
HAL Id: inria-00073820
https://inria.hal.science/inria-00073820

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Optimal Line Bipartitions of Point Sets
Olivier Devillers, Matthew J. Katz

To cite this version:
Olivier Devillers, Matthew J. Katz. Optimal Line Bipartitions of Point Sets. RR-2871, INRIA. 1996.
�inria-00073820�

https://inria.hal.science/inria-00073820
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

ap por t  


de  r ech er ch e 


INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Optimal Line Bipartitions of Point Sets

Olivier Devillers, Matthew J. Katz

N˚ 2871

Avril 1996
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	]jk���a�g	��gb@j� ������@?kb�j 	��
�@�������h�d����?��%�d�o�r�����
� Å�«Ä¦~B¼�'¬ �@�������h����� �k�gb����������on 	���q,��jk��������?��@��b��r�! ��@�����o�.�o����j�	$� 	��d������� �k�gb��|�gq
^ ����jk�l���!�abo�gq�?��g�� ��$�o�`��	 b����������Q?k�$?V�#��	���j}��� � x

��Ñ �=�R����� Í�acqYaciRq~wRiRq�w�acj�UTjY�¢U·gdq�U�ac]M`nl!^_]Lf�UTq�UTj�f�UTx�^_]!f�ORUIehgdj�UW��ORUTq�U�¦ � ��¯;gd]Rx¹¯kmLl¥f�ORU
f�ORUTacq�UTS gdm�ah�LUc¯¹f�ORUWxRUTj�^_q�UTx´UT]�f�qtl�ad�X� ehgd]´m(U��²aciR]Rx!^_]¥`n^_]RUhgdqvf�^_S�UW^_]¥f�OM^_j~ehgdj�Uc�hGvah�¢UK�LUTqT¯
^_]�f�ORU�bcUT]RUTq�g2`�ehgdj�U���ORUTq�Uc¯Bj�gTlL¯B¦ 2 2 ��¯Ë^nfv^_jvj�f�^n`n`'w�acj�j�^_mM`_U�f�a�eTacS�wRiMf�U+f�ORU+xRUTj�^_q�UTx!UT]Lf�qtl±ad�
� UKÌIeK^_UT]�f�`nl �kS�acq�U�wRq�UTeK^_j�UK`nl±^_]"ÅI«Ä�~ÆnÇcÈ¸¦¥¬Pf�^_S�Uc��NPOM^_j&��ad`n`_ah��jY�²q�acS f�ORUWq�UTSIgdqgCIs�iRj�f~gdm(a7�LU
� UTS�SIg ( ��OM^_e�O�^_S�wM`n^_UTj�f�O�g2f�f�ORUIm�UTj�f�UT]Lf�qtl"ad�Àf�ORU * � f�O�eTad`_iRS�]=ehgd]"m�U��²aciR]Rx�^_]�Å�«ÄÆnÇcÈ¢¦¥¬
f�^_S�Uc�

� � ��� $~��� �Y������� �(� � ����� ���R������+H�(� �¾ ��(� �+���r�

Î ]±f�OM^_j&j�UTeKf�^_ac]��¸U�gdj�j�iRS�U�f�O�g2f&f�ORU�w�ad^_]Lf�j&^_]´��gdq�U�f�ORU+�LUTqtf�^_eTUTj~ad�rj�acS�UWeTac]��LU@º¥w�ad`nl»bcac]tLI�
� w�g2^_q+ad��xM^_j�f�^_]ReKf�w�ad^_]Lf�j��H­������ xRUK³�]RU�g�`n^_]RU¼mM^_w�gdqtf�^nf�^_ac]�ad�v� gdj��²ad`n`_a7��j�ÃÄj�UTU�Í'^_bciRq�U�VcÊ@�

¢ac]Rj�^_xRUTq~g�`n^_]RU ��w�gdj�j�^_]Rb·f�ORq�aciRbcO´g·w(ad^_]�f&ac]=Ã�f�ORU+m(aciR]Rx�gdqtl±ad�#Ê�L ^_S�S�UTxM^-g2f�UK`nl±��ad`n`_ah�P^_]Rb��
^_]¥eK`_a?eoC��P^_j�U+xM^_q�UTeKf�^_ac]´gd]Rx´gIw�ad^_]Lf~ac] Ly^_S�S�UTxM^-g2f�UK`nl¥�²ad`n`_a7�P^_]Rb��»��NPORUT] �rw�gdqtf�^nf�^_ac]RjrLy^_]�f�a
f¡�¢aIw�acqtf�^_ac]Rj�gd]Rx���^_]�f�aWf¡�¢aIj�iRmRj�UKf�jh� �&UT]Radf�U~mLl}L $£ ÃÄq�UTj�w¹��L $¤ Ê½f�ORU&w(acqtf�^_ac]�ad�¢Ã�f�ORU&m(aciR]Rx�gdqtl
ad�#Ê�L�`nl?^_]Rb�gdm�ah�LU�ÃÄq�UTj�w¹�Bm�UK`_ah��Ê � � �&UT]Radf�U�mLl´� $£ ÃÄq�UTj�w¹�H� $¤ Ê�f�ORU�j�iRmRj�UKf&ad�¸w�ad^_]Lf�j~ad�À� `nl»^_]Rb
gdm�ah�LU+ÃÄq�UTj�w¹�?m�UK`_ah��Ê � ��
¸`_Uhgdqt`nl�UK�LUTqtl·mM^_w�gdqtf�^nf�^_ac] ad�k��mLl¼g~`n^_]RUv^_]Lf�a�f¡�¢a+]Rac]¼UTS�wMf¡l¼j�iRmRj�UKf�j¸^_j
acmMf�g2^_]RUTx�m�l�gWw�g2^_qPad��w�ad^_]Lf�j�ad�r�=^_] f�OM^_jP�ÀgTlL�½NPO?iRj�f�ORU&f�adf�g2`;]?iRS�m�UTq�ad��j�iRe�O�mM^_w�gdqtf�^nf�^_ac]Rj�^_j
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Í'^_bciRq�U�V»��NPORUY`n^_]RUYmM^_w�gdqtf�^nf�^_ac]±xRUK³�]RUTx�m�l ��gd]Rx �

