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Abstract: We consider here a stochastic discrete minimax optimal control problem
defined on a finite state Markov chain in the case of infinite horizon. We prove the
existence of an optimal control in terms of a generalized feedback policies. We
characterize the optimal cost function and we present iterative methods to compute
it numerically.
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Un probleme de controle optimal stochastique de type
minimax sur chaines de Markov avec horizon infini

Résumé : On considére ici un probléeme stochastique de controle optimal de type
minimax avec horizon infini. Le systéme analysé est une chaine de Markov finie. On
étudie Dexistence d’une solution définie comme une loi de controle en boucle fermée
généralisée et on présente deux méthodes itératives pour le calcul approché de la
fonction cout optimal.

Mots-clé : controle stochastique, controle optimal, chaines de Markov, itération
sur les valeurs, itération sur les politiques, contréle en boucle fermée.
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A stochastic minimaz optimal control problem on Markov chains... 1

1 The stochastic optimization problem

We study a stochastic optimal control problem of minimax type defined on a finite
controlled Markov chain.

In the following sections we present the elements of the control problem, we cha-
racterize the associated value function and we present two iterative procedures to
compute it numerically. Using a suitable auxiliary variable, we define an optimal
(generalized) feedback control.

Description of the problem

We consider a discrete time stochastic process Y which at each discrete time n € IN,
is in one of the N states ¢ belonging to Q ={i:i=1,...N}. Moreover, we assume
that, at each n an action a can be chosen in a finite set A, with |A| = Ny4, (control-
led finite Markov chain (see [14])). The transition probabilities of the process Y are
given by

P{Y(n+1)=3/Y(n) =1 an)=a} =pi;a). (1)

So, p; ;(a) denotes the transition probability from the state 7 to the state j when
the control a is used at i. We denote by «(-) the control policy applied to the chain.

We denote by A the set of non-anticipative or progressively measurable control
policies (see [7, 8, 9, 12]). We say that a non-anticipative policy « is stationary, in
case this policy is defined by a map € — A. Since there exists a bijection between
the stationary policies (of a N states problem) and the set AN we consider a € AN
when « is stationary.

We are interested in minimizing, with respect to the non-anticipative control po-
licies, the expectation of the maximum of a function f on the chain along the time
(f:Q2x A~ RT). So, the functional to be minimized is given by

Ji,a() = B { max F(Ya(n),an)) / Ya(0) = i} 2)

nEN,

where IE, denotes the expectation of the process when the policy « has been chosen.
The maximum of the right side of (2) is well defined because it is computed on a
finite number of states and actions.
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2 Silvia C. Di Marco, Roberto L.V. Gonzdlez

The optimal cost function is given by
w(i) =inf {J(i,a() : a(-) € A}. (3)

Our objective is to find an optimal policy that realizes w and, if it is possible, to find
an optimal feedback control policy.

Remark 1.1 Even when the chosen policy is stationary, the stochastic process

6o = {max 102 0),a) }

v<n

is not a Markov one. At time n, it depends not only on the state Y, (n) but also
on the previous ones. To apply dynamical programming techniques to the problem
(3), we transform it to a Markov process through the introduction of an auxiliary
variable.

2 Conversion to a Markov problem

2.1 Introduction of an auxiliary state

We consider ¢, the initial state of the process Y, , where a(-) is an arbitrary non-
anticipative policy. The auxiliary process Z is given by a sequence of random va-
riables z, with values in F, which evolves according to the equation

241 = 20+ (F(Ya(n), a(n)) = 2,)" = max {f(Ya(n), a(n)), 2.},
with z, € F. F is the set of admissible states of the process Z,
F={0}J{f(i,a):i€Qae A}, |F|=NxNg+1. (4)

Remark 2.1 It is easy to see that

o = max{zo, max f(Ya(k),a(k))}. (5)

=1,...,n

In consequence it is immediate to check that the variable z, “stores” the maximum
of f up to time n, on the trajectory Y associated to the employed policy .

INRIA



A stochastic minimaz optimal control problem on Markov chains... 3

For each a € A, we define the operator T, : F' x £ — F such that
To(p, i) =p+ (f(ia) = p)". (6)

We consider now the extended stochastic process (Z,Y) whose state at time n € IN,
is given by

(2n,Y(n)) € F x Q. (7)
The transition probabilities of the stochastic process (Z,Y) are

PA{ (zng1, Ya(n+1)) = (¢,7) / (2, Ya(n)) = (p,1), a(n) = ¢ } = pi;(a) X=1,(p,) -
In consequence, (Z,Y) is a Markov chain.

