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Abstract: The purpose of this work is to study the numerical analysis of junctions
between thin shells. We describe the approximation by a “pseudo-conforming” finite
element method associated with the Argyris triangle and taking into account the
numerical integration. Under suitable hypothesis on the integration schemes and
on the data, we prove the convergence of this method and we derive a priori error
estimates.
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Analyse numérique de jonctions de coques minces,
Partie 2 : Approximations par des méthodes d’éléments
finis

Résumé : Le but de cet article est ’analyse numérique du probleme de jonc-
tions de coques minces. Nous décrivons une méthode d’approximation ”pseudo-
conforme” utilisant 1’élément fini d’Argyris et prenant en compte les phénomeénes
liés a l'intégration numérique. Sous des hypothéses convenables sur les schémas
d’intégration numériques et sur les données, nous montrons la convergence de cette
méthode et nous donnons des estimations d’erreur a priori tant pour le probleme de
jonction élastique que pour le probleme de jonction rigide.

Mots-clé : Coques minces. Jonction élastique. Jonction rigide. Triangle
d’Argyris. Intégration numérique. Estimations d’erreur. Simulations numériques.



Junctions between thin shells 3

1 Introduction

The numerical analysis of junctions between thin plates was studied by Bernadou-
Fayolle-Léné (1989) while Fayolle (1987) thoroughly described the corresponding
approximation by conforming finite element methods. Such an approximation is
much more complicated in case of junctions between two general thin shells. Indeed
the transmission conditions which appear in the definition of the admissible spaces
cannot be exactly satisfied in the associated discrete spaces. Thus, we consider
pseudo-conforming finite element methods which are conforming everywhere except
along the junction.

In the first part of this work (Bernadou-Cubier, to appear), we analyse the conti-
nuous problems of junctions between two thin shells associated with an elastic or a
rigid behaviour of the hinge. We start by giving the equilibrium equations of these
problems and the corresponding variational formulations. We study the numerical
properties of theses equations and show the existence and uniqueness of the solu-
tion. We also prove that the solution of the elastic junction problem converges to
the solution of the rigid junction problem when the coeflicient of elastic stiffness of
the hinge becomes very large.

In this second part of the work, we start in Section 2 by rewriting the conti-
nuous problems in terms of matrices and vectors, which are well adapted to the
approximation by finite element methods. In Section 3, we build the discrete spaces
which are associated with the Argyris triangle, and which contain the discrete junc-
tion conditions. The discretization of the transmission conditions is based on the
results obtained by Zenisek (1981) for nonhomogeneous boundary conditions. From
Section 4, we restrict our attention to the elastic junction problem ; we give the
main results concerning the rigid junction problem in Section 6. Then, we state
the first discrete problem taking into account the finite element approximation and
the nonconformity of the method along the hinge. We introduce in this problem an
additional linear form which is void for continuous problem and which takes into
account the nonconformity of the method. Then we prove the existence and unique-
ness of the solution. This result is based on the transmission of a clamped condition
by the discrete junction conditions described in Section 3. Afterwards, we give an
abstract error estimate which is reduced to the usual interpolation error ; this is
a direct consequence of the definition of the discrete problem by using an additio-
nal linear form as mentionned before. In Section 5, we study the second discrete
problem which takes into account the additional effect of the numerical integration.
We prove the uniform ellipticity of the bilinear forms and thus the existence and
uniqueness of the solution of this problem. Next, we give criteria on the integration
schemes and required regularity conditions on the data so that the finite element
method converges. These conditions lead to asymptotic error estimates of the same
order than the interpolation error. These results are based on local error estimates
studied by Bernadou (1996) and Cubier (1994). In Section 7, we illustrate previous
results by some numerical tests on rigid and elastic junctions between a cylinder and
a spherical end cap. In order to validate our results, we consider a corresponding
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4 Michel Bernadou , Annie Cubier

test using the three dimensional elasticity model instead of a shell model and which
represents a good approximation of a rigid junction. The result of this test is very
closed to ours obtained for rigid junction. Moreover, we find again numerically that
the elastic junction becomes almost rigid when the coeflicient of elastic stiffness of
the hinge becomes very large.

Notations and references : In this second part, we make many references to the
notations and to the results of Part 1, just by adding ”Part 1”7 before each reference.

2 Variational formulations in matrix form

In this section, we give new expressions in terms of vectors and matrices for the
bilinear and linear forms which appear in the variational formulations of the elastic
and rigid junction problems (Part 1, (3.10) and (3.24)). The bilinear form al.,.]
which represents the addition of the strain energy of both shells, can be written

aluiw), (vie))= [ TUNAIVIGE E + [ TIAIC A (2

where the column matrix [V] (and similarly [U], [U], [V ]) is given by :

T
[V]1x12: [Ul V1,1 V1,2 U2 U21 U22 U3 U3l U32 U311 U312 ’U3,22]7 (2-2)

and where the symmetrical 12 x 12 matrix [A] (respectively [4]) depends only on the
shell thickness e, on the mechanical characteristics of the shell and on the first, se-
cond and third partial derivatives of the application ® : Q — & (resp. @ : Q = )
which maps Q (resp. Q) onto the middle surface S (resp. §). Subsequently, we as-
sume that ® € (C3(Q))3 and @ € (C3(Q))>.

The second bilinear form b[.,.] which appears in the variational formulation of
elastic junction between shells (Part 1, (3.10)) is associated with the strain energy
of the hinge. We define a 24 x 24 matrix [C] which only depends on the geometry
of the hinge, and a column vector [V V ]osx1 which collects the vectors [V] and
[V ] defined by relation (2.2). Thus, we have :

b(wiw). (viw))= [ T WOV Vs (23

Moreover, we introduce a new parameterization of the hinge I', as the image of
a one-dimensional interval w =]0, 1[ by a mapping ®, i.e., ® : @ — ['. Now, we
can substitute this application @ into relation (2.3) to obtain

i), @)= [ "L YICIV. ¥, (2.4

where the underlined quantities are obtained by composition with the mapping ®
and are defined on the interval w. The element dw is associated to the line element

3
ds along the hinge I' through the mapping ® = Z@i(t)ei :
=1

ds = {(dml)Q + (dxq)* + (d$3)2} i ;

INRIA



Junctions between thin shells 3

so that 1/2
o = [(@,(0) + @0 + @5 (0)*] "

The linear form £[.] which represents the work of the external loads can be written
(Part 1, (2.18) and (3.13))

i) = [ TIPIVIa et + [ TRV Jdgtagt
fo TV + [, IRV Dy,

where

TIPlixi2=val[p* 00 p* 00 p> 0000 0] (2.6)
and

TL)1x12 = \/ @ar(9%)(g?)" [N* —I-béMﬁ 0 0 NQ—}—b%Mﬁ 0 0

N3 M M2 0 0 0.

(2.7)

In the above equations, p* and N* denote respectively the covariant components of
the body force resultant, of the resultant and of the resultant moment of the surface
loads while b2 and a are the second fundamental form and the determinant of the
first fundamental form ; all these quantities are refered to the middle surface § and,
by definition, M = M%a, X a3. The vectors [P ], [L;] are obtained by analogy.

