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Abstract: We develop in this paper a general methodology for the derivation of optimal
and suboptimal quantitative migration formula from the data misfit function associated to
a given forward modeling operator. By construction, these migrations take into account any
feature and approximation which has been incorporated into the data misfit function, such
as finite aperture, band limited source, surface boundary conditions, multishot data, etc...

This methodology is then applied to the case where the forward modelling is made via
the Born plus rays approximation and the reflectivity of the earth is represented by an array
of diffracting points. This leads to the construction of efficient suboptimal quantitative
Kirchhoff migration formula which provide a good restitution of amplitudes under a wide
variety of circumstances (finite aperture, band limited source, etc...) and for a wide range
of propagators (slowness background).
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Migrations quantitatives de Kirchhoff optimales et
sous-optimales, dans le domaine temps, via une
approche moindres carrés

Résumé : Nous présentons dans ce travail une approche générale pour ’obtention de
formules de migration optimales et sous-optimales & partir de la fonction coit d’erreur sur
les données associée & une modélisation donnée. Par construction, ces migrations prennent
en compte toutes les propriétés et limitations qui ont été incorporées dans la modélisation
et la fonction cofit, comme par exemple I’extension finie du dispositif d’enregistrement, les
sources a spectre limité, la condition aux limites en surface, les données multiples, etc...
Cette méthodologie est ensuite appliquée au cas d’une modélisation par ’approximation
de Born plus rais, avec une reflectivité représentée par une grille de points diffractants.
On construit ainsi des formules de migration quantitative de Kirchhoff sous-optimales, qui
procurent une bonne restitution des amplitudes dans des circonstances tres variées (extension
finie du dispositif d’enregistrement, source de spectre limité, etc...) et pour une large gamme
de propagateurs (vitesse de référence).

Mots-clé : migration, inversion sismique
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1 Introduction

Relatively soon after the introduction of the least-squares approach to inversion by Bamber-
ger et al (1982), it was recognized by Lailly (1983) [12] and Tarantola(1984b) [15] that the
gradient of the data misfit function they were used to calculate beared a strong ressemblance
with respectively the wave equation reverse time migration and the Kirchhoff migration :
the adjoint equation of the control theory was nothing but the back propagation of the re-
sidual, and both the gradient and the migrated section were obtained by (slightly different)
correllation of the forward and backward propagated fields. This recognition was the basis
of the saying ”migration is the first step of inversion” (cf [15]).It opened the way to new
usages of the wave equation migration, in particular in iterative migration algorithm, which
could then be understood as minimization algorithms.
Surprisingly, the least-squares approach to the Kirchhoff migration has never been exploited
systematically. The reason may be cultural: since the dawn of Geophysics, the Kirchhoff
migration has been developped as an attempt to solve an integral equation relating the dif-
fracted field at a point interior to the earth to the diffracted field at the surface of the earth,
and hence to the data. We mention in references a few papers in this line we have been
looking at, but they represent only an infinitesimal part of the geophysical literature on this
subject. Approximately at the same time where migration was linked to the gradient of
the data misfit function, Beylkin (1984 , 1985) recognized the strong ties that the Kirchhoff
migration had with the inversion of a generalized Radon transform. This allowed a precise
mathematical analysis of the resolution capacity of the Kirchhoff migration, but ignored the
least-squares connection. This integral equation approach has produced popular “inversion
formula” aimed at restoring the true amplitude of the reflectors in the migrated sections,
like the ones of Docherty (1991), Keho and Beydoun (1988) and Bleistein (1987).
These inversion formula are established for a single shot and are optimal under the relatively
strong hypothesis of infinite aperture and high frequency limit (Dirac source).

In this paper, we take full advantage of the links between migration and least-squares :

e in the first four sections, we develop a general methodology for the derivation of migra-
tion formula from the data misfit function J(x,r) (here 7 denotes the propagator, for
example the smooth part of the slowness, and r is a vector which describes the reflec-
tivity of the medium): after recognizing the poor restitution of amplitudes provided
by the simplest “gradient migration”

mgo = —VTJ(ﬂ', 0),
we state an “imaging principle”, which defines a “descent migration” m by
m = Kmo=—-KV,J(x,0)

where K is a diagonal matrix of positive weights (the vector m is a descent direction
for J with respect to r at r = 0, hence its name). Of course the best choice for K would
be the pseudo-inverse of the Hessian H(w) = %J (7,0), as in that case the formula for
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4 Guy Chavent and René-FEdouard Plessiz

m mimicks a quasi-Newton step for the solution of the least-squares problem. But this
is computationally unaffordable, so we indicate how to determine a weight K* which
provides the best diagonal approximation to the inverse of the Hessian. The corres-
ponding migration m* = K*mg is called an optimal quantitative migration. Notice
that, by construction, m* will be optimal under any feature and approximation which
has been incorporated in the definition of the data misfit J(m,r), such as multishot
data, band-limited source, finite aperture, surface boundary condition, etc...