Definition 2.1 Let o be a non-anticipative policy. We say that « is a generalized
feedback if it is given by a monovalued function o : F X Q — A.

Definition 2.2 We give the following definition of recurrent state for the chain
(Z,Y); (see [1, 13, 14]). We say that (p,) is a recurrent state under the action of
the feedback control policy a, if there exists C),(¢) C €, such that V j € C, (i),

o Tu(p,j) = p;
e there exists m, k € IN such that p/”; > 0 and pﬁi > 0;

[ ] p]'J = 07 Vl ¢ Cp(’t)

2.2 The auxiliary problem

We consider in the chain (Z,Y) the stochastic optimal control problem with infinite
horizon, where the cost functional is defined by

va(p, 1) = Eq {i (J(Ya(n), a(n)) = z0)" / Ya(0) = i, 20 = p} : (8)

n=0

and the associated optimal cost function is
v(p,i) = min {va(p,i) : a(-) € A}. )

Proposition 2.1 The following properties hold

RR n°2946



4 Silvia C. Di Marco, Roberto L.V. Gonzdlez

1. v(p,7) >0, V (p,i) € F x Q.
2. LetF:maX{f(i,a) 11 € Q,a € A}, then U(F,i) =0,¥Vieq.
Proof. The first property comes from the definition of v. To prove the second

one, from the definition of the process Z, we have that Vn € N, z, = F. Then,
every term in the sum (8) is equal to zero.

0

Proposition 2.2 Let g be a generalized feedback control policy and (p,i) be a re-
current state of the chain determined by g. Then vy(p,1) = 0.

Proof. Let C,(¢) denote the recurrent class to which (p,7) belongs. Then,

Ty(p,g) =p+ (F(G.9(p.9)—p)" =p, ¥ (p,5) € Cpli),
which implies that
(FGr9(p,3) —p)T =0, (p,4) € Cpld).

Since {Y,(n) : n € IN} is a stochastic process which remains forever in C)(7), repla-
cing in (8) we have that

vy (py 1) = IE, {i (f(Yy(n), g(20, Yy (n))) = 2)T / ¥y(0) =4, 20 = p} =

n=0

0

Now we give a relation concerning the minimax problem (3) and the stochastic
control problem with cumulative cost (9).

Proposition 2.3 u(i) = v(0,7) = max{v(p,7) : p € F'}.

Proof. It is easy to check from its definition that v(p, %) is non-increasing with
respect to p € F, so

v(0,¢) = max {v(p,i) :p > 0}.

Besides,

00,0 = mig {1 { £ (0, a00) = 2 /Va0) =iz =0} }

n=0

— min {]Ea {maX J(Ya(n),a(n)) / Ya(0) = Z}}

nEN,

INRIA



A stochastic minimaz optimal control problem on Markov chains... 5

2.3 Dynamical programming
2.3.1 The dynamical programming principle

The stochastic control problem (9) has been widely studied in the literature of this
subject (see e.g. [14, 15]). We refer to chapter 6 of [14] for the proofs of the following
Proposition and Corollary.

Proposition 2.4 The function v satisfies the following dynamical programming
equation:

o(p.i) = min {(/(i, @) = p) " + Ea (o(Ta(p. ), Ya(1))) (10)

Corollary 2.1 Let 7 be a generalized feedback policy such that w(p,1) produces the
minimum of the right side of (10). Then, w is an optimal policy.

Corollary 2.2 Let m be an optimal generalized feedback policy. For any (p,1i) re-
current state of the chain associated to w, it results v(p,i) = 0.

Proof. It follows from the Proposition 2.2 and the Corollary 2.1.

2.3.2 The operator M and its properties

Definition 2.3 We define the operator M : RWXNat)xN y RINXNa+1)xN gych
that

(Muw)(p,i) = min {(/(i, a) = p)* + Eq (w(Tu(p, i), Ya(1)} (11)

Remark 2.2 From the dynamical programming principle proved in the Proposition
2.4, we have that

Muv=w. (12)

Definition 2.4 For each generalized feedback control policy g, we define the ope-
rator
M, : RWXNa+D)xNy RINXNa+DXN gych that

(Myw) (p,i) = (f(i,9(p, 1)) = )T + By (0(Ty0(p ), V(1)) . (13)

RR n°2946



6 Silvia C. Di Marco, Roberto L.V. Gonzdlez

Remark 2.3 If g is a generalized feedback, it is easy to see that v, is a fixed point
of M, .