=

3 Construction of the discrete admissible spaces

From now on, we shall assume that the domains €2 and {2 have polygonal boun-
daries. Then, we can exactly cover these domains by families of triangulations 7
and Ji,. Subsequently, we assume that these triangulations are compatible along the
parts v and v of the boundaries 9Q and 0% : in other words, their traces upon
~ and v are the images of a one dimensional triangulation 7, of the interval w

through the mappings F = <I>|}1 o® and F = <I3_1|F o @ (Figure 1). From now on,
for simplicity, we note <I>|_F1 and ?_1““ by @ ! and ?_1. All these triangulations

are assumed to be regular in the sense that :

i) There exists constants o and g such that

- - - K
YV K¢eTp, %gaand‘v’ K €T, p—I:z,SQ,
where hy = diam(K), hye = diam(K), pxx = sup{diam(5), S is a ball contained in K}
and pg = sup{diam(9$), 9 is a ball contained in K }.

(3.1)

ii) Let h be a real number defined by

h =sup{max hx, max hxg, max hg 3.2
p{KEﬁ B’ISGJZ éerIh I;}v ( )

where hg = diam(/K). Then, we assume that

h — 0. (3.3)
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Fig. 1: Discretization of the hinge images

With the triangulations 7, and 7, we associate the finite element spaces X
and X}, constructed from the Argyris triangle (Argyris-Fried-Scharpf (1968)), whose
definition is recalled in Figure 2, and the spaces V}, and V} :

Vii= Vi X Vir X Via, Vi = (Xi)®
where
Vi ={v € X; v=0along v} and Vi = {v € X;; v=wv, =0 along 7o}

and where v is the outward unit normal vector to the boundary 7g. These definitions
and those of (Part 1, (3.7) and (3.8)) lead to the inclusions

Vi, CVandV, CV. (3.4)

INRIA



Junctions between thin shells 7

Fig. 2: The Argyris triangle

In order to build the discrete admissible spaces, we have to discretize the junction
conditions ( equality of the displacements and equality of the tangential components
of the rotations along the hinge), i.e., we have to express these conditions in terms of
the degrees of freedom. This is a delicate step in the approximation of the continuous
problems and it leads to the non-conformity of the method for the approximation
of the transmission conditions along the hinge. The equality of the displacements
along the hinge is a condition which appears for the elastic or the rigid junction
problems as well. Thus we begin by studying the discretization of this condition.

3.1 The discrete admissible space for the elastic junction problem

First, let us recall the condition of continuity of the displacement along the hinge
(Part 1, (2.31)4) :

u(n)=w(n), Vn€vy, Vn €7 such that ®(n)=2(n). (3.5)

The equation (3.5) is vectorial. For its discretization, we have to use components
of displacements. The vectors w and u are expressed upon the contravariant bases

~

{a',a? a®} and {a',a? @’} which differ along the hinge. Therefore we have to
write relation (3.5) upon one of these bases, for example {a'} :

wi(n) = Al(n,n)u;(n),

where Az(n, n)=ai(n) -a’(n).

RR n” 2922



8 Michel Bernadou , Annie Cubier

In addition, we introduce the two mappings F : w=1[0,1] > vand F : @ =~
which are assumed to be regular. The closed interval @ is subdivided into n+1 segN;—
ments [sp, s,4+1], for p = 0,..,n with sp = 0 and s,4; = 1. Thus F(s,) = @, and
F (s,) = @, where {a,}, {g,} are the vertices of the triangles of 7, and 7 located
along 7 and 7.

By analogy with Zenisek (1981) who considered the approximation of nonho-
mogeneous boundary conditions, the approximation through Argyris triangle leads
naturally to impose the following conditions :

wnio E (s)) = Alujo F(sy),
d d :
I ( Uri o F ) (s¢) = I (Afuhj o F) (se), (3.6)
d? d? :
@( upio F )(Sz) = @(AfUthF) (50),

for £ =0, ..,n4+1 and where we have set for clarity Af (s¢) = A‘Z (ag, a0) = A‘Z (F(se), E(se))-

Remark 3.1.1 : Components uy; and uj; are piecewise two dimensional five degree
polynomials. Since we have supposed that v and v are rectilinear, the mappings F
and F are affine. Thus, the composed mappings up; o F and wn; o F' are piecewise
one dimensional five degree polynomials. L]

Now, we have to rewrite (3.6) in terms of degrees of freedom of Argyris triangle
and thus to express these conditions on the reference domains €2 and 2. There is
no problem for (3.6); which can be directly written on the boundaries v or v. For
(3.6)2 we use the following equation : )

d% (uni o F) (s¢) = Dupi(F(se)) - DF (s¢)

A unit tangent vector T to v is given by : | DF(s;) | 7(s¢) = DF(s;) so that by
setting wup; - (ag) = Dupi(ag) - T, we obtain

% (uni o F) (s¢) =| DF(s¢) | uni - (ae). (3.7)

With similar arguments and since F is affine, we have:
d2

e (up; o F) (s¢) =| DF(84) |* whirr(as). (3.8)

INRIA



Junctions between thin shells 9

Thus, the discrete junction conditions for elastic problem are obtained for ¢ =
0,...,n+ 1 by substituting (3.7) and (3.8) into relation (3.6) :

whi(@e) = Al (so)un;(az),
d . ‘
wnig(@) = {(GAD ) u a0+ | DF(si) | Allsunis (a0 } /| DE (50) |
. d .
Uhizz (ge) = {(@Af)(«%)uw(ad +2| DF(se) | (72 A7) (s¢)unir(ar)
+| DF(se) |* Al (se)unjrr(a) } /| DE (s2) 2.

(3.9)
Thus, the admissible discrete displacement space for the elastic junction problem

is defined by :

Whe = { (vh ;u,) € Vi X Vi, such that relations (3.9) are verified at the

corresponding vertices {a;} and {g,} located on v and vy }
(3.10)

3.2 The discrete admissible space for the rigid junction problem

We proceed by similarity for the rigid junction problem which amounts to discre-
tize the second condition (Part 1, (2.30);) related to the equality of the rotations.
The approximation through Argyris triangle leads to impose the following condi-
tions :

[0 (ura,6 + bGuna)] o F(se) = [(t-£)n” (wns 6+ bEtra)] 0 E(se)

[0 (uns,p + b3una)l © Fqy) = [(t - £)n” (wns,s + bjuna)] o E(q,)

d d
Al (uns, 5 + buna)] o F(se) = —{[(t£)n" (wns,0 + bjuna)] o B} (se)
(3.11)
for{ =0,.,n+1and 3=0,...,n, where n = n%a, is the outward unit normal vector

to the junction I' in the tangent plane to S and ¢, is the midpoint of [s;, s/41].
In order to obtain normal and tangential derivatives, we use the relation

VU3 3 = TgU3r + V3U3,

RR n” 2922



10 Michel Bernadou , Annie Cubier

where T and v are respectively the unit tangent vector and the outward unit normal
vector to the triangle of 7, which has a side on 7. Relations (3.11) give

1 (3,6 + bFuna) (ae) = (¢ - )1 (whs,p+ Diuna) (20)
nP (rgups . + vauns, + b3una)(b;) = (¢~ )P (15uns.r + Lpths. + b%una)(by)

~

| DF(SZ) | {ng—(uh&ﬁ + b%uhoz) + nﬁ(Tﬁuh-?),‘T‘T + VaUup3,vr + b%uhaﬂ"}‘

b, una) } () = (t-2) | DE(se) | {n° £ (wns s+ b3tna) + 28 (zptna gz +

LUh3 7 + bFUhag + Q%Zuha)} (ge)

(3.12)

for{=0,.,n+1and y=0,..,n; 7, are the components of the unit tangent vector
used in (3.7) and b, is the midpoint of [as, ag41].