�
	 0�� ¯Lgd]Rx+�¸U¢�¢gd]�frf�av³�]Rx+j�iRe�O�gvmM^_w�gdqtf�^nf�^_ac] ©4� £ ­#�B¤K®Pj�iRe#O+f�O�g2f�¦�§�¨;©7ª�«¡� £ ¬�­�ª�«¡�B¤@¬�®À^_j�SW^_]M^_SIg2`°¯
��ORUTq�U�ª¥^_j�gWS�ac]Radf�ac]RU��²iR]ReKf�^_ac]±xRUK³�]RUTx�ah�LUTq�µd¶;�

Í'^_q�j�f¢�¸U&acmRj�UTqt�LUvf�O�g2fÀ^n�kª�«�L $£ ¬ - ª�«�L $¤ ¬'��acq¸j�acS�U�`n^_]RU � ¯?f�ORUT] gd]�l·`n^_]RUvf�O�g2fPeTiMf�jlL m�UK`_ah���
xRUK³�]RUTj&g��¸acq�j�U�w�gdqtf�^nf�^_ac]¹��NPO?iRj�f�ORU�m(UTj�f�`n^_]RU�mM^_w�gdqtf�^nf�^_ac]�^_j�UK^nf�ORUTq�xRUK³�]RUTx�m�l±gW`n^_]RU+eTq�acj�j�^_]Rb
�¢^_]Rj�^_xRU-L·¯;mLl �¢^nf�j�UK`n�t¯;acq�mLl"g `n^_]RUIf�O�g2f�eTiMf�j�L gdm�ah�LU � �·NPORU�`-g2f�f�UTq�ehgdj�U�^_j~f�q�Uhg2f�UTx�mLl!f�ORU
g2`_bcacqt^nf�ORS m(UK`_a7� m�l q�UTeTiRq�j�^n�LUK`nl U@ºRwM`_acqt^_]Rb=w(acqtf�^_ac]Rj ad�hLI¯�gd]Rx f�ORU�³�q�j�f ehgdj�U±^_j·f�q�Uhg2f�UTx�mLl
j�Uhgdq�e#OM^_]Rb�^_]�gd] gdwRwRq�acwRqt^-g2f�U�SIg2f�qt^ßºB���"U~]Ra7��xRUTj�eTqt^_m�U�f�ORU * �°f�O�j�f�gdbcU&ad�kaciRq�g2`_bcacqt^nf�ORSE��OM^_e#O
eTac]Rj�^_j�f�j~ad�ÀÅ�«ÄÆnÇcÈ¢�'¬Pj�f�gdbcUTjh�����/f�UTq�f�ORU *��°f�O´j�f�gdbcU��¢UIgdq�U+`_UK�/f&�P^nf�O"g¼w(acqtf�^_ac]�L���ad�'LEad�¢j�^ ITU
ÃÄ]�iRS�m(UTq�ad�r�LUTqtf�^_eTUTj#Êv� �cµ � ¯¹j�iRe�O¥f�O�g2f~f�ORUWmM^_w�gdqtf�^nf�^_ac]Rj~f�O�g2f~�¸UWj�f�^n`n`�]RUTUTx!f�a eTac]Rj�^_xRUTqYg2f&f�OM^_j
w�ad^_]Lf�gdq�UYac]M`nl¼f�ORacj�U~f�O�g2fvgdq�U~xRUK³�]RUTx±mLl�g+`n^_]RU~f�O�g2f�^_]�f�UTq�j�UTeKf�L � g2fPfÏ�¸a�w(ad^_]�f�jh�
Y�Z Ñ *LÓ � Z �h�h��
 Ñ
� UKflL����1/¸m�U�f�ORUvw(acqtf�^_ac]�ad� L f�O�g2f¢^_j¸`_UK�/fÀg2�/f�UTq½f�ORU�« *�� %d¬ � f�O�j�f�gdbcU�Ã�L��O��L�Ê@¯Mgd]Rx�gdj�j�iRS�U�f�ORU
�LUTqtf�^_eTUTj�ad��L����1/À^_]�eK`_a?eoC��P^_j�U~acq�xRUTq�gdq�U �1/T­.-.-.-;­ � 	�� 0 4���� ��NPORU *��°f�O�j�f�gdbcU~eTac]Rj�^_j�f�j�ad�kf¡�¸a·j�f�UTwRjh�
�B� Ñ�� [

