N

N
N

HAL

open science

On Some Junction Problems
Roberto L.V. Gonzalez, Edmundo Rofman

» To cite this version:

Roberto L.V. Gonzélez, Edmundo Rofman. On Some Junction Problems. [Research Report] RR~2937,

INRIA. 1996. inria-00073762

HAL Id: inria-00073762
https://inria.hal.science/inria-00073762
Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/inria-00073762
https://hal.archives-ouvertes.fr

REEN

b2

%I INRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

On Some Junction Problems

Roberto L..V. Gonzalez - Edmundo Rofman

N°¢ 2937
Juillet 1996

THEME 4

apport
de recherche
e B 0 R RN

.Av_".:— P T 3 . Tl




Les rapports de recherche de I'INRIA
sont disponibles en format postscript sous
ftp.inria.fr (192.93.2.54)

si vous n'avez pas d'acces ftp

la forme papier peut étre commandée par mail :
e-mail : dif.gesdif@inria.fr

(n'oubliez pas de mentionner votre adresse postale).

par courrier :

Centre de Diffusion -

INRIA
BP 105 - 78153 Le Chesnay Cedex (FRANCE)

INRIA research réports
are available in postscript format

ftp.inria.fr (192.93.2.54)

if you haven't access by fip

we recommend ordering them by e-mail :
e-mail : dif.gesdif@inri'a.fr

(don't forget to me"ntion your postal address).

by mail : .

Centre de Diffusion

INRIA .

BP 105 - 78153 Le Chesnay Cedex (FRANCE)



ON SOME JUNCTION PROBLEMS

Sur quelques problemes de jonctions

Roberto L.V. Gonzélez,* Edmundo Rofmant

*Instituto de Matemdtica Beppo Levi, Facultad de Ciencias Exactas Ingenieria y Agrimensura,
Universidad Nacional de Rosario, Avda. Pellegrini 250 — 2000 Rosario - Argentine.
tINRIA - Rocquencourt, 78153 Le Chesnay Cedex — France.

-y



Abstract

We consider two junclion problems involving bilaleral restrictions. These restrictions
arc defined in terms of the common values of the functions at the interface. Starting
from a variational incquality formulation, we obtain a characterization which comprises
local diflerential relations and a global equilibrium condition. To solve the original
problem, a decomposition-coordination method is proposed, where the global equilib-
rium condition plays an essential role in the coordination phase.

Résumé

Nous étudions ici deux problémes de jonctions qui comprennent restrictions bilatérales.
Ces restrictions sont définies en fonction des valeurs communes que les fonctions pren-
nent 4 l'interface. En employant une formulation avec des inéquations variation-
nelles nous obtenons une caractérisation de la solution qui est composée des relations
différentielles et d’une condition d’équilibre globale. Pour résoudre le probleme originel,
nous proposons une méthode de décomposition-coordination dans laquelle la condition
d’équilibre globale joue un rdle essentiel dans la face de coordination.

Keywords: junction problems, variational inequalities, decomposition methods, con-
vex function, unilateral condition, bilateral condition, numerical solution.

Mots-Clés: jonctions, inéquations variationnelles, méthodes de décomposition, fonc-
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T  Introduction

This paper deals with the issue of coupled physical systems — sometimes of different dimen-
sions — where the coupling may take different forms.

Examples of these systems are the so called multistructures. A multistructure is a mul-
tidimensional assembly of beams, plates, shells or three dimensional structures, attached
together with junctions. The analysis of these assemblages has received a lot of attention in
recent years, as we can see in [1], [2], [4], [7], [8] and the bibliography therein.

A fruitful way to analyze those systems is the variational inequality (V.1.) approach, specially
when there are state constraints or connections involving unilateral or bilateral restrictions.
This approach can be seen in [8], where several cases are modelized and analyzed with the

V.I. method.

In this paper we restrict our attention to the analysis of two junction problems involv-
ing bilateral restrictions. These restrictions are defined in terms of the common values of
the functions at the interface. Starting from a V.I. formulation, we obtain a characterization
which comprises local differential relations and a global equilibrium condition.

To solve the original problem, a decomposition—coordination method is proposed. We use
this procedure because it allows us to solve the coupled problem through the solution of two
simple independent problems — one of them a bilateral obstacle problem and the other a
linear problem. These problems depend on some auxiliary variables which are modified (by
a coordination procedure) until the desired solution is obtained. An important issue of this
approach is that the global equilibrium condition plays an essential role in the coordination
phase.

The contents of this paper can be outlined us follows:

Section 2 analyses almost thoroughly a 1-1 dimensional problem in order to understand
the principal features of these types of couplings.

Section 3 contains the study of a 2-3 dimensional problem. The analytical characterization
of the solution is given and it is presented a special implementation of the decomposition—-
coordination method.



2 2 AN ILLUSTRATIVE EXAMPLE

2 An illustrative example

In order to grasp the ideas involved in the characterization of the solution u of problem (68)
— which deals with a junction problem of dimensions 2-3 — we will present in this section a
simplified problem and we will analyze almost thoroughly some aspects of its solution. In
that way, the basic elements which gives rise to the characterization given in (85), (86) will

be easily understood.

2.1 Elements of the problem

2.1.1 The coupled domains
Q;=(-1,0), Q=(0,1).

2.1.2 The convex K

K = {(v,v3) : v; € H{(Q),v, € H'(Qy), (3)},

m(z) v2(0) < v)(z) < M(z)v,(0) VreQ,,

where

m(.) € HY(Qy), M(.) € H}(Q,),

0<m(x) < M(z)<1,VzeqQ,

m(0) = M{0)=1.

2.1.3 The bilinear forms
Letbea>0,3>0

ay(ug,vy) =/Q (Vur(z) v (z) + aw () v (z)) de,
aalun, o) = [ (Fale) Teala) + Buale) () do.