e in the last four sections, we apply the above methodology to the case where the data

misfit J(7,r) is computed through a Born + rays approximation with the reflectivity
of the medium represented by an array of diffracting points.
We show that the corresponding class of descent migration formula, provided the pro-
per weight K and the proper filtering and amplitude correction of the data are chosen,
contains the Kirchhoff migrations. In particular, the above-mentionned “inversion for-
mula” for a single shot gather belong to the class of descent migrations for this Born
+ ray approximation. Then we determine the optimal weight K* in that class, and
a computationnally less expensive suboptimal weight K*. The corresponding optimal
and suboptimal quantitative Kirchhoff migrations m* and m* are hence expected to
give, by construction, a better restitution of the amplitudes than the classical “inver-
sion formula”, in particular for multiple shot gather and finite aperture. Numerical
results illustrate and confirm this expectation.

Throughout the paper, we have taken a great care to track down any simple explicit de-
pendance of the weights and migrations on the propagator = (smooth slowness). This is
very important in the applications we have in mind, where the migration operator is used
inside a loop for the determination of 7, as in migration velocity analysis for example. As a
result of this care, our final suboptimal quantitative Kirchhoff migration formula is shown
to provide a good resimulation of data over a large range of propagators around the one
which has been used to compute the weights K*.

2 Data misfit and gradient - migration

It will be convenient to describe the earth to be analysed by its propagator vector 7 and
its reflectivity vector r . Vector m parametrizes the propagation of energy (for an acoustic
model, 7 usually defines the smooth part of the slowness), and 7 the diffraction of energy
(usually r defines the rough or small wavelength part of the earth material properties).

We refer to [7] for a general discussion of the propagator/reflectivity representation, and to
formula (27) below for the case of a Born + ray forward modeling. Once a forward modelling
procedure has been chosen, we shall denote by c, » the collection of synthetic data cf,:f(t)

generated at geophone G for shot S, and by d the collection of corresponding recorded data
d>G(t).

INRIA
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The formula for the computation of the synthetic c;ff(t) under the Born + ray approxima-

tion are given in (37)(32) below and established in Appendix 1. The classical data misfit
function associated to the (m,r) earth parameters is then

1 2 1 r S,G S,G 2
Tmr) = gld=eo P = 5 35 [ @360 - S0 an 1)
s G

It is understood here that d and ¢, represent the data and synthetics after any preliminary
treatment (deconvolution, compensation for geometrical spreading... as in (37) below for
example) has been applied.

It is well known that the objective function J(w,r) is of little practical use for the wave-
form inversion of the data d, in particular because of its multiple local minima with respect
to the propagator m. However, for a fixed propagator =, J(w,r) has a nice behaviour as a
function of the reflectivity r: it is almost quadratical, and departs from quadraticity only
because of the presence of multiple reflections. Moreover, it is well known, since [12] and
[14], that its gradient with respect to r is a migrated section of the data:

Definition 1. The operator Mg : d — mg from the data to the reflectivity space is a
gradient-migration operator if and only if:

mo = —VTJ(’IF,O) (2)

Here my is called the gradient-migrated section of the data d with the propagator .

This concept of gradient-migration has not been very successful until now for the design
of migrations from a practical point of view; the reason for this is that it usually gives a very
poor restitution of the amplitudes of the migrated events (deep events tend to be strongly
attenuated). So gradient-migration were easily beaten by the so-called ”inversion formula”
of [11] [5] for exemple, which were based on a careful inversion, in the high frequency limit,
of the Generalized Radon Transform appearing in the linearized integral equation for the
diffracted field, and gave a much better restitution of the amplitudes of migrated events.

However, compared to this classical approach, the gradient-migration has the advantage
of flexibility: by construction, it is based solely on the data misfit function J(m, ), and so is
able to take into account any information which has been incorporated into J(m,r) through
the modelling step:

e variable background =
e surface boundary condition
e finite number of shots and their locations

e for each shot, finite number of receivers and their locations

RR n“ 2967



6 Guy Chavent and René-FEdouard Plessiz

e band-limited wavelet (if it is known !)
e preliminary deconvolution and amplitudes correction of the data
e etc...

Some of these features, like for example the aperture effects created by the finite number of
shots and receivers, are very difficult, if not impossible, to take into account in the classical
approach.

Our objective in this first part of the paper is to define a methodology for the construction
of quantitative migrations, which retains the advantages of both approaches: flexibility of
gradient-migration, and a good restitution of the amplitudes of migrated events.

