred to as LNT approx.) has been compared to an approximation
proposed by Abate, Choudhury and Whitt [1] (ACW approx.). For deterministic
service times (see Table 4) we notice that both approximations are close, and fairly
good when compared to the exact value of P(X > x) (exact results for P(X > z)
are difficult to get for non-deterministic service times; for deterministic service times,
P(X > x) was computed with the help of Maple from the Volterra equation for the
waiting time vector given in |27, p. 160]). Abate et al. approximation is very good

for large values of x.
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X 0 100 200 300 400
LNT u.b. | 0.956 | 1.003 10~2 | 1.052 10—* | 1.103 10~ | 1.157 10~8
AR ub. | 0.958 | 1.005 10~2 | 1.054 10~* | 1.105 1075 | 1.159 108
D u.b. | 1.009 | 1.058 1072 | 1.110 10~* | 1.164 1076 | 1.220 1078
LNT Lb. | 0.952 | 0.999 10—2 | 1.047 10~* | 1.099 1076 | 1.152 108
AR 1b. | 0.942 | 0.988 10~2 | 1.036 10~* | 1.087 1076 | 1.140 10°8

(a) p=0.95 (A =06, =2,q12=1, go1 =3)

X 0 12 36 48 72
LNT u.b. [ 0.759 | 4.040 1072 | 1.145 10~* | 6.099 10~° | 1.729 10~8
AR u.b. | 0.765 | 4.073 10~2 | 1.155 10~* | 6.148 10— | 1.743 10~8
Dub. |1.020 | 5.431 102 | 1.540 10~* | 8.197 107 | 2.323 10~8
LNT Lb. | 0.749 | 3.993 10—2 | 1.132 10~* | 6.027 1076 | 1.709 108
AR 1b. |0.728 | 3.878 1072 | 1.099 10~* | 5.853 1076 | 1.659 1078

(b) p=0.75 (A1 =0.6, Aa =1.2, g19 =1, q21 = 3)

X 0 12 24 30
LNT u.b. | 0.417 | 7.150 10~2 | 3.611 10~* | 0.313 107° | 0.921 108
AR u.b. | 0.426 | 7.302 10~2 | 3.688 10~* | 0.319 10~° | 0.941 108
Dub. | 1.064 | 1826 1072 | 9.220 10~% | 0.799 10~ | 2.352 108
LNT Lb. | 0.403 | 6.912 1072 | 3.491 10~* | 0.302 107 ¢ | 0.891 108
AR 1b. | 0.367 | 6.294 1072 | 3.179 10~* | 0.275 107¢ | 0.811 1078

Table 1: Bounds for P(X > x) for MMPP/M/1 queue; (a) p = 0.95, (b) p = 0.75,

(c) p=0.4.
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X 0 50 150 250 300
LNT w.b. | 0.9747 | 5.0298 10~2 | 1.3395 10—* | 0.3567 10~% | 1.8407 108
AR u.b. | 0.9757 | 5.0351 102 | 1.3408 10 % | 0.3571 1076 | 1.8426 108
D ub. |1.0116 | 5.2204 10~2 | 1.3902 10~* | 0.3702 10=6 | 1.9105 108
LNT 1.b. | 0.9467 | 4.8852 102 | 1.3009 10 * | 0.3464 1076 | 1.7878 108
AR Lb. | 0.9263 | 4.4780 102 | 1.2730 10~* | 0.3390 10=° | 1.7494 1078
(a) ,0 = 0.95 ()\1 = 0.6, )\2 = 2, q12 = 1 ,d21 = 3)

X 0 18 30 42 60
LNT u.b. | 0.8423 | 0.2093 102 | 0.3839 10~* | 0.7042 10~6 | 0.1750 10°%
AR u.b. | 0.8478 | 0.2106 10=2 | 0.3864 10~* | 0.7089 10~6 | 0.1761 108
Dub. |1.0277 | 0.2553 102 | 0.4644 10~* | 0.8593 10— | 0.2135 10~8
INT Lb. | 0.7300 | 0.1814 102 | 0.3327 10~* | 0.6104 1075 | 0.1517 108
AR Lb. | 0.6608 | 0.1642 102 | 0.3012 10~* | 0.5525 10— | 0.1373 10~8
(b) p=0.75 (A1 = 0.6, \a =1.2, q12 = 1, g21 = 3)