We associate to (5). (6) the differential operators Ay, A,

0
M=gmta
A2=———0—.‘ +,-’3.

(1)

(5)
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2.1.4 The variational inequality
Find u = (u;.uy) € K such that
ai (Ul, M- ’U-]) -+ (12(?1»2, Vg — ’U-Q) 2 (f|, v — U|) + (f?, 9 — ’112), v (‘I'], 7.’2) S 1’(, (7)

where f; € L2(Qy), fo € 12(Q). and (v, w) denote the scalar product in L2(Q) or L2(Qy).

2.1.5 An equivalent formulation
Since K is a cone, (7) is equivalent to the following conditions
ai (w1, u1) + ag(uz, u2) = (fr,m) + (f2,u2), (w1,u2) € K, (8)

ai(uy,v1) + as(ug,v9) 2 (fr,11) + (fo,12), V(v1,v2) € K. 9)

2.2 Characterization of the solution

As a > 0 and 3 > 0. the bilinear forms a,, ay are coercive and in consequence, there exists
an unique solution u = (uy, us) of (7). Here we will present the necessary conditions verified
by (u;,us). It can be proved that these conditions are also sufficient to characterize the
solution.

2.2.1 Case uy(0) =0

Here we have
’112(0) =0=u =0. (10)

In this case, (9) is reduced to

ay(uz, vg) 2 (fr,v1) + (fo,2) V¥ (01, 9) € K. (11)

In case of choosing an arbitrary vy such that v2(0) = 0, we obtain
as(ug,v2) > (f2,v2). (12)

This condition implies (in the distribution sense)

A2u2 = fz (13)
and 5
1
—(1)=0. 14
) (19
By virtue of (9), for an arbitrary function v, verifying v2(0) > 0, it must be also satisfied

Ouz 2

/,,2(A2u2 — f2)(x) vy(z) dz + 37: (0) »2(0) + %(1) sv2(1) 2 (J1,01) 5 (15)



4 2 AN ILLUSTRATIVE EXAMPLE

then, by virtue of (13) and (14), (15) is reduced to

o
T 0 1(0) > (fi,m). (16)
Taking now an element vy such that v,(0) = 1, we have
Ou
%2(0) > (f1,m) Vo [ n(zx) € [m(z), M(z)] Vze,. (17)

The maximiim on the right of (17) is achieved at

{ ui(z) = M(z) if fi(z) >0,
w(z) =m(x) if [il) <0,

(18)

then
sup {(f1,71) : (v1,12) € K, 12(0) =1} = /Q ( f{ () M(z) - f; (x) m(x))dx. (19)

In consequence, the necessary conditions (for the case of solution u; = 0) can be summarized
in the following form

( Aquy = fo,
4 %—“ﬂ—?u) =0, (20)
\ UQ(O) =0 ,

020y > (4!, )~ (f7 . m). (21)

2.2.2 Case uy(0) #0

In this case, from (9) we also arrive to relations (13) and (14). Taking into account that

Ou o
ar(uy,vy) = (Ajug, m) + wzl —1) v (=1) + %(0) 11(0), (22)
from (9) we obtain the following conditions

( Ou, . . .
E(—l) =0 if ug(=1) € (m(=1) uy(0), M(—1)uz(0)),

$ 1y >0 i u(=1) = m(=1) us(0), (23)
on
(9'(11

k %(_1) <0 if u(—1) = M(—1)ux(0).



2.2 Characterization of the solution

In & similar form, from (7). (22) and (23) we obtain
(Arwg = fi,m —w) 2 0,
in consequence (a.e. T € §2;)
Avin () = fi(z) =0 if wi(x) € (m(z)uz(0), M(z) u2(0))
Ayuy(x) — fi(z) 20 if wi(z) = m(z) us(0),

Ay (x) — filz) <0 if wi(x) = M(x) us(0).

From (8), (13), (14) we obtain the coupling condition in compact form

Ouy 1 _
an (0) + ’U»z(O) (al(ulaul) - (fl)ul)) =0
To write it in a more descriptive form, from (22) we obtain
Ou; Ou
5 (0) wa(0) + (Aywy — fr,w) + —( 1) m(=1) + 5 (0) m(0) = 0.

From (23) and (25) we obtain, dividing by u,(0)

<%“f(0))+ (3_111( 1)>+-m(—) (?;::( 1)) - M(~1)

+ 250) + (v = 1)) = (g = )7, M) = 0.

(24)

(26)

(27)

(28)
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2.3 A decomposition method

Relations (13), (14) and (23), (25) are the necessary and sufficient conditions verified by the
solutions of two separated problem. One is a common elliptic problem and the other one is
an obstacle problem. Both problems are related by the coupling conditions (21) and (28).

The idea of solving (7) by hierarchical optimization and decomposition stems from the
fact that both problems depend on the level u3(0) = £ and if we choose the correct (and
unique) £, then the original problem (7) is solved.

The procedure chooses a value of £ and — after solving the separated problems — that
level is modified until it verifies conditions (21) and (28).

2.3.1 Description of the procedure

We use the real parameter £ > 0 and introduce the following problems Pf, P§, with solutions
u§ and 5 respectively

Definition 2.1 The separated problems

Problem Pf
uf € Kf, al(u‘;,vl - uf) > (fi,v1 — uf) Yo € Kf, (29)
Kf = {v € Hl(Ql) :m(z)- € <wvz) < M(x)-£ Yze}. (30)
Problem P.f
’ug(o) = £a
13
2a1) =0, (31)
Azug - f2 = 0

Definition 2.2 The auxiliary function ¥
(E) = (&) + ¥2(8), (32)

where
1
= lay(f, ) — (f,48)) if€>0,
AGERE ( ) (33)
((f1)",m)=((fr)", M) ifE=0,



el

2.3 A decompuosition method : 7

II-E
w6 = 72 (0). (39)

Remark 2.1 1t is clear that only one value of £ verifies min(g, U(£)) = 0, because if two
values of € verify this condition, then there would be two solutions of (7), which has a unique

solution. This unique value of level £ is found iteratively by the algorithm described below,
using the information given by the function V.