We devote the three next paragraphs to the description of this methodology:

o the first step is the introduction of the concept of descent - migration, which is a slight
generalization of that of gradient-migration; it produces a large class of migration
operators, which retains the flexibility of gradient-migrations, but also contains as
special cases the “inversion formula” of [11] and [5].

e in the second step, we shall propose a guideline for the selection, in this large class,
of one descent-migrations which provides a good restitution of the migrated events,
by requiring that it tries to mimick one Newton step for the inversion of J(7,r) with
respect to r starting from r = 0. Such a migration will be called quantitative.

e in the third step, we shall indicate how to select, in the class of descent-migrations,
the one which mimicks at best (in a sense we shall make precise) the Newton step:
such a migration will be called an optimal quantitative migration.

3 Descent migrations

Let us denote by R the space of reflectivity vectors r. By construction, r parametrizes the
rough part - or small scale variations - of the earth parameters. Hence to any vector m of
R we can associate the image, in the (horizontal distance) x (depth) domain, of the rough
part of the earth parameters. So we introduce a new imaging principle, based on the data
misfit function J only:

Definition 2. (Descent imaging principle) Given a data misfit function J(w,r), a reflecti-
vity vector m of R is a migrated image of the seismic data d if and only if it is a descent
direction for J(m,r) with respect to r atr =0, i.e.:

J(m,0+ Am) < J(7,0) for A small enough (3)
or equivalently

<m,V,.J(m,0)>r <0 (4)

INRIA



A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 7

or
<m,mg>r >0 (5)

where <, >pg represent the scalar product in the reflectivity space R and mg is the gradient-
migrated section of definition 1.

The motivation for this definition is clear: if m satisfies (3), this means that Am generate
a synthetic ¢ which contains events which will substract partially, in (1), from d in order to
decrease J: this means that the reflectors in m are located at the right place to generate
some of the events of d: but there is no guarantee concerning the amplitudes (absolute and
relative) of the events in m.

Of course, this imaging principle is quite weak, and there are an infinity of migrated
sections m of a given time section d which satisfy (3), (4) or (5) ! In particular, the gradient
migrated section mg of definition 1 is a migrated image in the sense of this imaging principle,
as

< mo, Mg >R= ||TfL0||2 > 0.

The most natural way to obtain a migrated image using this imaging principe is then to
premultiply the gradient-migrated section mg by a symmetric positive matrix K, as:

<Km0,m0 >p >0 (6)

Comparing (5) and (6) we see that m = K'mg will be a migrated section as soon as Kmyg is
not orthogonal to mg, which will be the case for all reasonnable choices of K.

The matrix K, which maps the reflectivity space R into itself, is extremely large. In order
to limit the amount of work required in first choosing K and second computing Kmg, we
shall restrict ourself to the consideration of diagonal matrices K. This leads us to the

Definition 3. the operator M : d — m from the data to the reflectivity space is a descent-
migration associated to the data misfit function J(w,r) and to the diagonal positive migration
weigh matriz K if:

m=Kmo with mo=-V,J(m,0) (7)

Here m is called the descent-migrated section of the data d with the propagator «.

Hence, once the data misfit function J(m,r) has been defined by taking into account all
the required feature of the problem in the forward modelling, there are as many descent-
migrations as positive diagonal matrices K on the reflectivity space ! We take advantage in
the next paragraph of this degree of freedom to enhance the restitution of the amplitudes
of the migrated events.
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8 Guy Chavent and René-FEdouard Plessiz

4 Inversion as a guide to quantitative migration

For a given propagator 7, the best possible migrated image of the data d is the (least-
squares) inverted section # which minimizes J(7,r) over the reflectivity space R; it satisfies
the first order necessary condition:

V. J(m,7) =0 (8)

As J is almost quadratical in the respect to 7, the minimizer 7 can be estimated, with a very
good approximation (and no approximation at all when a linearized forward model is used
as for example the Born + Ray approximation) by performing one Newton step starting
from r = 0:

H(m)f ~ -V,J(x,0) (9)
where the Hessian
8%J
H(ﬂ-) = W(ﬂ'a 0)7 (10)

is a square matrix mapping the reflectivity space R into itself. As J is almost quadratical
with respect to r, H(w) will in practice be semi-definite positive. But it will not in general
be invertible, as for example changing the reflectivity 7 in areas which are not illuminated by
any shot will have no effect on the synthetic ¢ ,: such perturbations are in the nullspace of
H (), which hence contains non-zero vectors. So equation (9) has in general many solutions
7, and one has to specify the one one is interested in. In absence of any a priori information
on 7, it is reasonnable to search for the inverted section 71 which, among all solutions of
(9), has the smallest semi-norm ||7||; defined by:

IrllZ =< Lr,r >g, (11)

where L is a diagonal matrix with entries larger than or equal to zero, and such that the
nullspaces of H(7) and L have only the zero vector in common. Of course, one can use L =
Identity, so that ||7||r coincides with the usual norm |||, but we shall see in the application
to Kirchhoff migration that it can be interesting to use a semi-norm || || adapted to the

Hessian H (). This minimum-seminorm solution 77, of (9) is given by a pseudoinverse H(r)}
of H(w):

fr ~ —H(m) Vv, J(r,0) (12)

We shall use the formulation (12) of the Newton step for the estimation of the inverted
reflectivity section 71 as a guide for the choice of the positive diagonal migration weight
matrix K in the descent-migration m:

m=—-KV,J(x,0) (13)
By comparing (12) and (13) we are led to the:

INRIA
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Definition 4. The descent migration operator associated to data misfit function J(mw,r) and
the diagonal positive migration weight matriz K is a quantitative migration if the weight ma-
triz K is an approximation to the pseudoinverse H(W)TL of the hessian H(w) of the objective
function with respect to r at zero reflectivity.

So, if we are given a noiseless data d generated, with propagator 7, by a time reflectivity
vector Ti4e, @ quantitative migration of d will produce a migrated section m which is an
approximation to the minimum semi-norm 71 inverted section which itself is very close,
in the area illuminated by the shots, to the true reflectivity section r4.4.. So quantitative
migrations will tend to restitute properly the amplitudes of migrated events, the quality of
this restitution depending of course of the quality of the approximation of H (w)} by the
diagonal matrix K !

As we shall see in the application to Kirchhoff migration, the Hessian H(7) tends to be
strongly concentrated along its diagonal, this concentration increasing with the number of
shots and the recording offset. Hence its pseudoinverse H (W)TL can be approximated by a
diagonal matrix K with a relatively good precision.

We conclude this paragraph by giving a constructive way to recognize that a positive
diagonal matrix K is an approximation to H (7r)} Given a regularization parameter ¢ > 0,
we first replace equation (9) (which has more than one solution) by its L— regularized
version:

(H(m) + eL)fL,e = =V, J(m,0) (14)

which has a unique solution as, by hypothesis, the nullspaces of H(w) and L have only the
zero vector in common. Then we known, from the theory of regularization (cf [10]), that

fre — 7, in R wheree — 0 (15)

This shows that (H(w) 4+ ¢L)~! is an approximation of the pseudoinverse H (7r)TL by a sym-
metric positive definite matrix. If we now substitute (14) into (13) we find that:

m = K(H(n) + eL)fr... (16)

So the descent-migrated section m will be close to 71, and hence to 7, as soon as the
positive diagonal weight matrix K is a good left inverse of the positive definite matrix
H(m)+eL:

K(H(r)+eL)~1 (17)

Satisfying (17) gives a constructive way of chosing the diagonal positive migration weights
K in such a way that m = —KV,.J(,0) is a quantitative migration of the seismic data d.

RR n“ 2967



10 Guy Chavent and René-FEdouard Plessiz

5 An optimal quantitative migration

We suppose in this paragraph that we know the Hessian H(7) - this will be the case for
example in the application to the Kirchhoff migration given in the second part of the paper,
where one has a simple closed form formula for the elements of H(w) - and we search for
the best migration weight matrix K in a sense we make now precise:

Definition 5. Given the data misfit function J(m,r) and its Hessian H(n), ¢ > 0 and a
diagonal positive matriz L, the diagonal migration weight K* is optimal if and only if:

| E*(H(m) + L) = I||oo < [[K(H(m) +eL) = I

. . . 1
{ for all diagonal matrices K (18)
Here || || is the matrix norm associated to the || ||oo vector norm:
{ [ Alloo = supg =1 1Azl (19)
#]lc0 = maxi—y_n |2

This norm has been chosen in order to ensure an easy solution of the problem (18), which
is given by (see Appendix 3 for the proof):

Proposition 1. Given J(m,7), ¢ and L, define:

Zj;éi |H ()51
= ———— (=12 ..n. 20
o [H(m)iy +eLi] " (20)

Then the optimal migration weight K* is given by:

i) at lines i where 3; < 1, ie where H(w) + L is diagonal dominant:
Ki=1/(H(m)iz +eLs) (21)

ii) at lines i where B; > 1, ie where H(mw) + L is not diagonal dominant:

Kr=0. (22)
Then:
m* = —-K*V,J(x,0) (23)
is the sought optimal quantitatively migrated section, which satisfies :
F el < ] 24
Im” = Frelloo < max Bi (24)

where Tr, ¢ s the reqularized approzimation, given by (14) of the minimum-L-norm inverted
reflectivity 7r .

