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Abstract: In this paper we discuss second order optimality conditions in optimization
problems subject to abstract constraints. Our analysis is based on various concepts of second
order tangent sets and parametric duality. We introduce a condition, called second order
regularity, under which there is no gap between the corresponding second order necessary
and second order sufficient conditions. We show that the second order regularity always
holds in the case of semi-definite programming.
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Conditions nécessaires et suffisantes d’optimalité du
deuxieme ordre sous des contraintes abstraites

Résumé : Cet article présente des conditions d’optimalité du deuxiéme ordre pour des
problemes d’optimisation soumis & des contraintes abstraites. L’analyse est basée sur divers
concepts d’ensemble tangents du deuxiéme ordre et sur la dualité paramétrique. Nous
introduisons la condition de régularité du deuxieme ordre sous laquelle il n’y a pas d’écart
entre les conditions nécessaires et suffisantes du deuxiéme ordre. Nous montrons que cette
condition est toujours satisfaite dans le cas de ’optimisation semi définie.

Mots-clé : Conditions d’optimalité du deuxiéme ordre, optimisation semi définie, opti-

misation semi-infinie, ensembles tangents, multiplicateurs de Lagrange, contraints de cone,
dualité
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1 Introduction

In this paper we investigate necessary and sufficient second order optimality conditions for
an optimization problem in the form

(P) 1\/2)1(1 f(z) subject to G(z) € K, (1.1)

where X is a finite dimensional space, Y is a Banach space, K is a closed convex subset of
Y, and the objective function f : X — IR as well as the constraint mapping G : X — Y are
assumed to be twice continuously differentiable.

A number of optimization problems can be formulated in the form (1.1) in a natural way
[7]. When Y is finite dimensional, say ¥ = IRP, and K = {0} x IRY 7, the feasible set of
(P) is defined by a finite number of equality and inequality constraints, and (P) becomes
a nonlinear programming problem. As another example consider the space Y = C(Q) of
continuous functions 9 : @ — IR, defined on a compact metric space 2 and equipped with
the sup-norm ||9|| := sup,cq |¥(w)|. Let K = C;(£2) be the cone of nonnegative functions,
i.e.

Ci(Q):={pelC():¢(w) >0, Vw e Q}.

In that case the abstract constraint G(z) € K corresponds to g(z,w) > 0 for all w € Q,
where g(z,-) := G(z)(-). If the set 2 is infinite, this leads to an infinite number of constraints
and (P) becomes a semi-infinite programming problem. Yet another example is provided by
semi-definite programming (see, e.g., [26] and references therein). There Y = S™ is the space
of n X n symmetric matrices, and K = S? is the cone of positive semi-definite matrices.
Note that S} can be represented in the form

St={Ze€8":w'Zw>0, we R" || =1},

so that semi-definite programming can be considered in the framework of semi-infinite pro-
gramming.
An alternative way of studying abstract optimality conditions is by considering optimi-
zation problems of the form
Min F(H 1.2
Min F(H(2)), (1.2)
where F : Y — IR is a lower semicontinuous extended real valued convex function and
H : X —» Y. This problem is equivalent to

e blectto (Hiz),c) € ept 1.3
(w,c)el)r(lxmc subject to (H(z),c) € epi (1.3)

where epi F' := {(y,¢) € Y x R : F(y) < ¢} is the epigraph of F', and hence it can be
considered as a particular case of the problem (1.1). The converse is also true, that is,
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4 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

problem (1.1) can be represented in the form (1.2), so that both approaches essentially are
equivalent.

Second order optimality conditions have been studied in numerous publications. In a
sense, complete characterization of second order necessary and sufficient optimality condi-
tions in the case of nonlinear programming (i.e. when the space Y is finite dimensional
and the set K is polyhedral) were already given in Ioffe [11] and Ben-Tal and Zowe [1].
Second order necessary conditions in the general case using both approaches (1.1) and (1.2),
and in the special case of semi-infinite programming, have been extensively studied (e.g.
[3, 8, 10, 12, 14, 16]).

In this paper we investigate second order optimality conditions for an optimization pro-
blem given in the form (1.1), paying special attention to sufficient conditions. We introduce
the notion of second order regularity for the constraint set K, under which the gap between
necessary and sufficient conditions reduces to a change from weak to strict inequality, just as
in the case of mathematical programming. We then exhibit a number of situations where se-
cond order regularity is satisfied. In particular we show that it is possible to give a complete
characterization of second order conditions in the case of semi-definite programming.

For a function h : Y — IR, we denote by h'(y, d) its directional derivative

Y, 10 t )

and by h” (y;d,w) and A’ (y;d,w) its lower and upper second-order directional derivatives,
respectively, i.e.

h(y + td + 1t?w) — h(y) — th'(y, d)

142 ’
5t

h td + Lt2w) — h(y) — th'(y,d
R} (y;d,w) = lim sup (y+td+3 w2t2 ) ()
t10 3

" . — 1. . f
hY (y; d, w) Hﬁ})n

Note that if the function A(+) is convex continuous, then (finite valued) directional derivatives
h'(y,d) exist for all d € Y. We say that h(-) is second order directionally differentiable, at
y in the direction d, if h” (y;d, w) is equal to A’} (y;d,w) and is finite for all w € Y. In this
case the common value is denoted A (y;d, w).

By Y* we denote the dual space of Y and by (y*,y) the value y*(y) of the linear functional
y*€Y*aty €Y. Foraset T CY we denote by o(-,T) its support function, i.e. o(y*,T) :=
sup,er (¥*,¥), and by dist(-,T) the distance dist(y,T’) := inf,er ||y — 2|. By Df(z) and
D2 f(x) we denote the first and second order derivatives, respectively, of a function f(z).
We denote by By := {y € Y : ||y|| < 1} the unit ball in Y.

2 Tangent sets

In this section we discuss the notions of first and second order tangent sets on which our
second order optimality conditions are based.

INRIA



Second order necessary and sufficient optimality conditions under abstract constraints 5

Let us first recall the notion of limits in the sense of Painlevé-Kuratowski for a multi-
function ¥ : X — 2V, from a normed space X into the set 2 of subsets of Y. The upper
limit lim sup,,_,,, ¥(x) is the set of points y € Y for which there exists a sequence z, — zo
such that y, — y for some y,, € ¥(z,). The lower limit liminf,_,,, ¥(z) is the set of points
y € Y such that for every sequence x,, — =g it is possible to find y,, € ¥(z,) such that
Yn 2 Y.