x 0 6 12 18 21
LNT w.b. | 0.5891 | 0.3540 10~2 [ 0.2128 10~* | 0.1279 10~% | 0.9912 108
AR u.b. | 0.6015 | 0.3615 10~2 | 0.2172 10~* | 0.1305 10~6 | 1.0120 10~
D ub. |1.0965 | 0.6589 102 | 0.3960 10~* | 0.2380 10 % | 1.8449 108
LNT 1.b. | 0.3783 | 0.2274 102 | 0.1366 10~* | 0.0821 1076 | 0.6366 108
AR Lb. | 0.2781 | 0.1671 102 | 0.1004 10~* | 0.0603 10=° | 0.4678 108

(C) p = 0.4 ()\1 = 0.3, )\2 = 0.8, q12 = 1, q21 = 4)

Table 2: Bounds for P(X > z) for MMPP/Ey /1 queue; (a) p = 0.95, (b) p = 0.75,
(c) p=0.4.
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X 0 90 150 210 270
LNT u.b. | 0.9928 | 0.1481 102 | 0.1933 10~* | 0.2523 10~6 | 0.3293 108
AR u.b. | 0.9922 | 0.1480 10~2 | 0.1931 10~* | 0.2521 1076 | 0.3291 10°8
D u.b. | 1.0142 | 0.1512 10=2 | 0.1974 10~* | 0.2577 1075 | 0.3364 1078
LNT Lb. | 0.9428 | 0.1406 10=2 | 0.1835 10~* | 0.2396 1076 | 0.3127 10°8
AR 1b. | 0.9114 | 0.1359 1072 | 0.1774 10~* | 0.2316 10~ | 0.3023 108

(a) p=0.95 (A =06, =2,q12=1, go1 =3)

X 0 12 24 36 48
LNT u.b. | 0.9328 | 0.5661 10~2 | 0.3435 10~* | 0.2085 10~° | 0.1265 1078
AR u.b. | 0.9354 | 0.5676 10~2 | 0.3450 10~* | 0.2091 10~¢ | 0.1269 10~8
D ub. | 1.0358 | 0.6286 102 | 0.3815 10~* | 0.2315 10~ | 0.1405 108
LNT Lb. | 0.7154 | 0.4342 10~2 | 0.2635 10~* | 0.1599 10— | 0.0970 10-8
AR 1b. | 0.6016 | 0.3651 10—2 | 0.2216 10~* | 0.1345 10~ | 1.0475 108

(b) p=0.75 (A1 =0.6, Aa =1.2, g19 =1, q21 = 3)

X 0 4 8 12 16
LNT u.b. | 0.8147 | 0.8078 10=2 | 0.8010 10~* | 0.7942 10=° | 0.7875 1078
AR u.b. | 0.8216 | 0.8147 10=2 | 0.8078 10~* | 0.8010 1075 | 0.7942 1078
D u.b. |1.1361 | 1.1264 102 | 1.1169 10~* | 1.1074 1075 | 1.0981 108
LNT Lb. | 0.3590 | 0.3559 10=2 | 0.3529 10~* | 0.3499 1076 | 0.3469 108
AR 1b. | 0.2148 | 0.2130 10~2 | 0.2111 10~* | 0.2093 10=% | 0.2076 10~8

(C) p = 0.4 ()\1 = 0.3, )\2 = 0.8, q12 = 1, q21 = 4)

Table 3: Bounds for P(X > z) for MMPP/E5/1 queue; (a) p = 0.95, (b) p = 0.75,

(c) p=0.4.
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X 0 50 100 150 200
LNT u.b. 1.017 | 1.472 102 | 2.131 10=* | 3.086 107° | 4.468 1073

AR ub 1.008 | 1.459 10~2 | 2.113 10~* | 3.059 1075 | 4.429 108

LNT Lb. 0.939 | 1.360 10~2 | 1.969 10~* | 2.851 1076 | 4.128 108

AR Lb. 0.898 | 1.300 10~2 | 1.882 10~* | 2.724 10=% | 3.945 10-8

LNT approx. | 0.967 | 1.400 1072 | 2.027 10~* | 2.935 1076 | 4.250 108

ACW approx. | 0.967 | 1.40 10=2 | 2.03 10=* | 2.93 107% | 4.25 1078

Exact 0.954 | 1.40 1072 | 2.03 107* | 2.93 107 | 4.25 1078
(a) p=0.95(N =06, =2, q12=1, g1 =3)