INRIA



A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 11

The proposition (1) is the basis for the design of optimal migration weights. In many
situation, the Hessian H(7) alone will not be diagonal dominant at any line (this will be
the case in the application to the Kirchhoff migration presented below). In that case, it
will be necessary to use a non-zero regularization term L. From (20) (24) one sees easily
that, when the size e of this regularization term increases, the error between m* and 7y, .
decreases. But at the same time the error between 77 . and 7 increases as a consequence
of (15). A good choice of the regularization term should tend to balance these two errors.
As this is very difficult to achieve pratically, we simply present a regularization which has
proven to work well in our numerical experiments:

e=1 ,Li=) [H(r),l (25)

JFi

which ensures that H(w) + L is diagonal dominant at all lines, and leads to the optimal
weight:

K} = (H(m)is + Y [H(m)i)) (26)

i

Notice that this weight is simply the inverse of the mass lumped Hessian H(7) !

In the four remaining sections, we shall apply the above methodology to the construction
of an optimal and suboptimal quantitative Kirchhoff migration, based on the objective
function J(m,7) associated to the Born + ray forward modelling, and give numerical results
which illustrate the construction and its performances.

6 The data misfit function under the Born + rays ap-
proximation

We define now the forward modelling and the data misfit function which, according to the
results of the previous paragraph, will be the starting point for the construction of optimal
and suboptimal quantitative Kirchhoff migration.

We consider a medium with known constant density, taken equal to one for simplicity,
and use a linearized acoustic forward model (Born approximation). The slowness v is splitted
into its smooth and rough parts:

V=Vs+ U

according to the frequency content of the source (cf [7]), and parametrized by the propagator
vector 7 and reflectivity vector r as follows:

{ o= T (27)

vr= Yy rub(z—zN),

RR n“ 2967



12 Guy Chavent and René-FEdouard Plessiz

where we have used, as usual, the smooth part of the slowness as the propagator unknown
in charge of describing the kinematic of the energy, and where the reflectivity of the earth
is represented by a family of scattering points M located at the nodes of a rectangular grid
(see figure 1). Given m and r, we want to compute the synthetic data ¢5¢ recorded at a
geophone G for a shot at point source S ( figure 1). So we linearize the acoustic equation
around the smooth background 7 = v;.

The incident field ur(x,t) generated by the source in the smooth medium satisfies:

9 52 ur
Vs ot

— Aur = f(t)é(x — zs), (28)
where:
f(t) is the band-limited source function (29)

The scattered field ugs(xz,t) corresponding to the reflectivity r satisfies:

0%ug O?up
2 -
Vi om T Aug = -2 EM Vs, MTM 53 6(x — xm), (30)
where:
ry = scattering amplitude of point scatterer M. (31)

Equations (28) and (30) (plus adequate initial and boundary conditions) determine the
scattered field ug which is recorded at the geophones G.
Finally, using the high frequency asymptotic approximation (paraxial rays) for the
solution of (28) and (30) (cf Annexe 1 and [13]), the synthetic seismogram recorded at time
t at geophone G during the shot S is given by:

et =Y () ru A5 S (t — 7379, (32)
M

where:

e the lowerscript ta stands for “true amplitude”, emphasizing the fact that this synthetic
tries to imitate the true amplitude data.

e the exponent s of my, takes the values
s=1/2in2—-D, s=1in3-D (33)
and has nothing to do with the subscript s used to denote smooth quantities !

o the factor (mar)° = (vs,m)° comes from the term v, in the right-hand side of (30) and
from the fact that, in 2-D, the attenuation factor between S and M is proportional to
1

2
Vs M-

INRIA
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) A‘;’[G represent the part of the attenuation of S to G through M which depends on
the propagator m = v, only through the travel time and geometry of the rays. Any
explicit dependance on 7y has been factored out and transferred into (7ar)°:

AYG = 4ATY cos 05, BS:C (34)

where AT¢ is the vertical travel time from geophone G to the free surface, 8¢, is the
emergence angle (see figure 1) and where Bf,}G is defined in Appendix 1 and depends

only on the material properties at S and G and on the geometric divergence between
S,M and M,G.

e S(t) describes the shape of the wavelet signal radiated by the source, and which pro-
pagates in the smooth medium; it is given by:

Sit)=f(t)in3—D , SYI@)=f(t)in2-D (35)

and we shall suppose in the sequel that

S is three times continuously derivable, and
{ that S(t) = 0for t < 0 and ¢ > T, where T's > 0 is the duration of the source
(36)

. Tf,[’G is the travel time from S to G through M.

Notice that, when the slowness smooth background v, is constant, then formula (32) is
exact.