Definition 2.3 An iterative algorithm

Let be {v, : v=0,...} a sequence verifyingy, >0 Vv =0,..., and
D =+oo. | (35)
v-0

The following algorithm computes the solution of (7), starting at an initial pair ufo, u§°

(which depend of an arbitrary non-negative initial £°)

ALGORITHM

Step1: v=10,£°>0.
Step 2: Solve problems P*" and P .
Step 3: If min(¢¥, ¥(£¥)) =0, Stop.

Step 4: If min(€”, ¥(€¥)) # 0, set &1 =max (¥ — v (&), 0)
and go to Step 2.

2.3.2 A simple example

The problem Pf

Data
(( M(z) =1,
_.2+6—\/5x+c\/az
m(x) = ——>
4 —2+4+e 72 fe2

-2
jl(‘r) o a
\ -2+ e‘%’: + e°2C
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Explicit solution u;

[ ui(z) =m(z) x €, iféE<1,
—2
uy(r) = I
¢ 24 e F 47
+(e—\/5(0.5-}z) +e \/E(O.Siz)) y { N 2 f £>1
, ifE>1.
( ‘£+e)§:) —2+c_32@—+—(312E
\

The function ¥,

ela(u,m) = (fi,wm)) = ai(m,m) x € = (fi,m), if €<1,

2\/a <e°2@ - 6_12@)
%(m(umn) = (f1,wm)) = (e ye _@)

2 .
T 4 e2 —24 e 7z +e2

The problem P§
Explicit solution us

We suppose f, constant. In that case. the general solution of u, is

A
up(z) = % + (e(\/r’;[j- 8_;) X (e\/‘;(]—’) +e \/’;(‘_')). (36)

The function ¥,

dunle) _ VP - V) ()

o (C\/ﬁ+6_\/5) —[7+f . (37)

If we use (37) and we analyze — for @ ~ 0, # ~ 0 and f, = 248/45 - the function ¥(£) given
by
3Ug(0) 1

22+ fla(mm) = (i), (38)

v(E) =
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112/45

-128/45

Figure 1: The function ¥(¢)

we obtain the function depicted in the Figure 1, where the uniqueness of the value £ which
verifies min (€, ¥(€)) = 0 is clearly shown.
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2.3.3 General shape of the function V. Examples.

When Af(0) = m(0) = 1, problem P% has an unigne solution. So, function ¥, () is well
defined and, if a > 0, it is non-decreasing.

Example 1:

Data M(z)=1

Va(l-2) 4 gvale-1)
.. . 3 ¥ B € +e
Explicit solution u; || uj(x) =& g

eV — e~Va
Function ¥, T, () =¢/a oA
e~va L eva

Remark 2.2 If m{a(x) > 0} > 0, then U,(£) is strictly increasing, as we have seen in
Frample 1.

Remark 2.3 If a =0, the function ¥ ,(£) is nondecreasing, as happens in Example 2.
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Example 2:

Data Mx)=1

Explicit solution § || uj(z) = ¢

Function ¥, U,(€) =0

Remark 2.4 FEven if a =0, the function ¥(€) can be strictly increasing, as it is shown in
Krample 3.
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Example 3:

2 AN ILLUSTRATIVE EXAMPLE

Data

Explicit solution u

£
1

Function ¥,
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2.3.4 General shape of the function ¥. Theoretical results.

The key result of this section is the proof that, provided the forms (5)-(6) are symmetric, the
function ¥ is the derivative of a convex function . In fact ¥ is the derivative of an strictly
convex function and in consequence, the value £ that verifies min (5 .U (f—)) = 0 1s unique.

We know that when the forms (5)-(6) are symmetric, we can analyze the VI (7) as the
optimality condition of the minimization problem:

: 0
min y, Ug) 39
Wmin 0 (v 1) (39)

where

P (v1,9) = (i, 1) + P3(v, 1)
Alvr,m1) = as(on,0) = (fi,01) (40)

v’g(l’zﬂ-’?) = %("2(1’2,?’2) — (f2,12)

and the set K is given by (2).

K can be rewritten in the following form:

K=JK¢, (41)

£20

where
K¢ = K$ % K5,

Kf ={v; € H'(?y) : m(x)- & <wv(z) < M(z)-€ Vz € O}, (42)

KE = {'1’2 c ]11(92) . ’172(0) = f} .

In consequence, by virtue of (41)

. 0 .
N ) = 4
omin @ (v1,9) min p(€), (43)
where
‘P(f) = min 990(1’1, vq) . (44)

(v1,v2)EKS
So, the problem (39) can be seen as the following hierarchical optimization problem [9}:

min( min «po(z’l,?’g)). (45)

£20 (v1,v2)€K?
In our problem, by (40), we can compute the function ¢ by decomposition techniques.

Specifically we have
min p(£) = min (91(8) + pa(8)) - (46)

£20
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where ¢
29(€£) = min ¢g(l'2,?’2)
(v2.19)€ Kg
$e©= min Moy )
(v1,01)EKS
| 2(8) = @1(€) + p2(€)-

We see that each function ¢, and @y can be computed solving two separated optimization
problems.

By the theurem presented below, v; and 9 are convex functions (it is almost obvious
that 9 is strictly convex) and in consequence, ¢ is strictly convex. Then, the above analyzed
uniqueness property holds.

2.3.5 An auxiliary convexity result and its applications

Definition 2.4 The auxiliary function ¢.

Let V; be a vector space and K; a convex subset of V;. Let X be a vector space, () a
real function defined on X and (for each v € K;) a conver subset K¥ C X such that
inf ¢(x) > —00. So, we can define on K; the function

p(v) = inf ¢(x). (48)

zeK®

Definition 2.5 Let ¢ be an strictly convez and continuous function, such that (48) has a
unique solution Z(v). In that case, we define the function Z(v), with the property

»(v) = ¢(Z(v)). (49)
Theorem 2.1 If the function ¢ is convez, the conditions of Definition 2.5 are verified and
v — K% is a conver mapping in the sense that

AK™) + (1= Ay K™ € K00 (K0 4 (1)) K™, (50)

then ¢ ts a conver function.

