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Euler Sums and Contour Integral Representations

Philippe Flajolet and Bruno Salvy

Abstract
This paper develops an approach to the evaluation of Euler sums involving har-
monic numbers either linearly or nonlinearly. We give explicit formula for certain
classes of Fuler sums in terms of values of the Riemann zeta function at positive in-
tegers. The approach is based on simple contour integral representations and residue
computations.

Sommes d’Euler et représentations intégrales

Résumé
Cet article développe une approche a I’évaluation de sommes d’Euler qui font
intervenir des nombres harmoniques linéairement ou polynomialement. Nous don-
nons des formules explicites pour certaines classes de sommes d’Euler en termes de
valeurs de la fonction Zeta de Riemann a des entiers positifs. Cette approche est
fondée sur des représentations intégrales et des calculs de résidus.
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ABSTRACT. This paper develops an approach to the evaluation of Euler sums involving
harmonic numbers either linearly or nonlinearly. We give explicit formulz for certain classes
of Euler sums in terms of values of the Riemann zeta function at positive integers. The
approach is based on simple contour integral representations and residue computations.

1. INTRODUCTION

Harmonic numbers and their generalizations are classically defined by

(1) Ho=ad=31t  go-y L

ji=1 J j=1 ‘]r

The subject of this paper is Fuler sums that are the infinite sums whose general term is a product
of harmonic numbers of index n and a power of n~!. It has been discovered in the course of years
that many Euler sums admit expressions involving finitely the “zeta values”, that is to say values
of the Riemann zeta function,

(2) () =3~

S
ji=1 J

at the positive integers. Typical evaluations to be discussed here are

(@) 2 H— =23, X ff— =2, Y Z— = 3¢(5) - ¢(2)((3)
2 ) n>1 n>1
1) Y =7 - o)
© X2 - 50+ 263)¢0) - 10607
) = i
@) S < om) - o) - S
(o) Y YRS - By 3y + 202)009)
(3 M = B0 - Lewn + s
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as well as relations like

(H,)? 11— HP 469 3

(4) D - Y T = o (8) — 16C(3)(5) + SC(2)(3)"
n>1 n>1

Euler started this line of investigation in the course of a correspondence with Goldbach beginning

in 1742 (see [2, p. 253] for a discussion) and he was the first to consider the linear sums,

oo HT(LP)

(5) Spq 1= E

n=1

ne

Euler, whose investigations were to be later completed by Nielsen [13], discovered that the linear
sums have evaluations in terms of zeta values in the following cases: p=1; p=4¢; p+ g odd; p+ ¢
even but with the pair (p, ¢) being restricted to a finite set of so-called “exceptional” configurations
{(2,4),(4,2)}. Of these cases, the one corresponding to p = ¢ is obvious given the symmetry
relations

(6) Spq + 940 = C(p)C(q) + C(p+ q),

while the other ones correspond to essentially nontrivial identities of which (a,b,c) of Eq. (3)
are typical. Rather extensive numerical search for linear relations between linear Euler sums and
polynomials in zeta values [1] strongly suggest that Euler found all the possible evaluations of linear
sums.
The next object of interest is the nonlinear sums that involve products of at least two harmonic
numbers. Let @w = (wy,...,w;) be a partition of integer p into k£ summands, so that p = w; +
-+ oy, and wy < wy < -+ < wy. The Euler sum of index w, ¢ is defined by

H(wl)H(wz) . H @)

(7) Z —,

n=1

the quantity g + w; + - - -+ w; being called the weight and the quantity k& being the degree. As
usual, repeated summands in partitions are indicated by powers, so that for instance

© (H,)(H)3H®)
512235,4 = 5112225,4 = E ( ) ( - ) o,

n=1

n4

In the past, a few basic nonlinear sums have been evaluated thanks to their relations to the
Eulerian beta integrals or to polylogarithms [7]. Recently, a detailed numerical search conducted
by Bailey, Borwein, Girgensohn [1] has revealed the existence of many surprising evaluations like
the cubic or quartic formule of (3). Some of these have since received a due proof and for instance
the paper [4] gives explicit formulae for

o ()

q
—1 n

51274 =

whenever the weight ¢ 4 2 is odd (see (d) of Eq (3)), and an explicit reduction to S5, when the
weight is even.

The situation regarding explicit evaluations of Euler sums is at first sight rather puzzling. Some
evaluations appear to generalize and form an infinite class —like 52, above— while others seem
to vanish mysteriously as soon as the weight exceeds a certain threshold. For instance, no finite
formula in terms of zeta values is likely to exist for the cubic sums 5ys , or the quartic sums 544,
of an odd weight exceeding 10 while ;s 4, 5115 of Eq. (3) or even the septic ;7 5 do reduce to zeta
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values [1]. This suggests the existence of both “general” classes of evaluations and “exceptional”
evaluations.

A recent approach exemplified by the work of Hoffman [9] and Zagier [16] sheds a new light on
these phenomena. It is based on considering the multiple zeta functions defined by

(8) C(CLl’az’...’a[) = Z m7

n1<n2< <Ny

where a; + -+ -+ a, is called the weight and £ is the multiplicity. Every Euler sum of weight w
and degree k is clearly a Q-linear combination of multiple zeta values (i.e., values of multiple zeta
functions at integer arguments) of weight w and multiplicity at most £+ 1. In other words, multiple
zeta values are “atomic” quantities into which Euler sums decompose. Consequently, a complete
model for the linear relations involving the multiple zeta values would yield a full decision procedure
for determining whether any particular Euler sum admits a complete evaluation in terms of (single)
zeta values.

A conjecture of Zagier to be discussed later states that the the dimension d,, of the Q-linear space
generated by the 2“~% multiple zeta values of weight w increases roughly like 1.32“. In contrast
the number u, of weight-homogeneous monomials in zeta values of weight w is much smaller
asymptotically, being only e®V¥). Thus, a priori, only a small fraction of quantities expressible
in terms of multiple zetas should reduce to polynomials in (single) zeta values. However, initially,
the difference d,, — p,, is small and even equal to 0 for some of the low weights, {3,4,5,6,7,9}. As
a consequence, any Fuler sum of odd weight < 9 must reduce to zeta values. The multiple zeta
model therefore explains well the presence of exceptional evaluations of Euler sums that appear in
this perspective to be unavoidable artefacts of low weight.