Suppose now that we are given a family of true amplitude shot-gather section dy, = (d:)
which we want to migrate. In order to compare this section with the synthetic section
Cta = (cf;;G) defined by (32), we perform on both sections a preliminary treatment. We
define for each source S and each geophone G:

d3(t) = Wo(t)hx d20 (1), ¥9(t) = Wa(®)h .6 (1) (37)
where:
Wea(t) =t° = amplitude correction factor for the compensation of
the geometrical spreading
h = misfit filter (for a partial deconvolution of the data for example).
(38)

We shall call d°%(t) and ¢®Y(t) the misfit filtered data and synthetic. The seismic sections
d=(d%%), c¢=(c>9) (39)

are the one which enter in the definition (1) of the data misfit function J(x,r), which is now
perfectly defined.

INRIA



A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 15

7 Kirchhoff descent migrations
We recall first the classical approach to Kirchhoff migration: given a collection di, =

(d:9(t), all S,G,t) of seismic data, its Kirchoff migrated section m¥ is given, at any point
scatterer M, by (the upperscripts K stand for “Kirchhoff”):

ml = 55 (4K) 5O BSC () (40)
S G

where E%C(t) is the true amplitude data filtered and amplified for migration:

ESG = Wk g% « (d5,9) 41
G -9 ta
with:
WXK(t) = Kirchhoff amplitude correction factor
gX = Kirchhoff filter used to partially deconvolve (di:%)(9) (“spiking”)  (42)
s =1/2in2-Dor/in3—D (asin (33))

and where (AX )}\9/}@ is the attenuation factor associated to the S — M and M — G rays,
which is specific of the chosen Kirchhoff migration formula.

The formula (41) corresponds to the current usage of the Kirchhoff migration, where the
data are derived one half (in 2-D) or one (in 3-D) time, then deconvolved and corrected for
geometrical spreading before being migrated.

The choice for the attenuation factors (AX)
((AK )}ff = 1!) when only the phase of the signal is taken into account, to more sophisticated
formula aimed at restoring, in the migrated section m*, the amplitudes of migrated events,
in which case formula (40) is called a “true amplitude” migration or an “inversion formula”.
Such formulae have been derived, for the migration of a single shot-gather, by a careful
inversion, in the high-frequency limit, of the integral equation satisfied by the diffracted
field. For example, if we choose, in 3-D:

i,}G can range from the most simple one

AM

— 5,G _

W& (t) =1, (AF)5% = 4A7% cos ag’;ﬁ (43)
where A3, and AY are the attenuation factors in the free-space Green functions, as given

by (76) of Appendix 1, then (40) is a discrete version of the inversion formula (16) of [8],
which itself is equivalent to equation (5) of [11], and to formula 3 of [5]:

D3,

1 K ta\!(, _S,G
M N3 d 2 44
WSDgﬂ'G’) (g * G) (TM ) ( )

mb =7y Z4A7G cos 0% (
G

where m = v, is the propagator and D3, and DY the geometrical divergences. The classical
“inversion formula” (44) is valid for the migration of single shotgather only, and is established
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16 Guy Chavent and René-FEdouard Plessiz

under the hypothesis that the signal is recorded at all surface points and in the high frequency
approximation (in other terms, the effect of finite aperture of the data and finite band width
of the source are not taken into account).

We return now to the approach based on the data misfit function. We explicit for this
the descent migrations associated, by definition 3, to the data misfit function (1) (37) (32) of
the Born + rays approximation, and investigate their relations with the classical Kirchhoff
formula (40) and (44).

We suppose from now on that recording time 7', and the sets of diffracting points M,
sources S and geophones G are chosen such that:

T> SGY 4 4
_;Mr}%{TMH 5 (45)

where Ts is the duration of the propagating wavelet S(t) (cf (35) (36)). This will ensure
that for each source S we have at each geophone G a complete information on the waves
diffracted by each scatterer M.

We suppose also that the weights W (¢t) for the amplitude correction in the data misfit
function satisfy:

W varies slowly compared to the signal dfa’G (46)

Under these two hypothesis, the gradient of J(,r) with respect to r at r = 0 is given, at a
given point scatterer M, by (cf Appendix 2)

[~V T, 0)lw = (ar)* D Y Apt B () (47)
s G

where E%C(t) is the migration-filtered data defined by:
ESC = W2hx hx S@) « 2@ (48)
or equivalently
ESC = W2h x hx fA+9) 5 (d3:9)() (49)

where h is the filter used in the data misfit (cf (37)), and where s is the exponent defined in
(33).

Looking at the formula (47) for the gradient, we see that its right-hand side has the same
structures as the Kirchhoff migration algorithm (40): the gradient of J at point scatterer
M is obtained by migrating at M, with a proper attenuation (m5)°® A5¢, the migration
filtered data Eg recorded at each geophone G at a time equal from the travel time: source
S — scatterer M — geophone G, and by stacking all these quantities at each point M over
the sources and receivers.