Proposition 2.5 Let g be a generalized feedback. Then, the following properties
hold:

1. My and M are monotone.
2. (Mén)O) (p, i) = vy(p, i) when n — co.

Proof.

1. The monotony of operators M, and M results from the same property for the
expectation.

2. It is easy to prove by induction that Vn € IN

k=0

(M{0) (v,) =T, {Z (V) g (=) B) = 20) /Y (0) = i,z = p}m

Passing to the limit, by Lebesgue’s Theorem, it is valid that

lim (M{70) (p, i)

n—00

= lm E, {Z (Y (k), g (2(k), ) — 20) "/ Y (0) =i, 20 = p}

n—00
k=0

2.3.3 Characterization of the optimal cost v

Definition 2.5 In relation to the equation (12), we define the associated sets of
supersolutions and subsolutions:

S={s:FxQ— R/ Ms<s},
W={w:FxQ—R/Mw>w}.

INRIA
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It is easy to see that v € SO\W.

In the following theorems the value function v is characterized as the minimum
element of the set of supersolutions, and as the limit of a particular sequence of
subsolutions.

Theorem 2.1 v = min{s:s € S}.
Proof. Let s € S, (p,i) € F x Q. Let m be a generalized feedback that realizes
the maximum appearing in the definition of (M s)(p, 1), i.e.

(M s)(p, i) = (Mxs) (p, 1) -

By definition, it is valid that s > 0. From Proposition 2.5, it results M,s > M0 > 0.
Then, ¥n € IN

s(p, 1) 2 (M70) (p, i) .
Again from Proposition 2.5, it follows that

(M;0) (p,7) = ve(p,7) -
Consequently, s(p,i) > v.(p,?) > v(p,t). Since this property is valid V s € S, it also
holds for s = min{s: s € S}. Then,

s(p,1) > v(p,1) .

Now we can prove the following theorem.
Theorem 2.2 (M(”)O) (p,i) = v(p,t) when n — oco.

Proof. From the property 1 of the Proposition 2.1, v(p,i) > 0, V (p,i) € F x Q.
Moreover, M v = v and since M 0 > 0, from the monotony of the operator M, we
have

0< MMy < MO+ < v, Ve NN.
In consequence, 3 v such that

0< M™M= v <o, (15)

From (15) and the continuity of the operator M it follows that Mv = v ,
implies v € S. Since v is the minimum supersolution, we have that v < v. Then,

v = v and therefore
lim M0 = v.

n—00

RR n°2946



8 Silvia C. Di Marco, Roberto L.V. Gonzdlez

3 Iterative computation of the function u

3.1 Value iteration

From the previous theorem we have that the optimal cost can be computed as the
limit of the sequence of subsolutions M*0. This property suggests the following
iterative scheme.

Algorithm 1
Step 0: w° =0,v=0.
Step 1: Compute w’t = Mw”.
Step 2: If w”t! = wY, stop.

Step 3: Set v =v 41 and go to Step 1.

From Theorem 2.2, the sequence w” generated by the algorithm converges to the
solution v. The convergence may be dismally slow as it is shown in the following
example.

Example 3.1 We consider a chain with N nodes, with |A] = 1 and the ins-
tantaneous cost f given by
0 1=1,...,N -1,
fi= (16)
1 Z = 17\7.

The transition probabilities are given by

1—2p  j=i,
p .7 =1 17

Pij = (17)
P J=1+1,
0 otherwise,

where the equality considered in (17) is the module N equality.

INRIA



A stochastic minimaz optimal control problem on Markov chains... 9

The error v — w” converges to 0 verifying in addition the relation

e -]
V—00 AV

=C >0, (18)

where A = 1 — 4 psin?(r/2N). Then, A — 1 when p — 0. From (18) we see that
the convergence is very slow when p ~ 0.
3.2 Policy iteration

To avoid the slowness of the convergence of the value iteration algorithm, we try
to apply the Newton method. Since the fixed point problem w = M w is not a
contraction, we do not use the Newton method directly (which is known as the po-
licy iteration method in this type of problems). Instead, we apply it on a sequence
of perturbed problems that converges to the original problem and whose associated
fixed point operators are contractions.

We consider the following discounted optimal control problem, with A the discount
coeflicient, 0 < A < 1.