¢ac]Rj�^_xRUTq~gd]Ll�mM^_w�gdqtf�^nf�^_ac]´ad�¸�Éf�O�g2f&j�wM`n^nf�jHL����1/v^_]Lf�a¼f¡�¢a¼w�acqtf�^_ac]RjHL /� gd]Rx{L 0� ¯Bj�iRe#O±f�O�g2fvf�ORU
�LUTqtf�^_eTUTj½ad�1L /� gdq�U �1/T­.-.-.-;­ � 	�� 0 4 gd]Rx�f�ORacj�U�ad�1L 0� gdq�U � 	�� 0 4 7�/ ­.-.-.-H­ � 	�� 0 4�� � ÃÄj�UTUPÍ'^_bciRq�U ( Ê@� � UKf �m�UÀf�ORUP`n^_]RU�xRUK³�]M^_]Rb~f�OM^_j¸w�gdqtf�^nf�^_ac]¹� 
¢acS�wRiMf�U�f�ORUP�cg2`_iRUTj¸ª�«¡� / ¬�gd]Rx·ª�«¡� 0 ¬�¯L��ORUTq�U�� / ÃÄq�UTj�w¹�?� 0 Ê
^_jkf�ORU¸j�iRmRj�UKf'ad�(�±xRUK³�]RUTxWmLl!�ReTac]�f�g2^_]M^_]Rb&f�ORU½�LUTqtf�^_eTUTj�ad�QL /� ÃÄq�UTj�w¹�:L 0� Ê@�kÎÏ�Ëª�«¡��/@¬ - ª�«¡�107¬�¯2f�ORUT]
��acq¸gd]Ll�mM^_w�gdqtf�^nf�^_ac]¼ad�;��mLl·gY`n^_]RU�� ¿ f�O�g2f¢^_]Lf�UTq�j�UTeKf�jlL 0� g2f½fÏ�¸aWw(ad^_]�f�jh¯?�¸UvO�gT�LU&ª�«¡� ¿/ ¬ - ª�«¡� / ¬�¯
��ORUTq�U��'¿/ ^_j f�ORU´j�iRmRj�UKf�ad��f�ORU´mM^_w�gdqtf�^nf�^_ac] xRUK³�]RUTx�mLl �/¿vf�O�g2f�eTac]Lf�g2^_]Rj�� /T�yNPO�iRj��¢U´ehgd]
xM^_j�ehgdq�x�g2`n`�f�ORUTj�U�w�gdqtf�^nf�^_ac]RjÀ��q�acSy�²iRqtf�ORUTqÀeTac]Rj�^_xRUTq�g2f�^_ac]¹�r�v] gd]�g2`_acbciRUYgdq�bciRS�UT]Lf�gdwRwM`n^_UTj¢��ORUT]
ª�«¡�107¬ - ª�«¡��/K¬����vjrf�ORUP`n^_]RU����¸U�f�g�CcU�ac]RU�ad�Bf�ORUPf¡�¢a�`n^_]RUTj½^_]Lf�UTq�j�UTeKf�^_]Rb`L m�UKf¡�¢UTUT]·f�ORU��LUTqtf�^_eTUTj
� 	�� 0 4 gd]Rx � 	�� 0 4 7�/ gd]Rx=g2f�f�ORU·`_UK�²f�acq�qt^_bcOLf�UT]RxRw(ad^_]�f+ad��L����1/T�±NPORU¼gdwRwRq�acwRqt^-g2f�U¼�cg2`_iRUTj�ad��ª��acq�f�ORUTj�UWf¡�¸a�`n^_]RUTjYehgd]´m(UWeTacS�wRiMf�UTx´^_]�ÅI«Ä� �cµ � SH«Ä�'¬�¬�f�^_S�U��²q�acS f�ORUW�cg2`_iRUTj�gdj�j�a»eK^-g2f�UTx¥�P^nf�O
f�ORUYw�gdqtf�^nf�^_ac]¥xRUK³�]RUTx±m�l �����1/h¯R��ORUTq�U3S¹«Ä�'¬¢^_jPf�ORU�eTacS�wM`_U@ºM^nf¡l�ad��SIg2^_]Lf�g2^_]M^_]Rb�f�ORU~�cg2`_iRU�ª�«�L ¿ ¬�¯
��acq�g�w�acqtf�^_ac]cL ¿ ad�ÀÃ�f�ORU�m�aciR]Rx�gdqtl ad�#Ê#LI¯�iR]RxRUTq�^_]Rj�UTqtf�^_ac]Rj�gd]Rx±xRUK`_UKf�^_ac]Rjvad��U@º»f�q�UTS�U��LUTqtf�^_eTUTj
f�aVU4��q�acS L~¿��·�vj�j�iRS�U�f�O�g2f��¸U�f�g�CcU·f�ORU�`_UK�²fY`n^_]RU�gdj � ����a7�Y¯;^n�Pª�«¡��/K¬ - ª�«¡�107¬�¯;f�ORUT]"�¸U�j�f�^n`n`

æ;æ ù'�hð)'@�a�
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Í'^_bciRq�U ( � � f�UTw´} �rf�ORU~q�UTeTiRq�j�^n�LU�xM^n�?^_j�^_ac]�ad� L����1/