Let K be a closed convex subset of a Banach space Y. The (first-order) tangent set
(cone) to K at a point y € K can be defined as follows

Tk(y) :={h €Y :dist(y + th,K) = o(t), t > 0}.

By the definition of lower set limits this can be written in the form

K —
Tx(y) = liminf — 2. (2.1)
10
It is well known that since K is convex, it is also true that
Tk (y) = lim sup —— (2.2)

t10

Note that if K is a convex cone and y € K, then Tk (y) = cl(K + [y]), where [y] denotes the
linear space generated by vector y and “cl” stands for the topological closure in the norm
topology of Y.

Similarly to (2.1) and (2.2) we consider second-order variations of the set K at a point
y € K in a direction d. That is,

. . K—y—td
T (y,d) :== 11r£1l inf g (2.3)
T2 (y,d) := lim sup K-y-td (2.4)

t10 12

We call T#(y,d) and T2 (y,d) the inner and outer second-oder tangent sets, respectively.
Alternatively these tangent sets can be written in the form

T (y,d) = {w €Y : dist(y + td + Lt*w, K) = o(t?), t > 0},

Tz (y,d) = {w: 3t, | 0 such that dist(y + tnd + 2w, K) = o(t})} .

It is clear from the above definitions that T%(y,d) C 72(y,d) and that these second-order
tangent sets can be non empty only if d € Tk (y). Also both sets T%(y,d) and T2(y,d) are
closed and the set T%(y,d) is convex. The following example demonstrates that, unlike the
first order tangent variations, the second order inner and outer tangent sets can be different.

RR no2952



6 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

Example 2.1 Let us first construct a convexr piecewise linear function y = n(x), © € R,
oscillating between two parabolas y = z? and y = 2x%. That is, we construct n(z) in
such a way that n(x) = n(—z), n(0) = 0 and for some monotonically decreasing to zero
sequence Ty, the function n(zx) is linear on every interval [Tyy1,zx], n(zk) = 3 and the
straight line passing through the points (xp,n(xy)) and (xry1,m(Try1)) s tangent to the
curve y = 2x%. It is quite clear how such a function can be constructed. For a given
point z > 0 consider the straight line passing through the point (zy,z%) and tangent to
the curve y = 2x2. This straight line intersects the curve y = x2 at a point Ty, 1. Clearly
zp > zp+1 > 0. One can proceed the construction in an iterative way. It is easily proved
that z, — 0. Define K := {(z,y) € R*: y > n(x)}. We have then that for the direction
d:=(1,0), Tx(0,d) = {(z,y) : y > 4} and Tg(0,d) = {(z,y) : y > 2}.

We say that the set K is second-order directionally differentiable, at y € K in the direction
d, if T#(y,d) = T2(y,d) (for various related concepts see [21]). This terminology is justified
by the following result (cf. [8, Proposition 4.1]).

Proposition 2.1 Suppose that the set K is defined in the form K = {y € Y : h(y) < 0}
where h(-) is a continuous convex function. Let h(y) = 0, h'(y,d) = 0 and suppose that
there exists § such that h(g) < 0 (Slater condition). Then

Tk (y,d) = {w : W (y;d,w) < 0}, (2.5)
Tg(y,d) = {w : h’ (y;d,w) < 0}. (2.6)

Proof. We only show that (2.6) holds, since the proof of (2.5) is similar.
Letw € Tl%(y, d) and choose sequences t,, | 0 and w,, — w such that y+tnd+%tiwn e K.
Since h(-) is convex continuous, h(-) is locally Lipschitz continuous and hence

120" (y; d,w) + o(t2) = h(y + tad + Lt2w,) < 0.

It follows that h"” (y;d,w) < 0.
Conversely, if b (y;d,w) < 0, then for some ¢, | 0,

h(y + tod + Lt2w) = 120" (y;d,w) + o(t2).

Consequently h(y + t,d + t2w) < 0 for n large enough, and hence y + t,d + 12w € K,
which implies that w € T2(y,d). Suppose now that A" (y;d,w) = 0. Given a > 0, set
We = w + a(§ — y). Then by convexity of h we have

h(y +td + 1tPws) < (1 — 2at?)h(y + td + LPw) + Lat’h(g + td + 1t°w),

for ¢ > 0 small enough such that 1 — 2at®> > 0. Since h(y) < 0 it then follows that for any
a>0,
W2 (y;d, wa) < W (y;d, w) + ah(F) <0 (2.7)

and hence w, € T (y,d). Since T2 (y,d) is closed, letting & | 0 we obtain that w € 72(y, d)
and the proof is complete. |

INRIA



Second order necessary and sufficient optimality conditions under abstract constraints 7

From this proposition it follows in particular that if the Slater hypothesis holds, then
K is second-order directionally differentiable if and only if the level sets of h” (y;d,-) and
h!{ (y; d,-) coincide for the 0 level. In particular, K is second-order directionally differentiable
whenever h(-) is second-order directionally differentiable.

To close this section we state two results, which extend Proposition 3.1 and Theorem 3.1
in [8] to the case of outer second order tangent sets. We omit the proofs which are simple
modifications of those in the cited reference.

Lemma 2.1 For ally € K,d € Tk(y) one has
TIZ( (ya d) + TTK(y) (d) C TI2{(317 d) C TTK(y) (d)7 (28)

In particular, it follows that when 0 € T£(y,d) then T2(y,d) = Tr, (y)(d), and when
0 € TZ(y,d) all three sets coincide: Tx(y,d) = TZ(y,d) = Try(y)(d).

The following formulas (2.11) and (2.12) provide a rule for computing the second order
tangent approximations of the feasible set G~'(K) of (P), in terms of the second order
tangent approximations of K. These formulas are valid under Robinson’s constraint quali-
fication [18],

0 € int{G(zo) + DG(z9)X — K}. (2.10)

and can be proved by using the Robinson [19] - Ursescu [25] stability theorem (see [8]).