A characteristic aspect of the multiple zeta model is that it may predict relations but does not
in general provide ezplicit formule. This is where we fit in. Our approach is based on contour
integral representations. It is directed at Euler sums that are particular “non-atomic” combinations
of multiple zeta values, having almost complete symmetry. When applicable, this approach does
not require inverting collections of linear relations, which may be rather difficult to do for a whole
class of sums as exemplified by the works of Borwein et al. [4, 5].

We mention finally that Euler sums and multiple zetas have connections with many branches of
mathematics, see especially Zagier’s discussion in [16]. Broadhurst (see [5]) encountered them in
relation with Feynman diagrams and associated knots in perturbative quantum field theory. They
also surface occasionally in combinatorial mathematics: the Euler evaluation (a) of Eq. (3) serves
to analyze the distribution of node degrees in quadtrees [8, 10] while alternating Euler sums make
an appearance in the analysis of lattice reduction algorithms [6].

2. GENERAL SUMMATIONS

Contour integration is a classical technique for evaluating infinite sums by reducing them to a
finite number of residue computations. For instance the identity

= (=1)" 2
2 = -1
nz::l n? 41 e —e T

derives from a residue computation of the integral

1 / T ds
2imr ) sinws s2 +1
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over a circle centred at the origin and whose radius is taken arbitrarily large. The residues at the
poles s = +n with n # 0 generate the left-hand side of the equality, while the poles at s = 0,44
yield the explicit form appearing on the right.

This summation mechanism is formalized by a lemma that goes back to Cauchy and is nicely
developed throughout Lindel6f’s book [11]. We define a kernel function £(s) by the two require-
ments: £(s) is meromorphic in the whole complex plane; £(s) satisfies £(s) = o(s) over an infinite
collection of circles |z| = p; with pr — +00.

Lemma 1 (Cauchy, Lindelof). Let £(s) be a kernel function and let r(s) be a rational function
which is O(s™?) at infinity. Then

(9) > Res(r()€(5))sma = = Y Res(r(s)&(5))sms

a€eO BES

where S is the set of poles of r(s) and O is the set of poles of &(s) that are not poles of r(s). There,
Res(h(s))s=x denotes the residue of h(s) at s = A.

Proof. It suffices to apply the residue theorem to

1
5im | T()E(s) s,

where f(oo) denotes integration along large circles, i.e., the limit of integrals fl

O

s|l=px"

This formula does have the character of a summatory formula since the set O of poles of an
irrational kernel £(s) (called the “ordinary poles”) is infinite, while the set of S of poles of a
rational function r(s) (the “special poles”) is necessarily finite. We also define the special residue
sum to be the finite sum

(10) RIE)r(s)] = Y Res((s)r(s))oca
aeSu{0}

The amalgamation of 0 to the special poles is just a notational convenience dictated by the frequent
need to isolate 0 in summatory formulae. Then (9) is rephrased as

(11) Y Res(r(s)E(s))s=a = —RIE(s)r(s)]-
aeO\{0}
Let [(s — A)"]h(s) denote the coefficient of (s — A)" in the Laurent expansion of h(s) at s = A.
Residues are Laurent coefficients, and as such are computable like Taylor coeflicients since

Res(h(s))s=a = [(s = M) Jh(s) = [(s = A)7"](s = A)"h(s),

if r is the order of the pole of h(s) at s = A. In other words, the special residue sum is always
determined by a few Taylor series expansions taken at a finite collection of points.

We make here an essential use of kernels involving the ¢ function. The ¢ function [15] is the
logarithmic derivative of the Gamma function,

1
n—+ s

. d 1 1
(12) P(s) = Elogf(s) =—-7- g-l-;[g—
and it satisfies the complement formula

P(s) —P(—s) = —é — TcotTs,
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as well as an expansion at s = 0 that involves the zeta values:

(13) P() +7 =~ +C(2)s — (354

From classical expansions and the properties just recalled of the % function, one has at an
integer n:

(14)
mcotms = 2k 1
T
— _ 2 21 2k Qk‘ _ 2k—1
sin 78 s—n ( ) s—n + E )(8 n) ’

P(=s)+y = + H, —I—Z H(k"'l) C(k+ 1)](s—n)*, n >0

§—n S—n

v(=s)+y = Ha 1+Z H“‘*” Clk+ D)(s +n)f, >0
¢(p—1)(_5) B 1 ) i—1 . - i
-1 o @t}%(l+&4)g;@_1%“@+c4JHPK&w0),n20m>1
(p=1)(_ _ ; .
¢(p_(1)f) o (=17 (pp_l—ll_l) [C(p+ i) — HI(s + n), n>0,p>1
' i>0
L _ e+ -1\ (s—ny
s¢ son g(_l) ( q—1 ) niti n#0,q€Zy.

Each of these functions, or any of its derivatives, is O(|s|?) on circles of radius n 4 1/2 (with n a
positive integer) centred at the origin. Consequently, any polynomial form in

s

(15) T cot s, YU (£s)

sinmTs’

is itself a kernel function with poles at a subset of the integers. The purpose of this paper is
precisely to investigate the power of such kernels in connection with summatory formule and Euler
sums.

We shall impose throughout two conditions on the rational function r(s),

(1) r(s)is O(s™?) at infinity,
(it) 7(s) hasnopolein {...,—-2,-1} U{1,2,...},

(16)

where the first one is necessary for absolute convergence of the sums and the second one is only a
minor technical requirement. A direct use of the kernels of (15) then yields the summatory formulz,

(17) i(r(n)—l—r(—n)) = —R[r(s)rcotms]
(1) (o)) = Rlr(s) ]
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that are classical. The kernels are ¢(—s)+ v, 7 cot Ts, 7/ sin7s, as is apparent from the argument
of the special residue sum. Clearly, the last two equalities in (17) become trivial if the rational
function r(s) is odd. (Such parity phenomena surface recurrently in Euler sums evaluation.)

A more interesting kernel is (¢)(—s)+7)? whose residues at the positive integer generate harmonic

numbers since )
— 2 o 2H,—— +---.
(=) 410 1, e + 2 +
In that case, under the conditions of (16), we find

o0

(19) 23" r(n)Ha + 3 #'(n) = ~RIr(s)(¥(5) + 7]

as results directly from the singular expansion (14) of the kernel. Thus, by (17) and (18), any sum
whose general term is the product of the harmonic number H,, and a rational function r(n) reduces
to a finite combination of values of the % function and its derivatives taken at a finite set of points.
Instantiating this treatment to the class of functions r(s) = n~¢, with ¢ an integer > 2 produces a
formula already known to Euler.