X 0 8 16 24 32
LNT u.b. 1.044 | 1.620 1072 | 2.514 10~* | 3.901 107% | 6.052 108
AR u.b 1.028 | 1.594 1072 | 2.474 10~* | 3.838 10~% | 5.956 1078
LNT Lb. 0.702 | 1.089 10—2 | 1.690 10~* | 2.623 1076 | 4.069 108
AR Lb. 0.550 | 0.853 1072 | 1.323 10~* | 2.053 1075 | 3.185 108

LNT approx. | 0.810 | 1.257 10=2 | 1.951 10=* | 3.027 1076 | 4.697 1078

ACW approx. | 0.831 | 1.29 102 | 2.00 10~* | 3.10 1076 | 4.81 1078

Exact 0.755 | 1.289 1072 | 1.999 10~* | 3.102 1075 | 4.814 1078
(b) p=0.75 (A1 =0.6, \y =1.2, 12 = 1, g1 = 3)

X 0 3 6 9 12
LNT u.b. 1.184 | 1.357 102 | 1.555 10~* | 1.783 1076 | 2.044 1078
AR u.b 1.092 | 1.252 1072 | 1.435 10~* | 1.645 1075 | 1.886 108
LNT Lb. 0.341 | 0.390 1072 | 0.445 10~* | 0.551 1076 | 0.589 108
AR Lb. 0.169 | 0.193 1072 | 0.222 10~* | 0.254 107% | 0.291 1078

LNT approx. | 0.524 | 0.600 10=2 | 0.789 10~* | 0.789 1075 | 0.905 1078
ACW approx. | 0.571 | 0.655 10=2 | 0.750 10=* | 0.860 106 | 0.986 102
Exact 0.411 | 0.654 102 | 0.751 10~* | 0.860 1075 | 0.986 108

(C) p= 0.4 (>‘1 = 03; )\2 = 08a qi12 = 1a q21 = 4)

Table 4: Bounds, approximations and exact value for P(X > z) for MMPP/D/1
queue; (a) p = 0.95, (b) p =0.75, (c) p = 0.4.
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4 Applications to Call Admission in Multimedia Systems

The aim of this section is to present various applications of our results to the problem
of call admission in a multimedia system such as a network or a server. A call
admission algorithm aims at admitting a new multimedia application (session) into
a network or a server only if it can be guaranteed a minimal quality of service (QoS)
without violating the QoS of other applications already in the system. In the case
of a network, there is the additional constraint that the algorithm must be simple
enough so that the decision to accept or to reject a new session can be carried out

on-line.

Consider the network setting. A call admission algorithm must typically be
concerned with guaranteeing an end-to-end QoS over a path that may contain two
or more hops. This is a difficult problem and one approach taken is to divide the
end-to-end QoS requirement among all of the hops and perform call admission at
each hop (e.g., [32, 26, 50]). Thus, if any one hop decides not to admit the call, the
call is not admitted end-to-end. Under this approach, it suffices to consider the call
admission problem for a single channel. Note that, in the case of call admission to a

multimedia server, the server can also be modeled as a single resource [18].

Consider a communication channel equipped with a buffer of finite or infinite size,
that can transmit up to ¢ units of information (e.g., ¢ ATM cells) per unit of time.
When the buffer is of infinite size a typical performance criterion is P(X > b) < ¢
where X may represent either the buffer content at arrival epochs in steady state or
the packet delay in steady state. Observe that if X is the steady-state content of a
buffer of infinite size, then P(X > b) < ¢ implies that, for the case of a buffer with
finite capacity b, the cell loss probability does not exceed g¢.

Using the bounds established in Section 2, we obtain bounds on the number of
calls that can be admitted to a single resource system. We will observe that use

of the upper bound on the tail of the backlog distribution for the purpose of call
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admission results in a larger number of admitted calls than the popular effective
bandwidth approach [32].

In the following, we will only consider a buffer of infinite size. The resource
(communication channel in a network, I/O system in a server) will be modeled as a

single server queueing system with service capacity c.

