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Abstract: in this paper, we prove that the wrapped Butterfly digraph WBF (d,n) of degreed and
dimensionn containsat least d— 1 arc-digjoint Hamilton circuits, answering aconjecture of D. Barth.
We also conjecture that WBF (d,n) can be decomposed into d Hamilton circuits, except for d = 2
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Circuits Hamiltoniens dans ler éseau Butterfly orienté

Résumé: danscet article, nous prouvons que le graphe Butterfly reboucl € (dans sa version orienté)
WBF(d, n) dedegréd et dedimensionn contient au moinsd— 1 circuits Hamiltoniensarc-disjoints,
repondant & une conjecture de D. Barth. Nous conjecturons aussi que WBZF (d, n) peut &re décom-
posé en d circuits Hamiltoniens, sauf pour d = 2n = 2,d = 2n = 3etd = 3n = 2. Nous
montrons qu'il suffit de prouver cette conjecture pour d premier et n = 2. Puis nous donnons une
telle décomposition pour tous les premiers jusqu’ a 12000 grace a une subtilité de programmation,
induisant comme corollaire que WBZF(d, n) admet une décomposition Hamiltonienne pour tout d
divisible par un nombre ¢ tel que4 < ¢ < 12000.

Mots-clé: graphe Butterfly, théorie des graphes, Hamiltonisme, décomposition Hamiltonienne,
cycle Hamiltonien, circuit Hamiltonien, couplage parfait.
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1 Introduction and notations

1.1 Butterfly networks

Many interconnection networks have been proposed as suitable topologies for parallel computers.
Among them the Butterfly networks have received particular attention, due to their interesting struc-
ture.

First, we have to warn the reader that under the name Buitterfly and with the same notation, dif-
ferent networks are described. Indeed, if some authors consider the Butterfly networks as multistage
networks used to route permutations, others consider them as point-to-point networks. In what fol-
lows, we will call the multistage version Butterfly and we will use Leigthon’sterminology [13], na-
mely wrapped Butterfly, for the point-to-point version. Furthermore, these networks can be conside-
red either asundirected or directed. To be complete, werecall that some authorsconsider only binary
Butterfly networksthat is the restricted class of networks obtained when the out-degreeis 2 (directed
case) or 4 (undirected case).

Inthisarticle, wewill usethefollowing definitionsand notation. Z , will denotethe set of integers
modulo ¢. (For definitions not given here see [15]).

Definition 1.1 TheButterfly digraph of degreed and dimension n, denoted BF(d,n) has as ver-
tices the couples (x,1), where z is an element of Z; that is a word z,,_1%,_2 - - - 129 Where the
lettersbelongto Z ; and0 < 1 < n (I iscalledthelevel). Forl < n, avertex (x, 1%n_2 - - T1%0,1)
isjoined by an arc to thed vertices (1 - - - 141, Q, 11 - - - To, 1 + 1) wherea is any element of
Zg.

BF(d,n) has (n + 1)d™ vertices. Each vertex in level [ < n has out-degree d. Thisdigraphis
not strongly connected. It is mainly used as a multistage interconnection network (the levels corres-
ponding to the stages) in order to route some one-to-one mapping of d™ inputs (nodes at level 0) to
d™ outputs (nodes at level n).

The underlying undirected graph obtained by forgetting the orientation will bedenoted BF(d, n).

Figure (1) showssimultaneously BF (3, 2) and BF(3,2). Theorientation on BF(d, n) being ob-
tained by directing the edges from Ieft to right.

Note that B_]’-(d, n) is often represented (for examplein [13, 15]) in an opposite way to our dra-
wing as the authors denote the nodes (xox1 - - - zn—1). We have chosen the representation which em-
phasisesthe most on the recursive decomposition of BF(d, n) and provides us an easy representation
of our inductive construction (see section (3)).

Definition 1.2 Thewrapped Butterfly digraph WBF(d, n) is obtained from BF(d, n) by identi-
fying the vertices of the last and first level namely (xz,n) with (x,0). In other words the vertices are
the couples (z, 1) wherex is an element of Z; that isaword x,,_1%,—2 - - - £129 Where the letters
belongtoZ, andl € Z,, (I iscaledthelevel). For anyl, avertex (x,_1%n_2 - - - 2120,1) iSjoined
by anarctothed vertices(x,,—1 - - - X141, @, 211 - - xg, | + 1) wherea isany element of Z 5 (and
wherel + 1 has to be taken modulomn,).

RR n"2925
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Usually to represent the wrapped Butterfly (di)graph we use the representation of BF(d, n) by
repeating at the end level 0. Hence the reader has to remind that levels 0 and n are identified for
WBF(d,n). WBF(d,n) isais d-regular digraph with nd™ vertices; its diameter is 2n — 1. The
underlying wrapped Butterfly network will be denoted WBF(d, n); it is regular of degree 2d, with
diameter |32 ].

01

02

v'e')
1 z'{.A‘/
OO\

12

Node (10,2) in BF(3,2)
10 \“v‘v'""v or
\ A"\A!'A Node (10,0) in WBF(3,2)

Linesor words — =

Figure1l: ThegraphsBF(3,2) (multistage version) with 3levels, or WBF (3, 2) (point-to-point ver-
sion) by duplicating level 0. For digraphs BF(3,2) or WBF(3, 2) the edges must be directed into
arcsfrom/eft toright .

12

Other definitions and general results

K4 will denote the complete graph on d vertices,
Ka,q will denote the complete bipartite graph where each set of the bipartition has size d,

G* will denote the symmetric digraph obtained from the graph G by replacing each edge by
two opposite arcs. In particular £ (resp. K7 ;) will denote the complete symmetric (resp.
bipartite) digraph on d (resp. d x d) vertices,

K} will denote the complete symmetric digraph with aloop on each vertex,

acircuit or directed cycle of length » will be denoted C,,, and adipath of length . P,.