The relation between the Kirchhoff migration and the gradient of the objective function for
the Born + ray approximation was recognized first by [14].
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A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 17

Let us now consider the descent-migration associated to the same data misfit and to a
given diagonal positive migration weight K :

m=—-KV.,J(r,0) (50)
which is hence given, at each point scattered M, by:
my = Kyu(mn)* Y > AGCESC (%) (51)
s @

with E%¢ still given by (48) or (49). Comparing (51) with (40) shows that (51) is a Kirchhoff
migration for the following choices of AX, WX and g%

(A = Ku(mu ) Ay° (52)
WE(t) = Wa(t)? (53)
9" =hoxhx fOF9) (54)

So we call (51) a Kirchhoff descent-migration, where the weight K, at each scatterer M
can be adjusted freely. The choice of K, will be discussed in the next section.

We compare now the preliminary treatments (41) and (49) applied to the data to prepare
them for migration in the classical and least-squares approaches.

Equation (53) suggests that the amplitude correction Wk (t) to be used when preparing
data for the Kirchhoff migration should be #? (for 3-D data) or ¢ (for 2-D data).

Concerning the preliminary filtering of the data, (54) suggests to use a filter g% related
to the source function f. In the current practice of Kirchhoff migration ¢g¥ is chosen such
that it performs a “spiking deconvolution’ of the signal generated by reflectors. In order to
explicit how this can be achieved by a proper choice of h, we first compute the shape of
the signal generated in our model by a plane wave reflector; by the method of images, the
reflected signal (i.e. the sum of all diffracted signals coming from all the point diffractors
modelizing the reflector) has the same shape S(t); hence the signal recorded at a given
geophone G near the free surface has a shape S()(t), i.e. , using (35)

W~ Y af9) (55)
reflectors ;

Let us now choose the filter h in the data misfit such that it performs a “spiking decon-
volution” of (d;:%)(@) for some order of derivation ¢. From (55) this implies that:

hx fl+9) = 6 (56)

where ép is a band-limited Dirac function.
Then the corresponding migration filter g¥ is given by:

95 = hxhx fOF9) = p(1=0) 4 6, (57)
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18 Guy Chavent and René-FEdouard Plessiz

The action of this filter on (d5:)(®) is given by :
¥ % fC) =65« B9 x ) = 55 5 px fRoH1I-0), (58)
Comparing with (56), we see that, if we chose ¢ = (1 4 s)/2, one has :
g* x f%* = 6p x b,

which shows that g* performs also a (less demanding) spiking deconvolution of (d2:%)().
We summarize this in the

Proposition 2. The preparation of ES:C(t) from the true amplitude data do:°(t) by the
classical receipes (41) (42) of the Kirchhoff migration can be mimicked in the least-squares
approach by choosing in (37) an amplitude correction factor Wq(t) = WX (t)*/2 and a filter
h which performs a partial deconvolution of (dng)((Hs)/ 2(t) - the latter equivalence holding
stricto sensu only if the data are generated by plane reflectors.

To conclude this paragraph we define

1 1672
KIF = = D3 59
M Ty (ASM)2 g M ( )

where the upperscript IF stands for “Inversion Formula”, 7 = 3.14 and wg = the smooth
slowness at source S... Then one has the

Proposition 3. . The Kirchhoff descent migrations (51) reduces, in 3-D and for a single
shotgather, for the choices Wg(t) = 1, h as in (56), and Ky = K1 defined in (59), to the
inversion formula (44) of [8] [11] [5].

We take now advantage, in the next section, of the degree of freedom K, available in
the definition of a Kirchhoff descent-migration to find the best possible one.

8 Optimal and suboptimal Kirchhoff quantitative mi-
grations

We apply now to the Born + ray data misfit function J(m,r) defined by (1) (37) (32) the
proposition 1 which provides optimal choices for the migration weight K5, at each diffrac-
ting point M.
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A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 19

As, by construction, the Born + ray approximation is linear with respect to the reflecti-
vity 7, we can denote by B(7) the corresponding forward model:

Cr,r = B(m)r. (60)
Hence the Hessian of J with respect to 7, as defined in (10), is of the form
H(m) = B(m)T B(x). (61)

Of course, B(w) is a huge matrix of size (f of time data) x (# of point scatterers), whose
column ¢y, associated to scatterer M is made of all the time sections generated by a reflec-
tivity r = O containing a single scatterer at point M with amplitude one.