Proof: Let v, and v, be elements of K; and z;, xy such that
Iy =I(vy), Ty = T(vy), (51)

then, ¢ is convex because
< Ad(x1) + (1 — A) ¢(x2) by the convexity of ¢

= A1) + (1~ ) @) by (51).

o
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Application

We can apply the previous theorem to the case:
([ K; =%

K, =%t

{ X = HY (D)

Ki={v, € X : mz) £ <uv(z) < M(x) £ Vze)

L o= 99(1)(1’1,?-’1) = %al(l'la”l) - (f1,1’1)

and
( K; =%
K;=%R*
¢ X =HY Q)

K§={m e X : n0)=¢)

L ¢ = 998(’(‘2,’1’2) = %(1»2(’1’2,'[’2) - (fz,l’z)

obtaining that ¢, and y, are convex.

Remark 2.5 In addition, it can be proved that v4(€) is strictly convez. The proof is simple
and 1t is here omitted.

Remark 2.6 We can prove easily that ¥,(€) = ¢, (€) and ¥o(£) = ©4(€). In consequence,
U(.) is strictly increasing. In addition, it can be proved that ¥(§) = ¢'(€) is Lipschitz
continuous. The proof is simple and it is here omitted.

2.3.6 Convergence of the procedure

Technical assumptions

We assume that the forms (5)-(6) are symmetric and in consequence, ¥ is an increasing
Lipschitz continuous function on [0, o0].
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Theorem 2.1 The algorithm produces a sequence of values (u§ | u§’) such that

w = uy i HY (), (52)
S — uy in HY(Q). (53)

The values
min(&”,¥(€") —» 0. (54)

Proof:
e Case ¥(0) >0

Here we have
() > 0VEr = £+ < ¢V Y =0,1,..;

so, {¢“} is nonincreasing. If 37 / £ = 0 = min(£”, ¥(£?) = 0 and the algorithm
stops at Step 3.

f&>0Y%w>0=9(&") >0, Www>0=

£ = max (€ — 7 ¥(€"), 0) =€ — %, ¥(¢") < &, (55)

then
& —E>0. (56)

If we suppose £ > 0, then
() > U() >0, Yv>0. (57)
By (55). (57)

gt <€ — 7, 9(6),

by induction, we have

£p+l < 50 - ‘I’(é) (Z '71/) — —OC. (58)

v-0

So. by reductio ad absurdum we have £ = 0.

e Case ¥(0) <0

Let be £ the unique point that verifies U(€) = 0 and £ = max(£°,£ — ¥(0)4,). We can
see that the sequence £ is bounded. because

g <¢
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and by induction it also follows
/<€, Vo>l
By a similar argument as that used to obtain (58), we can see that

¢ <€ <limg”.

5

Finally, taking into account that 4, — 0, and that U(£¥) < max(—¥(0), T(£)). we
have: o
lime” = £ = Tmeé”.

0

Remark 2.7 It can be easily proved that, if the sequence £ is infinite, after a finite number
of iterations, the convergence is monotone, i.e. Iv(£°) such that

€ > €41, Vi > u(e),

or

£ <€, Yu > p(E).
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3 A 2-3 dimensional coupled problem

3.1 Elements of the problem
3.1.1 The coupled domains
Qy = [0, l] X [0 l] 5

Q3 =[-1,0] x [0,1] x [0,1].

2.1.2 The convex K
K = {('172,’173) DUy € Hl(Qz), 3 € HI(Q;;), (62) a.c.xr € 53} y

m(zq, Ty, 23) v2(0, z9) < v3(xy, 9, 23) < M(zy, 9, 23) 19(0,29) a.e. T € Qs

where
([ m(.) € HY(Q3), M(-) € H*(Q3),

0<m(z) < M(z)<1, VzeQ;,

’IYI,(O, o, 0) = /W(O, Ty, 0) =] , A4 €Ty € (0, 1) y

L m(z1, %, x3) < M(xy,292,23), Y2, <0.

3.1.3 The bilinear forms
Letbea>0,3>0

a(uz, v) Z/Q (Vuz(z) Va(z) + cuy(z) v(z)) de,

as(us, v3) = /Q (Vus(z) vus(z) + Bus(z)vs(z)) dr.

We associate to (64), (65) the differential operators A,, A3

»”? P

2= o "

a ?

[ R &

2 2 A2
or; Oz 0z

(63)

(v
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3.1.4 The variational inequality
Find v = (uy.u3) € K such that

02(71.2. 1y — ILQ) + (lg(’U{;._ U3 — ’Ug) Z (fg, Uy — 112) + (ﬁ;, U3 — U3), v (2’2, ‘2’3) € K. (68)
where f, € L2(Qy), f3 € [2(€3). and (v, w) denotes the scalar product in L2(Q) or 1.2(Qs).

3.1.5 An equivalent formulation

Since K is a cone, (68) is equivalent to the following conditions

ay(ug, u9) + az(us, uz) = (fo,ua) + (fa,u3), (ug,us) € K, (69)

as(ug, v9) + as(us,vs) > (fo,12) + (f3,13), V(vo,v3) € K. (70)

3.1.6 Existence and uniqueness

K is a closed set and the bilinear form

ap(ug, uz) + az(us, uz) (71)

is coercive in H'(y) x H'(£2;). then there exists an unique solution u = (ug, u3) of (68).

3.2 Characterization of the solution

We will establish here a set of necessary conditions verified by the solution u of (68). It can
be also proved that these conditions are sufficient to identify the solution u.

3.2.1 Conditions verified by u.
We will suppose in the following that uy € H?*(2,),us € H*(Q;3) .

We define
905 =[0,1] x {0}U[0,1] x {1} U {1} x [0,1],
| (72)
o0, = {0} x [0,1].