INRIA
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. Iﬁd,d will denote the directed digraph obtained from K4, 4 by orienting each edge from the | eft
part to the right part.

Definition 1.3 (see[15]) Let G be a directed graph. Theline digraph L(G) of G is the directed
graph whose vertices are the arcs of G and whose arcs are defined as follows: thereisan arc froma
vertex e to avertex f in L(G) if and only if, in G, theinitial vertex of f is the end vertex of e.

Notethat WBF(d, 1) isnothingelsethan K andthat BF(d, 1) isK 4,4. Wewill seein section (4)
(corollary (4.1)) that WBZF(d, 2) is the line digraph of Kia

Definition 1.4 A 1-difactor of adigraph G isaspanning subgraph of G with in and out-degree 1. It
corresponds to a partition of the vertices of G into circuits.

Definition 1.5 A Hamilton cycle (resp. circuit) of agraph (resp. digraph) isacycle(resp. circuit)
which contains every vertex exactly once.

Definition 1.6 We will say that a graph (resp. digraph) has a Hamilton decomposition or can be
decomposed into Hamilton cycles (resp. circuit) if its edges (resp. arcs) can be partitioned into
Hamilton cycles (resp. circuits).

Remark 1 A Hamilton circuit is a connected 1-difactor.

The existence of one and if possible many edge(arc)-digoint Hamilton cycles (circuits) in a net-
work can provide advantage for algorithms that make use of aring structure. Furthermore, the exis-
tence of a Hamilton decomposition allows also the message traffic to be evenly distributed across
the network. Various results have been obtained on the existence of Hamilton cyclesin classical net-
works (see for example the survey [2, 11]). For exampleit is well-known that any Cayley graph on
an abelian group is hamiltonian. Furthermoreit has been conjectured by Alspach [1] that:

Conjecture 1 (Alspach) Every connected Cayley graph on an abelian group has a Hamilton decom-
position.

Thisconjecture hasbeen verified for all connected 4-regular graphson abelian groupsin[9]. That
includesin particular the toroidal meshes (grids). For the hypercubeit is aso known that 7(2d) can
be decomposed into d Hamilton cycles (see[3, 2]).

Concerning linedigraphsit has been shownin[12] that d-regular line digraphs always admit L%J
Hamilton circuits. In the case of de Bruijn or Kautz digraphs which are the simplest line digraphs,
partial results have been obtained successively in[6, 14], and quasi optimal resultshave been obtained
for undirected de Bruijn and Kautz graphs [4].

1.3 Resultsfor the Butterfly networks

The wrapped Buitterfly (di)graph is actually a Cayley graph (on a non abelian group) and aline di-
graph. So the decomposition into Hamilton cycles (resp. circuits) of this graph (resp. digraph) has
received some attention. First it is well-known that WBF (d, n) is hamiltonian (see [13, page 465]
for aproof inthe cased = 2). In[7], Barth and Raspaud proved that WBF(2,n) has a Hamilton
decomposition answering a conjecture of J. Rowley and D. Sotteau (private communication).

RR n"2925



6 J-C. Bermond, E. Darrot, O. Delmas & S. Perennes

Theorem 1.1 (Barth, Raspaud) WBF(2,n) can be decomposed into 2 Hamilton cycles.
They & so gave the following conjecture.

Conjecture2 (Barth, Raspaud) Forn > 2, WBJF(d,n) can bedecomposedintod Hamilton cycles.
In histhesis[5] , Barth also stated the following conjecture for the directed case:

Conjecture3 (Barth) Forn > 2, WBF(d,n) containsd — 1 arc-disioint Hamilton circuits.

Recall that forn =1 Wf’)’f(d, 1) isnothing else than X} which itself is the arc-digjoint sum of
K and loops. So conjecture (3) can be seen as an extension of atheorem of Tillson [17].

Theorem 1.2 (Tillson) The complete symmetric digraph K, can be decomposedinto d —1 Hamilton
circuits except for d = 4 and 6.

Inthispaper wefocusmainly onthedecomposition of thewrapped Butterfly digraph WBF (d,n).
Our main result implies that the number of arc-disjoint Hamilton circuits contained in WBF(d, n)
can only increase when n increases.

Proposition 1.1 1fWBZF(d,n) containsp arc-disjoint Hamilton circuiits, then WBF(d, n') contains
also at least p arc-digoint Hamilton circuits, for any n’ > n.

This proposition with Tillson’s theorem and a special study for d = 4 and 6, implies conjec-
ture (3).

Theorem 1.3 For n > 2, WBF(d, n) containsd — 1 arc-disjoint Hamilton circuits.

Furthermore it appears that, except for three cases, for al small values of d, WBF (d,n) can be
decomposed into d Hamilton circuits, so we conjecture that:

Conjecture4 Forn > 2, WBF (d,n) can be decomposed into d Hamilton circuits, except for (d =
2,n=2o0r3)and(d=3,n=2).

By the proposition (1.1) it sufficesto provethe conjecturefor n = 2. Using results of section (4)
on conjunction of graphs, we have been able to reduce the study to prime degrees. So conjecture (4)
would follow from conjecture (5).

Conjecture’5 For any prime numberp > 3, WBF (p,2) can be decomposed into p Hamilton cir-
cuits.

With aclever computer search, we have been able to prove conjecture (5) for any prime less than
12000, leading to the following statement:

Theorem 1.4 If d isdivisible by any number ¢, 4 < ¢ < 12000 then Wfsf(d, 2) and consequently
WBF(d,n) has a Hamilton decomposition.

Finally the methods used in this paper can be applied with other ideas to the undirected case and
lead usto prove conjecture (2) in aforthcoming paper [8].

Theorem 1.5 For n > 2, WBJF(d, n) can be decomposed into d Hamilton cycles.