Proposition 2.2 Let zp € G~Y(K) and suppose that Robinson’s constraint qualification
(2.10) holds. Then, for all h € X,

T2 ()(20, ) = DG(zo) " [T2(G(20), DG(z0)h) — D*G(zo)(h, h)] , (2.11)

T3-1(x) (@0, h) = DG(20) ™" [TZ(G(x0), DG(x0)h) — D*G(x0)(h, h)] . (2.12)

3 Second order optimality conditions

In this section we derive second order necessary and sufficient optimality conditions for a
problem (P) given in the form (1.1). With problem (P) are associated the Lagrangian

L(z,}) := f(z) + (A, G(z)), AeYT,
and the generalized Lagrangian
Lz, 0,A) == af(z) + (X, G(z), (a,A) € RXY™.

Let 2 be a locally optimal solution of problem (P). Then, F. John type (first order)
optimality conditions can be written in the form

D, L% (zg,a,A) =0, a >0, A € Ng(G(x9)), (3.1)

RR no2952



8 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

where a and A are not both zero and Ng(y) :={y* € Y* : {(y*,2 —y) <0, Vz € K} is the
normal cone to K at y. We denote by A9(zg) the set of generalized Lagrange multipliers
(a, \) # (0,0) satisfying condition (3.1). It should be noted that for a general Banach space
Y the set A9(xzg) can be empty. The above F. John optimality condition is necessary for
local optimality, i.e. A9(xg) # 0, in two important cases, namely when the space Y is finite
dimensional or when the set K has a non empty interior [15, 27].

If the multiplier « in (3.1) is non zero, then we can take @ = 1 and hence the correspon-
ding first order necessary condition becomes

DoL(z0,A) = 0, A € Ni(G(o)). (3.2)

Under Robinson’s constraint qualification (2.10) the set A(zg) of Lagrange multipliers satis-
fying (3.2) is nonempty and bounded [17, 27]. In case the set K is a convex cone and y € K,
the normal cone Nk (y) can be written in the form Ng(y) = {y* € K~ : (y*,y) = 0}, where

K :={y"€Y":(y"y) <0, Vy € K}

is the dual cone of the cone K. In this case condition A € Nk (G(zo)) becomes A € K~ and
(A, G(z0)) = 0.
Let us finally recall that the cone

C(.CL'()) = {h € X: DG(.’Eo)h € TK(G(.Z'())),Df(.Z'())h < 0} (33)

is called the critical cone of the problem (P) at the point xg. It represents those directions
for which a first order linearization of (P) does not provide an information about optimality
of zyp. It may be noted that when the set A(zo) of Lagrange multipliers is nonempty,
then Df(zo)h > 0 for any h € X satisfying DG(zo)h € Tk(G(z0)). In such a case the
inequality D f(xo)h < 0 in the definition of the critical cone can be replaced by the equation
D f(xo)h = 0, which in turn is equivalent to (A, DG(x¢)h) = 0 for any A € A(zo)-

With these preliminaries we may now state our second order necessary condition for
optimality, which is based on the analysis of parabolic paths of the form

z(t) = zo + th + 12w + o(t?). (3.4)

This result improves [8, Theorem 4.2], where a similar theorem is stated based on the inner
second order tangent set.

Theorem 3.1 Let xg be a locally optimal solution of the problem (P). Suppose that Robin-
son’s constraint qualification (2.10) holds. Then for all h € C(zo),

sup {Dazsz(xOJ )‘)(h'7 h) - 0'()\, T(h))} > 07 (35)
AEA(z0)

where T (h) := T2 (G(z0), DG(z0)h).

INRIA



Second order necessary and sufficient optimality conditions under abstract constraints 9

Proof. Note that if 7(h) = 0, then o(-,7(h)) = —oo and (3.5) trivially holds. Therefore
we assume that the set 7 (h) is non empty.
We claim that the optimal value of the following optimization problem

Min,ex Df(.’l?o)w + sz(al'o)(h, h)

subject to DG (wo)w + D?*G(zo)(h,h) € T (h) (36)

is non-negative. Indeed if w is feasible for this problem, using Proposition 2.2 we get
w E Tg_l(K)(mo, h) so that we may find a sequence 5, | 0 such that zy := o + tph+ 33w+
o(t}) € GTY(K). The sequence z, is feasible for (P) and converges to the local minimum =z,
so that f(zg) > f(z) for all k sufficiently large. By using the second order Taylor expansion
we have

f(zo) < f(zx) = f(wo) + te D f(wo)h + 5t; [D f(zo)w + D?f(x0) (h, )] + o(t}),
and since D f(zg)h = 0 for any h € C(z0), we obtain
D f(wo)w + D* f(zo)(h, h) > 0

establishing our claim.
The optimization problem given in the left hand side of (3.5) is the (parametric) dual
(cf. [20], [6]) of the problem (3.6). Indeed, the Lagrangian of (3.6) is

Also by (2.9) we have that o(A, 7 (h)) = +oo for any A & [Ty (,)(d)]~, with y = G(x0) and
d = DG(zo)h. In particular o(X, 7 (h)) = 400 for A & Tk(y)” = Nk(y). It follows that
the effective domain of the parametric dual of (3.6) is contained in A(z¢). The duality then
follows. Moreover, Robinson’s constraint qualification (2.10) implies that

Since for any z € 7 (h), it follows that z + Tk (G(x0)) C T (h), we have that
24+ DG(zo)X —T(h) =Y.

Therefore (3.6) has a feasible solution and Robinson’s constraint qualification for the problem
(3.6) holds as well. Consequently there is no duality gap between (3.6) and its dual (cf. [6]),
and hence (3.5) follows. |

Remarks. (i) The set 7(h) in (3.5) and in (3.6) can be replaced by the topolo-
gical closure of its convex hull. This will not change the corresponding support func-
tion. (ii) If K is second order directionally differentiable, that is 72(G(zo), DG(zo)d) =
TZ(G(z0), DG(z0)d), (3.5) is equivalent to [8, Theorem 4.2]. In general however, the set
T2(G(mo), DG(x9)d) is larger than T%(G(xo), DG(z)d) and therefore Theorem 3.1 is stron-
ger. (iii) If 0 € 7(h) for every h € C(=zo), in particular if the set K is polyhedral, then
T(h) = Try(G(z0)) (DG(x0)h) and o (A, 7T (h)) = 0 for every A € A(xq). Therefore in that
case the “sigma term” in (3.5) vanishes.