Theorem 1 (Euler). For integer ¢ > 2,

-2

> H, q 11
(19) S1g= 3= (14 5)C(a+1) = 5 37k +1)¢(q — k).
n=1 n k=1
Proof. A direct consequence of the summatory formula (18) and the expansion (13). O

Special values are given in (a) of Eq. (3).

The treatment just developed of the simplest Euler sums is typical. For the case when 7(s) = n™¢,
only one residue needs to be determined, and the residue computation is strictly equivalent to a
coeflicient extraction. Given that the kernels employed throughout this paper are polynomials in
and related trigonometric functions, the expressions obtained are invariably weight-homogeneous
convolutions of zeta values. In addition, the degree of the kernel employed (that is itself suggested
by the nature of each Euler sum considered) dictates the multiplicity of the convolution formulae
that are obtained by this process.

3. LINEAR EULER SuUMS

Nielsen [13], elaborating upon Euler’s work, proved by a method based on partial fraction ex-
pansions that every linear sum 5, , whose weight p + ¢ is odd is expressible as a polynomial in zeta
values. To give an idea of the method [13, p. 50], we show that 57 » = 2((3), an equality expressed
in terms of double zetas as ((1,2) = ((3). We have

W= X e e
- T wtlmmma
= 2L () G a) )

0<a

where the second line results from a partial fraction expansion and the third line from series
rearrangements. The last sum telescopes and yields

6(172) = _C(LQ) + [C(LQ) + 6(3)]
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This example is typical. In general the method [4, 13] provides linear relations between the .5, ,
of the same weight and quadratic forms in zeta functions, from which a constructive (but not clearly
explicit) reduction to zeta values can be derived. Borwein, Borwein, and Girgensohn [4] have suc-
ceeded in “inverting” the Euler-Nielsen relations by means of combinatorial matrix decompositions.
We show here how to rederive directly the explicit evaluations of [4].

Theorem 2 (Euler, Borwein et al.). For an odd weight m = p+q, the linear sums are reducible
to zeta values,

< g®(n 12 {m — 1P [m— —(=1)
S 100 [ 3= G () - G (7 )]+ S et

= w P q
LS 9k — 1 L3 o — 2k —1
+<—1>p;( o )<<2k)c<zm—2k>+<—1>fgk_l( o )cmk)qm—%),

where, in the formula, ((1) should be interpreted as 0 wherever it occurs.

Proof. In the context of this paper, the theorem results from applying the kernel

1 Hp=1)( _
L cot(rs) e =8).
2 (p—1)!

to the base function r(s) = s7¢. The only singularities are poles at the integers. At —n, where n
is a positive integer, the pole is simple and the residue is

(=" < 1 )
—_H® L .
2n4 <(p) no Tt np
At 4+n, where n is a positive integer, the pole has order p + 1 and the residue is

m— 1) L 141y L5] (m— 2% — 1) C(2k)

_(—1)P ]
P 2n™ 2n9 ¢p) —(=1) Pt p—2k nm =2k

1
2n9

(HP ~¢(p) + (—U”(

Finally the residue of the pole of order m + 1 at 0 is found to be
1 [ — Ll /0 — ok —
C(™ ey + e 3 (™2 ) ctamctm - 2m).
2 q P p—1
Summing these three contributions yields the statement of the theorem. O

For even weights, a modified form of the identity holds, but without any linear Euler sum
occurring. This gives back well-known nonlinear relations between zeta values at even arguments.
In this case of even weight w, there also exist relations between linear sums. The kernels

(20) &i(s) = [PV (=)

applied to s~? yield further relations. (For j = 1,2, the general summation formula are given in
(S4) and (55) of Fig 1.) When specialized to r(s) = s, the kernel ; yields linear relations between

(21) S2j41,g> 92, q415 -3 Sj 41,045

and polynomials in zeta values that are of a shape similar to the Fuler-Nielsen relations. This gives
the reductions

S3q > S2441, OS54 {52,q+37 S4,q+1}v Sz {S2yq+57 S4q+3, S6,q+1}7
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and so on. Such relations are to be complemented by the symmetry relations (5).

Identity (¢) of Eq. (3) is an evaluation that is typical of odd weight identities. For the exceptional
even weights {4,6}, the symmetry relations give S5 5 and S5 3, whence, by (54),(S55) of Fig 1, all
linear sums,

OOHT(L2)_7 OOHT(LS)_12 1 OOHT(LQ)_ ) 1
DT = e, 3B = S 50, Y e = () = 3400

For the next even weights, we obtain relations from which it results, again in conjunction with the
symmetry relations, that the sets

{52,6}7 {52,8}7 {52,10}7 {52,12754,10}

are sufficient to express linearly all linear sums of weights 8,10,12,14 (modulo zeta values). For
instance, we have the relations:

(2) (3)

53 T+ 23 T = ) 100K,
2) (3)

7 Z ﬁ;g +2 E ﬁ;? = —%C(lo) + 14¢(3)¢(7) + 8¢(5)?,
(2) (4)

T3 A o3 B BE0) 4 140 + 100057

Zagier [16], by means of an analogy with the theory of modular forms, and Borwein et al. [4], by
exploiting directly the Fuler-Nielsen relations, have shown that the linear relations of even weight

determine all but |%=2] of the linear Euler sums that are thus considered to be “new” constants.

Note on the choice of kernels. The kernels are rather directly related to the quantities subject
to summation. As we have seen, the residues of (¢(—s) 4+ 7)? generate the harmonic numbers,
so that sums involving H,, should be represented by integrals involving this kernel, in accordance
with (S3) of Fig. 1. The kernel ¢/(—s)? similarly introduces H(* and H(® and thus generates
relation (.94) that involves two types of harmonic numbers. Furthermore, by combining formule for
r(s) and r(—s), the terms involving H®) disappear when r(s) is an odd function; the use of 7 cot 7s
as replacement for one factor of ¢’(—s) precisely has the effect of achieving such a combination.
Thus a sum like >~ H{?r(n) becomes reducible when r(s) is an odd function. Similar observations
dictate the choice of kernels throughout this paper as is illustrated by Fig. 1, 2.