INRIA



Hamilton circuits in the directed Butterfly network 7

2 Circuits and Permutations

2.1 Mored€finitions

First, wewill show that the existence of k arc-disjoint Hamilton circuitsin WBF(d, n), isequivalent
totheability to route &k compatiblecyclic realisable permutationsbetweenlevelsOandn in B?-‘(d, n).
For this purpose we need some specific definitions.

In the whole paper, = will always denote apermutation of Z; which associatesto x, w(x). It fol-
lows from the definition of BF(d, n) that there exists a unigue dipath connecting avertex (z,0) toa
vertex (y,n). So we can associate to apermutation = of Z7} aset of dipathsin BF(d,n) connecting
vertex (x,0) to vertex (w(z),n) forany z in ZJ.

The composition 7 - 7’ of two permutations and 7’ isthe permutation which associate to the
element a the element = (7' (a)).

Definition 2.1 A permutation isrealisable in BF(d,n) or equivalently BF(d,n) realizesthe per-
mutation« if thed™ associated dipaths from the inputs to the outputs are vertex-digoint.

Definition 2.2 A permutation iscyclic if all the elements*(z) aredistinct for0 < i < d™.

Definition 2.3 A set of k permutationsmg, i, - - -, mx—1 realisablein BF(d,n) iscompatible if the
kd™ dipaths from (x,0) to (m;(z),n) forz inZ} and0 < j < k — 1 arearc-digoint. We will also
say that BF(d,n) realisesk compatible permutations.

2.2 Hamilton circuitsand permutations

We are now ready to provethat thergisan immediate connection between the ex_[stence of compatible
cyclic realisable permutationsin BF(d,n) and that of Hamilton circuitsin WBF(d, n).

Lemma 2.1 WBF(d,n) contains k arc-disjcint Hamilton circuits if and only if BF(d, n) realizes
k compatible cyclic permutations.

Proof. Let = be acyclic permutation realisablein B?—'(d, n) and let P; be the unique dipath joi-
ning (r%(x),0) to (ri+1(z),n). Let P! be the dipath of WBF(d,n) obtained from P; by identi-
fying (7**1(x),n) with (7*+! (), 0). The concatenation of the dipaths P/ forms a Hamilton circuit
of WBZF(d,n) because, = being cyclic, the 7 (z) span the set of vertices of level 0. Conversely,
if H isaHamilton circuit of WB}'(d7 n), let (zg,0),-- -, (%;,0), -, (x4n_1,0) bethe verticeswe
meet successively on level 0 by following the cycle H. Let us consider the permutation defined by
m(x;) = x;4+1. ASH isaHamiltoncircuit, al thex,;'saredistinct and all theinsidedipathsare vertex-
disioint, so 7 is acyclic realisable permutation in BF(d, n). Finally by the equivalence above, arc-
digoint Hamilton circuits correspond to compatible cyclic realisable permutations (see Figure (2) for
an example). O

RR n"2925
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Figure 2: A Hamilton circuit of WBF (2,2) (figure a) or equivalently the associated permutation
realisablein B?'(Z, 2) (figure b) and the cyclic permutation which is used (figure c).

3 Recursive construction

3.1 Recursive decomposition of BF(d,n)

The permutation network B?—'(d,n) has a simple recursive property: the n + 1 first levels of
BF(d,n + 1) form d vertex-disjoint subgraphsisomorphic to BF (d, n). We shall call them Ieft But-
terflies. If the vectorsof Z7*! aredenoted y = (ax) € Z4 x Z7, then each left Butterfly connects
the set of vertices having the same left part a. So we will 1abel aleft Butterfly by Bi.s:(a). Inthe
same way, the two last levels of BF(d,n + 1) are built with d™ disjoint subgraphs isomorphic to
BF(d,1) = K44 that we shall call right Butterflies; each right Butterfly connects all the vertices
having the same right part = and we will label it by ﬁd,d(%‘).
We can summarize the situation as follows:

o vertices of BF(d,n + 1) are denoted (az, 1),

o theleft Butterfly labeled by a € Z; isformed by the vertices ax of then + 1 first levels. It
will be denoted By f:(a),

o theright Butterfly with label = € Z; isformed by the vertices xz of the 2 last levels. It will
be denoted K4 4(z).

INRIA



Hamilton circuits in the directed Butterfly network 9

Remark 2 In BF(d,n + 1), vertices of level n + 1 are shared by the left and right Butterflies, the
outputs of the left Butterflies being considered as the inputs of the right Butterflies. Moreover all the
subgraphs defined above are arc-digoint.

Figure (3) displays such arecursive decomposition.

Left Butterflies

Right Butterflies

Bl |

Figure 3: The recursive decomposition of BF(3,2). To obtain the directed version BF(3,2) the
edges must be directed into arcs from left to right. The vertices are denoted y = (ax) € Z3 x Zj.
In BF(3,2) the 2 first levelsform 3 vertex-disjoint subgraphs, each oneisomorphicto BF (3,2 —1).
These 3 subgraphsarelabeled By, s.(a). Inthe sameway, the 2 last levels of BF(3,2) arebuilt with
3! digoint subgraphsisomorphic to BF(3,1) = K4, labeled K 4 4(z).

3.2 lterative Construction

We will now give a simple construction which enables us to construct p compatible cyclic realisable
permutationsin BF(d, n + 1) from p compatible cyclic realisable permutationsin BF(d, n).
In what follows M, will denote a permutation realisable in the right Butterfly ﬁd,d(x). To M, is
associated a perfect matching in ﬁd,d(a:); the arcsin the perfect matching join ax to M, (a)z.