Thus, the admissible discrete displacement space for the rigid junction problem

is defined by :

Whrig = {(vn ;1) € Vi X Vi, such that relations (3.9) and (3.12) are verified

at the corresponding vertices {a¢}, {a¢}, {be} and {b,} located on v and 7 }
(3.13)

Remark 3.2.1. This discretization of junction conditions involves the nonconformity
of the approximation, i.e.,

Whel (Z Wel and Whrig (Z Wrig-

Since the nonconformity just appears along the hinge while the method remains
conform for all the other terms defined on €2 and 2, we say that the approximation
method is pseudo-conforming. L]

Remark 3.2.2. In relations (3.12), the quantities up3 - (b,), upo(b,) and the associated
quantities on §, are not degrees of freedom of Argyris triangle, but they can be
expressed from them through the definition of the interpolating function. L]

4 First discrete problem for elastic junction problem

From now on, we only consider the elastic junction problem. The rigid one could
be considered similarly ; we will give the corresponding main results in Section 6.

4.1 Definition of the first discrete problem

The following variational formulation takes only into account the finite element
approximation ; the effect of the numerical integration will be analyzed in Section

INRIA



Junctions between thin shells 11

Find (4};4%) € Wie such that
al(@5 %), (vn s2)]+ kb[(AF 54 7). (on 52, )] = L(on 5201+ fl(vn s2,)),

V (vh ;1) € Wha, k constant >0,
(4.1)
where g’g = ’UZOF, gﬁ = g%o]j’ and where the space W, is defined by relation (3.10).
By comparison with (Part 1, (3.10)) we have introduced a new linear form f[.]
which takes into account the non-conformity of the approximation along the hinge,
i.e.,

flwi)] = [{N-v-N-g}ar= [

~

N-vd7+/l\f-ud%

~

~

where N and IN are the resultants of the surface load. This form is identically zero
when (v ;y) € W, while it is generally different from zero when applied to elements
(vh ;uy) € Wher. In that case, we rewrite in matrix form

UCATES|

TINIVAdy+ [ TINIAdy (42)
v w
where the column vectors [V,] and [V] are defined in (2.2), and where we have set

T[Nixi2=[N' 00 N> 00 N> 000 0 0]

(and a similar expression for [IN |). The introduction of this linear form f[.] in (4.1)
leads to a simplification in the abstract error estimate ( see Paragraph 4.3).

4.2 Uniform ellipticity

In this paragraph, we prove the existence and uniqueness of a solution for pro-
blem (4.1). That leads to show the uniform W, -ellipticity with respect to h of the
bilinear form al.,.] + kb[., .].

First, let us recall some definitions introduced in Part 1. Let space E be
E = (H'(Q))" x H*(Q) x (H'(Q))* x H*(Q)
equipped with the norm
I 2)lle = {llvillf o + loallf o + lvsll5 @ + lluallf g + llwallf g + lluall3 g 3/

The space Wi, defined in (3.10), is a linear subspace of £ and the above mapping
is a norm on Wj;.

RR n” 2922



12 Michel Bernadou , Annie Cubier

Lemma 4.2.1 : The application (v}, ;1) € Wha — [|(vh 52,)||lw,., is @ norm on
Wher where

1(0n 52 [1Wan = {al(on 323) (on 52)]+ KB[(vn 524, (on 32,12

In this expression, we consider the definition of the bilinear form b[.,.] given in (2.3).

Proof :

This mapping is clearly a semi-norm. Thus we just have to show that :

[(wr 3 2)IWne = 0= (v 52,) = (0,0) in @ x Q.

The assumption ||(vy ;Qh)HWhel = 0 immediately involves :

i) /Q e P “['yag(vh)'ym(vh)—l— pag(vh)pm(vh)]\/_df d€? = 0so that the boun-

dary condition on ~y gives vh =0 in ;
ii) the discrete junction conditions (3.9) imply
Uhi(@e) = Uhiz (€0) = Uhizz (@) =0 (4.3)

for £ =0,...,n+1, where {g,} is the set of vertices located on 7. Since yy; are
five degree polynomials upon each triangle side located on 7, relations (4.3) im-
ply trgni = 0 ony . Moreover, (Part 1, (2.15), (3.12)) and br('uh sup)s (vn ey =
0 leads to yp3,, =0 on I' where . = QBCNLg is the unit outward normal vector
to I' located in the tangent plane to §.

Here, our purpose is to obtain clamped condition on 7, 1e., Uy =0on 7.
We point out that yps m and yps, y are not the same quantltles Indeed n, is
defined along I’ whereas v is defined along v . The relation between these two
quantities is : h

8 ﬁ(

Uh3p = 1 Uk3s = 17 (TpUk3,r +¥BURS,y) (4.4)

Moreover, note that yps = 0 on o implies Ynaz = 0 on v - Thus, by using
in addition relation (4.4) and the assumption Un3,, = 0 on I' and noticing

that the quantity Qﬁyg is different from zero, we obtain the required clamped
condition yp3, = 0 on v. Then, we obtain g, = 0in €. L]

Lemma 4.2.2 : Upon the space Wi, the norms ||(v ;v)||g and ||(v ;v)|lw,., are
uniformly equivalent with respect to h.

Proof : The proof of this lemma is based on the same arguments to those of Part 1,
Theorem 3.1.1. The uniform-ellipticity comes from the inclusions (3.4) which allow
us to choose the same constants than for the continuous problem (Part 1, (3.10)).

[

INRIA



Junctions between thin shells 13

Theorem 4.2.1 : Problem (4.1) has one and only one solution.

Proof : Since the bilinear form a[.,.]+4b[., .]is uniformly Wj,-elliptic and uniformly
continuous with respect to h, and since the linear form £[.]+ f[.] is clearly uniformly
continuous, we have just to apply the Lax-Milgram lemma to conclude. L]

4.3 Abstract error estimate

The abstract error estimate is used in practice to obtain asymptotic error estimate.
In the following theorem, the estimation is restricted to the usual approximation

theory term inf |(u*;4w*) — (vh ;u,)|lg which is known as soon as a finite
(Uh iR ,)EWhar
element approximation is chosen.

Theorem 4.3.1 : Let us consider the discrete problem (4.1) for which the bilinear
form al.,.] + kb[.,.] is uniformly Wy -elliptic, i.e., there exists a constant > 0,
independent of h, such that :

)12 Bll(on s2)llE: Y(vni2s) € Whe

(4.5)
We suppose, moreover, that there exists a constant M > 0, independent of h, such
that

lal(v;g), (wiw)]+kb[(v;v), (w;w)] [< M[(v;)|sll(w;w)le (4.6)
V(viv) € Wa+ Wha, Y(w;w) € We + Wi '

al(vn;2) (On s2,)] +RO[(vn 52 ,), (0n 50,

Then, there exists a constant C', independent of h, such that

k., k k k : k., k
u®u”) — (di; 4 <C inf u";u”) — (v 50
H( ~ ) ( h Nh)HE (Vs ;’Qh)EWhez”( ~ ) ( h h)”E

where (u®; u*) (resp. (45;45%)) denotes the solution of the continuous problem (Part
1, (3.10)) (resp. of the discrete problem (4.1)).