4.1 Markov Arrival Process

Consider an irreducible, aperiodic Markov chain (Y}, ),, with state space S := {1,..., K}
and transition matrix P. Let (A,), be a sequence of {0,1,2,...}-valued r.v.’s such
that (A,,Y,), is a Markov chain with transition kernel Gyj(z) = P(Y41 = j, An <
x|Y, = k). Then, the process (4,), is called a Markov Arrival Process (MAP).
In the following, a MAP will be represented by the 4-tuple (A,,Y,,S,P) whenever
there is a need to specify the Markov environment associated with it; otherwise, we
will simply say that (A,), is a MAP.

Assume now that the increments (U,), in (1) are given by U, = A, — ¢, where
is (An)n @ MAP and c is a nonnegative constant. From the definition of a MAP it
is seen that the sequence (U, ), satisfies assumption (A) in Section 1 so that all of

the results obtained in Section 2 will apply to (X, )n.

Consider now N independent MAP’s, (A%,Y: S;,P;), 1 < i < N, and let
(A,)n be the process resulting from the superposition of these MAP’s, namely,
A, = YN, Al Tt is known that (A, (Y}, ...,V V), xS, @ | P;) is a MAP
(® denotes the Knonecker product of matrices). By using elementary properties of
Kronecker product of matrices [9, 31| together with the independence assumption of
MAP’s (A%), it is easily seen that the spectral radius p(6) of the matrix F*(#) is

given by

N
p(6) =e % [ 7(6) (50)
=1
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where 7;(6) is the spectral radius of the matrix with (k, j)-entry given by Elexp(8 A%) (Vi | =
§)|Y;i = k). Therefore, we deduce from Proposition 2.4 that

. log(7i(6))
P(X>z)<C@)e ™, vVz>0 if ) —g <e (51)
=1
The quantity ¢;(6) = log(7;(0))/0 is called the effective bandwidth of the process
(AL), (14, 24, 29, 32, 39, 29].

A similar result was presented by Chang and Cheng in [11, Example 3.4 but with
a different coefficient C'(#). The coefficient in [11], denoted as I'(6), is given by I'(§) =
max; j 1;(0)/7;(6), where (r1(0),...,7x(0))T is the (positive) right eigenvector of the
matrix F*(#) associated with its spectral radius p(6). In general, the bound in [11]
appears to be looser that ours. In particular, ['(f) is always larger than 1 for 6 > 0
unlike C(#) which maybe smaller than 1 (see Section 4.1.1).

Example 4.1 (Computation of C(#) for discrete time on/off sources)

Consider the case when (Ay), is the superposition of N independent and identical
2-state MAP’s (A, Y, {1,2},P;} such that

P(Yi_H :j,Ai S .T|Y7z = k) :pkij(a:)

n

where pg; is the (k,j)-entry of the tramsition matriz P;, and Fy(z) = P(A} <
z|Y!=k) fork,j =1,2,. Assume that Fi(x) =1 for all x > 0 and that Fy(z) =1
for all x < X\. In other words, each MAP (A%), is a discrete time on/off source

which emits packets at rate )\ in state 2 and does not emit any packet in state 1.
Then, it can be shown [48] that

N WZ( ) (ma/m1)’ i
S max
= (5) 3 () (e o) "
0 z1(0 Qi
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with ™1 = pa1/(p12 + pa1), ma = 1 —my, lp = inf{l = 1,2,... : I\ > ¢}, z1(0) =
(exp(BA) — v(0))/(exp(6A) — 1), z2(0) = 1 — 2z1(0),

_ (1—pra)+ (1 —par) et + \/((1 —p12)+ (1 —p2n)er)? —4(1 — prp — po1) et

v(0) = 5

and where oy, the probability that r sources are on at time n given that i sources

were on at time n — 1, is given by

min(¢,N—7) i l i N —i 1) Nor
ap =Y e (1 —pa1) r— (i 1) P22 (1 —p12) -

s=max(0,i—r)

Consider now the performance criterion P(X > z) < exp(—6z) for z — oo. The

following holds:

Proposition 4.1 If the stability condition E;[Ag] < c is satisfied, and if the set D
is open, then, for all @ € DN (0,00)

N
log P(X > z) < - if and only if Zci(e) <ec

=1

lim
r—00 T

Proof. Assume that E;[Ag] < ¢ and that the set D is open. Therefore, 6* > 0
(cf. discussion after the proof of Proposition 2.2), which in turn implies from the

strict convexity of p(#), the identity p(0) = 1 and p'(0) < 0 (see the discussion at

the end of Section 2.3) that the condition p() < 1, or, equivalently, 3% ¢;(6) < ¢
from (50), holds if and only if 0 < # < #*. From this and (18) we conclude that

SN ¢i(8) < cif and only if lim,_,o(1/z) log P(X > z) < —6. 1

Proposition 4.1 is not new, as the same result was announced by Kesidis et al.