RR no2952



10 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

Definition 3.1 Let S C G71(K) be a set of feasible points of the problem (P) such that
f(x) = fo for all x € S. It is said that the second order growth condition holds at S if there
exist a constant ¢ > 0 and a neighborhood N of S such that

f(x) > fo+c dist(z,5)?, Vo € GTH(K)NN. (3.7)

In particular, if S = {x¢} is a singleton, the second order growth condition (3.7) takes
the form
f(@) > f(zo) + cllz — z|*, Yz € GTHK)NN,

which clearly implies that xo is a locally optimal solution of (P). Moreover, in this case it
follows that for any h € C(z¢) the optimal value of (3.6) is greater than or equal to 2¢||h||?,
so that the second order necessary condition (3.5) can be strengthen to strict inequality for
all non zero h € C(xy).

The above second order necessary condition is based on upper estimates of the objective
function along parabolic paths of the form (3.4). In order to derive lower estimates, and
hence to obtain second order sufficient conditions, we need an additional concept.

Definition 3.2 Lety € K, d € Tk(y), and consider a continuous linear mapping M : X —
Y. We say that a set Ax(y,d; M) CY is an upper second order approzimation set for K
at the point y in the direction d and with respect to M, if for any sequence y, € K of the
form yg =y + tpd + %t%rk, where t, | 0 and rp, = Mwy, + aj, with {ar} being a convergent
sequence in'Y and {wp} C X satisfying tywy, — 0, the following condition holds

klim dist (7, Ak (y,d; M)) = 0. (3.8)

If the above holds for any X and M, i.e. (3.8) is satisfied for any sequence y+tpd+itir, € K
such that tyry — 0, we omit M and say that the set Ak (y,d) is an upper second order
approzimation set for K at the point y in the direction d.

Let us make the following observations. The upper second order approximation set
Ak (y,d) is not unique. Clearly, if Ax(y,d) C B then B is also an upper second order
approximation set. Since if y € K, d € Tk(y) and y +d + w € K imply d + w € Tk(y)
and hence w € T, (,)(d), it follows that the set T, (,(d) is always an upper second order
approximation set. It is also not difficult to see from the definitions that the outer second
order tangent set 772 (y, d) is included in any upper second-order approximation set A (y, d).

Theorem 3.2 Let xy be a feasible point of the problem (P) satisfying the first order (F.
John type) optimality condition (3.1). Let to every h € C(xzy) correspond an upper se-
cond order approzimation set Ax(G(xg), DG(zo)h; DG(xq)), and suppose that the following
second order condition is satisfied.

sup {Ding(wo,a,)\)(h, h) — J()\,A(h))} >0, Vh € C(zg) \ {0}, (3.9)
(a,A\)EA9(z0)

where A(h) := Ak (G(zo), DG(xo)h; DG(x0)). Then the second order growth condition holds
at xo, and hence xq is a strict locally optimal solution of (P).

INRIA



Second order necessary and sufficient optimality conditions under abstract constraints 11

Proof. We argue by contradiction. Suppose that the second order growth condition does
not hold at z9. Then there exists a sequence of feasible points z; € G~1(K) converging to
zo and such that

f(@r) < flzo) + o(t}), (3.10)
where t, := ||z, — zo||- Since the space X is finite dimensional, and hence bounded closed
sets in X are compact, we can assume that hy := (zp — 2o)/tx converges to a vector h € X.
Clearly ||h]] =1 and hence h # 0. By using first order Taylor expansions, we obtain from

G(z1) € K that DG(z¢)h € Tk (G(z0)) and from (3.10) that Df(zo)h < 0. Therefore it
follows that h € C(z).
By a second order Taylor expansion of G(zy) at xy, we have that

G(zr) = yo +trd + %t% (DG(.(I;'())’wk + D%G(z0)(h, h)) + O(ti),
where yg := G(x9), d := DG(z9)h and wy, := 2t,;2(wk —xo —tih). Note that zp —zg—tph =
o(t) and hence tpwy — 0. Together with the definition of upper second order approximation
set this implies that
DG(zo)wy, + D*G(20)(h, h) € A(h) + o(1)By. (3.11)
We also have that
f(zr) = f(zo) + teDf(x0)h + 53 (D f(wo)wr, + D* f (o) (h, b)) + o(t}),

so that using (3.10) and (3.11), one can find a sequence £, — 0 such that

2t D f(wo)h + (D f(zo)wi + D2 f(z0)(h, k) < e, (3.12)
DG(zo)wi + D2G(z0)(h, h) € A(h) + By . )
By (3.9), there exists (a, A) € A9(zo) such that
Ding(.’Eo,a,)\)(h,h) - U()‘aA(h)) 2K (313)

for some x > 0. It follows from the second condition in (3.12) that
(A, DG(z0)wr + D*G(z0)(h, h)) < o(\, A(h) + exBy) = (X, A(h)) + e ||Al]-

Also a > 0, and if a # 0, then there exists a Lagrange multiplier and hence D f(zo)h = 0.
In any case aD f(zo)h = 0, and hence we obtain from (3.12) and (3.13) that

0 > a(2t,'Df(zo)h+ Df(zo)wi + D*f(xo)(h,h) — ex)+
(A DG(xo)wy, + D*G(x0)(h, b)) — a (X, A(h)) — ex ||l

D3, L9 (z9, a, A)(h, h) = o (X, A(h)) — k(o + [|A]])

& — e+ [|A])-

v
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Since e, — 0 we obtain a contradiction which completes the proof. |

Let us first observe that the finite dimensionality of the space X was used in the deri-
vation of the above second order sufficient condition, while the corresponding second order
necessary condition did not require that assumption.

If the set A(zo) of Lagrange multipliers is non empty, then the second order sufficient
condition (3.9) is equivalent to

S/l\l(p : {D2,L(z0,A)(h,h) —o(X\, A(R))} >0, VheC(z))\{0}. (3.14)
A€EA(zo

Also, as it was mentioned earlier, the set Z(h) := Try (G(a0))(DG(0)h) is always an upper
second order approximation set. Furthermore,

_ 0, if A€ Tk(G(xp)) and (N, DG(zo)h) =0,
o(A, 2(h) = { +00, otherwise.
Therefore for that choice of upper second order approximation set, the second order sufficient
condition (3.9) takes the form

sup Ding(:Uo,a,)\)(h,h) >0, VheC(zg))\ {0}
(a,A\)EAI(z0)

4 Second-order regularity

Comparing the necessary and sufficient conditions given in (3.5) and (3.14), one may observe
that besides the change from weak to strict inequality, the set 7 (h) = T2(G(zo), DG(z0)h)
in the former was replaced by a possibly larger set A(h). Now, condition (3.14) becomes
stronger if one can take a smaller second order approximation set .A(h). In particular, if
T (h) is an upper second-order approximation set, condition (3.14) becomes the strongest
possible by taking A(h) = 7 (h), in which case the gap between (3.5) and (3.14) reduces
to the difference between weak and strict inequality, just as in the case of mathematical
programming. This motivates the following definition.