Proof : Lemma 4.2.2 involves that relation (4.5) is verified. Likewise, relation (4.6)
is a consequence of continuity properties of the bilinear forms «a[.,.] and b[.,.]. Let
(vh ;uy) be any element of the space Wy ; we can write by using relations (4.1)

and (4.5)
BIl(a5;85) — (vn su)lE < al(wh;wh) — (vn 5 ,), (@55 85) — (va 52,)]

+Rb[(uf k) — (w5 ), (@ )) — (v sg,)]

~

—a[(ufsub), (@) dh) — (vn 52,)] - kO[(* su k), (255 47) — (2, 5g,)]

H(A5; ) = (vn 5e,)] + (@5 E5) — (vn 52,)]

RR n” 2922



14 Michel Bernadou , Annie Cubier

so that with the continuity property (4.6), we obtain :
Bll(h: %) — (v s2)llE < Ml(uh;ub) = (v 52,) 5+

| al(uw®; "), (wn s ur,)] + RO[(u® 5w "), (wy 5w )] = (wn s wy)] = fl(w 5wy)] |

sup —h
(Wp ;U ) EWL H(wh ;wh)”E

Now, let us obtain a new expression for a[(u*; u*), (wy, ;w, )] +kb[(v* ;u*), (w), ;w h)]
For that we come back to the equilibrium equations of the junction problem given o
in (Part 1, (2.27)-(2.28)). Making the product of these equations by test functions
(wh, wp) € Wi and using Green’s formula, we finally get with notations introduced
in (4.1)
al(u®;ub), (wh sa,)] + kO[(u 11 "), (w5, )]

~ ~h

= fwniw))+ [ Nowidy+ [ Nowdy (4.7
Yy

Z;\

=L[(wp, ;wy,)] + fl(wr ;w,)],

so that the second term in the above estimation disappears.
To conclude, it remains to use the triangular inegality and to take the minimum
with respect to (vy, ;u;,) € Wher. []

Remark 4.3.1 : The relation (4.7) allows us to cancel the consistency term that
we usually find in the abstract error estimate associated with nonconforming finite
element method. Here, the nonconformity only appears along the hinge I' ; its effect
is circumvent by the introduction of the linear form f[.] in (4.1).

Another discrete problem could also be considered by dropping term f[.]in (4.1). It
should be different from problem (4.1) and would lead to a more classical abstract
error estimate including a consistency term based on the linear form f[.]. The
solution of such a problem would be really closed to that of problem (4.1). U]

5 Second discrete problem : additional effect of nume-
rical integration

5.1 Definition of the second discrete problem

The integrals defined over the domains @ and {2 have to be evaluated over all
the triangles K € T, and K € Jp, and they are seldom exactly computed in practice.
One rather use numerical integration schemes. Then, let us consider a numerical
integration scheme defined over a reference triangle K (for more details see Ciarlet

(1978)): )
/ $(@)di ~ S ().
A =1
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Junctions between thin shells 15

All the integrals appearing in the expressions of a[.,.] and £[.] are of the form
Ji ¢(x)dz. We use the usual correspondence between ¢ and ¢ through the affine
invertible mapping

Fx : &€K — Fg(#)=Bgi+bx € K

where B is an invertible matrix, bx is a vector of IR? such that Frl(a;) = a;, 1 =
1,2,3, where a;, a; are the vertices of the triangles K and K. Then, the numerical
integration scheme over the triangle K automatically induces a numerical integration
scheme over K, namely

L
/ p()de ~ > wird(bri),
K =1
with wy g = det(Bgk)w and by g = FK(IA)Z), 1 < £ < L. Moreover, we define the
error functionals :

o L L
E(¢) = /fﬁb(f)df = @by, Ex(o) = /Fob(é’)df =Y wikdlbek), (5.1)
29 29 /=1

so that o
E]{(qb) = detB]{E(Cb).
We define similar functions for the domain €2 and for the triangles K € 7,. Finally,

we introduce a numerical integration scheme over each triangle side K' located upon
the boundaries v, v, 1, 71, w:

/ ®~ZEWW

Thus, we use the correspondence between qﬁ’ and ¢’ through the affine invertible
mapping

Ggr : 8e K' 5 Gi(8) =as+p e K',
where a # 0. We have Gi/(8,) = So, « = 1,2 where §,, s, are the corresponding
vertices of the sides K’ and K’. Then we have a numerical integration scheme over

the segment K’
LI
@' (s)ds ~ EWZ,K'Cb/(bZ,K’)a

K =1

with wy g = a@) and by = GK/(IA)Q), 1 < ¢ < L' and the associated error function-
nal

~ ~ Ll
E'(¢) = / 8)ds — Z (by), FExi(¢) = /,Iﬁb/(s)dé’ = w1 ¢ (bek),
. =1

(5.2)
so that o
Exi(¢) = al'(¢).
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16 Michel Bernadou , Annie Cubier

Now, we can give the expression of the second discrete problem which takes into
account the additional effect of the numerical integration.

Find (u’fb,%]i) € Whe such that
an[(uf;wh), (vn s2,)] + kbe[(wh 34l (vn 39 ,)] = Cal(vn 2,)] + Jul(vn 12,)]

V(vh;v,) € Wha, k constant >0,

(5.3)
where we have set (compare with (2.1) and (2.4)):
L
anl(un sw), (on i)l = D D wer{ T[UHAIV A} (bex)
KeTy =1
(5.4)

+ Zwm TULAIV]} be )

Ke7, t=1

.
bul((wn ) (asg, )l = Do Y wend TU, EICIV, ¥} bek).  (5.5)

KGIh =1

The linear forms are defined by (compare with (2.5)):

Eh[(vh 2 Z Zwélx béls + Z Zwéh E Nh]}(béJS)

KeTy, =1 KeZ, =1

+ > ZWL’B Hoor) + Y. ZWZB [Ls][V ]} (be k)

K'eG, £=1 K'eG (=1

(5.6)
where G and (G denote the sets of the sides of triangles which are located upon v
and v 1. Moreover (compare with (4.2)):

Sullonse)l= > ZWM Hbor) + > Zwm Vul}Hbex1)

K'eG (=1 K'eG t=1
(5.7)

where GG and (G denote again the sets of the sides of triangles located on v and + .

5.2 Abstract error estimate

Theorem 5.2.1 : Let us consider a family of discrete problems (5.3) for which the
bilinear forms ay[.,.] + kbp[.,.] are Wye-elliptic, uniformly with respect to h, i.e.,
there exists a constant 8 > 0, independent of h, such that :

anl[(vn 525), (o 32) kbR [(vs 52, ), (52 )] 2 Bll(on )G, Y(vn i2,) € Whe

INRIA



Junctions between thin shells 17

+C

Then, there exists a constant C', independent of h, such that

k k k k
u®u®) — (uf;u < C 1nf { uk u (vn 3w
H( ) & ) ( ko Nh)HE = W ) EWn H h oy h)”E

=+ sup

{| al(vr ;05), (wr s wpy)] — anl(vn s 24), (wr 5 w,)] |
(W ;W) EWLa

(wr s wy)|lE

]
+ k T
wn s wy)lle

| al(u®s "), (wr s w,)] + BB[(w" 50 ®), (wh s w )] — Cel(wh 3w))] = Jel(wh s w,,)] |

(w5 w)lle

sup

(W ;W) EWhe
(5.8)

where (u¥;uk) (resp. (uf;uf)) denotes the solution of the continuous problem (Part
1, (3.10)) (resp of the discrete problem (5.3)).