If we take in (68) a function vy such that

v9(0,22) =0, a.e. 22 €(0,1),



20 3 A 2-3 DIMENSIONAL COUPLED PROBLEM

we get, employing very well known arguments
Aguy = fy  on Qy,

Bu, 6 (73)
—a—n— =0 on 892 .
3.2.2 Conditions verified by u;: Case u,(0,x2) =0
In this case, it is obviously satisfied:
2‘3(;1:1::1:2"1‘3) ':05 V.Tl € (Ovl)a ng € (Oal) (74)
3.2.3 Conditions verified by u3: Case uy(0,x) # 0
Differential conditions
We define
Sy = {(zy, T, T3) : uz(Ty, Ta,x3) = m(xy, T, 23) u2(0, 73), ua(0, x) > 0},
Sy = {(z1, 22, 13) : uz(xy, T2, 23) = M(21, 22, 23) u2(0, T3), u2(0, z9) > 0}, (75)

C'3 = {.’I: T E 93, ’11'2(07 ;132) > 0} \{SS— U S;} :

From (68) and using test functions v3 = uz + ¢ — where ¢ is an arbitrary smooth function
with compact support in 23 — we get

Asuz > f3 a.e. x €57,
A;;u;; S f3 e I € S_:{, (76)

Azuz = f3 a.e. r € Cy.

Boundary conditions
Let T = (x).xy, 13) € 05, where
N = {-1}x[0,1]x[0,1] U [-1.0] x {0} x[0,1] U [-1,0] x [0,1] x {1} U

{0} x [0,1] x [0,1] U [-1,0] x {1} x [0.1] U [-1,0] x [0,1} x {0}.
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If 45(0, z,) > 0, we can take a test function v3 = u3 + () - p(z), where the support of J is
the polyhedrum Z = ABCDA'B’C'D’ shown in Figure 2.

It verifies the relations:
| = length(A” B”) = length(B”C”) = length(C” D”) = length(D" A”)
l = length(A' A”) = length(B'B”) = length(C'C”) = length(D'D”)
l = length(A'B’) = length(B'C') = length(C'D') = length(I’ A')

and
l + ¢ = length(AB) = length(BC) = length(C D) = length(DA) .

¢ is a suitable continuous function and the point T is the center of the square ABCD.

The test function ¢ is defined in the following way
p(A) = ¢(B) = ¢(C) = (D)
p(A) = @(B) = ¢(C) = ¢(D) =0, (77)

p(A7) = ¢(B”) = o(C7) = ¢(U7) = 1.

H
o

Outside the polyhedrum Z = ABCDA'B'C'I). the function  is zero. Inside Z, it is con-

tinuous and locally affine, i.e. it is locally an element of P! (see [3]).

We take
€e—0 1—0 el (eg.1—0 ¢=1*; (78)

in that case, from (68) we get,

!
0< %l_{r(l) I (as(us, vs — uz) — (f3,,v3 — u3))

=1 l % d —%j) (j-) (79)
o2 ) Bn PTG VD
N

If us(x) < M(zy, 9, x3) ua(0, z2), we can take p(Z) > 0, then

Ous

—(x) > 0.

2(5) 2.0 (80)
Also. if ug(x) > m(xy, 19, 23) u2(0, x9), we take p(Z) < 0 and we obtain

%y < 0. (81)

PR
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Then, in summary:

Vo € 005 / ua(0,29) > 0,

(

%LE(.'I,‘) >0, if usg(x) = m(xy, z2,3) ux(0, 22),
n
8U3 .
{ ";7—(.17) S 0, Zf ’IL:;(.’L') = AI(.’E],.TQ,LL‘:;) 71,2(0712), (82)

on
0‘”3 .
E(.‘T,‘) =0, if m(xy,ze,23) up(0,22) < us(z) < M(z), 2, 23) u2(0, z2) .

\ .

Remark 3.1 Vr € 00§ / u2(0,z2) = 0, it is obviously verified %(x) =0, because in that

case,
uz(zy, Ty, 23) =0 VY(xy,23) € (—1,0) x (0,1).
3.2.4 The coupling equilibrium conditions at the interaction boundary 90}

We present here the coupling conditions that hold at each point (0,z2) of the interaction
boundary 9Q%. We denote

QS(‘I"Z) = [_1’0] X {1'2} X [0’ 1] : (83)

ON(zy) = [-1,0] x {zo} x {0} U {0} x {z,} x[0,1] U

(84)
[=1,0] x {z2} x {1} U {=1} x {zo} x [0,1].
With this notation, we will prove that if u3(0,x9) > 0, it is verified
8'[1»2 '
—‘a‘z(oaf‘a’) + ((Aaus - fz)(-’”l,h,xs)) ’ 7”(931,$2,f€3) dr,dzx3
Q3(z2)
- / ((/13U3 - fs)(il?hérm@rs))_ : 1"[(1‘1,172@3) drydzs
Qa(x2)
(85)
81(-3 i
+ / 37;—(;1‘.1’1"2a$3) . 7”'(;1"17‘,1:271'3) dl
a(x2)

0 -
- / (a—:‘(.‘l'],.l,‘z,;l};;)) : A'f(.’l‘],.l‘-z,;l,‘g) dl =0 y

;3(xT2)
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and for the case uy(0,2y) =0

- 5(0 T2) + / ((Aguz — f3) (@1, 2y, m3))t - (g, 29, 73) dxy das
3]
Q3(r2)

— / ((Asus — [3)(@1, 29, 23))" - M(xy, 29, 23) duydag

Qg(x2)

. ) !
N / <( s (‘r]’.r?’“)) ~m(zy, Tg,x3) dl
on

oQ3(x2)

- / (%23(5771,3?2,3730 - M(xy,7,23) dl 2 0.

393(:1‘2)

To obtain the coupling conditions (85), (86), that holds at almost every point (0,:x5) € 3% ,
we take into account the inequality (68) and conditions (73), (76). (82).