Definition 4.1 We say that the set K is second order reqular at a point y € K in a
direction d € Tk (y) and with respect to a linear mapping M : X — Y, if the outer second
order tangent set TZ(y,d) is an upper second order approzimation set for K at y in the
direction d with respect to M. If K is second order reqular at y € K in every direction
d € Tk(y) and with respect to any X and M, we say that K is second order regular at y.

Loosely speaking, second order regular sets are the appropriate ones for second order
optimality conditions, in the sense that there is no gap between the corresponding second
order necessary and sufficient conditions. Moreover, it follows from Theorems 3.1 and 3.2
that if Robinson’s constraint qualification holds and the set K is second order regular at
G(zp) in every direction DG(zg)h with h € C(xy) and with respect to M := DG(xp), then
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Second order necessary and sufficient optimality conditions under abstract constraints 13

the second order condition (3.14) with A(h) = T (h) is equivalent to the second order growth
condition at the point zg.

At first glance the second order regularity concept, introduced in Definition 4.1, may
seem to be rather technical. Nevertheless it is possible to verify the second order regularity
in a number of particular situations. It holds, for example, when 0 € 72(y, d) for every d €
Tk (y), since then T2 (y,d) = Tr, () (d). This occurs, for instance, when K is a polyhedral
set. We discuss in the next subsections several other situations where the second order
regularity holds. In particular, we show that the cone S} of n x n positive semi-definite
matrices is second order regular (at every point y € S}).

4.1 Sets defined by smooth and convex constraints

Second order regularity is preserved when taking inverse images through twice continuously
differentiable mappings satisfying Robinson’s constraint qualification.

Proposition 4.1 Let K be a closed convex subset of Y and G : X — Y be a twice conti-
nuously differentiable mapping. If Robinson’s constraint qualification (2.10) holds and K is
second order regular at G(xq) in the direction DG(xo)h with respect to the linear mapping
M := DG(xy), then the set G~ (K) is second order regular at xo in the direction h.

Proof. Let zj := mg + th + 3tir, € G '(K) be such that ¢, | 0 and t,r, — 0. By
Proposition 2.2 and Robinson-Ursescu stability theorem we obtain for some constant L and
all k large enough,

dist (rk, Tg_l(K)(a:O, h))
= dist (ry, DG(z0) ™" [TZ(G(20), DG(xo)h) — D*G(20)(h, h)])
< Ldist (DG(z0)ri + D*Glzo)(h, h), T2(G(z0), DG(z0)h))

Now, a second order expansion of G(xy) gives
G(zk) = G(m0) + ty DG(zo)h + L3 (DG(zo)rk + D*G(z0)(h, h)) + o(t}).
Since G(z,) € K, the assumed second order regularity of K implies
dist (DG (zo)rk + D*G(zo)(h, k), T2 (G(z0), DG(z0)R) — 0

and therefore dist (rk, Té_l(K)(ZL'(), h)) — 0, as was to be proved. |

Since the second order regularity concept was defined for convez sets, strictly speaking,
we should verify in Proposition 4.1 that the set G~1(K) is convex. Note, however, that
convexity of G~!(K) was not used in the above proof in any way.

Consider the set

F:={reX:gi(x)<0,i=1,...,p; hj(x)=0,j=1,...q},
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14 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

defined by a finite number of constraints. Suppose that the functions g; and h; are twice
continuously differentiable. As a straightforward consequence of Proposition 4.1 and the
fact that polyhedral sets are second order regular, we obtain that the set F' is second order
regular at every point xy € F' satisfying the Mangasarian-Fromovitz constraint qualification.
Another direct consequence of Proposition 4.1 is the following result.

Corollary 4.1 Let Ki,...,K,, be closed conver sets which are second order regular at a
point yo € K1 N...N K, in a direction d € Tk, (yo)N...NTk, (yo). If there exists a point in
K,, which belongs to the interior of the remaining K;’s, i = 1,...,n—1, then the intersection
Kin...NnK, is second order regular at yy in the direction d.

Proof. Tt suffices to apply Proposition 4.1 with G : Y — Y™ given by G(y) = (y,-..,v),
and K = Kj X --- x K,,. It is easily seen that K is second order regular at (yp,...,%) in
the direction (d,...,d).

In order to check Robinson’s constraint qualification we take § € Y and £ > 0 such that
jJe€ Kyand y+2eBy CKiN...NKy, 1. fuy,...,u, € eBy, letting y = § + u,, we have
ki:=y—u; €y+2cBy C K; foralli=1,...,n— 1. Therefore, if we set k, := 7 € K,, we
have u; =y —k; € y— K; for all i = 1,...,n and then [eBy]® C G(Y) — K which proves
Robinson’s constraint qualification. |

Returning to the case of sets defined by inequality constraints, we observe that when the
constraint functions are convex one may relax the differentiability assumptions.

Proposition 4.2 Let K := {y : h(y) < 0}, where h(-) is a convex function which is conti-
nuous in a neighborhood of yo. Suppose that the Slater condition holds and that h(ye) = 0.
Then K is second-order regular at yo if and only if, for any d € Tk (yo) satisfying h'(yo,d) =
0, and any path y(t) € K of the form y(t) = yo +td+ 3t2r(t), t > 0, with tr(t) - 0 ast | 0,
the inequality
lim sup k" (yo;d,7(t)) <0 (4.1)
t10

holds.

Proof. Consider a direction d € Tk(yo) and a sequence yg := yo + tgd + %tirk € K,
with ¢ | 0 and txrp — 0. It follows from d € Tk (yo) that h'(yo,d) < 0. Since h'(yo,d) < 0
implies 72(yo,d) =Y, we only need to consider the case h'(yo,d) = 0.

Because of the Slater condition, there is a point § € Y such that h(j) < 0. By convexity
of h(-) we then have that h(ye + ¢(§ — 4o)) < 0 for any t € (0,1), and hence a point §
where h(§) < 0 can be chosen arbitrary close to yo. Therefore we can assume that h(-) is
continuous at .