Proof : The assumption of Wy -ellipticity involves the existence and uniqueness
of a solution (uf;uf) for the discrete problem (5.3). Then let (v, ;z,) be any
element of the space Wy ; we can write :

Bll(upswh) — (vn )% < anl(uf;uf) — (v 52,), (u;uf) — (v 52,)]
+ kbl(uf su ) = (vnw,)s (wh 5w )) — (a2,
= al(u®;uf) — (vi 5uy), (ufsuf) — (vn 5 2,)]
+Rb[(u" 5w ") — (v sw,), (uh s uf) — (w5, )]
+al(vn 51y, (uf;uf) — (v 525)] = anl(vn 525), (uf;uf) — (vn 52,)]
+kb[(vy, 5w,) (uf suh) = (vy 5w )] = Kkbal(wy 5, ), (uf s u ) — (v 52, )]

— al(uhs¥), (ufuf) — (on s2,)] = RO[(u" 50 ), () sul) — (v 1g,)]

+ C[(uf;uf) — (vn 2 )]+ frl(uf;uh) — (vi i2,)]
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18 Michel Bernadou , Annie Cubier

so that with the continuity property (4.6) we obtain :

Bll(uf;uf) — (vn i2,)lle < M{|(wF;uf) — (v 52,)l|E

v sup {l al(vr s 2h), (wr 3 wy)] — anl(vn 5 24), (wr 5 w,)] |
(Wh UL L) EWhe H(wh ;wh)”E

L) <wh-”~(>

1—b
hiw)le

w5, ), (wy 5w )] I}

| al(w®; "), (wr s u)] + k0L su”), (w5, )] = Gul(wh s2,)] = ful(wh s2e)] |

+ sup ’
E

(Wh UL ) EWher (w5 wy)

To conclude, it remains to use the triangular inegality and to take the minimum
with respect to (vy, ;u;,) € Wher. L]

In the estimate (5.8), in addition to the usual approximation theory term inf||(w*; u*)—
(vn 52,)|l, we find two additional terms which measure the consistency error bet-
ween the bilinear forms a[.,.] and a[.,.], b[.,.] and by[.,.] ; they take into account
the error due to the numerical integration. Finally, the last term combines the error
due to both approximations, i.e., nonconforming approximation along the hinge and
use of the numerical integration techniques.

5.3 Uniform ellipticity

The uniform Wp-ellipticity is based on the local error estimate theorems given
by Bernadou (1996, p. 53-61) for a triangle K and by Cubier (1994, p. 76-87) for
a triangle side K’. These theorems give a general result of error estimate ; they
specify criteria on the choice of numerical integration schemes in order to obtain the
same order of asymptotic error estimate than for exact integration.

Theorem 5.3.1 : Let T, and J;, be reqular families of triangulations of the domains
Q and Q satisfying properties (3.1) to (3.3). Let (K, Pk, ¥k) and (K, Px,Yk) be
two almost affine families of finite elements associated with the Argyris triangle.
Thus we have

Px = Ps(K), VK € T;, and Pg = P5(K), YK € T,.

Moreover, assume that the integration scheme on the reference triangle K satisfies
the following conditions :

i) the integration nodes by € E, vi=1,.,L;
i) E(¢) =0, V¢ e Ps(K).

Likewise, the integration scheme on the reference segment K’ verifies

iti) the integration nodes ?)2 €K', Y(=1,.L;

INRIA



Junctions between thin shells 19

i) E'(¢) =0,Yp € Py(K') .
Then, for any given Ary € Wh(Q), Ary € Whe(Q), I,J =1,.,12 and C;; €
WI’OO(W),
1,J =1,..,24, there exist constants B > 0 and hy > 0, independent of h, such that
Jor all h €]0, hq], we have

an[(vn 521), (o 32p) [ HkbR[(vs 52, ), (52 )] 2 Bll(on )G, Yok i2,) € Whe
(5.9)

Proof : For any (v, ;v,,) € Wha C Vi, X Vi, the inclusions (3.4) allow us to write

N

anl(vn ;%) (v s2,)] +kbnl(ws 52, ) (s 52,)]

= a[(vn ;05)s (vn 52,)] + RO[(wr 52, ) (s 52, )]

(5.10)

+ anl(vh 521), (vn 50,)] — al(ve s52,), (vn 52,)]

7

+ kbul(vn 5, ), (vn 52, )] = kbl(ws 59, ), (w52, )],

where a[.,.] and b[.,.] are defined by relations (2.1) and (2.4). According to the proof
of Lemma 4.2.2, there exists a constant o > 0, independent of A, such that for any

(vn 59) € Wha
al(vn ;2y), (vn s2)] +kB[(ws 52, ), (0 5g,)] > all(vn s 2,) 15 (5.11)

This result and the assumptions of Theorem 5.3.1 allow us to apply Theorem 1.3.3
of Bernadou (1996, p. 57) to the different types of terms which occur in the second
hand member of the following inequality

| al(vr 525)s (v 525)] = anl(vn s 24), (0r 5 24)] |

12 12
< S NER(AViVia) [+ Y. D | Ex (A V) | -
KeT, IJ=1 KeT 1J=1

Thus, there exists a constant C' > 0, independent of h, which can change from an
inequality to the next and such that

| al(vr 524)s (v 525)] = anl(vr 524)s (v 525)] |

12 12
<O hk( Y Aulheo@llvoallia + Do b (D Al 2l
KeT;, I,J=1 KeT, I,J=1

12 12
§Chsup{ > lAulheen HAIJHLoo,Q} l(on 321

1,J=1 1,J=1

< Chl(on s2,) 13- )
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20 Michel Bernadou , Annie Cubier

Now, we have to estimate the term b[(v}, ;Qh) (vy 50 h)] — bi[(vy, ;Qh) (vy 50 h)]

By using definition (5.2) of the error functional , we obtain

| b (s, ;gh) (I h)] — bu[(vn 50 ) vy 59, )] < > Z | Ex (CrslVi 1V Y, 10)
KeT, I,J=1

If we denote

L={1,.,12} x {1,..,12}; I, = {13,..,24} x {13,..,24};

I =1{1,.,12} x {13,..,24}; I, ={13,..,24} x {1, .., 12},

then, we have the relation

Y. D IEg(CulVy Y VL V)= Y Y [ Eg(CylValilVals) |

KeT, I,J=1 KeT, I,Jel
+ Z Z | Bk (Cryl VY )+ Z Z | EK(QIJ[K}L]I[Z}L]J) |
KeT, 1,Jely KeT, I,Jelzuly

(5.13)

With the hypotheses made in the statement of the theorem, we can apply to these

one dimensional integration terms of the relation (5.13) the same kind of technique
and we obtain (see Cubier (1994, p.83) for details)

S Y I E(CulVAV) < Ch Y (S 1€ o) lonl )

Kezh Iv‘]ell Kezh I7J€II

Yo > I ECul, I 1< Ch Yo (Y IC o) 12k s,

KeT, I,Jel, KeT, 1,Jel,

Yoo > EkCuViIl, ) 1< Ch YD (Y €Ul o) lonllvil2nllyi)s
KeT, I,Jelzuly KeT, I,Jelzuly

so that the substitution of these inequalities into relation (5.13) proves the existence
of a constant C', independent of h, such that

[0[(ws 5, )5 (w52, )] = bal(2n52,)) (5 g, )] |

94 (5.14)

< CR( Y 1€l o)l (n 52 < Chll(vn 52,) 15
1,J=1

By substituting relations (5.11), (5.12), (5.14) into relation (5.10), we get
anl(vn ;2n)s (On s 2]+ kbal(wn 5 2,), (v 52,)] > (@ = CR)l[(on 524 I
and it suffices to take 8 = % and hy = % to obtain the expected estimate (5.9). []

Remark 5.3.1 : Numerical integration schemes exact for polynomial of degree eight
can be found in Dunavant (1985, p. 1140) for the triangle and in Zienkiewicz-Taylor
(1989, p.173) for an interval. L]
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Junctions between thin shells 21

5.4 Asymptotic error estimate

Now, we are able to evaluate the different terms of the abstract error estimate
(5.8) and to derive an asymptotic error estimate ||(u ;%) — (up, ;u,)|| between the
solution (u ;%) of the continuous problem (Part 1, (3.10)) and the solutions of the
discrete problems (5.3). Before giving the asymptotic error estimate theorem, let us
specify some notations :

3 3
(P s )l xwraye = {0 1150 + D 1121150037,
=1 =1

12 12
(L, Les) llows o )y 2w (y 1))12 = O NEatlE ey + DLl ey, 3
I=1 I=1 ~

where ¢, s are two integer numbers > 1.