4. QUADRATIC EULER SUMS

Starting from an observation of Au-Yeung that

* (H,)? 17
512,2 = = _C(4)7
T; n? 4

Borwein et al. [4] have given a general reduction of the quadratic sums 532 , to double sums, which
in turn entails a complete evaluation in terms of single zeta values for odd weight. These sums are
closely related to derivatives of the Eulerian beta integral. We show here a direct derivation of the
reductions by means of ¢ kernels that provides in passing general summatory formule for sums
involving (H,)?. (See also Fig 1 and Section 8.)
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(S1) Y r(n) —R[r(s)(%(=s) +7)]

n=1
[SS]

(S2) 2 ; ro(n) = —R[ro(s)m cot 7s]
(S5) 2 f:l r(n)Hy, + il v (n)
(S8) _fofmwroé::2§ffmwrmn)
+ f:l (4((3)7“(71) 4 3@ + ér"'(n))
(Ss) 48 %5 HP)r(n) — 24 i Hr' (n) + 4 i HP)"(n)

+§Z( 48¢(3)r( —ZKMV%M—JK@VWHM+%V“NM) = RISV (~5)?

—R[r(s)(1(=s) +7)°]

—R[r(s)(¥'(=5))’]

(Ss) QZH( 'ri(n) +Z(—r1 ) — 2(( )rl(n)—rlnf—:)> = —R[ri(s)¢(—s)m cot(ms)]
(S7) i —3§:r H(2)—|—32Hr (n)

Z( —%)qﬂ = CRIM)((—5) +7)7]

Ficure 1. General summatory formule resulting from kernels (last column) that
are polynomial forms in ¢ functions. There r(s),7o(s),r(s) denote rational func-
tions that satisfy the conditions (16), with additionally ro(s) even and r(s) odd.
Cubic formule are given in the proof of Theorem 5.

Theorem 3 (Borwein et al.). For all weights, the quadratic sums Sy2, reduce to linear sums
and polynomials in zeta values:

Si2g = 824 = q51 441 —

WD g+ 2)+ 10

Proof. The proof is based on the cubic kernel
£(s) = (¥(=s)+7)°

and the usual residue computation. When applied to an arbitrary rational function r(s) satisfy-
ing (16), it yields a summatory formula that is tabulated as (57) in Fig. 1. The specialization to
r(s) = s~¢ gives the statement. [

In Theorem 3, for even weights > 8, only 5; ;41 reduces to zeta values. For odd weights, both
51 4+1 and S5 , reduce to zeta values, hence a complete evaluation. We have, for small odd weight,

Y~ 67 - 1) - Sesicia),

fﬁﬂ“2:§%w>—amqn—3«@«@-%“@““+§“”i
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Kernel Reduction Order

((—s) +7)? Sir 1 Reduction, all » (Thm. 1)

Y= (—s)7 cot 7s Sp.q 1 Reduction, odd weight p + ¢ (Thm. 2)
(YU (=s))? S2j41.gy -2 Sj41,94j 1 Relations, even weight (Eq. (20,21))
(¥(—s) +7)° Syz 4 — Sa4 2 | Reduction, all weight
1/)(i_1)(—5)1/)(j_1)(—5)7r cotws | Sijx +— {Sap} 2 Reduction of order, even weight (Thm. 4)
(Y(=s) +7)* S1sq — 3512, 3 | Reduction, all weight (Thm. 5)

Ficure 2. A summary of kernels and the corresponding reductions.

and for small even weight,

< 2 &g
Hn Hn
6 6
n n=1 n

Sy 2T 10y - 106(3)(7) — 5C5) + CAIBY + 20(R)B)5),

n=1 n=1

_ %C(g) — 8((3)¢(5) + C(2)¢(3)7,

= 21(6) — 20(3)”

n

(22) o UBE Moy, i gl

The sum 552, is also related to the triple zeta function {(1, 1, ¢) since

512«1 - 5472 = QC(L 17‘]) - C(‘] + 2) + Sq-{-l,l?

as shown by an elementary computation. Thus, the statement is equivalent to a reduction of
¢(1,1,¢) to double zetas.

General quadratic sums. A more general reduction results from the kernel

'¢(p1_1)(—$) 1{/‘)(?2—1)(_5)
(pr —1)! (p2 —1)!

but it involves a parity restriction on the weight because of its trigonometric factor.

(23)

mcotmws

Theorem 4. If p; + ps + q is even, and p; > 1, ps > 1, ¢ > 1, the quadratic sums

HT(LPI)HTSPZ)

n4

S.

Pip2,4 —
n>1

are reducible to linear sums. We have

[(—1)prtrete £ 108, 4+ A—2(=1)2B —2(—1'C —2D + E —2F =0,
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where

A = (=1)FP((pa)C(ps + (=1 C(P1)Sparg + (= 1)P2C(P2) 1

ezt (Hzll) (MT) P S, + Gl D + IR
i+j+2k=p q p2

c = > (- (“q'f]l) pl“_l)( P St + o1+ DC(+ DIC(2R)
i+j+2k=ps

D= Y (- (“fll)q B)C(a+ )
J+2k=pi+p2 q

E = (_1)p1+p2+q [_Spl,pz+q - sz,p1+q - C(pl)spz,q - C(pfi)sphq

+ C(p1 +p2 + )+ C(p1 + 9)C(p2) + C(p2 + )C(p1) + C(p1)C(p2)¢(q)]

F = ({(pr+p2+q)
H=1pe Y (p2+l_1)C(Pz+i)C(2k)

i+2k=pi4+q \ P27 1

T E DD D o 1) (1 + 8)C(2F)

itsimpaty \ P11
4+, —1 +i,—1 ) .
+(_1)P1+p2 Z (plpl _1 ) ) (p2p2 _2 . )C(pl + ’Ll)C(pZ + ’Lg)C(Qk‘)
t14+i2+2k=¢q

The sums are over all indices > 0. The value ((0) = —3 should be used and ((1) should be replaced
by 0 whenever it occurs.

Proof. Use the kernel of (23). The quantity F' represents
_q¢(p1—1)(_5) ¢(p2—1)(_5)
(p — 1) (pa — 1)!

that is estimated as a Taylor coefficient. The other quantities represent combined contributions of
the poles at s = £n. O

=

T cot 7'['8] ,

A similar (slightly simpler!) expression holds in the case when either ¢ = 1 or j=1, in which case
one should replace ©(°)(—s) by ¥(—s)+ 7.

Asis well known, the multiple zeta functions satisfy shuffle relations that generalize the symmetry
relation (6). For instance,

(24) ((a)C(b,c) = ¢(a,b,¢) + ((a+b,c) + ((b,a,¢) + ((b,a+ ¢) +((b,c,a)

is valid for @ > 1 and ¢ > 1, as seen by considering all ways of interlacing the vector arguments (a)
and (b,¢). The conjunction of the theorem and shuffle relations, provides a simple proof of “half”
of the main result of Borwein and Girgensohn [5] according to which all triple zeta values of even
weight are reducible to double zeta values. The reductions obtained are in addition explicit double
convolutions of simple and double zeta values.