Assume that (4.1) holds. Proceeding as in the proof of Proposition 2.1 ((2.7) to be
precise), it follows that for o > 0 and wy, := 75 + a(§ — yo) one has

R (yo; dywa) < h" (yo; d, 1) + ah(f).
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Second order necessary and sufficient optimality conditions under abstract constraints 15

and by virtue of (4.1) we deduce h” (yo;d, 7 + a(§ — yo)) < 0 for all k sufficiently large.
Proposition 2.1 implies that 7, + a(y — y0) € 72 (yo,d) so that

lilfn sup dist(rk, 72 (y0,d)) < allg — yoll-
v —OQ

Since o can be made arbitrarily small, we obtain that K is second-order regular.

Conversely, assume that K is second-order regular. Let ¢ | O be a sequence through
which the upper limit (4.1) is attained as a limit, and let rj, := 7(;). Set e := dist(rg, 72 (yo,d))+
1/k, so that e — 0, and choose 7, € T2 (yo,d) such that ||ry — 71|| < €. Then, for some
sequence 7 | 0 we have yo + 7od + 3777 + o(17) € K and therefore yo + 7¢d + 3777y, €
K + epm2By. Then, for all @ > 0 and wq =7 + a(§ — yo) we get

Yo+ med + Iriwe = (1= 1ar})(yo + ed + 1777k) + tar} (§ + med + 11771)
C (1-lar})(K+ Lerr?By) + tar} (7 +md + L1ir)
€
= (1-lar))K+lar} [yj +7ed + 17T + (1 — %an)EkBy] .
Since § € intK, for k large enough, § + 2¢,a !By C K, whence yy + 7¢d + 37w, € K.
By Proposition 2.1, h"” (yg,d,w,) < 0. Since h is continuous at g, it is locally Lipschitz

continuous. Therefore, h' (yo,d, ) is globally Lipschitz continuous with the same constant,
say L, and h” (yo,d, 1) < L|lwa — ¢l = aL||y — yol|, whence

lim sup A" (yo,d,7(t)) = lim R (yo,d, 1) < aLl|g — yoll-
t10

Since a may be taken arbitrarily small, the conclusion follows. J

Let us derive now some criteria which allow to check condition (4.1). We first observe
that this condition is satisfied whenever

h(yo +td + 5t°r(t)) > h(yo) + th'(yo,d) + 5t*h” (yo; d, (t)) + o(t*), (4.2)

for all (t) such that ¢r(t) — 0 as ¢ | 0. This holds for instance when h is twice continuously
differentiable.

Note also that if the functions {h; : i = 1,...,m} are second order directionally diffe-
rentiable and satisfy (4.1), then h := Y7 | h; satisfies (4.1) as well. The same holds for
h(y) := max{h;(y) : 1 < i < m} which (combined with Slater condition) implies second
order regularity of the set

K={yeY:h(y)<0,i=1,...,m}.

To prove the latter, consider a point yo such that h(ye) = 0. It is not difficult to show that
the max-function is second order directionally differentiable with

B'(yo,d) = max{hi(yo,d):i€ Ii(yo)},
b (yo;d,w) = max{hi(yo;d,w) :i € Ir(yo,d)},
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16 J. Frédéric Bonnans , Roberto Cominetti , Alexander Shapiro

where I; (y) := {i : hi(y) = h(y)} and Ix(y) := {i € Li(y) : hi(y,d) = h'(y,d)}. Since h;(+)
satisfy (4.1), we have that for y(t) := yo + td + 3t>r(¢), such that h(y(t)) <0, tr(t) — 0,
and for d satisfying h'(yo,d) = 0,

h'(yo;d,r(t)) = max hi(yo;d,r(t)) < o(t?).
iEIQ(yo,d)
It then follows, assuming the Slater condition to hold (i.e., there exists ¢ such that h;(7) <
0, ¢ = 1,...,m), that the set K is second order regular and second order directionally
differentiable with

le((y(hd) = TI%(y07d) = {w € Y: hg(y(]adaw) S 07 1€ IZ(y(hd)} -

A nondifferentiable (at zero) function satisfying (4.2) is the Euclidean norm h(y) :=
|lyll- Many problems of robust optimization boil down to the minimization of a sum of
Euclidean norms subject to linear constraints (see e.g. [2]), say > .-, ||Alz||, where A; are
g; X n matrices. Let us consider for simplicity the unconstrained problem. Introducing slack
variables z;, the problem reduces to the minimization of 37", z;, subject to the constraints

|Alz|| — 2z <0, 1<i<m.

Set h(y) = |ly||.- Note that this is a twice continuously differentiable function at yo # 0. If
yo = 0, we obtain A'(0,d) = ||d||. If d = 0 then A"(0;,d,w) = ||w||, otherwise A" (0;d,w) =
(d,w)/||d||]. In both cases (4.2) is easily checked. Therefore h;(z,z) = ||Alz|| — 2; satisfies
also (4.2), and Slater condition is trivially satisfied.

As we mentioned in the introduction, an alternative approach to derivation of second
order optimality conditions is to consider composite functions as in the problem (1.2), and
that such problems can be investigated in the form (1.3). In this transformation the corres-
ponding convex function is replaced by its epigraph. This motivates the following definition.

Definition 4.2 Let g(y) be a convez function with a finite value at a point yo € Y. We say
that g(-) is second order regular at yo if the set K := epi(g) is second order regular at the

point (Yo,9(¥0))-

The set epi(g) is defined by the constraint h(y, c) < 0 where h(y,c¢) := g(y) — ¢, for which
Slater condition holds. Therefore Propositions 2.1 and 4.2 imply the following result.

Proposition 4.3 Let g : Y — IR U {o0} be a closed proper convex function. If g is finite
and continuous at a point yo € Y, then g is second order regular at yo if and only if, for
every d € Y and every path r: Ry — Y satisfying tr(t) — 0 as ¢t | 0, we have

g(yo + td + Lt°r(t)) > g(yo) + tg'(yo,d) + 1t79" (yo; d,r(t)) + o(t?) (4.3)
holds.
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4.2 Semi-infinite and semi-definite programming

Let us finally consider the case of semi-infinite programming with ¥ := C(2) and K :=
C4 (), with Q a compact metric space. For a function y € C () its contact set is defined
as

Ay) :={w € Q: y(w) = 0}, (4.4)
and it is well known that d € Tk (y) iff d(w) > 0 for all w € A(y) (e.g., [23]). Denote
A*(y,d) :={w € A(y) : d(w) = 0}. (4.5)

Note that if the set A*(y,d) is empty, then y + td € int{C; ()} for all ¢ > 0 small enough,
and hence in that case Tz (y,d) =Y.