RR n"2925
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Definition 3.1 Let M; = (M, ;,z € Z),0 < j < p—1 bep familiesof permutationsrealisablein
Ka.4(z), x € Z%. Thefamilies M ; arecompatible, if for every = the set of permutations M., ;, 0 <
j < p—1, iscompatible (in other words they correspond to arc-digoint matchings of I@d,d(x)).

Definition 3.2 A family of permutations satisfies the cyclic property if the composition of the per-
mutations of the family is a cyclic permutation for any order of the composition.

Lemma 3.1 Thereexist d compatible families M ; = (M, ;, x € Z}),0 < j < d — 1 of permuta-
tionsrealisablein I@d,d(x), x € Zy such that for each j, the family M ; has the cyclic property.

Proof. Let M, ; bethepermutation of Z, definedby M, ;(a) = a+jif x # 0and My ;(a) =
a+j+1. Clearly, M, ; isredisablein ﬁd,d(m). Furthermorefor j # j’, the matchings associated to
M, ; and M, ; arearc-digoint; so for agiven x the permutations M, ; are compatible. Finally for
agiven j the composition of the d™ permutations M, ; taken in any order is the permutation which
associatesto a theelementa + (d" —1)j +j+1 =a+d"j +1 = a+ 1 whichisclearly cyclic. O

Lemma 3.2 (Inductive lemma) Let = be a cyclic permutation realisable in B?‘(d, n)andlet M =
(M., x € Z}) beafamily of realisable permutations satisfying the cyclic property. Then the permu-
tation f( a4 Of Z5*! defined bY fix, 1) (ax) = br(x) whereb = M (,(a), isacyclic permutation
realisablein BF(d,n + 1).

Proof. Thedipathassociatedto f (., ) from (ax, 0) to (br(x), n+1) consistsof thedipath from
(az,0) to (aw(z),n) in Bjeri(a) associated to the permutation 7 of Bjer.(a) (Which isisomorphic
to BF(d, n)) and then of the arc joining (ax(z), n) to (br(x),n + 1) in Ka,4(n(z)) defined by the
matching M (,), that isb = M, (,)(a). We claim that the dipaths joining two distinct inputs (az, 0)
and (a’2’,0) to their outputs are vertex-dioint and so f(, vq) is redisable. Indeed, if a # o' their
first parts are in two different Bi s+(a) and By.f:(a’) and the last arcs are digoint as either z # 2’
orz =z’ and My, isredisablein Iﬁd,d(w(x)). If a = o', 7 being realisable the first dipaths are
vertex-digoint and asz # z’ the last arcs belong to two different Iﬁd,d. Finally it remainsto show
that f(, a1y iscyclic. To provethat it suffices to show that f(iw’M)(ax) #£axforl <i<drt! —1.
Suppose f{,. ) (ax) = az. By definition f¢, , (az) = a'n*(z). Sox*(x) = x, whichimpliesthat
i = kd". Butfori = d", a’ istheimage of a by the composition of the d™ elements of M in some
order and as M has the cyclic property fori = d™, a’ = o(a) where o isacyclic permutation. So
f(’jfl’h)(ax) =o*(a)z #axforl <k <d Soforanyi 1 <4 <d™' -1, f{ . (ax)#az. O

Corollary 3.1 Ifthereexist p compatiblecyclic realisable permutationsin BF(d, n), thenthereexist
p compatible cyclic realisable permutationsin BF(d,n + 1).

Proof. Letw;,0 < j < p—1, bep compatible cyclic realisable permutations of B_}‘(d,n) and
let M; = (M, j, z € Z3),0 < j < p— 1, be p compatible families of realisable permutations

INRIA



Hamilton circuits in the directed Butterfly network 11

each satisfying the cyclic property. Such p families exist by lemma(3.1) asp < d. By the above
proposition for each j the f(,, x4, are cyclic reaisable permutations of BF(d,n + 1) and they are
compatible as both the 7 ; and the M ; are compatible (all the dipaths associated are arc-digoint). O

Now, we are ready to prove our main proposition stated in the introduction.

Proposition 3.1 (Main) If WBJ—'(d, n) containsp arc-digoint Hamilton circuits, then Wf’:’]—'(d, n')
containsalso at least p arc-digoint Hamilton circuits, for any n’ > n.

Proof. Theresult for n’ = n + 1 follows from corollary (3.1) and lemma (2.1). A recursive
application of this property gives the above proposition. m|

For an example of the construction see Figure (4).

0

v

figure a figure b

figure @’ figure b’

Figure 4: Two Hamilton circuits (figuresa’ and b') of 67:(3, 2) are obtained from two Hamilton cir-
cuits of WBF(3,1) = K§ by the construction of lemma (3.2). Figures (a) and (b) show two arc-
disioint Hamilton circuitsof K3, (Cy |2 — +1 (mod 3))and (Cy |z — z+2 (mod 3)). We
used the families M, (figurea’) and M (figure b') defined in the proof of lemma (3.1).

RR n"2925



12 J-C. Bermond, E. Darrot, O. Delmas & S. Perennes

3.3 Consequences
Corollary 3.2 WBZF(2,n) can be decomposed into two Hamilton circuits as soon asn > 4. For
1<n<3, WfS}'(2,n) admits only one Hamilton circuit.

Proof. A computer search has given a decomposition of WBZF(2,4) into two arc-disjoint Ha-
milton circuits. Therefore by proposition (3.1) WBF (2,n) has a Hamilton decomposition, for any
n > 4. For 1 < n < 3, an exhaustive computer search showsthat there cannot exist two arc-digoint
Hamilton circuits. |

Corollary 3.3 WBZF(3,n) can be decomposed into three Hamilton circuits assoon asn > 3. For
1 <n <2, WBF(3,n) admits only two arc-disjoint Hamilton circuits.

Proof. That follows from the existence of a Hamilton decomposition of WBF(3, 3) obtained
by computer (figures of decompositions available on demand). |

Now we are able to prove Barth's conjecture (3).
Theorem 3.3 For n > 2, WBF(d, n) containsd — 1 arc-disjoint Hamilton circuits.