In this way, we obtain, ¥(v,13) € K
(92[2
(97 (0 fEQ) . ((’1’2 - ’ILQ)(O, ;IIQ))(L’L‘Q + 0,3(’11-3,1)3 - u3) - (f:;,’l’;; — U3) 2 0. (87)
o,

Let I be a real positive parameter and F, an arbitrary point of 8% such that

U'Z(O, 572) >0. (88)

We choose a collection of functions v : vy = us - (1 + @), where ¢, has the shape shown in

Figure 3. In that figure we can also see the form of ¢(0,-).
We take
¢—0,1—0,h—0, hgl, egh, (e9.1—0, h=0 e¢=101); (89)

in this form we obtain, a.e. Z; € (0,1)

lim - / (‘9“2 (0 x2)> (v} — up)(0, 23)) dzy = (%(0,5:2)) cup(0, 7). (90)

l—o [
(')Qt

Now. we analyze (87) using functions v3 = uz + ¥ compatible with v, (i.e., functions v that
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verify (62)).
We take, V(z4, 19, 13) € Q3
Wiy, 2, %3) = uz(xy, g, T3) - P1(0, o), (91)
So, vy = ug + Yy verifies
(1, Ty, T3) - va(X1, X9, 73) < vh(y, g, x3) < My, 29,73) - vh(iry, Xg, 73). (92)
The support of ¥ is included in the set Si,):
S, =(=1,0) x (B~ ! — ¢, T2+ 1 +¢€) x (0,1) . (93)

We can easily see that a.e. Ty € (0, 1), the following relations hold

1
fim 7 [ (s = (@) - ta(o) do
Q3
= / ((.A';U'; — f’;)(.’L‘],IEQ,LL’g)) . ’lL3(.’L‘1,;L‘2, ;1,'3) (111,'] d.”l:g (94)
Q3(x2)
1 011,3
111_111) 7 / <5;(1:)) Y (z) do
0§
= / (%(xl,m%m)) - uz(zy, o, 73) dl, (95)
3(x2)

where do is the differential area element in Q5 and dl is the infinitesimal length on 0Q3(x,) .
In consecuence. taking limit in (87), we obtain

Ju
_ a—;(O, T3) - u2(0, Ty) + / ((Asuz — f3) (1, T2, 23) ) - uz(iey, o9, x3) dxy dis
1
Q3(x2)
(96)
(‘}U,g
i By, F1:22,23) | - ug(1, 89, x3) dl 2 0
M3(x2)
Taking now
Pa(y, Ty, w3) = —ug(@, w9, 3) - P10, 1), (97)
and

~

ty=us(l—@).  th=uz+, (98)
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we get

lim % / (%5(0,372)) (75 = u2)(0,22) ) dy = @2(0,572) - uy(0, 7y)

{—o0 c');r]
71914

.1 Ou; > Ou;

111_1;2 7 / (8—;(.17)) . 1/)‘(;1,‘) do = — / (-87—;(.7,‘1,:7)2,.7)3)) . U3(371,;r2,1123) dl
g M3(x2)

.1 :

tim [ (s = (@) ) do

Qg3

= - / ((Asuz — f3)(x1,Za,T3) ) - us(xy, 19, T3) dxy dT3 .

Q3(x2)

Then, taking limit in (87), we obtain

Ou:
— 2=2(0, z2) - ug(0, Z2) + ((Azuz — f3)(x1,T9,x3) ) - uz(xq, T2, T3) diy dxy
8]’1
Qa(r2)
5 (99)
+ / (% (il,'] ,Lg, ’I";)) . 'll.:;(ilf\,.’l?g, .'1.‘3) dl S 0.
8Qy(x2)
From (96), (99), we obtain
Ou 1
- 8—:;(0,372) + ORS) / ((Asus — f3)(z1, %2, x3)) - us(@1, 79, 23) dizy day
Qa(x2)
(100)

1 8U3
+ m / (%(Il,l‘g,l‘;;)) . ?1.3(1)1,.’7,'2,.)?3) dl=0.

O3(x2)
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We can write (100) in a more detailed form because (76) and (82) imply that

— +(0,x2) - / ((Asus — f3)(x1,29,23))" - M(x\,x2,23) dcy dz3

Qa(x2)

+ / ((Asus — f3)(z1, Ty, 73))* - m(x), 29, 23) dzy dixs

Qg(:tg)
o _ (101)
‘I'.
- / (0—_:(11,332,3:3)) » M(xy, 29, z3) dl
9%(z2)
Ou: *
+ / (3—:;(171,.7;2,1:3)) ~m(x), T2, x3) dl =0.
8% (x2)
We introdice now the following notation. We define. if uy(0,z2) = 0,
ou
(B(uy, ug)) (z2) = — 5;%(0, )
- / (f3(x1, 2, 23))" - M(z1, 22, 23) dz; dzs
(102)

Qz(x2)

+ / (f3(z1, 29, 3))™ - m(x1, 2o, T3) dxy dzg

Q3(x2)

and if uy(0.29) > 0,
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(E(uy, u3)) (r9) = — 7—:(0,.172)

- / ((‘43113 - f:s)(l'1-172=l'3))— : /\1(11»12,13) dr drg
Q4(z2)

+ / ((Azuz — f;;)(:zrl,.1:2,;163))+ <y, 29, x3) dry dug

93.(12) (103)
Ou: -
) / (a_:("’wws)) M (21,79, 73) dl
ax(x2)
el +
+ / <££(.’m,272,.’1:3)) .711,(:1:‘7g;2’w3) dl .
82(2)

Now. (101) also can be written in the following way
(E(?.IQ , 'Ug)) (.TQ) =0. (104)

In the case uy(0,z5) = 0, there are only allowed local positive perturbations of u, and the
coupling conditions are reduced to

(E(uz, ) (2) 2 0. (103)

Both condition can be summarized in the following way

min (uy(0, z3), (E(uy , u3)) (12)) = 0. (106)

3.3 Solution by decomposition
3.3.1 An equivalent problem

To solve (68) by decomposition techniques. we proceed in a similar way as to that used in
subsection 2.3.
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We suppose that the bilinear forms a, and a, are symmetric and in consequence, the inequal-
ity (68) is the necessary condition that must hold at the point that realizes the minimum of
the functional J on the set K, where K is given by (2) and

J(ug, uz) = L as(uz, u) — (fa, u2) + 3 as(us, us) — (fa, us) . (107)

We define the set K; and, Yu; € K. the associated sets Ky(w;). K3(uy)