Suppose that Q is a smooth compact manifold in a finite dimensional vector space.
Consider a twice continuously differentiable function y € K with a non empty contact set,
and a function d € Tk(y). Suppose further that A(y) is a smooth submanifold of Q. A
general formula for 7% (y, d) is given in [9]. We derive now a particular case of that formula by
direct arguments (which are considerably simpler) and, moreover, show that in the present
case the second order regularity holds. These derivations are similar to the analyses in [22]
and [6, part III].

By T1(w) we denote the tangent space to 2 at w € Q and by Ta(w) C T3 (w) the tangent
space to A(y) restricted to T1(w). Let N(w) be the normal complement of T5(w) in T3 (w),
i.e. N(w) is a linear space orthogonal to T>(w) and such that Th(w) + N(w) = T1(w). Let
V(w) be a matrix whose columns form a basis of the linear space N(w). Let us remark that
the following second order growth condition

y(w) > cdist(w, A(y))?, YweQNN, (4.6)
where ¢ > 0 and N is a neighborhood of A(y), holds iff the matrix
U(w) = V(w)'V?y(w)V(w) (4.7)
is positive definite for every w € A(y) (see [22]).

Theorem 4.1 Let y € K := C. () be a twice continuously differentiable function and
let d € Tk(y) be continuously differentiable. Suppose that the set Q is a smooth compact
manifold, that A(y) is a smooth submanifold of Q and that the second order growth condition
(4.6) holds. Then the set K is second order directionally differentiable at y in the direction
d, with

Ti(y,d) = {h € C(Q) : h(w) > AW)'[Uw)] " Aw), Ywe A*(y,d)}. (4.8)
where A(w) := V(w)!Vd(w) and U(w) is given in (4.7).
Moreover, let M(z) := >:", 2;0i(-) be a linear mapping from R™ into C(Q) such that

the functions ;(-), 1 = 1,...,m, are Lipschitz continuous on Q. Then the set K is second
order regular at y in the direction d and with respect to M.
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Proof. Since 2 is a smooth manifold, locally €2 can be identified with an open subset of
a finite dimensional space, say IRP. Therefore we can assume without loss of generality that
Q2 = IRP. Moreover, as we already observed, when A*(y,d) is empty we have 772 (y,d) =
T%(y,d) =Y and the result holds trivially, so we may also assume that A*(y,d) # 0.

Consider a path §;(-) := y(-) +td(-) + 1¢2h(-) and the corresponding min-function v(t) :=
mingeq ¥t (w). Since dist(F:, K) = max{0, —v(t)}, we have h € T?(y, d) iff lim infy o v(t) /t* >
0, and h € T?(y,d) iff limsup,ov(t)/t> > 0. We shall prove that in fact the limit
limg o v(t)/t* exists so that both second order tangent sets coincide.

Let @; be a minimizer of g;(w) over Q and let &; be a point in A(y) closest (in the
Euclidean norm) to @;. Note that &; := t~!(@; — &;) is orthogonal to A(y) at the point @,
ie. 8; € N(&). Since A*(y,d) # 0 we have v(t) < O(t?) and because of the second order
growth condition (4.6) we get

[wr — &4 = dist(@, A(y)) = O(t), (4.9)

and also that dist(w;, A*(y,d)) — 0 as t — 0 (see [22]).
By expanding 7:(@;) at &y, and since y(&¢) = 0 and Vy(&¢) = 0, we obtain

v(t) = Ge(@y) = Go(@) + 3VY(@0) (61, 60) + £2Vd(@)8; + o(t?).
Since y(&¢) = 0 and d(@;) > 0, it follows that
v(t) > H2h(@y) + L2V2y (@) (8t, 8¢) + £V d(D1) 61 + o(t?). (4.10)

Consequently, since dist(w;, A*(y,d)) — 0, we get

v(t) >
> . .
11rgllz]nf 23> u)ErAm(r;J o 6€mA}(r(1u {h(w) + Vy(w)(6,0) + 2Vd(w)é} (4.11)

On the other hand, for any w € A*(y,d) and § € N(w) we have that v(t) < gi(w + t6).

By expanding the right hand side of this inequality, and since y(w) = 0, Vy(w) =0, d(w) =0
and h(w + t6) = h(w) + o(1), we obtain that
v(t) < 12 {h(w) + Viy(w)(6,6) + 2Vd(w)é} + o(t?), (4.12)
which combined with (4.11) leads to
im ﬂ mi min {h(w) + V2y(w)(6,6) + 2Vd(w)é}. (4.13)
tlo 12/2 wEA (y,d) €N (w) ’
It follows that 72(y,d) = T%(y,d) and h € T2 (y,d) iff for every w € A*(y,d),
h(w) + min {V2 (w)(4,8) + 2Vd(w)é} > 0. (4.14)

§EN (w

By calculating the minimum in (4.14) we obtain (4.8). We point out that, because of the
second order growth condition (4.6), the minimum on § € N(w) is attained for ||§]] <
[Vdlloo/c-
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The proof of second order regularity involves similar arguments. Let ¥(w) := (11 (w), -.., Ym(w))?,
and consider ¢ | 0 and yx(-) := y(-) + txd(-) + 3t3hi(-) € K, where hy, € C(Q) are such that
hi(-) = 2L O () +ar(-) with C(Q) 3 ar — a and tgzr — 0. Consider also vy := min,ecq yi(w).
Similar to (4.12) we have that for every w € A*(y,d) and § € N(w),

ve < 13 [hi(w + trd) + V2y(w)(6,6) + 2Vd(w)é] + o(t}). (4.15)
Moreover, since ¢z — 0 and ¥(-) is Lipschitz continuous on Q we have that
trzt U(w + t6) = tpzh U(w) + o(ty).
Also ag(w + t6) = ap(w) + o(1) and hence
tihg(w + t6) = tihg(w) + o(t3). (4.16)
Since yr € K and hence v, > 0 we obtain then from (4.15) and (4.16) that
hi(w) + V2y(w)(6,8) + 2Vd(w)é + o(1) > 0, (4.17)

where the term o(1) can be taken uniformly in w € A*(y,d) and ||§|| < ||Vd||eo/c. By using
formula (4.14), we obtain from (4.17) that hy + o(1) € 72(y, d), which completes the proof.