Va(p, i) = min {Vy\(p, i) : 7(-) € A}, (19)

where

V7r)\ p7 (Z /\n Y, (n))—zn)+ /Y;r(o):ivzo:p) .
(20)

It is easy to see that V) verifies the following dynamical programming equation

a€A

‘/A(p,i)zmin{(f( +/\Zpu - VA(Tu(p, ),J)}- (21)

Definition 3.1 Given A € (0,1) we define @, : RINVXNat)xN  [RINXNa+1)xN
such that

(wa)(p,i)zgneig{(f( T+ pila) - (p,),J)}- (22)

JEQ

Remark 3.1 The operator (), is a contraction and V) is its unique fixed point.
Besides, V), — v, when A — 1.

RR n°2946
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Algorithm 2

Step 0: Let {),},en be a increasing positive sequence, which converges to 1,
e>0,v=1.

Step 1: Compute V), =@,V .
Find a stationary policy # whose cost is V), .

Step 2: Solve the linear system

w(p,i) =0 V (p, i) recurrent state,

w(p, i) = (Mzw) (p, 1) V (p, i) non recurrent state.

Step 3: Ifw -V, <¢, stop.

Set v =v + 1 and go to Step 1.

Remark 3.2 The problem V), = @, V), at Step 1 can be solved using the algo-
rithms presented in [10]. They converge to the solution of the discounted problem
in a finite number of steps.

Convergence of the algorithm

Remark 3.3 Let us see that the stopping rule at Step 3 is verified after a finite
number of iterations. In effect, let us assume that V v € IN we have that

w—Vy, >¢. (23)

It is easy to see that there exists K > 0 — dependent only on the data of the problem
but independent on the policy used in (24) — such that

w—-V,, <K(1-X). (24)
Then, from (23) and (24), it results that Vv € N,
e<K(1-X\), (25)

which implies that ¢ = 0 because A, — 1. Then, (23) cannot hold V » € IN and in
consequence, the stopping rule is verified for a finite value of v.

INRIA
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Theorem 3.1 When the algorithm finishes, a suboptimal policy is available. The
cost of this policy is w and it is valid that

v<w<vte. (26)

Proof.  Since v is the optimal cost of the problem without discount and w is the
cost of 7, the first inequality is trivial. To prove the second one, from the stopping
rule we have that there exists some v € IN such that

w—V,, <e. (27)
Let 7 be any optimal policy, i.e VF; = v, by definition of V) it results

Vi, < Vza, . (28)
Besides Vz 1 > Vz ), because A, < 1. From these inequalities, we get

w—-—v<e. (29)

4 Numerical examples

Example 4.1 We consider Q = {1,2,3,4} the set of states and A = {1,2,3,4}
the admissible actions. The instantaneous cost and the transition matrix have been
generated randomly. We use ¢ = 1077 as the maximum error of approximation in
Algorithm 2.

The cost w associated to the suboptimal policy given by the Algorithm 2, is shown
in the following table as well as the error w — V.

RR n°2946



12 Silvia C. Di Marco, Roberto L.V. Gonzdlez
0.267 0.267 0.267 0.267 0.429 0 0.233 0.063
0.252 0.252 0.252 0.252 0.429 0 0.233 0.063
0.116 0.116 0.116 0.116 0.246 0 0.233 0.063
0.02 0.02 0.02 0.02 0.078 0 0.069 0.063
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
w=| 0 0 0 0 w—Vy=10"9%x | 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

Example 4.2 Again, let us consider the problem described in Example 3.1 to com-

pare both algorithms. In the value iteration method we have used the stopping test
[|Mw — wl|| <107°.

Algorithm Time
Value iteration || 29,65 s
Policy iteration || 0,27 s

Table 1: Comparative table, N =5 N4 =1,p=0.1

INRIA
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Remark 4.1 The computational times shown above correspond to a PC 486
(50 Mz) using the programming system MATLAB.

5 Conclusion

We have studied here a discrete minimax stochastic problem defined on a finite
Markov chain and we have devised two algorithms to compute numerically the value
function of the problem. This function is a natural approximation of the optimal
cost corresponding to the continuous time minimax problem (with infinite horizon)
studied in [4, 5]. In that case, the Markov chain is obtained via Kushner’s procedure
to discretize the dynamics of the system appearing in the continuous problem. We
want to remark that it seems necessary to use additional hypotheses in order to
obtain the convergence of the discrete solutions towards the continuous solution.
Among these ones,

e conditions which assure that the finite horizon problems converges to the infi-
nite horizon problem,

e existence of an attractive state or of an attractive cycle.

The analysis of these issues is the subject of [6].
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