Ki = {u, € H}(0,1) : ui(z) 20, Ve (0, 1)}, (108)
Ka(ur) = {us € H'(Qs) : u2(0,22) = ws(x2), Vra € (0,1)}, (109)
Ki(w) = {us € H'(Q) : (111) a.e. (x), 29, 73) € U3}, (110)
My, Te, 23) up(xy) < ug(xy, o, x3) < M (x4, To, 23) us(z9) . (111)

We introduce the notation

poluy) = i J{uy,0), 112
palur) = min . J(u,0) (112)

1) = 1 J(0,us), 113
Pol) = By O e
p(ur) = pa(ur) + @a(ur) . (114)

and to compute the functions v,. 3 we define the problems:

Py(u;) : Find ty(uy) such that J(iy,0) = po(uy), (115)

Ps(ur) : Find az(u;) such that J(0,a3) = v3(2y) . (116)

From (61). (108). (109). (110). we can write

K= |J (Kolw) < Ka(u))

ur€K;

and in consequence

min  .J(uy, u3) = min ( min J(uy, u;;)) : (L17)

(ug,uz)eR ur€R \ Ra(up)x Ki(uy)
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But from (107) we have

min J(ug, u3) =< min J(uz,()))—f—( min J(O,ug))

Ka(ur)x Ka(uy) u2€Ka(ur) uz€Ka(uy)

(118)
= a(ur) + p3(ur) = p(ur) .
Then
TR T = i, o) (19
and we conclude that problem (68) is equivalent to the following problem Py :
P, : Find @; such that p(u;) = min p(u;). (120)

ur€Ky

Remark 3.2 From (117)-(120) it follows that the new problem P; is a decomposable hier-
archical optimization problem [9]. The keystone of the decomposition method is the fact that
the function ¢ appearing in (120) verifies (114) and that (ps, @3) can be computed solving
two separated optimization problems.

Remark 3.3 The sets Ky, K3 and K verify the hypotheses of Theorem 1.1. Then py and
w3 are convez. In fact they are strictly conver and continuous functions. In addition, K; s
closed, then Problem P; has a unique solution 4; .

Remark 3.4 (uy(a;),us(a;) ) is the solution of the variational inequality (68).

Remark 3.5 The problem P; is easier than (68) because
1. The dimension of ; := (0,1) (where K; is defined) is 1.
2. K; has a very simple structure (the cone of positive elements of Hz(0,1)).

3. Problem P, is the minimum of a convez function on the set K; which involves only an
unilateral restriction.

4. By solving the problems P, and P il is possible to compute a descent direction for .
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3.3.2 An iterative procedure

The fundamental step to solve P; by iteration is to find a way to reduce the value of .

Although the function ¢ can be non-differentiable, when condition (106) is not verified, it is
possible to find a descent direction for the function ¢ and to compute suitable increments éu;.

3.3.3 Computation cf a descent direction

Given u; and the associated us (solution of problem /%), we will suppose that it is possible
to define a continuous linear operator T, which carries the admissible increments §u; (such
that u; + éu; € K;) to vectors T, bu; such that us + Ty éu; € Ko(u; + 6u;); then we have

apz(u, + 6’&1) S J(Uz + Tz (5'&1,0) . (121)

But the function J(-,0) is differentiable (Frechet). Then, 3Gy(uy) € H'(Q) such that
J(u2 + Ty buy, 0) = @Q(U[) + (Gz(u.z), Ty (S'U,I) + O(Tg 6'11,1) .

As the operator T, is continuous. we have

wa(u; + 6ur) < waolur) + (T3 G(ua), bur) + o(buy).

In a similar form we have

wa{uy + 8u;r) < psl(ur) + (T3 Ga(us), bur) + o(uy) .

So.
(,9(’11.[ + 6'111) S cp(u,) + <,r;G2(U2) + T;G'g(’u,g), (5’&1) + O(&UI) .
Then, if we find a point 4; € K, such that
(T3Golug) + T3Ga(us), 4y — ur) <0,

we have that u; — u; is a descent direction of the functional .

As K is unbounded. to obtain a descent direction given by a finite vector, we introduce
the problem:

PiT, up): I'ind 4, € K, that verifies : i (tr) = Urlréi’r(ll S (vr), (122)
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where

i r) =3 o — 1/1||H,}(Q yt (T vy —up), (123)

T =Ty Go(uy) + Ty Ga(us). (124)
Remark 3.6 For any u; € K, the problem P; has a unique solution ;.

Remark 3.7 If
m{xy : min (us(0, x2), (E(ug, u3))(z2)) # 0} > 0, (125)

then the solution of problem Pi(uj, ) is non-trivial and it gives a descent direction for the
funclion .

‘e define

Y= min (2 lvr —w ||H1}(Q yH (e = “»1)) - (126)

Remark 3.8 The following alternative holds: 3 a descent direction iff ¥ < 0.

Remark 3.9 If 4; # u; then u; brings a descent direction because

. 1
(Tt —w) <%= 3 i~ url)? < 0.

Remark 3.10 If ¥ = 0, then 4; = u; and (T, vy —uy) > 0 Vv, € Kj. So, the vectors
Uy(uy), a3(uy) associated to u; verifies the conditions to be the unique solution of the original
VI (68). Conversely, by Remark 3.7, if the optimality conditions are not verified, there exists
a descent direction.

So, we have seen that the basic step to solve iteratively the problem P; is to solve a sequence
of problems P;. To do that, it is necessary to compute the linear operator 7. In the following

sections, we will present some suitable operators 15, T3 and we will give the explicit expression
of Ty G2 and T35 Gs.
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3.3.4 Calculus of T;G,

The operator 75

We define T, éu; as the function w, which is the unique solution of the problem

A’U)Q(ZDZ) =0 a.e x e Q2 y
we(0, x9) = buy(xe) Yo €(0,1),

Ow,

%(I) =0 a.e. x € I\ ({0} x (0,1)) .