Theorem 5.4.1 : Let T, and ], be two regular families of triangulations of the
domains 0 and Q salisfying the properties (3.1) to (3.3). Let (K, Px,YXk) and
(K, Pg,Xf) be two almost affine families of finite elements associated with the Ar-
gyris triangle. Moreover, we assume that the numerical integration scheme on the
reference triangle K satisfies the following condilions :

i) the integration nodes by € E, Vi=1,.,L;
i) B(@) =0, V¢ € R(K).
Likewise, the numerical integration scheme on the reference interval K’ verifies
iii) the integration nodes IA)Q € ?, Vi=1,.,L;
i) E'(¢) =0, V¢ € P(K').
Assume that

v) the solution (u*;u*) € W, of the continuous problem (Part 1, (3.10)) belongs
to the space K(Q) x K(Q) = (H?(Q))? x H%(Q) x (H?(Q))* x H%(Q),

vi) Arg € WH(Q), Ay € WH(Q) for I,J =1,..,12;
vii) Cr; € W (w) for I,J =1,..,24;
viii) p' € WH(Q), p' € WH(Q) fori=1,..,3;

iw) N'e W>*(y), N e WH(y) fori=1,..3;

z) Ls; € W>*(n1), L € W>(y1) for [ =1,..,12,
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22 Michel Bernadou , Annie Cubier

where q, s are integer numbers > 2. Then, there exist constants C' > 0 and hy > 0,
independent of h, such thal for any h € 10, hq], we have :

[ (w;u¥) = (uf;uf)|le < Ch4{ 1w @) k@ xr @) + 15 R) lwaa@)ex(woag))?

—}—h1/2 H(N ;M)l’(W5,s(W))3X(W5,S(Z ) T ”(L57 LS)H(Wf),s(%))lzx(was(z 1))12]

(5.15)
where (uf;u}) is the solution of the discrete problem (5.3).

Proof The conditions for applying Theorem 5.3.1 are satisfied. Hence, the condi-

tion of the uniform Wpe-ellipticity is verified and it is possible to apply Theorem
5.2.1. Therefore, we are going to evaluate the different terms of the second hand
member of the inequality (5.8). The proof takes five steps.

Step 1 : Estimate o inf oFuF) — (00 : v
g f(lvh ;'Qh)EIVhel”( T~ ) ( o Nh)HE

Let II, be the Wp,; interpolation operator on the space W,;. We define

Ii(vsn) = (mho, ThR)

=

where mp, and 75, are the associated interpolation operators on Vj and V. Then, we
obtain

(Ciarlet (1978 p. 124))

inf I u) = (vnse)llz < (wFuh) — T (u®;wh) e
(V50 ,)EWha
(5.16)

IN

ChH|(wF; 4 | k@) < i ()

| allln(uhs w®), (wn 5, — anln(u®; ub), (wh3w,)] |

Step 2 : Estimale of sup
(Wh ;U ) EWhe [(wr ;wy)

By using relations (2.1) and (5.1) :

E

| allln (w;u®), (wr 3w),)] = an[Ta(u®su®), (wr 5 w,)] |

12 12
< S SN N Ec(Apu[m U W) |+ 3. Y | Ex(Au[mUF 1w, | .
KeT, LJ=1 Keg 1J=1

(5.17)
We restrict our attention to the first term of the second hand member of inequality
(5.17). The hypotheses of Bernadou (1996, Theorem 1.3.3, p. 57) are verified. Thus,
we obtain the existence of a constant C' > 0, independent of A, such that

12
> > |1 Ex(Aum UMW) |
KeT, I,J=1

12
<C 7 (Y WAoo, ) (ImnufllE i + I7nu 113k + 7usl|g i)l
KeTy, I,J=1

V(K)
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where
Thu = < Thuy, (Thui)a, (Tpur)2, Tpug, (Truz)a, (Truz)s,
mThus, (Trus) 1, (Taus)2, (7pus) i1, (Thus) iz, (7Thu3),22)

The interpolation operator 7,1 leaves the space P5(K) invariant, and we obtain

[|[mhuills, e < ||wills,x + || — mruills,x < Cllwills,x, 1=1,2,3.

Thus,
12
Yo Y | Ex(An[maUR Wiy |< Cma;.& () (Y 1AL llaco) 1ef ]|k o) llwnlv o)
KeTp I,J=1 te I J=1
(5.18)
Similarly for the shell §, we could prove
12
>y | Eg (Ars[mnUR)[Whr) | C I 7>_x (hi)? Z | A1]|4,00,0) HukHA ey
KeT, IJ=1 ke, IJ 1

(5.19)
By combining inequalities (5.18), (5.19) and definition (3.2), we obtain

| a[lh (ws u), (wh 3 w,)] — an[h(u®; ub), (w5 y)] |
12 12

< Chtsupd S Anllscons D [141sllacog ¢ { 14 lk@llwillvi) + 1l @) lenllv) }
1,J=1 1,J=1

so that

sup | a[Hh(uk; %k) (wp, ;w,)] — ah[Hh(uk; 1~Lk)7 (wp, ;wy)] |
(Wp ;W ) EWhe H(wh ﬂQ}J”E

(5.20)

I,J=1 1,J=1

12 12
< Ch48up{ Y ALl Y HAIJH4,oo,Q} [ (w"; wP) ||k @)x x5 (©)

| B[ "), (w5, )) = 0n[I0n (s "), (w52 )] |
Step 3 : Estimate of sup = —h = —h

(W, W, ) EWher [(wr s wy)lle

The restriction of an Argyris triangle to one of its side is a Ps-one-dimensional
finite element, so that we define the interpolating function:

Mi(u®;u®) = (mu'l, o F , mafly o ).