Proof. By Tillson’s decomposition ((1.2)), for d # 4, andd # 6, Wf?f(d7 1) = K contains
d — 1 arc-digoint Hamilton circuits. So by proposition (3.1), ford # 4 andd # 6, WBf(d, n)
contains at least d — 1 arc-digoint Hamilton circuits. For d=4 (resp. 6), we have found by com-
puter search 4 (resp. 6) arc-digoint Hamilton circuitsin WBF (4, 2) (resp. WBF (6, 2)). So by pro-
position (3.1), WBF (4, n) (resp. WBF(6,n)) contains4 (resp. 6) arc-disjoint Hamilton circuits. O

*As seen in the proof above for d = 4, 6 there exists for n > 2 a Hamilton decomposition of
WBF(d,n). Theseresults and those of the next section lead us to propose the following conjecture,
which would completely close the study of the Hamilton decomposition of WBF(d, n).
Conjecture6 Ford > 4 andn > 2, Wfif(d, n) can be decomposed into Hamilton circuits.

By proposition (3.1) it sufficesto provethe conjecturefor n = 2 or equivalently, asWBF (d,2) =
L(K; ;) (seecorollary (4.1)) that K , admits d compatible eulerian tours (see [12]).

4 Decomposition of WBF(d, 2) into Hamilton circuits

4.1 Linedigraphsand conjunction

We need some more definitions and results concerning conjunction, line digraphs and de Bruijn di-
graphs.

INRIA
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Definition 4.1 (see[2])

1. Theconjunction G; - G, of two digraphs G, = (V1, Ey) and G, = (Vs, E») isthe digraph
with vertex-set Vi x V, and an arc joining (u1,us) to (vi,ve) if and only if there is an arc
joiningu; towv, in Gy and anarcjoiningus tovs in G,.

2. Theedge-digoint union (sum) of two digraphs A, B on the same set of vertices is denoted
A& B.

3. ¢G will denote the digraph made of ¢ digoint copiesof G.

For example K} , = K - C and WBF(2,4) = A@ B where A and B arethe two arc-disjoint
Hamilton circuits of WBF(2, 4).

Properties4.1
F-G=G-F
L(F-G)=L(F)- L(G)
(F-G)H=F-(G-H)=F-G-H
(Ao B)eC=Ad(BaC)=AeoBaC
(A®B) - F=(A-F)®(B-F)
Proof. These results are clear from the definitions. |

There is a very strong connection between the de Bruijn digraph and the wrapped Butterfly di-
graph. We recall the definition of the de Bruijn digraph:

Definition 4.2 The de Bruijn digraph g(d, n) of out-degreed and diameter n has as vertices the
words of length n on an alphabet of d letters. Vertex z ...z, 1 iSjoined by an arc to the vertices
1 ...2xn_1c Wherea isany letter from the alphabet.

Proposition 4.2

B(d,n) = L"'(K}) 1)

B(dyda,n) = B(dy,n) - B(da,n) )
WBF(d,n) = B(d,n)-C, = L™ (KT - C,,) ©)
BF(d,n) = B(d,n) - P, (%)
WBF(dydy,n) = WBF(dy,n) - B(dy,n) (5)

RR n"2925



14 J-C. Bermond, E. Darrot, O. Delmas & S. Perennes

Proof. Equality (1) iswell known, and even sometimes considered as the proper definition of
de Bruijn digraphs (see[10, 15]).

Result (2) can be found in [16] and can be proved as follows: E(d1d27n) = L”*l(ICdeQ)
from (1), but ICdld2 =KJ - K} . Byproperties(4.1), L" (K7 - K} )= LYK} ) - L1 (KY)
whichisindeed B(dy,n) - B(dz,n).

Result (3) isimplicit in different papers. It can be obtained by considering the followi ng isomor-
phism from B(d, n) - C,, to WBF(d,n). Tothevertex (z, [) mB(d n)-CpWithz = 2021 - - 2p_1,
and! € Z,,, weassociate the vertex ¢((z, 1)) = (z',1) inWBF(d,n), wherez’ = 2/, lxn PRREY 7
andx! = xz;_;. By definitions(4.1-1) and (4.2), the out-neighborsof (x, ) in B(d, n)- .C,, arethever-
tices(y,l+1) withy = yoy1 - - - yn—1 SUchthaty, = x; 41 fori #n—1,andy,_1 = «, a beingany
letter from the alphabet. The associated verticesin WBF(d, n) are ¢((y, 1+ 1)) = (y',1+ 1) where
y = y;_ly;_Q ceypandyl =y,—1. Fori—1—1+# n—1,orequivalentlys # I, y; = z,_; = z,
andfori = [, y} = a. Soby definition (1.2), the vertices (y', I + 1) are exactly the out- neighborsof
(2',1)in WB}'(d n). The second part of the equality is dueto thefact that L"—(C,,) = C,,, hence
LYKty - G, = LYK - L Y(C,) = LN (KT - C).

An exampleisdisplayed in Figure (5). Result (4) isequivalent to (3).

Thelast equality follows directly from (2) and (3). a

Corollary 41 WBF(d,2) = L(K} ).

Proof. Follows from proposition (4.2) equality (3) for n = 2. O

Lemma 4.1 Whenr and s arerelatively prime, Cy. - Cyr = qClsr.