[40] (but proved through a heuristic argument). This proposition was mainly stated
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for future reference (see Section 4.1.1) and the proof we gave was presented for
the sake of completeness. The same result can also be obtained in an even more
general context (see Assumptions (C1)-(C3) in [10]) from the work of Chang [10,

Proposition 3.9] by using the same arguments as ours. In particular, Chang showed
that ¢;(0) = (1/6) limp—oo(1/n) log B[X"—} A% ] [10, Example 3.3], which provides

m

a nice interpretation of the effective bandwidth of a source.

We now consider two applications of the above analysis to call admission in
multimedia systems. The first is to the admission of voice calls to a single T1

(1.536Mbs) channel. The second is to the admission of viewers to a video server.

4.1.1 Call admission in a network

Counsider a single T1 channel serving a population of voice sessions. For simplicity
we discretize time into 16ms. segments and model each voice source as discrete time
on/off source as defined in Example 4.1. We assume that these sources are mutually

independent and all identical, with common transition matrix

975 .025
P= l .045 955 ] )

The mean of on and off periods correspond to 352ms and 650 ms, respectively. The
service rate of the channel is taken to be ¢ = 48 which corresponds to each source
generating data at a peak rate of 32Kbs. Observe that there is no contention if
the number of sources IV is less than 49 and that the system is unstable whenever
N > 134.

We ask ourselves the following question: what is the number of voice sessions
that can be supported by the channel such that P(X > b) < ¢? Here X is the
backlog (measured in ms. of data), b the tolerable delay and ¢ a tolerance. Let Nyqx
denote this number. The distribution bounds in (51) and (26) can be used to obtain
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bounds on N4, — namely
Nlb S Nmam S Nub

where
= . * o <
Nu = max (N :In(C(6)/q) 6" b < 0)
Nuy = 49§H]1Va§X134{N : ln(B /Q) —0"b> 0}
where for each N =49,...,134, 6* is the unique solution in (0,00) of the equation

YN, (@) = ¢. The coefficient C(6*) has been computed from (52) for various
values of b, ¢ and r. It is worth noting that C(6) has always been found smaller than
1, ranging from 1.0310 2% for 49 sources to 0.9995 for 134 sources. The coefficient

B has also been computed from (52) after substituting “max” for “min” and 6 for 6*.

Table 5 reports Ny, and Ny as a function of the tolerable delay, b, for tolerances of
0.1%, 1% and 5%, Also included are the number of sessions N, that can be supported
based on the effective bandwidth approach, namely, No, = max{N : ¥, ¢;(0) < ¢}
(cf. Proposition 4.1). We observe that the quality of the bounds increases as b
and/or ¢ increase. In particular, the relative error r. := (Nyp — Nip)/Nyp is such that
re < 0.25 for b > 20, r. < 0.2 for b > 50 and 7. < 0.05 for b > 200. In addition,
the effective bandwidth approach turns out to be very conservative for small delay
constraints (say, for b < 100) and lies between the bounds only for large b (b > 500).
The fact that the effective bandwidth yields conservative admission controls has been

observed elsewhere as well (see [32]) where enhancements have been proposed.

4.1.2 Call admission in a video server

We consider requests to a video server for movies. Sources are homogeneous, inde-
pendent, and behave as follows. Each source cycles between playback of a movie
during which it requires 1 resource unit and pause during which it releases its re-

source. For simplicity, time is divided into 1/2 second (s) segments. Each source is
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Max No. Users

RR n°

140 T T T

130

120

110

100 [

90

80

70

60

50

40 :

0 50 100 150 200
b (ms.)