Corollary 2 (Borwein and Girgensohn). For ¢ > 1, triple zeta values ((a,b,c) whose weight
a+ b+ c is even are reducible to double zeta values or equivalently to linear Fuler sums.
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Proof. It suffices to consider the trivially modified quadratic sums

1
T(i,j, k) = ZH() H(”

= Sijr— Sjhei— Oipr; +CE+IT+E)
= (6,4, k)+ Sigjn + €71, F).

Assume first that 7 > 1; k£ > 1is granted. Then, from the shuffle relations with e = k,b = i,¢ = 7,
we find

(4,5, k)

[l
o~
~

e
SNa—
7~
S~

-
N—

— Gk +4,5) = (6 k+7) = [C(k, 4, 5) + C(i, k. 5)]
= ((F)C(5,5) = C(k+4,5) = (6 k +7) = [T(4,5,k) = € + 5, k) = C(i + 7 + k).

The dual case when ¢ > 1 is treated by the substitution ¢ = k,b = j,¢ = ¢. If both ¢ and j equal 1,
then the reduction is attained by the computation of Si2 ;. O

It is believed that no reduction holds in general for triple zetas of odd weights [5]. Actually,
starting at (odd) weight 11, it seems that ((5,3,3) is independent of single zeta values. (Such
properties can be approached heuristically by means of linear integer dependency algorithms based
on lattice reduction or related techniques.) However, for the exceptional odd weights {5,7,9}, all
triple zeta values are now known to be reducible to polynomials in single zetas: this is the other
“half” of the main result of Borwein and Girgensohn in [5] already referred to that we extend a
little bit further in Section 6. An indirect consequence to be discussed in the next section is the
reduction of the cubic sums 545 , corresponding to special quadruple zeta values.

5. CUBIC AND HIGHER ORDER EULER SUMS

For higher degree sums, like the cubic

H,)?

n4

bl

(25) 51374 = io: (

n=1

it is natural to consider the kernels (¢(—s) 4+ 7)* and (¢(—s) + 7)*7 cot ws. Cross products start
to proliferate but the relations obtained at the previous steps help reduce many of the sums.

Theorem 5. (i) For odd weights, the cubic combination Sis, — 351, , is expressible in terms of
zela values.

(ii) For even weights, both Sis, and S,, are reducible to S5 .11 and to polynomials in zela
values.
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Proof. Let r(s),ri(s) satisfy the conditions (16) and ri(s) be additionally odd. Then a direct
residue computation gives

42 —3H,H?] +6 Z (H,)* + 24[1[153) —3¢(2)H,, — {(3)]r(n)
- 4; [+ (217 0) + 28, (1) + T = R [(p(s) 4 7)*r()],
—6Zr1 VH, H<2>+321 #Jm;(n)}
#3319 = (40(2) + S5, = ) + (o)

- 3
= Y BHY 4+ 5((2))ri(n) + S Hari(n) +
n=1

These formulze complement those of Fig. 1.

Instantiating the first identity to r(s) = s7¢ with even ¢ and appealing to relations (54), (95)
and (57) yields the first part of the theorem. The second identity is an explicit version of the
quadratic reductions discussed in the previous section; it permits to dispose of the sum 5,4, that
reduces to the linear sums S5 ,4; for even weight. Instantiating it to 7(s) = s7¢ with odd ¢ yields
the second part of the theorem. [J

For even weight, we thus have an infinite collection of explicit reductions amongst which

o UYL B 99 (s) — 16c3)c05) + Sc(2)c(3)°

SoULE B B2 50 o) - s - Do) + 33 + 2
< (H,)? 15 S HY 1060345 1., 3 ,
S = T i = iy S12) =BG ~ 3CEN0) - 363)" + 32G05)

ELE3)¢(6) + CB)CC5) + 3B,
were given as conjectures in [1, Table 4].

Corollary 3. The cubic sums S5, of weights {5,6,7,9} are reducible to zeta values,

3 R = S+ )

> s = -3+ 2

g:l (7(1}1;4 = EC( ) - §6(3)C(4) +2¢(2)¢(5)

,i (ffii@ = EC( 9) - §5(4)C(5) - 2—74"(3)6(6) +C(3)* + 3¢(2)¢(7).
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(The forms given are those of [1].)

Proof. We only indicate briefly the chain of reductions. For weight 6, this results from the evaluation
of 55 4in (22). For weight 5, the evaluation follows from Hoffman’s [9] complete reduction of multiple
zetas in the case of all weights < 6. For the odd weights {7,9}, the reduction follows from the
Borwein-Girgensohn result after which triple zetas are reducible to double and single zetas for all
weights < 10. Alternatively, one may use reduction by any maximal system of relations presented
in Section 6. [

Higher degree FEuler sums. Linear Euler sums reduce to zeta values in the case of an odd weight,
while quadratic Euler sums reduce to linear sums (double zeta values) in the case of an even weight.
We prove here a result to the effect that such reductions of order are general.

Theorem 6. (i) For odd weight w =1+ j+ k + {, all cubic sums S;;, » reduce to combinalions of
Fuler sums of order at most 2.
(ii) More generally, a nonlinear Fuler sum

Siyizing
reduces to a combination of sums of lower orders whenever the weight 1, + 12+ -- -+ 1, + g and the

order r are of the same parity.

Proof. We start with the case of cubic sums and adopt the kernel
1 . )

R KE=1)0 _ NahG=1)( — Yaph(B=1)( _

€ = o O s ot s
that is applied to r(s) = s=*. The expansion at s = m,

1 . 1 . .
(-1 _g) = H® —1VEC(8) & - - -
) = i + ) (1) £

implies that the sum of residues at positive integers is of the form .5;;; ,+7', where T is a combination
of quadratic sums. The expansion at s = —m,

1 . . )

G=D(_g) = (—1V"YHD . _ ¢(q
implies that the sum of residues at negative integers is of the form (—1)i+j+k+e_35ijk7,5 + U, where
U is a combination of quadratic sums. We thus have a reduction of order whenever the weight is
odd.

The general case follows along the very same lines. [J

Broadhurst has made a conjecture (presented in [5]) of a shape similar to our statement but
concerning multiple zeta values instead. In the case of quadratic sums, we have at least seen that
the shuffle relations entail a corresponding reduction for all triple zeta values. It does not seem
that Broadhurst’s conjecture can be deduced, even partially, from our theorem.