Proof. éqs - 5qT isaregular digraph with in and out-degree 1. So it isthe union of circuits. Star-
ting from avertex (u, v) wefind at distance the vertex (u + 4, v + i) whereu + i (resp. v + i) has
to be taken modulo ¢s (resp. gr). So the length of any circuit isthe smallest common multiple of ¢s
and gr, that isqrs asr and s are relatively prime. As the number of verticesin the digraph is ¢%rs
there are ¢ such cycles. ]

-

Proposition 4.3 WBZF(dy,n) - WBF(da,n) = nWBF(dyda, n)

Proof. Let G = WB]—'(dl, ) - WB}"(dg, n). By property (3) of proposition (4.2), we have G =
(B(dy,n)-Co) - (B(da,n)-C,). AsC,, - C, = nC, (fromlemma(4.1) withg = nands = r = 1),
then we obtain:

— — — —

G = B(dy,n) - B(da,n) - (nC,,) = n(B(dy,n) - B(da,n) - Cp) = nWBF(dydy,n).

INRIA
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@ 111 111 : 111

Figure 5: The graph WBZF (2, 3) asa conjunction of B(2, 3) with Cs.

Corollary 4.2 If d; and d- arerelatively prime, and if WBF(dy,n) (resp. WBF(dy, n)) admit a;
(resp. as) arc-disjoint Hamilton circuits, then WBF (dyds, n) admit a1 a, arc-disjoint Hamilton cir-
cuits.

Proof. LetCpap (resp. Cray ) beaHamiltoncircuitin WBF (dy,n) (resp. WBF(dz, n)). From

lemma (4.1), the conjunction C”nd? - Chay isaset of n circuits of length nd'dy.

As WBZF (dydy, n) has nddg vertices, the 1-difactor Cﬁ‘nd? . Cq*ndg consists of n circuits each
one being a Hamilton circuit of a connected component of WBZF (dy, n) - WBF(da,n) isomorphic
to WBF(dyd,n). So, the conjunction of one Hamilton circuit of WBZF(d ,n) with one Hamilton
circuit of WBF(ds, n) providesone Hamilton circuitin WBF (dy da, n). Applyingthisresultsto the
a1 az different couplesof circuits, providesa a, arc-digoint Hamiltoncircuitsin WBF (dids,n). O

Given a Hamilton decomposition of the digraphs WBZF (p, n) with p prime, corollary (4.2) en-

ablesto construct a Hamilton decomposition of WBF (d,n), soitisenough to prove conjecture (6)
for d being a power of aprime.
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4.2 Reduction tothecasewherepisprime

Wewould liketo provethat WBF(d, 2) = B(d, 2) - C, hasaHamilton decomposition. That appears
quite difficult. However, we will provethat for n > 3, B(d, 2) - C,, has a Hamilton decomposition.
Such a decomposition will then be sufficient to reduce the problem to case of prime degrees.

Lemma 4.2 For anynumber n > 3 andany primep, B’(;m 2) .C,, can bedecomposedinto p Hamilton
circuits.

Proof. Let the nodes of B(p,2) - C,, be labeled (zy,1) withz € Z4,y € Zgandl € Z,.
The digraph B(p, 2) - ., is similar to the wrapped butterfly digraph, so we can also define a multis-
tage network obtained by duplicating the level 0 into alevel n. Formaly this multistage network is
B(p,2) - P, where P, isadirected path of length . (.i.e. with n + 1 vertices); its vertices will be
labeled (zy,l) withz € Zy4,y € Zgandl € {0,1,---,n}.

Likeinsection (2), we can defineanation of realisable permutationin g(p, 2) P, except that now
thereis more than one dipath connecting (zy, 0) to (x(zy), n). Wewill say that B(p, 2) - P, realizes
k compatible permutations of Zf, T, 1, - - ., M1 if thereexist kp? dipaths P;(zy),0 < j < k-1,
ay € Z2, where P;(zy) connects (zy, 0) to (m;(zy), n) in B(p, 2) - P, satisfying the following pro-
perties. For agiven j the p? dipaths P;(zy) are vertex-disjoint (realisability’s property) and all the
kp? dipaths P;(zy) are arc-digoint (compatibility’s property).

Using the same argument than in lemma 2.1, we can state that g(p, 2) - C,, canbe decomposed
into p Hamilton circuitsif and only if B(p, 2) - P, realizes p compatible cyclic permutations.

We will show by induction that B(p,2) - P, redlizes p compatible cyclic permutations; more
exactly we will prove that if the property is true for n, it is also true for n + 3. First we give for
n = 3,4 and 5 the dipaths P; (zy) associated to compatible cyclic permutations.

In all the dipaths that we consider, avertex (xy, [) isfollowed by avertex (yz’,1 + 1) withz' =
ai(z,v,7) = ax + f(y) + cj, wherea, f and c depend on the level [.

e For any j, the dipaths P;(zy) are vertex-digoint if and only if the functionsz — g;(z,y, j)
arefor given [ and j oneto one mappings. Asp isprimethat is satisfied if and only if a # 0.

e Thedipaths P;(xy) arearc-digoint if and only if the functionsj — ¢;(z,y, j) arefor agiven
[ one to one mappings. That is satisfied if and only if ¢ # 0.

In order to ssimplify the notations we omit in the labels of the vertices the values of the levels; as
avertex of level [ isalwaysfollowed by avertex of level [ + 1.
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4.2.1 Initial constructions

Let 6o denote the function of Z,, into {0, 1}:

n=3

Pij(xy) = xy ylz+y+J)

n=4

Pi(zy) = zy y(z + )

1 ifz=0
’50(‘”):{ 0 ifz#0

(z+5)y+J) (y+i)(z+1)

(z+y+j)(x+1)

(z+D(y+bo(x+1))

(x+1)(y + do(x + 1))

Figure (6) shows one decomposition of B (3,2) -C into circuits. To produceaclearer figure, ver-
tices ab on odd levels are ranked lexicographically and those on even levels in the following order:
ab<a'tifb<borb=0b anda <d'.