By using the matrix expressions (2.4) and (5.5) of the bilinear forms b[.,.] and by,][., .]
, a similar one-dimensional study to the previous ones gives (for details, see Cubier
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24 Michel Bernadou , Annie Cubier

(1994, Theorem 5.2.4, p. 83))

| Ok (u® 5w ), (wy 3w, )] — ballln(w® s u "), (w5, )]

< OIS €)1 i eonllvisy + el lleally
1,J=1

@ |

so that, we obtain

| OIa(u® ;u®), (wy 5w, )] — bl (u® 50 "), (wy, 3w )] |
(w5 w,)lle

(5.21)

24
< CRY( Y 1C 1 llaeow) (" u) k()< (2)-
1,J=1

Step 4 : Estimate of

. | al(w®;u®), (wh o))+ kO[5 u "), (w2 ,)] = Cal(wn s wy)] — ful(wn )] |

(Wp ;U ) EWL H(wh ;wh)”E

By using relation (4.7), we obtain the new estimate :

| al(w®;uh), (wh o))+ kO[5 u "), (wy sw )] = Cal(wn s wy)] — ful(wn s ae)] |

sup

(Wp ;W ) EWhe H(wh ;wh)”E
< sup | (w5 wy)] — Cal(wh s wy)] | n sup | fl(wr 5w,)] = ful(wn s w,)] |
(W, U2, EWner l(wr s w)le (W), W ) EWher | (w5 w,)||E

In this inequality, we find the term | f[(wp ;w},)] — ful(wr ;w ;)] | which com-
bines the errors due to the nonconformity of the finite element method and to the
use of numerical integration. Thus, it remains to study the following estimates

e FEstimate of sup | £l ;wh)] — bnl(wn ;wh)] |
(W U ) EWher l(wr s wy)l e

We can rewrite the linear forms £[.] and ¢1[.] by using the matrix decompositions
introduced in Section 2 ; thus we obtain

| (w5 w,)] = al(wn 5 w,)] (<Y Z | Ex([PIIW ) |+ Y. D | Ex((P1i[Wal1)

KeTp I=1 Kel, I=1

+ 20 D E(LlWiln [+ X2 X | E([Ls)i W) |

K'eGy, I=1 Iz"egl I=1

(5.22)
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Junctions between thin shells 25

where the sets Gy and Gy are defined in (5.6). The first two terms of the second
hand member of (5.22) correspond to body force resultants ; the last two terms
correspond to surface load resultants. In order to estimate these terms, we can use
Bernadou (1996, Theorem 1.3.2, p. 54) and their one dimensional counterparts by
Cubier (1994, Theorem 5.2.3, p.79). That leads to :

12
| (w5 wy)] = Cal(wh 5w,)] 1S C Y R (mes(K))Y2H (S IPI , 0) Y llwl vy
KeTy, I=1

12
+C Y hic(mes(E)YA ISR, )l allyig)
ISEZ; I=1

12
+C S B mes(K)) Y2 (SN Ls 120 100 o lwnlv (sce)
K'eG, I=1

12
9/2 4 —1/s s s
+C Y bl mes(K) TS Lol 050l v
K'eGgi ~ I=1

where K* (resp. K*) denote the triangles belonging to 7, (resp. 7, ) which count

the sides K’ (resp. K') located on 7y (resp. 7 1) among their own sides. Figure 3
summarizes these notations.

% | g { “\

= 4\ (Fx)g |

S

(Fk)ig Y1

FK FK

<

K’

Fig. 3: Some notations
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26 Michel Bernadou , Annie Cubier

From definitions (2.6) of vectors P and P, we have

12 3 12 3
DMPHG k=D I and Y IR, = D M2 N g -
I=1 =1 I=1 =1

Then, we use the inequality

E | axbrek [< (Z | ax |oz)1/oz(z | bk |ﬁ)1/ﬁ(z | ek I”)l”
K K K K

which is valid for any real numbers «a, 3,v > 1 satisfying é—I— % + % = 1. Here, we
takeé:%—%, ﬁ:qet7:2f0rb0dyf0rcetermsandé:%—%; 0 =set

~ = 2 for surface load terms, for any ¢ > 2 and s > 2. Hence

| {(wr 5 wy)] — Cal(wn s wy)] | 4
sup - < Ch*S ()l waa@)2x(whe(@))?
(W W) EWher (w5 w,) e { (s Wha@)
+ BYP(Ls, Lol wosyyex(wosy )z
(5.23)
e Estimate of sup | f[(wh ;wh)] _ fh[(wh ;wh)] |

(W U, EWher [[(wn 5 w)llE
The final result is obtained by taking into account the matrix expression of f[.] and

fu[.] defined by relation (5.7) ; a proof similar to the previous ones ( see Cubier
(1994, Theorem 5.2.3, p.79)) would lead to

o TG swy)] - il )|
p
(W W ) EWhe ”(wh ;wh)HE

< CROP||(N 5 Nl wss (e X (W3e(y))?

(5.24)

Step 5 : Final estimate (5.15)

We can apply Theorem 5.2.1 and we get the estimate (5.15) by substitution of
the inequalities (5.16), (5.20), (5.21) , (5.23) and (5.24) into the abstract error
estimate (5.8) written for (vy ;u,) = Ix(u*;u). [
6 Extension to the rigid junction problem

The rigid junction problem can be stated as follows

Find (uprg 31~‘hm’g) € Whyig such that for any (v ;uy) € Wi
(6.1)
an[(Whrig s %pi0)s (V32 = Cel(vn su,)] + fil(ve 12,)]
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Junctions between thin shells 27

where the space Wj,,, the bilinear form ay[.,.] and the form £,[.] are respectively
given by relations (3.13), (5.4), (5.6) and, concerning the approximation along the
hinge :

Sl sep)l= Y Zwéh Hoor)+ Y ZWA L] (VR 3 (b )
K'eG =1 K'e@ (=1

where L, and L are defined in (2.7) and sets G and (G are given in relation (5.7).

Theorem 6.1 (Abstract error estimate) : Let us consider a family of discrete pro-
blems (6.1). We suppose that the bilinear forms ay|[.,.] are Wh,4-elliptic, uniformly
with respect to h, i.e., there exists a constant § > 0, independent of h, such that

anl(vn 3uy), (Ve u,)] > Bll(vn s2) e V(v 52,) € Wirig.

Then, there exists a constant C' > 0, independent of h, such that

rigy Wri - rig » ; <C inf rigs &ri - )
I Crig tria) = (thria 3l < C il { | (trigi i) = (0 324) s
n sup | al(vnsun), (wrsw,)] — an[(vegr), (wr;wy)] |}
(Wh U ) EWhrig [ (wwp 3'“~’h) E
vo oy Lol o s~ () - Sl )
(W ;U ) EWhrig | (wh 7u~7h)”E ’

where (Urig; Wrig) and (Whrig 31~‘hm’g) denole the solutions of the continuous and
discrete problems (Part 1, (3.24)) and (6.1).

Proof : The proof is similar to that of Theorem 5.2.1 for the elastic hinge problem
; it suffices to note that b[.,.] = bx[.,.] = 0. (]

Theorem 6.2 (Asymplotic error estimate) : Let T, and ], be two regular families
of triangulations of the domains Q and Q satisfying properties (3.1) to (3.3). Let
(K, Px,Xk) and (K, Pk, Yk) be two almost affine families of finile elements asso-
ciated with the Argyris triangle. Moreover, we assume that the numerical integration
scheme on the reference triangle K salisfies the following conditions :

i) the integration nodes by € E, vi=1,.,L;
i) B(@) =0, V¢ € R(K).
Likewise, the numerical integration scheme on the reference interval K' verifies
iii) the integration nodes (A)g € ?, Ve=1,.,L;

i) E'(¢) =0, V¢ € Py(K') .
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Assume that

v) the solution (Urig;%rig) € Wyig of the continuous problem ( Part 1,(3.24))
belongs to the space K(Q) x K(Q) = (H?(2))* x H®(Q) x (H%(Q))* x H%(Q);

vi) Apg € W (Q), Ay € WH(Q) for 1,7 =1,..,12;
vii) p' € WH1(Q), p' € WH9(Q) fori=1,..,3;

viii) Lsp € W>*(11U75), Lsp € W>*(y1U7y) for I =1,..,12,

where q, s are integer numbers > 2. Then, there exist constants C' > 0 and hy > 0,
independent of h, such that for any h € 10, hq] we have :

[ (%rigs Wpig) — (Whrigs Wprip) |l < Ch4{ 1 (wrigs i) | K () x5 (2)

+ 11 s )l wra@pexwaai@ye + 2721 (Es L)l gwoeruumyizx wesy 1oy 2]}

~ ~

where (Whrig 3 Wy,;,) 05 the solution of the discrete problems (6.1)

Proof : The uniform ellipticity arises from the equivalence between the norm ||.|z
and the norm on Wy, defined by [[(vh ;u,)llw,,., = {an[(vr 524), (Vs s, )32
and from Bernadou (1996, Theorem 1.3.3). Then we can obtain the aymptotic error
estimate exactly in the same way than for the elastic junction problem. L]

7 Numerical Results

7.1 Description of the example

We consider the example given in (Part 1, Section 2.4), i.e., a structure consti-
tuted by a circular cylinder with a spherical end cap subjected to a vertical body
force. The cylinder is clamped along its foundations. Figure 4 and Table 1 give the
notations and the data used for this benchmark. The axisymmetry of this structure
leads to simplifications, in particular if we consider axisymmetrical loading.