6. MODELS OF EULER SUM IDENTITIES

Various approaches have been developed for Euler sums evaluations. We discuss here gen-
eral methods and leave aside methods based on definite integrals and polylogarithms of which
De Doelder’s paper [7] is typical. Our purpose here is to obtain complete models for low weights
and at the same time examine the power of various frameworks proposed, including the residue
method.



EULER SUMS AND CONTOUR INTEGRAL REPRESENTATIONS 15

Shuffle relations (X). These are relations that generalize the symmetry relation (shuffle of order
2) of Eq. (6) and the particular shuffle of order 3 of (24). Consideration of the product of two
multiple zeta functions {(u), ((v), with u, v denoting arbitrary vectors of integers, gives the relation,

(26) Cw)-¢v)= X ((w).

we(u 111 v)
There (u m v) is the shuffle of vectors u, v that is a set of vectors defined recursively by
(¢-uym (b-v)=a-lum (b-v)] U b-[(ea-u)mv] U (¢+0b)-(umv),

where the dot operation is the concatenation of vectors (extended to sets in the usual way) and all
operations are taken in the sense of multisets so as to preserve multiplicities.

Equation (26) simply expresses all possible interlacings of indices when a product is expanded
by distributivity. The shuffle relations are similar to symmetric function identities studied by
Hoffman [9] and, as noted by Zagier [16], they imply that the linear space spanned by the multiple
zeta values forms a ring.

Duality (A). Duality is a surprising property first conjectured by Hoffman [9] and proved by Zagier
in [16] upon a suggestion of Kontsevich. It is expressed by means of an encoding by binary vectors
of multiple zeta values: given a vector u = (uy,...,u;), its encoding is

By, ugy .oy uy) i= 10“7110%27 1L 104*
where 0f means 0 repeated k& times. We then introduce the quantities

H(U) = ((8V0),

that are defined for all binary vectors starting with a 1 and ending with a 0. Define the reverse-
complement of a binary vector U = e169---6, as U = §&y_,---E;, where € = 1 — ¢. Then
Hoffman’s duality principle states that

(27) H(U)= H(U").
This relation groups the multiple zetas into equal pairs and, for instance, implies that
¢(2,3,4) = H(101001000) = H(111011010) = ¢(1,1,2,1,2,2).
The proof sketched in [16] is based on the multiple integral representation

dt dt
H(€17"'78k): // da1t1"'d€ktk7 dOt: 7, dlt: m7
0t <<t <l

and on the change of variables u; =1 — ;.

Partial fraction expansions (Il). The Euler-Nielsen method, of which an idea was given at
the beginning of Section 3 applies to double zetas [13], and, as established by Markett [12] and
Borwein-Girgensohn [5], it can be extended to triple zetas. We let Il and II; denote the linear
relations that derive from this mechanism in the case of zetas of multiplicities 2 and 3.
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Residue relations (R). We have designed a program in the computer algebra system MAPLE
that computes relations on Euler sums that result from any kernel that is a polynomial form in
1 functions and their derivatives. This permits to investigate exhaustively the relations deriving
from the residue method applied to Euler sums of a fixed given weight.

With the help of the MAPLE system, we have investigated the dimension of the spaces of linear
relations that result from any combination of the rules X, A, II,, II3, R for all weights till 10. This can
be viewed as a supplement to Hoffman’s investigations who obtained a complete basis of relations
between multiple zetas for weights < 6.

First, the linear relations implied by the rules 3, A, Il,, I3, R take place in the space of products
of multiple zetas with total weight w, of which there are p, , given by

[e0] w (0] 1
et = g

ji=2

= 14224222452 4102°4+242°4+502"+ 11425 +2462° + 546 2+ - - - .

The shuffle relations reduce these products into linear combinations of multiple zetas of weight
w, forming a space whose dimension is 2*~2. There are F,, distinct Euler sums, where

(oo}

1

—

w=2

2 =
E,z* =
v 1—ZH1
j=1
= 224222442 4754122541927 43028 +452° +67210 4972

and standard estimates on the number of partitions imply that E, = V@),
We seek reductions of Euler sums into linear combinations of monomials in single zeta values
whose number p,, satisfies

< 1 =1
wz::O,uwz - 1—22]1_[ 1 — z2+1

i=1

T4+ 22 4284204225 422543274328 4+52° 4520472 48212 4.,

The growth order of j, is again e®V®), though with a smaller exponential rate than F,. These
fy (presumably Q-linearly independent) monomials span the space of “closed-form” expressions.
Thus, the numbers of multiple zeta forms, Euler sums, and polyzeta forms satisfy

2972 By > .

Therefore, one should not expect on these grounds all multiple zetas nor even all Euler sums to
reduce to combinations of zeta monomials. In other words, closed form is exceptional for an Euler
sum.

Zagier has conducted extensive numerical computations of multiple zeta values of all weights
till 12 inclusive and has examined the apparent Q-linear dependencies that result. Based on these
computations and other algebraic arguments, he conjectures that the dimension d,, is given by the
recurrence

d‘Z = d3 = d4 = 17 dw = dw—2 —I_ dw—37
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so that
ad 1
dyz¥ = ——
wz—:z 1—22-23

= 142242242 +22°4+226432"4428 4522 +721040921 41222 4.1,

The growth of d,, is of the approximate form d, ~ 1.32471%.

Thus, modulo Zagier’s conjecture, the actual dimension of the Q-linear space of multiple zeta
values lies somewhere in between the (large) number 2 =2 of multiple zetas and the (small) number
ty of closed-form monomials. What is remarkable, however, is that there is almost coincidence of
d,, and p,, for weights < 10, the difference dg — pig = 1 being simply accounted by the occurrence of
the (probably) irreducible S5 ¢. Based on our program, we have verified the reductions implied by
Zagier’s conjecture for all weights till 9 inclusive. (We do not claim much originality for the result
that follows as it is largely a verification based on technologies due to Hoffman, Zagier, Markett,
and Borwein-Girgensohn.)

Theorem 7 (Folklore). All multiple zetas of weight < 9 are reducible to Q-linear combinations
of single zela monomials with the addition of {5, ¢} for weight 8.

Proof. Solve the linear systems deriving from the shufflle relations Y., duality A, partial fractions
II, and II3, and residues R. [

Corollary 4. All Euler sums of the form Sy, , for weights p+ q € {3,4,5,6,7,9} are expressible
polynomially in terms of zeta values. For weight 8, all such sums are the sum of a polynomial in
zeta values and a rational multiple of S, 6.

This corollary provides a justification of identities discovered experimentally by Bailey et al. [1].