Even levels

8588

01
1
21

02
12
2

S 8 Oddlevels

10
1
12

2
21
2

Level O

Level 1

Level 2

Level 3

Level O
Level O
Level 1
Level 2
Level 3

Level O

o “
T T
8§ 8
| |

Level 3

Level O

Figure 6: A decomposition of 5(3, 2) - Cy, presented with a special ranking of the vertices.

n=>5andp # 2

Pi(zy) = xy y(z+y+7j)
n=>5andp =2

@+y+i)e+2i) (@+2)y ylz+1)

Pi(zy)= zy yl+y+j+1) (@+y+5+1)u+7)

RR n"2925
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In al the cases one can easily verify that the functions g;(z, v, j) are of theformax + f(y) +cj
with a # 0 and ¢ # 0. For example, in the construction for n = 3, the functionsimplicitely defined
are

(X7Y> X :aX«I;)f(Y)+cj (Y, X,)
X'=X4+Y+j .
(z,9) = (y,x+y+j)
(Y, +y+7) = S @+y+jz+1)

. X'=X-Y—j 6o(Y
(@+y+j.o+1) M (@ 41y 4 Go(a 4+ 1))

To complete the proof it remainsto note that in the three first cases the permutation induced by
the construction 7(zy) = (x + 1)(y + ¢j + do(x + 1)) iscyclic, and that inthecasen = 5,p = 2
w(zy) = y(z + 1) isalso cyclicasp = 2.

4.2.2 Induction step

Theinduction step follows from two facts. First, it can be easily seen that g(p, 2) - ﬁn+m realizesp
compatible permutations7;, 0 < j < p — 1, if and only if there exist two sets of permutations =
and7r}’, 0<j<p-—1,suchthat:

e for0<j<p-1,m =mmn},

— —

e B(p,2) - P, redlizesthe p compatible permutations 7%, 0 < j <p—1,
o B(p,2) - P, redizesthe p compatible permutations "/, 0 < j < p— 1.

Secondly, B(p, 2) - P; redlizes p compatible permutations 7, 0 < j < p — 1, such that each
m; = e istheidentity permutation. Indeed, let us consider the dipaths:

Pi(zy)= zy yl+y+j) (+y+j)z zy

Onceagainavertex XY of level [ isjoinedtoavertex Y X’ of level I+1with X' = ¢;(X,Y, j) =
aX + f(Y) + ¢jwitha #0andc # 0.

Soiif B(p,2) - P, redlizes p compatible permutations ' then B(p, 2) - P45 reslizes the same
compatible permutations.

So we can conclude by induction that B(p, 2) - C,, can be decomposed into p Hamilton circuits
for any number n > 3. m|

'Eheorem 4.3 If adigraph G with at least 3 vertices, contains k arc-dioint Hamilton circuits, then
B(d,2) - G contains dk arc-disjoint Hamilton circuits.

Proof. First we provethe result for d prime. by hypothessG D @<, 1 5} , where! being
the number of vertices of G is greater than 3. Hence -

B(d,2)-G>Bd2- @ Ci= @ B2

0<i<k—1 0<i<k—1
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From lemma (4.2) B(d,2) - € = @ g1 ooy 50, B(d,2) - G D Do Do<jca1 Cify
which gives B(d,2) - G D @o< a1 Cots-

Suppose now that theresult holdsfor all integers strictly lessthan d. If d ispri mewejug proved
the result. Otherwised = d;p wherepisaprimeand d; < d. By proposition (4.2-2), B(d,2) =
B(p,2) - B(dy,2). Asaconsequence B(d,2) - G = B(p,2) - (B(dy,2) - G). By induction G’

B(dy1,2) - G contains at least dqk arc-digoint Hamilton circuits. Moreover p being prime G
B(p,2) - G’ will contain pdy k = dk arc-disjoint Hamilton circuits. m

When G can be decomposed into Hamilton circuit the above theorem can be restated as:

Theorem 4.4 If G with morethan 3 vertices can be decomposed into Hamilton circuits, then B(d, 2)-
G can also be decomposed into Hamilton circuits.

Corollary 4.3 If WBF(d,2) with d # 1 can be decomposed into Hamilton circuits, then
WBF(qd, 2) can also be decomposed into Hamilton circuits for any integer g.

Proof. Just apply theorem (4.4) to WBF (¢d, 2) whichisby proposition (4.2) B(g, 2)- WBF(d, 2).
Note that WBZF (1, 2) has only 2 vertices so the corollary cannot be applied for d = 1. |

Example 1 ASWBF(4, 2) hasaHamilton decompositionthen WB’]-‘(ALq, 2) hasaHamilton decom-
position for any integer ¢. In particular WBF (2%, 2) has a Hamilton decomposition for i > 2.

Corollary 4.4 To prove conjecture (6) it suffices to prove that WBF (p,2) has a Hamilton decom-
position for any primep > 5.

Proof. Letd beanon primenumber. If d rlasapri mefactor p different from 2 or 3, by corollary
(4.3), it suffices to prove the conjecture for WBF(p, 2). If d > 4 has only prime factors equa to 2
or 3, thend = 237 withi + j > 2. A computer search shows that WB.F (4, 2), WBF(6,2) and
WIBF(9,2) have a Hamilton decomposition. So, according to corollary (4.3), WBF (237, 2) with
1+ j > 2 have a Hamilton decomposition. O

Remark 3 Although it is not the purpose of this article, proposition (4.3) can be used to improve
results on the decomposition of de Bruijn digraphsinto Hamilton circuits,
Proposition 4.4

o |f pisthe greatest prime dividing d, then g(d, 2) contains T’p%ld Hamilton circuits.

o B(2iq,2) contains (2¢ — 1)q Hamilton circuits.
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Proof. Theresult holdsfor p = 1, nowfor p > 1, by aresult of D. Barth, J. Bond and A. Raspaud
[6] we know that B’(p 2) containsp — 1 arc-digjoint Hamilton circuitsfor p aprime, and have at least
4 vertices. Hence theorem (4.3) impliesthat, as B(d,2) = B(pd,,2) = B(dy,2) - B(p,2), B(d,2)
contains (p — 1)d; arc-digoint Hamilton circuits.