b| 0 10 | 20 | 30 | 40 | 50 | 100 | 200 | 500 | 1000
q=0.001

Ny | 8 | 91 95 | 98 | 101 | 104 | 113 | 122 | 129 | 131

Nyp | 127 | 127 | 127 | 127 | 127 | 127 | 128 | 129 | 131 | 132

Negp | 48 | 58 | 69 | 78 | 86 | 93 | 110 | 121 | 129 | 131
q=0.01

Ny | 94 | 98 | 102 | 105 | 108 | 111 | 119 | 125 | 130 | 132

Nyp | 129 | 129 | 129 | 129 | 129 | 129 | 130 | 131 | 132 | 133

Negp | 48 | 63 | 78 | 90 | 98 | 103 | 117 | 125 | 130 | 132
q=0.05

Ny | 100 | 105 | 109 | 112 | 115 | 117 | 123 | 128 | 132 | 133

Nyp | 131 | 131 | 131 | 131 | 131 | 131 | 131 | 132 | 133 | 133

Nep | 48 | 72 | 90 | 101 | 108 | 113 | 123 | 128 | 132 | 133

2865

Table 5: Supportable number of voice sessions
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q ]0.001[0.01]0.05
Ny | 105 | 107 | 108
Ny | 111 | 113 | 114
N, | 100 | 100 | 100

Table 6: Supportable numbers of video sessions

modeled as a discrete time on/off source as in Example 4.1, with common transition
matrix

| 19996667 .0003333

P= 9999444 .0000556 |-

The playback period has an average length of 30 minutes and the pause period has
average length of 5 minutes. Last, we assume that the video server has 100 resource
units. Hence it can handle a minimum of 100 and a maximum of 116 viewers (stability

condition).

We again consider the question — how many viewers can this system handle
such that the start of playback is not delayed beyond b time units with probability
that exceeds ¢. Using the same approach as with the voice application, we have
determined upper (N,;) and lower (Nj;) bounds for Ny, for .5s < b < 60s for
tolerances of 1, 5, and 10%. For the range given above, the bounds obtained on
Nz do not depend on b and is presented in Table 6. Also included are the number
of sessions that can be supported as predicted by the effective bandwidth approach
(Nep). Observe that the effective bandwidth approach yields the same number of

sessions as can be supported through a peak rate allocation.

5 Concluding Remarks

In this paper we have presented upper and lower bounds of an exponential form for

the tail distribution of both X,, and of its stationary regime X, in the case where
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(X»)n is defined by the stochastic recursion (1). Applications to queues have been
discussed and our bounds have been numerically compared to other bounds. Last,
we provided an application of our results in the setting of admission control. Our
work has been lately extended in several directions including more general stochastic
recursions [47] and more general admission control criteria [48]. Also, it has been
used to derive upper and lower bounds on the tail distribution of the stationary
backlog in a multiplexer fed by independent and nonhomogeneous Markov on/off

fluid sources [3].

Acknowledgments: The authors would like to thank Alain Jean-Marie for
useful discussions during the course of this work, and Zhi-Li Zhang for the numerical
calculations in Section 4.1.1. The authors are also very grateful to the reviewers for
their comments - especially for pointing out the generalization of the early results to

Markov additive processes and for bringing [6] and [30] to our attention.
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A  Proof of Lemma 2.1

Define the set G = {(z,j,k) € [0,00) x 8? : Fy;(x) < px;}. Observe that G is a
nonempty set thanks to the assumption that the set M (see (4)) is nonempty.

From the definition of B (see (27)) it is easily seen that

. w(k)
B > f '
= (;g}jl’ll’gl)eg (%(9*)) gk](l')

. . k) L m(k) \
= mm (z,jl,Ilcl)feg (zk(ﬂ*)>gk](x)’(z,jl,rkl)feg (zlg(ﬁ*))gk](x)

Agj<oo Agj=00

A\

. . m(k) ) —0* Ap; . ( m(k) )
. f N .
R PR (zk(e*) e s i s (G )@ (89

Apj<oo Agj=00

where gi;(x) = (prj — Fij(2))/ [7~ exp(=07(u — x)) Fi;j(du).

On the other hand, we deduce from assumption (28) that when Ag; = oo then

there exist constants é;; < oo and € > 0 such that gi;(x) > € for all > é;. This
observation readily implies that

zioi,ljl,ﬁzes (z:Eg*))> gkj(w) - JI,ECHEI}S {0§i$n<f6kj (Zzggz)) gkj(m);miZ%Ej (%> gkj(x)}

i {(Gon) s () >0 o

kj=00

Y

Combining (53) and (54) yields B > 0.
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