In passing, the computations underlying Theorem 7 permit to delineate the power of various
reduction principles. First, duality reduces by about a half the number of independent multiple
zetas to be considered since it provides a number 6, of nontrivial linear equalities that satisfies
8, = 273 when w is odd and §,, = 2¢~2 —2%/?=2 when w is even. Next, the shuffle relations reduce
all the products of multiple zetas to linear combinations of multiple zetas. Besides, the shuffle
relations induce linear relations on multiple zetas. For instance, since ((1,2) = ((3), the products
of these by ((2) once expanded by the shuffle relations yield:

€(2,1,2)+2¢(1,2,2) + ¢(1,4) - ¢(2,3) = ¢(5) = 0.

The Nielsen relations II, appear to provide |w/2] independent linear relations of weight w, which is
not much. Also, for odd weight, these relations are implied by the residue relations R as expressed
by Theorem 2. The Markett relations II; appear to induce O(w?) independent linear relations of
weight w. In Table 1, we give the dimension of the vector space of linear relations induced by
the rule X; we also give the dimension of the linear relations induced by Il,, II3, A, and R once
linearized by the shuffle relations. The total dimension of the space of relations we get is indicated
in the next column. It is to be compared with the value 2“2 — d,, implied by Zagier’s conjecture.
In the last column we indicate which minimal combinations of relations make it possible to generate
all the known relations (in conjunction with ¥).

An interesting aspect of the proof of Theorem 7 is that residue relations contribute new relations
to the arsenal of currently known methods and permit to attain the limit described by Zagier’s
conjecture for weights till 9 inclusive. This is demonstrated in the last column of Table 1, where it
appears that all 4 relations are necessary to get 123 independent linear relations of weight 9 (since
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weight w | ¥ | A |1, |3 | R | total | 292 — d,,
3 0 (1 |1]0]1 1 1 (I15), (A),(R)
4 0O (1 |2]1]2] 3 3 (TI5, A), (11, I3), (115, R), (113, R)
5 14235/ 6 6 (I, A), (15, A), (R, A), (IT3, R)
6 516 |3|6 /10| 14 14 | (I, A), (I, A), (R, A)
7 12163 [10]17| 29 29 | (Ily,A)
8 31| 28 | 4 |15[31] 60 60 | (Ils,A),(R,A)
9 68 | 64 | 4 |21 |45] 123 | 123 | (I, A, R)
10 |151]120] 5 [27|75| 248 | 249 | (I, A),(R,A)

TABLE 1. Rank of relations vs. weight. Each set of relations generates a vector
space of linear relations on the multiple zetas. For each weight, we indicate the
dimension of this space, which gives a measure of the power of the relations.

the weight is odd II, is implied by R). For instance, the kernel [¢/(s) 4+ 7]*¢'(—s) applied to the
base function 1/s® induces (after linearizing by the shuffle relations):

+ 48C(47 5) - 16{(27 27 5) + 48C(57 4) + 112{(37 37 3) + 37C(67 3) - 32C(17 17 57 2) + 246(17 67 2)
+ 16C(17 57 3) + 806(17 17 17 6) - 16C(27 57 2) - 56C(77 2) = 07
which is not a consequence of the linear relations induced by the partial fraction relations together

with duality and the shuffle relations. For weight 10, the last line of Table 1 indicates that the
relations (X, A, Il,,1l5, R) are no longer sufficient to generate all the linear relations implied by

Zagier’s conjecture.

7. ALTERNATING EULER SUMS

We now turn to the evaluation of alternating Euler sums by means of contour integrals. There

are altogether 4 types of linear sums,

=] ) oo F7(P)
o _ a,
sppo= Y o= Y
(28) n=1 n=1 —
+-— = n—lHr(Lp) —— - n—lan
Soe = nz::l(_l) ni Sod = n:1(_1) nt ’
where the FELP) denote the alternating harmonic numbers,
—(r “L(=1)t — “L(=1)t
(29) 70 -y T g g oy VT
ji=1 ‘]r j=1 J

Clearly S"j"“ corresponds to the standard Euler sums defined earlier. Such numbers have been
considered by Euler and, after him, by Nielsen and many others.
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A natural kernel for the sums of type St~ is a combination of ¥ functions and 7/ sin7s, as the
latter introduces sign alternation. In that case, some parity constraints must however intervene
since poles occur at positive and negative integers. The other results are best stated in terms of
the alternating zeta function,

o DR e )]

n=1

with (1) = log 2. Alternating harmonic numbers are introduced by the modified % function,

o = Y0
- ?(5;1)—%1@

= - log 2 + 5(2)5 — 5(3)52 + 5(4)53 —

(this is Nielsen’s § function) that satisfies, with n a positive integer,

Fn) = (<) (Hoy —log2), B(s) = (<1)" | —— + (H, ~log2) +---

The following evaluations are all found in Sitaramachandrarao’s paper [14] that contains an
exhaustive discussion of sums Sliri together with a thorough bibliography. Here, the identities
come out as simple consequences of the process employed earlier for standard Euler sums.

Theorem 8 (Euler, Sitaramachandrarao). (i) For any weight 1 + g,

257 =2((q)log2 — qC(q+ 1)+ 20(q + 1) + > _ C(k)C(q — k + 1).

k=1

(ii) In the case of a weight 1+ ¢ that is odd,

q/2-1
25, = (¢+1)C(g+1) = Clg+1) =2 D C(2k)C(q+ 1 —2k),
_ _ q/2-1 _
2577 =2(¢(q) +C(q))log2 — (¢ + 1){(qg+ 1) + g+ 1) +2 D> C(2k){(q+ 1 — 2k).

Proof. The result falls as a ripe fruit when using respectively the kernels

— 9 T —

B(s) $(=5)+7), B(s)mcotrs.

sin s

In the first case, the sign alternation of the general term disappears because of the squaring of ¥(s),
so that we get directly Sfj In the other cases, two almost identical sums result from the residues
at the positive and negative integers, and the combination involves a coefficient of (14 (—1)?) so
that estimates are restricted to the case of an odd ¢q. [
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(1) é(—m”ro(n) = —Rlro(s) 5]

(12) 2§Fnr<n>—i[?logamnm’(n)] = RIP(-o)r(s)

(1) 22(—1>”Hnro<;) n i(_l)w”) - Lol = CRIW(=5) + 7)ol
() 22(—1>”mro<n>—i(—l)”[rem)mog?ro(n)]—7’02") = RIP(s)m cotmsro(s)

Ficure 3. General summatory formule for alternating sums. There 7(s),rq(s)
denote rational functions that satisfy the conditions (16), with additionally ro(s)
even.