O�gT�LU�f�a¼eTac]Rj�^_xRUTqvg2`n`'f�ORU�w�gdqtf�^nf�^_ac]Rj&f�O�g2f~gdq�U�xRUK³�]RUTx!m�l±gI`n^_]RU�^_]Lf�UTq�j�UTeKf�^_]Rb}L /� g2f�fÏ�¸a¼w(ad^_]�f�jh¯
gd]Rx´^n�Àª�«¡� / ¬ 0 ª�«¡� 0 ¬�¯;f�ORUT]´�¸UIj�f�^n`n`rO�gT�LU�f�a�eTac]Rj�^_xRUTq�g2`n`�f�ORUIw�gdqtf�^nf�^_ac]RjYf�O�g2f+gdq�U�xRUK³�]RUTx�mLl
g�`n^_]RU+^_]Lf�UTq�j�UTeKf�^_]RbiL 0� g2f&f¡�¢a�w(ad^_]�f�jh��Î ]¥m(adf�O!ehgdj�UTj&�¢UWg2`_j�a¼O�gh�LUWf�a eTac]Rj�^_xRUTq&f�ORUWw�gdqtf�^nf�^_ac]Rj
f�O�g2f�gdq�UYxRUK³�]RUTx±mLl�g+`n^_]RU~^_]Lf�UTq�j�UTeKf�^_]Rb·m�adf�OiL /� gd]RxTL 0� ��Î ] f�ORU~��acq�S�UTq�ehgdj�Uc¯R�¢UYj�UKf ���Yf�aWf�ORU
`n^_]RU � ¯B^°� Uc¯Bf�ORUW`n^_]RU�f�O�g2f~^_j&xRUK³�]RUTx´m�l�f�ORUWUT]RxRw�ad^_]Lf�jYad�XL /� gd]Rx¥�¢U�j�UKfrL��+f�aTL /� ¯Hgd]Rx¥^_]¥f�ORU
`-g2f�f�UTq&ehgdj�Uc¯(�¸U+j�UKf ����f�a·f�ORU�`n^_]RU���OM^_e#O¥�¢gdj&f�ORUWg2`nf�UTq�]�g2f�^n�LU+e#ORad^_eTU+�²acq � ¯Ë^°� Uc�n¯�f�ORU�`n^_]RU�f�O�g2fv^_j
xRUK³�]RUTx�m�l¼f�ORU�UT]RxRw(ad^_]�f�j�ad��L 0� gd]Rx��¸UYj�UKf�L���f�a
L 0� �
�B� Ñ�� �
Î ]±f�OM^_j~j�f�UTw��¸U�eTac]Rj�^_xRUTq�f�ORUWw�gdqtf�^nf�^_ac]Rj&f�O�g2f�gdq�U+xRUK³�]RUTx´mLl!gI`n^_]RU+^_]Lf�UTq�j�UTeKf�^_]Rb�m(adf�O{L /� gd]Rx
L 0� � � UKf � / ­.-.-.-;­ � "Wm�U�f�ORU+w�ad^_]Lf�jv^_] L /� ^_]¥eK`_a?eoC��P^_j�UWacq�xRUTqT¯¹gd]Rx�`_UKf � / ­.-.-.-;­�� "�m�UYf�ORU+w(ad^_]�f�j
^_]�L 0� ^_] eTaciR]Lf�UTq�eK`_a»e�C?�P^_j�U!acq�xRUTq±Ã|5�� � �cµ � Ê@� �"U�xRUK³�]RU�gM5<� 59SIg2f�qt^ßº�� � «Ä¦}��� �2¬�gdj
��ad`n`_ah��jh� 
¢ac]Rj�^_xRUTq�f�ORU·mM^_w�gdqtf�^nf�^_ac]=ad����f�O�g2f�^_j�xRUK³�]RUTx�m�l´f�ORU·w�ad^_]Lf�j �Q��gd]Rx �d�L�¼NPORU�UT]Lf�qtl
¦}��� ��^_j�f�ORU·SIg4ºM^_S�iRS m�UKf¡�¢UTUT]�f�ORU�w�g2^_q�ad�Pq�Uhg2`½�cg2`_iRUTj�§V��� �d­o����� �L¯H��ORUTq�U¼§���� �·^_jYf�ORU��cg2`_iRU·ad��ª
��acqPf�ORUYj�iRmRj�UKf�ad�'f�ORU�mM^_w�gdqtf�^nf�^_ac]±f�O�g2fvO�gdj��LUTqtf�^_eTUTj�ad�sL f�O�g2f�xRaI]Radf�m�UK`_ac]RbIf�a=L����1/h¯Ëgd]Rxt����� �
^_j&f�ORU��cg2`_iRU�ad�¢ª���acq&f�ORU�j�UTeTac]Rx"j�iRmRj�UKfh�W�Àf~f�OM^_jYw�ad^_]Lfh¯;�¸UW�¢aciM`_x´`n^ CcU�f�a�iRj�UWf�ORU�wRq�a»eTUTxRiRq�U
xRUTj�eTqt^_m�UTx�^_]If�ORU�wRq�UK�?^_aciRj¸j�UTeKf�^_ac]¹��Í�acq�f�OM^_j½�¸U�]RUTUTx·f�aYe�ORUTeoCWf�O�g2frf�ORU�eTacq�q�UTj�w(ac]RxM^_]Rb�SIg2f�qt^_eTUTj
� gd]Rx ��O�gh�LU�f�ORU+q�UTo»iM^_q�UTx±wRq�acw�UTqtf�^_UTjh��Î ]RxRUTUTx¹¯Ë^nf�^_j�Uhgdj�l�f�a�j�UTUYf�O�g2f�f�ORU�q�ah��j~gd]Rx�eTad`_iRS�]Rj
ad� ����acq�S ^_]ReTq�Uhgdj�^_]RbWj�UTo»iRUT]ReTUTj¢��OM^n`_U�f�ORUvq�ah��jPgd]Rx¼eTad`_iRS�]RjÀad�]���²acq�S xRUTeTq�Uhgdj�^_]RbWj�UTo»iRUT]ReTUTjh�
Í�acqWU@º�gdS�wM`_Uc¯�^n�P�¸U¼³Mº)'~gd]Rx=`_UKf�*´e#O�gd]RbcU �²q�acS % f�a{5�¯�f�ORUT]=f�ORU¼j�iRmRj�UKfWad��f�ORU¼mM^_w�gdqtf�^nf�^_ac]
f�O�g2f�O�gdj��LUTqtf�^_eTUTj�ad�sL f�O�g2f�xRaI]Radfvm(UK`_ac]Rb·f�a-L����1/�ac]M`nl�bcq�ah��jh¯Bgd]Rx�f�O?iRj�f�ORU��dg2`_iRUYad�rª´ac]M`nl
bcq�ah��j7� �vwRwM`nl?^_]Rb!f�ORU�wRq�a»eTUTxRiRq�U±ad�vf�ORU�wRq�UK�»^_aciRjIj�UTeKf�^_ac]�f�a"f�ORU�SIg2f�qt^ßº�� l»^_UK`_xRj�f�ORU�m�UTj�f
w�gdqtf�^nf�^_ac]Éf�O�g2f·^_jIxRUK³�]RUTxÉmLlÉg!SW^ßºRUTxÉw�g2^_qIad�&w(ad^_]�f�jh�ÉNPORU�eTacj�f�ad�&gdwRwM`nl»^_]Rb´f�ORU�wRq�a»eTUTxRiRq�U
^_j�ÅI«|5�S¹«Ä�'¬�¬H� ÅI«Ä� �cµ � SH«Ä�'¬�¬��
�vadf�U�f�O�g2fY�¢U·xRa�]Radf�]RUTUTx�f�a�eTacS�wRiMf�UIf�ORU·UT]Lf�^_q�U·SIg2f�qt^ßºN�y¯
�¸U~ac]M`nl ]RUTUTx f�a�eTacS�wRiMf�U�Å�«|5Ë¬½UT]�f�qt^_UTj�gdjPq�UTo»iM^_q�UTx�mLl¼f�ORU~wRq�a?eTUTxRiRq�U~ad�'f�ORU&wRq�UK�?^_aciRj�j�UTeKf�^_ac]¹�
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NPO?iRj�¦}� 7�/g� �&^_j�g2`_j�aIf�ORU~SW^_]M^_SIg2`;�cg2`_iRU~ad�kf�ORUYmM^nf�ac]M^_e�j�UTo?iRUT]ReTU�ad�'q�a7� '�B %L�

�R��ÎÏ��f�ORU�m�UTj�f+w�gdqtf�^nf�^_ac] ad��q�ah� '&^_j�xRUK³�]RUTx�m�l � ��� �c¯½gd]Rx ������� � � ���� � ��� � � � � � � �²acq *�¿�� *�acq
* ¿ � *-B %L¯¸f�ORUT]�f�ORU�m�UTj�fIw�gdqtf�^nf�^_ac]Éad�&q�ah� 'sB %�^_j·xRUK³�]RUTxÉmLl�g¥`n^_]RU � � 7�/g� � � �=��ORUTq�U
* ��µ`4 * ¿ 4 *OBÉµ»�
�vj�j�iRS�UWf�O�g2f � ��� � � � � � � � ����� ���1/�� gd]Rx � ��� � � � ���1/�� � ������� � � ¯Hf�ORUT]"f�ORUIac]M`nl¥xM^ 
BUTq�UT]ReTU·m�UKf���¢UTUT]=q�a7� '~gd]Rx=q�ah� ' B(%¼^_j�^_]�f�ORU¥« * � %d¬ �°f�O=eTad`_iRS�]¹���"U C»]Rah��f�O�g2f+f�ORU·j�UTo»iRUT]ReTU
¦}� 7�/g� �2­.-.-.-;­�¦}� 7�/g� ����0À^_jÀxRUTeTq�Uhgdj�^_]RbR¯Rgd]Rx·f�O�g2fÀf�ORUvj�UTo?iRUT]ReTUv¦}� 7�/g� �d­.-.-.-;­�¦}� 7�/g� 	 ^_j¢^_]ReTq�Uhg �j�^_]RbR��NPO?iRj�f�ORUPSW^_]M^_SIg2`��cg2`_iRU¢ad��f�ORUPmM^nf�ac]M^_ePj�UTo»iRUT]ReTUPad��q�a7�,'8B�%À^_jr¦}� 7�/g� ����04¯L¦}� 7�/g� ���1/T¯
acqP¦ � 7�/g� � �

�"U&�P^n`n`Hj�ORa7��ORah��f�aW`_a»ehg2f�Uvf�ORU~SW^_]M^_SIg2`H�cg2`_iRU~ad�;f�ORU�Ã�^_S�wM`n^_eK^nf#ÊÀSIg2f�qt^ßºi� ^_]�gd]�UKÌIeK^_UT]�f
�¢ghlL�±NPORU�^_xRUhg�ORUTq�U�^_j�f�aIstiRS�w�xM^_q�UTeKf�`nl"��q�acS q�ah� '���ORacj�U�acwMf�^_SIg2`¢�cg2`_iRU·eTacq�q�UTj�w�ac]RxRj+f�a�g
w�gdqtf�^nf�^_ac]�mLl�`n^_]RU � ��� �L¯�f�a¥f�ORU ]RU@º»fWq�ah� 'Ä¿�¯�'Ä¿ 2 '�¯���ORUTq�U�g�j��¢gdw=^_]L�Lad`n�»^_]Rb�� ����� � � acq�� ����� �?7�/��
a»eTeTiRq�jh��ÎÏ]�adf�ORUTqÀ�¢acq�xRjh¯R^n�kf�ORUYacwMf�^_SIg2`H�cg2`_iRU~ad�;f�ORU ' �°f�O�q�a7��^_jP^_] f�ORU *��°f�O±eTad`_iRS�]¹¯R�¸U&�¢aciM`_x
`n^ CcU+f�a�stiRS�w!xM^_q�UTeKf�`nl¥f�a�f�ORU+³�q�j�f~q�a7� ' ¿ ��ORacj�UWacwMf�^_SIg2`��cg2`_iRUWSIgTl�e#O�gd]RbcUc���"UWxRUT]Radf�U�m�l{5
f�ORUY]?iRS�m�UTq�ad��j�iRe�O+s�iRS�wRj�^_] f�ORU�g2`_bcacqt^nf�ORS��

�"U¼³�q�j�fW³Mº�f�ORU ]Radf�g2f�^_ac]�ÃÄj�UTU¼Í'^_bciRq�U��LÊ@�"�vj�j�iRS�U�f�O�g2f+��acqWj�acS�U q�ah� '&f�ORU acwMf�^_SIg2`�mM^ �
w�gdqtf�^nf�^_ac]�j�wM`n^nf�j���^_]Lf�a¥� / gd]Rx�� 0 �P^nf�O�� 0 � ©�� ����� /�� -.-.- � ����� ����� ®L�	� / ^_j~f�ORU�j�`_acw�UIad�¢f�ORU�UTxRbcU
��ad`n`_ah�P^_]Rb �A����7�/&ac]=Ã�f�ORUWeTac]L�LU@º¥O?iM`n`/Êvad�¸��/7¯
��0�^_j�f�ORU+j�`_acw�U�ad�½f�ORU+UTxRbcUWwRq�UTeTUTxM^_]Rb��A���Yac]"�102¯
gd]Rx��
�&^_jWf�ORU�j�`_acw�U ad��f�ORU eTacS�S�ac]�f�gd]RbcUT]�f·ad�&��/·gd]RxÉ�10���ORacj�U j�`_acw�U ^_j�bcq�Uhg2f�UTqWf�O�gd] �a�t�

¸`_Uhgdqt`nlL¯Bf�ORUW]RU@º»f~j�`_acw�U��²acq���OM^_e�O!f�ORUWj��Àgdw�^_]��Lad`n�LUTjYUK^nf�ORUTq �A����acq �A���
7�/v^_j&xRUK³�]RUTx´mLl�ac]RU+ad�
f�ORUTj�U�f�ORq�UTUWacqt^_UT]Lf�g2f�^_ac]Rjh����/veTacq�q�UTj�w�ac]RxRjvf�a·f�ORU+j��¢gdw!ad� �A���
7�/&gd]Rx �A����710d¯��k0YeTacq�q�UTj�w�ac]RxRj&f�a
f�ORU�j��¢gdw±ad� � ��� gd]Rx � ��� �1/ ¯(gd]Rx�� � eTacq�q�UTj�w(ac]RxRj�f�aIf�ORUYj��¢gdw¥ad� � ��� gd]Rx � ����7�/ �ÀNPO�iRj�f�ORU�]RU@ºMf
q�UK`_UK�cgd]Lf&j�`_acw(U�gd]Rx�f�ORU�]RU@ºMf�q�ah� ^_]�f�ORU�SIg2f�qt^ßº�f�O�g2f��¸U�]RUTUTx�f�aIU@º�gdSW^_]RUc¯�^_j�q�ah� 'Ä¿¹j�iRe�O±f�O�g2f
� � ���%$	����©���/h­���02­��
��®L�

NPO?iRj��¢U!ehgd] eTacS�wRiMf�U¥f�ORU¥SW^_]M^_SIg2`&UT]�f�qtl ad�,� iRj�^_]Rb9gd] ^_]ReTq�UTS�UT]Lf�g2`�g2`_bcacqt^nf�ORS f�O�g2f
eTacS�wRiMf�UTj�g2f�f�ORU ' �°f�O�q�a7�yf�ORU¼j�`_acw�UTj��k02­��
��­��Q/7¯�gd]Rx�f�ORUT]¹¯'xRUTw�UT]RxM^_]Rb!ac]"��ORUKf�ORUTq���0d¯��
��¯�acq
�Q/�^_j�SW^_]M^_SIg2`°¯ËeTacS�wRiMf�UTjv¦ � � � � ��acq�*¼q�UTj�w�UTeKf�^n�LUK`nl�^_]�� * ���9µ?­ * ���°¯�� * ���,%c­ * � B %��kacq�� * �d­ * �XBÉµ �°�
NPORUTj�UPf�ORq�UTU��dg2`_iRUTjreTacq�q�UTj�w(ac]Rx�f�a~mM^_w�gdqtf�^nf�^_ac]Rj¸f�O�g2f¸gdq�UPacmMf�g2^_]RUTx·�²q�acS�f�ORU�acwMf�^_SIg2`(mM^_w�gdqtf�^nf�^_ac]
ad��q�ah�('¸mLl�gdxRxM^_]Rb�gd]Rx�xRUK`_UKf�^_]Rb¼g�eTac]Rj�f�gd]�f�]�iRS�m(UTq�ad�'w�ad^_]Lf�j7�½Í'^_]�g2`n`nlL¯Rf�ORUYSW^_]M^_SIg2`k�dg2`_iRUYad�
q�ah�(' ¿ ^_jPf�ORUYSW^_]M^_SIg2`H�cg2`_iRUYad�'f�ORU&f�ORq�UTUc�

NPORU�eTacS�wM`_U@º»^nfÏlIad��f�ORUvg2`_bcacqt^nf�ORSyeK`_Uhgdqt`nl�xRUTw�UT]RxRj¸ac]�5�¯�mRiMf¸iR]M��acqtf�iR]�g2f�UK`nl·]Ra~f�^_bcO�f¸m�aciR]Rx
��acq,5´O�gdj�m(UTUT]"UTj�f�gdmM`n^_j�ORUTx¹�TG�a7�¸UK�LUTqT¯�]Radf�^_eTU�f�O�g2f�Ã�^/Ê�
 � ÅI«Ä� 0 ¬v^_j�g f�qt^n�»^-g2`¸iRwRw�UTqYm�aciR]Rx
��acqr5�¯¹gd]Rx!f�ORUTq�UK��acq�U+f�ORU ���!�$e:�gq eTacS�wM`_U@ºM^nf¡l!ad�¸aciRq~g2`_bcacqt^nf�ORS ^_j~j�^_SW^n`-gdqvf�a¼f�ORUWm(UTj�f~wRq�UK�»^_aciRj
q�UTj�iM`nf�jh¯cgd]Rx Ã�^n^/ÊH^_]�SIgd]�l�U@ºRgdS�wM`_UTjp5Y^_j�iRj�i�g2`n`nl�S�iRe#OWj�SIg2`n`_UTqT��ÎÏ]RxRUTUTx¹¯2^_]Wg�xRi�g2`Rj�UKf�f�^_]Rb+Ã���ORUTq�U
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w�ad^_]Lf�j½gdq�UPq�UTwM`-gdeTUTxIm�l�`n^_]RUTj½gd]RxW�»^_eTU �°�LUTq�j�gLÊ@¯�f�ORUÀ`n^_]RUPj�UTw�gdq�g2f�^_]Rb���/��²q�acS � 0½SIgdwRj�^_]�f�a�gvw(ad^_]�f
m�UK`_ac]Rbd^_]Rb·f�a¼g�S�ac]Radf�ac]RU�w�g2f�O�^_]�gd]�gdq�q�gd]RbcUTS�UT]LfYad��`n^_]RUTjh��5¼^_j�f�ORU�]?iRS�m�UTq�ad�rgdq�q�gd]RbcUTS�UT]Lf
�LUTqtf�^_eTUTj+f�q�gT�LUTq�j�UTx9m�l´f�OM^_j+S�ac]Radf�ac]RU w�g2f�O9gd]Rx"��acq�SIgd]�l=gdq�q�gd]RbcUTS�UT]Lf�j�ad�P`n^_]RUTj+f�ORU·`_ac]RbcUTj�f
S�ac]Radf�ac]RUIw�g2f�O!^_jYS�iRe�O"j�SIg2`n`_UTq&f�O�gd]´f�ORU�UT]Lf�^_q�U·gdq�q�gd]RbcUTS�UT]�fh�INPO�iRjYf�ORU�j�UT]Rj�^nf�^n�»^nf¡l¥f�ac5±ad�
f�ORU�g2`_bcacqt^nf�ORS ^_j�g�q�Uhg2`kgdxM�cgd]Lf�gdbcUc¯ËU@ºReTUTwMf�SIgTlMm�U~�²acqPj�acS�U~�LUTqtl¼j�w(UTeK^-g2`Hehgdj�UTj7�

NPORU~��ad`n`_ah�P^_]Rb·f�ORUTacq�UTS j�iRS�SIgdqt^ ITUTj�f�ORUYq�UTj�iM`nf�ad�'f�OM^_j�j�UTeKf�^_ac]¹�
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ÎÏ��ª�«¡� ¿ ¬¸^_j�f�ORU�w�UTqt^_S�UKf�UTq�acq�f�ORU�gdq�UhgIad��f�ORU�eTac]��LU@º±O�iM`n`�ad�½� ¿ ¯Ëf�ORUT]�f�ORUYm�gdj�^_e�wRq�acmM`_UTS ^_j�f�ORU
SIg2^_]Lf�UT]�gd]ReTU ad�Àf�ORU·eTac]��LU@º�O�iM`n`ÀiR]RxRUTqY^_]Rj�UTqtf�^_ac]RjWgd]Rx�xRUK`_UKf�^_ac]Rj7�����²f�UTq~f�ORU·eTac]��LU@º�O�iM`n`ÀO�gdj
m�UTUT]"iRw(x�g2f�UTx¹¯k^nf~^_j�Uhgdj�l�f�a�iRw�x�g2f�U·ª���NPORU�eTac]L�LU@º"O�iM`n`¢ehgd]"m(U�SIg2^_]�f�g2^_]RUTx�xMlM]�gdSW^_ehg2`n`nl´^_]
Å�«ÄÆnÇcÈ 0 �'¬(f�^_S�UH6þ} ��¯L} J 9 acqH^_]+q�gd]RxRacSW^ ITUTxIÅ�«ÄÆnÇcÈ¢�'¬(f�^_S�UH6 � 9 w�UTq;acw�UTq�g2f�^_ac]¹��F¢adf�O+S�UKf�ORa»xRj�g2`n`_a7�
f�ORU�SIg2^_]Lf�UT]�gd]ReTU¼ad�½f�ORU·w(UTqt^_S�UKf�UTq�gd]Rx!f�ORU�gdq�Uhg¼^_]!`_acbLgdqt^nf�ORSW^_eIf�^_S�Uc¯kgd]Rx"g2`_j�a f�ORUIeTacS�S�ac]
f�gd]RbcUT]Lf�j�ad�kf�ORUYf¡�¸a·eTac]L�LU@º�w(ad`nlMbcac]Rj�ehgd]�m�U~eTacS�wRiMf�UTx�^_]�`_acbLgdqt^nf�ORSW^_e�f�^_S�Uc���"U&f�O�iRj�acmMf�g2^_]
f�ORUYj�UTeTac]Rx f�ORUTacq�UTS j�f�g2f�UTx�^_] f�ORUYÎ ]Lf�q�a»xRiReKf�^_ac]¹�
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NPORU���ad`n`_ah�P^_]Rb+wRq�acmM`_UTSy�¢gdjÀeTac]Rj�^_xRUTq�UTx¹��p'gdqtf�^nf�^_ac]�g�j�UKf¸ad�¹��w�ad^_]Lf�j¸^_]If�ORU�wM`-gd]RU�m�l·g~`n^_]RU�^_]�f�a
f¡�¢a�j�iRmRj�UKf�j��B£Igd]Rx��¹¤�j�iRe#O¥f�O�g2fY¦�§L¨k©7ª�«¡�B£d¬�­�ª�«¡�B¤@¬�®W^_j~SW^_]M^_SIg2`°¯¹��ORUTq�UIª�^_jYgd]Ll¥S�ac]Radf�ac]RU
��iR]ReKf�^_ac]�xRUK³�]RUTx�ah�LUTq½µd¶¹�'Î¡�Ëf�ORUPw(ad^_]�f�j�ad���!gdq�UÀf�ORU¢�LUTqtf�^_eTUTj�ad��gveTac]L�LU@º�w(ad`nlMbcac]¹¯df�ORUT]Ig�`n^_]RUhgdq
j�ad`_iMf�^_ac]�U@º»^_j�f�j��²acqPj�acS�U�eTacS�S�ac]�U@ºRwM`n^_eK^nf���iR]ReKf�^_ac]Rj�j�iRe#O�gdjPf�ORU�w(UTqt^_S�UKf�UTqT¯�gdq�UhgM¯�acqP�P^_xMf�O±ad�
f�ORUWeTac]L�LU@º´O�iM`n`rad�P�'¿rÁ �À��NPOM^_j~j�ad`_iMf�^_ac]!^_j&m�gdj�UTx´ac]´gd]¥UKÌIeK^_UT]�f�wRq�a»eTUTxRiRq�UW�²acq�³�]RxM^_]Rb f�ORU
SW^_]M^_SIg2`ÀUT]Lf�qtl´^_]�SIg2f�qt^_eTUTj+ad��j�acS�UIj�w(UTeK^-g2`¸f¡lMw(Uc� Í�acq+g�bcUT]RUTq�g2`Àj�UKf�ad�Pw(ad^_]�f�jW�P¯'g±j�ad`_iMf�^_ac]
f�O�g2f½^_j½^_]·j�acS�U�j�UT]Rj�U�aciMf�wRiMfÀj�UT]Rj�^nf�^n�LU�U@º»^_j�f�jr��acqT¯�Uc� bR�n¯?f�ORU�w�UTqt^_S�UKf�UTq¢gd]Rx¼gdq�Uhg~��iR]ReKf�^_ac]Rjh��NPOM^_j
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j�ad`_iMf�^_ac]�^_j�]RUK�LUTq+j�`_a7�¸UTq�gd]Rx�ad�²f�UT]��Ägdj�f�UTq�f�O�gd]�f�ORU¼m(UTj�f�wRq�UK�»^_aciRj�j�ad`_iMf�^_ac]Rj7�±ÎÏf�j�eTacS�wM`_U@ºM^nf¡l
xRUTw�UT]RxRj�ac]�j�acS�U~w�gdq�gdS�UKf�UTq�5¥ÃÄxRUK³�]RUTx�^_] � UTeKf�^_ac]tJcÊ¸��OM^_e�O�^_jPiRj�i�g2`n`nl¼`n^_]RUhgdq�acqP]RUhgdqt`nl¼`n^_]RUhgdq
^_]"����G�a7�¸UK�LUTqT¯'�¸U·�¸UTq�U¼iR]�gdmM`_UIf�a�UTj�f�gdmM`n^_j�O�g f�^_bcO�f�iRwRw�UTq�m�aciR]Rx´��acq,5�Ã¡ÅI«Ä� 0 ¬�^_j�g f�qt^n�»^-g2`
iRwRw�UTq�m(aciR]RxËÊ@�
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Unité de recherche INRIA Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex
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