It follows from the above theorem that for semi-infinite programs with constraints of the
form g(z,w) > 0, w € Q, there is no gap between the corresponding second order necessary
and sufficient conditions under the following conditions:

(i)
(i)
(ii)
)
)

g(+,w) is twice differentiable with V2_g(z,w) being continuous on X x €,
Robinson’s constraint qualification holds,
g(xo, -) satisfies the second order growth condition (4.6),

(iv) Q is a smooth compact manifold and A(g(zo,-)) a smooth submanifold of Q,

(v) g(zo,-) is twice continuously differentiable and the functions ¥;(-) = 2% (z,-) are

Bx;
continuously differentiable.

Note that since € is compact, the last assumption (v) implies that the functions 1);(-)
are Lipschitz continuous on Q. Also in the case of semi-infinite programming, Robinson’s
constraint qualification (postulated in the above condition (ii)) is equivalent to the extended
Mangasarian-Fromovitz condition, that is, there exists h € X such that AtV ,g(zo,w) > 0
for all w € A := A(g(zo,-)) (e.g., [23]). We also observe that when the function g(-,w) is
concave for every fixed w € (2, the feasible set

¢:={zreX:g(z,w) >0, Vwe Q}
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is convex and Robinson’s constraint qualification is equivalent to Slater condition: there
exists Z € X such that g(Z,w) > 0 for all w € Q.

Combining Theorem 4.1 with Propositions 2.2 and 4.1 we deduce that, under assumptions
(i)—(v) above, the set ® is second order regular at zo and also second order directionally
differentiable with

uw€ X : Vig(zo,w)ut+ } (4.18)

2 _
Ta(20,h) = { minge v (o) V29(z0,w)((h, 8), (h,6)) > 0, Ve € Ay (h)

where Ay := A(g(zo,-)) and A;(h) := {w € Ag : V,g(z¢,w)h = 0}. This formula may also
be derived from Proposition 2.1, by using the characterization of second order directional
derivatives of the min-function () := min,eq g(z,w) given in [22, Theorem 4.1].

As an application, consider the example of semi-definite programming where

K=8!:={Z€8":9(Z,w) 20, Yw € O},

with g(Z,w) := w'Zw and Q := {w € R"™ : ||w|| = 1}. In this example the set Q is a sphere,
hence a smooth compact manifold. For a positive semi-definite matrix Z the corresponding
contact set A(Z) := {w € Q: w!Zw = 0} is given by {w € Q : Zw = 0} which is a smooth
submanifold of 2. Tt is also not difficult to show that the corresponding second order growth
condition holds (cf. [22]) and that the Lipschitz condition on functions v; is automatically
satisfied. Therefore we obtain the following result.

Corollary 4.2 The cone ST of symmetric positive semi-definite n x n matrices is second
order regular and second order directionally differentiable at every point Z € SY.

An expression for the second order tangent sets and the corresponding second order
optimality conditions for semi-definite optimization problems, are given explicitly in [24].

5 Extensions to nonisolated minima

Little is known about second order optimality conditions for nonisolated minima. A charac-
terization of the second order growth condition is given in [5] for smooth qualified convex
optimization problems with finitely many constraints. In [4] some sufficients conditions are
stated for nonlinear programming problems. It is relatively easy to formulate a second-order
necessary condition that generalizes a result in [4].

Let S C G }(K) be a set of optimal solutions (minimizers) of the problem (P), and
let Ts(z) := limsup, ot~ (S — z) be the contingent cone to S at . Clearly if z € S and
h & Ts(x), then dist(z + th,S) > Bt for some f > 0 and ¢t > 0 small enough. Suppose
that Robinson’s constraint qualification holds at every point x € S and that S is compact.
We have that if the second order growth condition holds at S, then for any feasible path
x(t) of the form (3.4), with zy € S and h & Ts(xo), f(z(t)) > f(zq) + 7t2 for some v > 0
and ¢t > 0 small enough. It then follows by the arguments used in the proof of Theorem
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3.1 that a necessary condition for the second order growth (at S) is that, for all z € S and
h € Cl@) \ Ts(w), |
sup {D3,L(z,\)(h,h) — (X, T(z,h))} >0, (5.1)
AEA(z)

where 7 (z,h) := TZ(G(z), DG(z)h).

Definition 5.1 We say that the set S satisfies a property of uniform approximation of
critical cones if for every e > 0 there exists o > 0 such that for allx € S and h € X satisfying
Df(z)h < af|h|| and DG(z)h € Tk(G(z)) + a||h||By, we have dist(h,C(z)) < €||h|.

Definition 5.2 We say that K is uniformly regular with respect to the set S and the mapping
G(z) if forz € S and h € C(x), TE(G(x), DG(z)h) is an upper second order approzimation
set for K at the point G(x) in the direction DG(x)h with respect to DG(x), uniformly over
S. That is, if x, € S, hi € C(xy), tr | 0, and r, = DG(x)zk + ar are sequences such that
{aw} is convergent, tyzr — 0 and G(zy) + tp DG(zp)hy, + Stiry € K, then

Jim dist(rg, 72 (G(zr), DG(z )hi)) = 0. (5.2)
— 00

Theorem 5.1 Let S C G~Y(K) satisfy the property of uniform approzimation of critical
cones and suppose that Robinson’s constraint qualification holds at every point x € S, that S
is compact and that K is uniformly regular with respect to the set S and the mapping G(x).
Then condition (5.1) is necessary and sufficient for the second order growth at S.

Proof. We already observed that the condition is necessary. It suffices therefore to prove
that it is sufficient. Let z; be a sequence of feasible points z; € G~1(K) converging to a
point zy € S and such that (3.10) holds. Let Zj be a projection of z; onto S, i.e. & € §
and |z — & = dist(zx,S). Set ¢y := |lzx — @] and hy = (zx — &x)/ts. From the
property of uniform approximation of critical cones, there exists hy such that hy € C(Zy)
and ||hg — ﬁk|| — 0. Then z, = & + trhy + o(tx). The remainder of the proof is similar to
the one of Theorem 3.2. |

It was proved in [5] that the property of uniform approximation of critical cones is
satisfied for finitely constrained convex optimization problems. Whether this property holds
in more general settings is an open problem.
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