Notice finally that the use of the kernel
P(s)(P(=5) +7)
permits to relate qu_ and S irrespective of the parity of the weights:

g—1

Sro A+ (=1)1SFT =C(g)log2 = > (—1)'C(I)¢(g + 1 — ).

i=1
In other words, there is a new variety of constants defined by

_ - I -
He = Sl+,24+1 = Z(_l) 1nzq+17

n=1

where!,

1 [Ylog®(z)log(1

o [l s )
(29)! Jo z(1+ z)

We have from [7, 14]

_ Loy L o _ oLy 1L 1 2 Loy 4y T
uo—26(2) Slog 2, = 2L14(2)+4C(4)+26(2)10g2 15 log" 2 46(3)10g2,

where Li,(z) = 30—, 2"n~¢ is the polylogarithm. The constant p, is related to several of Ramanu-
jan’s evaluations as well as to the analysis of lattice reduction [6] mentioned in the introduction.
Higher order u’s are not known to be related to classical constants.

Following Euler, Nielsen established relations suggesting that alternating sums of odd weight
should reduce to polynomials in zeta values augmented with L = ((1) = log2. This approach is
developed by Borwein et al. [4] who show that the Euler-Nielsen relations can be inverted but stop
short of giving explicit formulae.

Shuffle relations that are analogous to (5),

(30) (P +Cp+a) =S5 +55, ) +C(p+a)=57+5,,

reduce the number of quantities to be investigated. Since our interest is in general summatory
formulae, we prefer however to develop an approach from scratch.

In this paper, we have otherwise chosen not to develop connections between Euler sums and definite
integrals involving logarithms and polylogarithms.
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Theorem 9. For a weight w = p + ¢ that is odd,

(=17 = (=115, F = (=1)C(p+ ¢) + ((=1)" = 1){(p)¢(q)

=D (q? )c(q+j>z<2k>+2<—1>f° > (p;f‘l 1)( DCp + i)C(2R),
25F 7 = [1 = (=1)(p)C(q) + {(p+ 9)

2 3 (et eme ey 2 (78 i,

(=17 = (=1)7]5, 7 = (=1)"*'¢(p+ @) + (1 = (=1)"){(p)C(q)

+2 Y (Q;J - )Z(q+j)<(2k)—2(—1)” > (p“‘ 1)( 1)C(p + 1)(2k).

j+2k=p i+2k=q p—1

Proof. Just use the kernels

1 —(p—1) v 1 (p=1) v 1
(p— 1)!¢ (S)Sinﬂs’ (p— 1)!w (s)sinﬂs’ (p—1)!

E(p_l)(s)ﬂ cot Ts.

8. Exoric suMms

The use of kernels involving % and its relatives is not just restricted to Fuler sums. We have
chosen here a random sample of 4 types of “exotic” summatory formule pointing the way to
extensions of the method.

§1. Consider the family of sums,

S (Hy)”
z:: 2n = 1)(20)(2n + 1))

We claim that A, reduces to a polynomial in zeta values and log 2 whenever ¢ is odd.

Let r(n) = [(2n — 1)(2n)(2n + 1)]7? and take ¢ odd. By Entry (57) of Fig. 1, we have a first
reduction (modulo values of ¢ functions at +1) to 3 H,r'(n) and Y H{Pr(n). The first sum
reduces in all cases; the second sum reduces again since r(s) is assumed to be odd. An instance is

then:
1 1 1

(aap Tt ol Gasy Gerp T
A2 4 (56(3) — ) 2 — (5¢(4) + 1(3) - 2(2) — 12)n2
L)~ 1) - )05 - 26 + 5¢6)

Several related identities but of a simpler form appear in Chap. 9 of Ramanujan’s notebooks [2].

This example is typical. A great many evaluations now become of a purely mechanical charac-
ter. It is then easy to develop general formule that systematically turn out to be homogeneous
convolution forms in zeta values.

1

A = P Pt +§]

3
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§2. Sums related to Catalan’s constant have been discovered by Ramanujan [2] and further
explored by Sitaramachandrarao [14]. We offer here the evaluations,

= = (=1 1
= ——2— — —rlog?2
2_: 2n—|—1 z_:(zn+1)2 9" 8
(31) = H, = (-1 7 1
— = —_— — — —n%log 2.

Z:: Gt 1y 3; Gnt) 16703 T 1T 08

These are obtained as part of an infinite set obtained by applying the kernel
T
b — -
(V=) +7)

o (1+42s)74, a choice in agreement with Fig. 3. The residues at the negative integers compose the
sums to be evaluated, while the residues at the positive integers involve Catalan’s constant and its
close relatives; the special residue sum only involves the values of ¢ functions at 0 and :t%. The
general summation formula for odd ¢ (omitted) would have a shape closely resembling Thms. 1,8.

Taking even ¢, we recover well-known identities like

i =y _ i )" _ 5 s
2+ 1P 320 = (2n+1) 1536

An equivalent approach consists in separating odd and even parts in the sums of (31). This
creates integrands involving (45 4+ 1)7! and (4s + 3)~'. The evaluations must then involve
functions taken at —i and _Z7 and the corresponding values are precisely related to constants of
the Catalan class.

In general alternating sums made of harmonic numbers and odd integers must lead to evaluations
in the Catalan world, as the discussion above suggests. This observation is also fully consistent

with the results of [14].

§3. The use of kernels involving ¢ = v/—1 in arguments of % functions leads to yet another class
of summation formula. For instance, one has the highly symmetrical,

E 1 1 2 1 _ _1 ,
m,mm = 56(2) mzwm = ((2)¢(6) 25(4)
E_ 1 1 2 N 1 _ __1 ,
m@lm = 56(3) m:@m = ((3)¢(7) 2@(5)7

with a periodicity of exponents modulo 4. These formulz arise when the kernel

(Y1 +is) +7)(4(=5)+7)
is applied to r(s) = s7¢. Zagier discusses a related but “harder” class of sums in [16].

§4. Last, the summation process exemplified by Fig. 1, 3 extends to irrational meromorphic
functions provided they remain small on circles (or other large contours) on which the kernel is
itself small. In that case, the special residue sum itself becomes an infinite sum, and one has a
relation between two types of infinite sums. We just mention as an example the kernel (7 cot 7s)
which, when applied to the functions (7 cothws)/s? yields identities like

Zcothﬂk Lﬂ?)’ icothﬂ'k: 19 o7
180 — 56700

n=1

that were discovered by Ramanujan [3].
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