Dimensions Material constants Forces

L =130.9m

r=95.1m B

R =100m E=E=10°N/m? | P7R
—e=1m v=y =0.33 = —bes

¢ QQW ~ ' b= 10N/m?

00 — ?

5= 10

Table 1 : Data of the example

INRIA



Junctions between thin shells 29

z
Ly
52
pis
27
9
7o v 71 .
Q Q
O I3
3 = €3
el €2 Y
S r
Lo
\
/ Ye=¢
x
Fig. 4: Geometry of the problem
The mappings that we consider are given by :
= rcos&? x = Rcos(d + gléL) cos&?
®:{ y=rsing? P y:Rcos(cS—}—gl%)sian
z=¢! z:Rsin(5—|—%)—|—L—Rsin5

Here, we consider the junction between the sphere and the cylinder ; the above
mappings are such that ® (') = &~ 1(T") = v. Thus we do not need to introduce

the third mapping € and the interval w (see (2.3) and (2.4)). In this benchmark the
bilinear form &[., .] is given by

b[(u ﬂ&)a ('U KQ)] = /(U3,1 — U311 — %%1)(”3,1 —Us1— %El)d’Y
Y

where dy = r?d¢* ( Part 1, (2.15) and (3.12)).
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7.2 Reference solution

As a reference deformed configuration of the structure we use the approximated
solution of the three-dimensional linearized elasticity model. The axisymmetry allow
us to restrict the problem to a two-dimensional axisymmetrical elasticity problem set
on a radial section of the structure. We approximate this problem by a finite element
method using P;-Lagrange finite elements. In order to have a good approximation of
the deformed configuration, we have used a mesh including 17408 triangles. Figure
5 gives the result that we have obtained with the Modulef code (see Bernadou & al.
(1988)).

Fig. 5: Reference deformed configuration for rigid junction obtained from a 2d
accurate approximation of the axisymetrical problem and zoom of the junction
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7.3 Rigid junction using Argyris triangle

For this test, we use the Argyris triangle described in Figure 2 and the mesh
given in Figure 6.

52 Gy a2
o b‘ b 11
Q J Q

Fig. 6 : Mesh

Because of the axisymmetry of the problem, we restrict the reference domains
to an axial strip of width ¢, = 7/16 and we impose symmetry conditions on the
boundaries §; and d; (Figure 6). The rigid junction conditions along v are obtained
from equations (3.9) and (3.12). They consist of linear relations between the degrees
of freedom located on 7. The equality of the displacements along the junction is
given by u; = Alu; with A7 = @;-a’. In our example, we have :

Al = A) = A= A} =0, A} = A5 = cosé, AgzﬁcoscS:l, A? =sind, AL = —sind
r

where § is defined in Table 1 and Figure 4. Conditions (3.9) can be written as:

wh1(@o) = cosdupy(ay) + sin Sups(ay)
Un2(a) = un2(aq) (7.1)
Uh3(@o) = —sin dupy(ays) + cos dups(ay)
wh1,2(@o) = cosdupy 2(an) + sin dups 2(aq)
NhQ,Q(Qa) = Uh2,2(aa) (7 2)
h3,2(2a) = —sindup 2(aq) + cos dups 2(aq)

Un1,22(Qa) = o8 dupy 22(aq) + sin dupz 22(ay)
Uh2,22(Qa) = Un2,22(0x) (7.3)
U4r3,22(@a) = —sin dupi 22(aq) + cos dupz 22(ay)

where a,, @ are displayed on Figure 6, o = 1, 2.
The equality of rotations is given by the conditions (see (3.12)):

wh3.1(@a) — Ur31(a) — %Qm(ga) =0
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(@a) =0

w3 (b) — whay (B) — Fun (k) =0

uh3,12(aa) - Lth3,12(f~la) - %uhl,

[}

where b, § are the midpoints of [ay, a3] and [g1,@2]. In the above relation, term

wr1(b) is not a degree of freedom of Argyris triangle, but the expression of the

interpolating function for Argyris triangle (see for example Bernadou (1996, (1.5.1),
p. 99) give

1 5
ur(b) = 5[%1(@1) + uni(a2)] + S—Q[DEM(QD(QQ —a1) + Duni(g2) (a1 — a2)]+
1
6—4[D2Qh1(f~11)(@2 —a1)* 4+ D*uni(e2) (a2 — ¢1)?]
1 5 1,
= 5[%}11(@1) + upi(g2)] + 3—2€b[%h1,2((~11) —un12(a2)] + 6_466 [wh122(21) + wn1,22(¢2)]

where ¢, = 7/16 is the width of the radial strip into consideration in this test.
The numerical results are given in Figure 7. They are very closed to the reference
solution considered in Paragraph 7.2. This is not surprising since the computation
of the reference solution through 2D elasticity equations does not introduce effects
of elastic hinge including a jump of rotation. Thus this reference solution is really
very closed to the rigid hinge solution.
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7.4 Elastic junction

In order to simulate an elastic junction, we have implemented in the Modulef
code a junction finite element which is built from two Argyris triangles which joint
along one of their sides (see Figure 8) and whose rigidity matrix includes the bilinear
form bp[.,.]. We use again the mesh given in Figure 6, the junction element is
represented in grey. We have seen in Part 1 that the elasticity of the junction
depends of a coefficient k. When £ is small (about 10), the junction is elastic and is
very distorded. When & is very large (about 107), the junction becomes almost rigid
and the angle between the two shells remains unchanged during the deformation
(see Figure 7).

Px = (Ps)® N {relations(7.1) to (7.3)}

dim Pr = 108

Fig. 8 : Shell junction finite element (interpolation of the unknows
u; on K and y; on K fori=1,2,3.)

8 Final remarks

In this study we have approximated the thin shell junction problem by using
the high accuracy finite element method based on the Argyris element. Another
possibility is to use the delinquent finite element introduced by Sander (1985). This
element seems promising since it combines high accuracy (an error estimate in O (h?)
in energy norm would seem reasonable) with a choice of degrees of freedom well adap-
ted to the junction problem. These elements are shown schematically in Figure 9.
A study along these lines is in progress by Bernadou, Palma, Trouvé and Vilarino

(to be published).
Another interesting study would be the study of the junction between two shells

modelized by Reissner-Mindlin equations. In this way, the transverse shear effects
and the boundary layers phenomena have to be considered.
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:

Adapted quadratic finite element Delinquent finite element

(approximation of u; and u3) (approximation of ug)

Fig. 9 : An interesting combination of finite elements for the thin
shell junction problem
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