The operator G,(us)

By (107) we have

J(uz +w,,0) = / (% (Vug + Vwg, Vus + Vws) + % (uz + wa)? — f5 (vg + wz)) dr,
Q2
then
(Go(ug), wy) = /((V'u?,VwQ) + augwy — fowy) dzx.
0,

If Uy € [“12(92)

1
Ju
(GQ(UQ),?I)g) = /(—AUQ + ug — fg) W9 dr + / 3—7;(0,.82) . IUQ(O,;Ez) d.l‘z . (127)
0

Q,

Calculus of T3 Go(us)

But wy = T3 6u, . and from (73) (—Auy + a uy — f3) = 0, then

1
S o,
<02(’U-2), [2 ("’llq) = &—:(0, .‘I,'2) . 'lUQ(O, ;172) d;L"z .
0
Finally. as w9 (0, x,) = éu,(xy). we have
1
(TyGo(uz), buy)y = /(,}—T:(OTQ) cbup(xs) dxy . (128)

0
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3.3.5 Calculus of T;(;

The operator T;

We define
Su = {z € Qs us(xy, 2. 73) = M(z1, 22, 23) - 11 (0,22)} , (129)

Sm = {x € Qy : uz(xy, 2o, 23) = m(x1, 29, 23) - u; (0, 22)} , (130)

and we define — partially — the auxiliary function ¢ : Q- R

AI . S‘I\I N
t= (131)

m in Sy

We will suppose that it is pi)ssible to extend the function t from (S USm) to ﬁg\(S‘)\j USm)
in such a way that t €f12(Q).

In fact, the unique utility we get from { is its role in the computation of the auxiliary
function ¢ (defined in (135)) and that result is independent of the value of t on Q;\(Sa;US,,) .

We define now, Y(z,, x,, x3) €€

(713 w3) (.’L‘l,.’lfg,l’g) = t(.’l)l,fllz, 1'3) . 'lU3(.’L'2) . (132)

The operator G3(us)

J(0,u3 +ws3) = / (%(V% + Vws, Vuz + Vws) + % (us + ws, us + ws) — f3 (uz + “’3)) dz,

3
then
(G3(u3z),ws) = /((V'Ug, Vws) + Buz ws — f3ws)dx.
Q3
If uz € H%()
(G3(u3), ws) = /(—Au;, + Jus — f3)wyde + / % ws ds (133)

Qg 03
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Calculus of T} G3(us)

When w; = T3 6uy , by (132) and (133) we have

<G3(U3),T3 611,1) = /((—Au;; + ,8113 — f3 ) (1‘1,;E2,.’E3)) . t((L‘l,;L‘z,JT;;) . 5u1(;1;2) dx

Q3

du
+ / (53(361,3’2,333)) +8(z1, T2, 13) - bus(z2) ds

ANy

1
= / / ((—Auz + puz — f3) (z1, T2, T3)) - (&1, T2, T3) dTy dxy | buy(z2) diry
(1]

Q3(x2)

1
ou
+/ / (Es(whxz,ws)).‘($1,$2»$3)d$1d$3 buy(ws) diy .

0 3(x2)

Then. if we take into account (132) we obtain

(T; Galus), Sur) = / C(z2) - bus(zs) drs, (134)

C(mz) = / ((—Au.3 + Buz — fs) (xl,wz,xs))+ : M('xl,mz,ﬂ?s) dz, dxs

Q3(x2)

+ / ((—Auz + Bus — f3) (x1,22,73))" - m(xy, T2, z3) dzdxs
Q3(x2)

. (135)
Ous
+ —(x,x9,73) ) - M(x),Z9,13)dz; dx3
on
I3 (r2)

5 —
+ / (Fl:?(xl,zg,xg)) <z, 22, x3) dry dxy

IN3(r2)
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3.3.6 Calculus of T = T} 7y + T Gy
Taking into acconnt (103). (128) and (134) we ubtain the following explicit expression of T':

1
T(bup) = / E(ug,u3))(xe) - dur(xe) duay. (136)
0

Note 3.1 In the following, we will identify the functional T with the function E(uy,u3)
(obviously through the action given by (136)).

3.3.7 The auxiliary algorithm A,

Algorithm A,
Step 1) Choose any u; € Ky and p > 0. Set v =0 and u? = u;.
Step 2) Set p, = p. Compute the solutions uf(uy) of P and u}(uy) of Pj.
Step 3) Compute T' = F(uj(u¥), uh(u})).
Step 4) Find the solution ¥ of the problem Py(T, uY).
Step 5) Set u; = uY + p, (T — uY).
Step 6) If (;) < d(uy) +1p, < T —u% > set ut''=d;, v=v+1

and go to step 2;

else, set p, = %/),, and go to step 5.

The issue of convergence.

The algorithm A, generates a sequence {u}, uy, uj } such that (uf, u) converges to the unique
solution of (68). In order to shortener the length of this report, the proof of this property
will not be included here.



36 4 CONCLUSIONS

4 Conclusions

We have solved in this paper two junction problems involving bilateral restrictions. Us-
ing a variational inequality formulation, we have obtained both the differential equations
and the global equilibrium condition which identify the solution. In order to have a prac-
tical methodology to solve the original problem, we have developed an iterative method of
decomposition—-coordination type. We have used this procedure because it allows us to solve
the coupled problem through the solution of two simple independent problems - one of them
a bilateral obstacle problem and the other a linear problem.

Although convergent, the performance of the procedure can be further improved choosing a
suitable operator in the problem:

min (% ller — UI“?,Q(QI) + (T, vy — Ul)) .

v EKY

ie.. we replace that problem by the problem:

min (:—; NQ (vr — u1)||§[§(01) + (T, vy — ul)) .

vrEK]
This behavior is related to the preconditioning of the auxiliary problem:
Py : Find u; suchthat o(t;) = mi}r} o(ur).
ureKy
This phenomenon has been recognized and analyzed in [4]. In case the operator Q is cor-
rectly chosen, we can get a procedure of Newton type. The analysis of this feature is treated

in [6]. Sometimes, the separated problems P, and P, can be solved in a faster way by ad-hoc
techniques, v.g. FFT methods. Some applications concerning this method are developed in

[6].
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