Similary, thesecond result followsfromaresult of R. Rowley and B. Bose[14] stating that 5(2", 2)
contains2¢ — 1 Hamilton circuits. ]

4.3 Exhaustive Search for Hamilton decompasition of WBZF (p, 2)

As seen above the problem has been reduced to find a Hamilton decomposition of WBF(p,2) =
L(Iﬁp,p) for aprimep > 5. Inorder to providesideas and to strengthen our conjecture we have per-
formed some exhaustive searches. The complexity of an exhautive search being exponential, wehave
restricted the set of solutionsto the one such that the i-th circuit H; is obtained from H by applying
the automorphism¢; of WBF (p, 2) which sendsvertex (ab, [) onvertex (a(b+i), [). Furthermorewe
want solutions such that H, is Hamiltonian and the Hamilton circuits H; = ¢;(Hp),0<i<p-—1
are arc-digoint. However the search space is till exponentional in p and a computer search (with
normal computation ressources) cannot be successful for p greater than 7. So we restricted again the
search spaceto “ nearly linear” solutions.

This restriction gave us solutions for small primes < 29. For example for p = 5 we found the
cycle Hy given by the following set of arcs:

(ab,0) — (a(2b),1) fora ¢ {0,1},
(00,0) — (0(2b+1),1),
(16,0) — (1(2b+2),1),
(ab,1) — ((2a + b)b,0).

It induce the next cyclic permutation on level 0.
(00,11, 14,20, 40, 30, 10, 42, 24, 23,01, 33, 21, 12, 31, 32,04, 44, 13,03, 22, 34, 43, 41, 02)
Finally we looked for very special Hamilton circuits Hy. That enables us to find a solution for

every primep between 7 and 12000. More precisely, we searched for parametersa. and 8 in Z,, such
that Hy isgiven by the following set of arcs:

(ab,0) — (a(adb),1) fora #0,
(06,0) — (O(ab+ B),1),
(ab,1) — ((a+b+1)b,0).

Onecaneasily check that if o # 1 the H;'sarearc-digoint. Sowe haveonly tofind « and 3 such
that Hy isaHamilton circuit. In particular we should have  # 0 (condition to obtain a one difactor)
and 3 # 0 (otherwise we obtain acircuit of length p starting at vertex (0,0)). We conjecture that:
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Conjecture7 Forany primep > 5 thereexista ¢ {0,1} and 8 # 0 such that the permutation = of
Z? defined by:

= (a+ab+1)(abd) ifa#0, | . )

(ab+ B+ 1)(ab + ). iscyclic.

3
—~
f=)
(=)
A
|

The number of possible solutions is then only p*. So we have been able to verify the conjecture,
b)é 6’:1 computer search for large values of p (< 12000). Below we give some solutionsfor p less than
1

7111 (13|17 |19 |23 |29 |31 |37 |41 |43 |47 |53 |59 |61 |67 |71 |73 |79| 83|89

97

213 4 2 6 2 7 2 3 2 4 3 4 3 4 6 2 2 2 3 2

™| L=

317 4 (14| 4 |13 | 28|11 |19 |25 22|18 |29 | 1 |25 |14 |28 |27 |51 |37 25

16

For examplefor p = 7, a = 2, 3 = 3 we obtain the following cyclic permutation on level O:

(00,43,46,35,03, 32, 14, 31, 62, 44, 61, 22,04, 54, 01, 65, 33, 36, 25, 63, 66, 55, 23, 26, 15,
53,56,45,13,16, 05,06, 21, 52, 34, 51,12, 64, 11, 42, 24, 41, 02, 10, 20, 30, 40, 50, 60)

So using corollary (4.3) we have:

Theorem 4.5 If d isdivisible by any number ¢, 4 < ¢ < 12000 then Wﬁf(d,z) and consequently
WBZF(d, n) has a Hamilton decomposition.

Thisresult can be strengthened in the case of WBF(d, 4). Indeed we know that WBF (2, 4) and
WBF(3,4) have a Hamilton decomposition and we have been able to generalize lemma (4.2) for
B(p,4) - C,, with p odd primeand n > 5.

Theorem 4.6 If d is divisible by any number ¢, 2 < ¢ < 12000 then WBF(d, 4) and consequently
WBZF(d,n) for n > 4 hasa Hamilton decomposition.

As a consequence the butterflies WBF (2p, n) have an Hamilton decomposition for n > 4.

5 Conclusion

In this paper, we have shown that in alot of cases Butterfly digraphs have a Hamilton decomposition

and givestrong evidencethat the only exceptionsshould be WBF (2,2), WBF (2,3)and WBF (3,2).

We have furthermore reduced the problem to check if L(K,,,) has a Hamilton decomposition for p
prime (or equivalently that lﬁp,p has an eul erian compatible decomposition). We have also shown that
such a decomposition will follow from the solution of a problem (conjecture (7)) in number theory.
Our interest came from a conjecture of D. Barth and A. Raspaud [ 7] concerning the decomposition of
Butterfly networksinto undirected Hamilton cycles. This conjectureis solvedin [8] by generalizing
the technics of section (3.2).
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Finally we have seen in proposition (4.4) that the technics can be applied to obtain results on the
Hamilton decomposition of de Bruijn digraphs. In the spirit it will be interesting to solve the follo-
wing problem:

Problem: Determine the smallest integer f4(n) such that B(d, n) - Cy, ) has a Hamilton de-
composition.

A proof similar to that of lemma (4.2) should lead to f;(n) < n + 1. Conjecture (6) is, for a
givend, equivaentto f4(n) < n.
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