The Hessian H(w) is then a (less but still) huge matrix of size (§ of point scatte-
rers) x (f of point scatterers), whose column Hj, associated to scatterer M is given by
Hyr = B(n)Y B(m)éu, ie, using the M — th column cys of B(w):

Hy = B(m) ey (62)

or

{ HM:—VTJ(F,O) (63)

for the datad = cyy

This gives a simple interpretation of the Hessian: its M — th line or column is the gradient-
migration of the seismic section generated by a unit diffracting point M. In other terms,
the seismic acquisition process followed by a gradient-migration transforms a one-pixel re-
flectivity 6)s at M into the M — th line or column Hjs of the Hessian H (7). As we shall see
in the numerical results, H,; is (proportionnal to) a band-limited Dirac function centered
at M: the “thickness” of this function gives the resolution power of the combined data
acquisition + migration procedure, and the “amplitude” of this function will allow, as we
shall see shortly, to determine an optimal migration weight K s at point M.

Tt is easy, by a direct calculation, to obtain from equations (1) (37) (32) defining J(m,7)
a closed form formula for the element H(7)as,p of the Hessian associated to scatterers M
and P:

H(m)u,p = (tump)* Y Y AT ARCWa (i )Wo(rp ©yw x w(ryi® —m39)  (64)
S G

where
w=hx S+, (65)

In order to apply proposition 1 to determine the optimal weights K73,;, we investigate
first the diagonal dominance, on a line or column M, of the Hessian H (7). Because w * w
has always a maximum amplitude at 0, the maximum of the peak in the column Hj; of the
Hessian is always located at M, i.e. on the diagonal. Notice that this implies that reflectors
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20 Guy Chavent and René-FEdouard Plessiz

will always be imaged, in descent-migrations, at zero-crossings of the migrated sections.
Notice also that this is a good start for diagonal dominance: the element on the diagonal of
H(w) are always larger than the off-diagonal elements. However, this is not sufficient, and
in fact H(7w) will never be diagonal dominant: because the size of the grid for the scattering
points has to be chosen smaller than the spatial wavelenght, which determines the “tickness”
of the peak in the column H,s, this peak will always contain, beside the point M itself, a
couple (often 4) of neighbors of M with amplitudes of the same order of magnitude as M
itself, which prevents the column H); to be diagonal dominant.

So one has to resort to regularizaton to apply proposition 1. The choice (25) for the
regularization parameter eL leads to an optimal migration weight K3, which is the inverse
of the corresponding diagonal term of the mass-lumped Hessian H (7):

r = (Hmwum + Y [H(m)ap) ™ (66)
P4AM

It will appear in the numerical result section that the choice (66) for Ky, leads to a good
restitution (in the illuminated area of course !) of both relative and absolute amplitudes of
migrated events. By construction - and this is one strength of the least-squares approach
to migration - K3, takes into account the diffraction effects due to the finite length of the
recording device, the variation in illumination caused by the variable number of shots which
illuminate the point scatterers, the reflecting surface condition near the geophones, the finite
bandwidth of the source function, the variable background ...
However, the preliminary determination of K}, by formula (66) is very time consuming,
because of the summation, for each M, over the diffracting grid. B

In order to define a computationally affordable suboptimal weight K3,, we factorize first
in the formula (64) for H(7),p, the part which depends strongly and directly on the current
propagator 7 by writing:

H(W)M,p = (WM)zsw*w(O)Hmd(w)M P (67)

)

where the reduced Hessian H,.q4 is given by

5,6 _5.a

_ (TP \s S,G 4S,@ S,G S,G w * w(T); )
Hred(W)M,P—(E) ;;AM Ap WG(TM )WG(TP ) w*w(O) . (68)

The first and the last factor of (68) are close to one when P is close to M, and the remai-
ning factors depend on 7 only through A‘;,’[G (ie through the emergence angle ©¢, and the
geometric divergence Bf/[’G as shown in (34)), and Wg(rf/f’G).

Then we replace the full mass-lumping of (66) by a partial one limited to the nodes of a
neighborhood Cjs of M, and chose the suboptimal weights K}, proportional to the inverse
of the diagonal of the partially lumped Hessian:

Ky = (mu) % ~:ed,M’ (69)
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A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 21

where

Klgar =M Y [Hrea(m)u,pl} " (70)

PeCum

The suboptimal Kirchhoff quantitative migration corresponding to the choice K = K M
in (51) is then:

my = (WM)isK:ed,M Z Z AVEESS () (71)
5 G

In order for the migration formula (71) to restore at best the absolute amplitudes of the
migrated events, the scaling coefficient A in (70) is evaluated as follows: given a collection of
data d (for example the one to be inverted), A is determined by requiring that the synthetic
¢ = B(m)m* resimulated from d using the a-priori guess 7 of the propagator is as close as
possible to the data d. As c is clearly proportional to A, this amounts to search for the
minimum of a quadratic function, which is given by:

A= +(c;d)/||c|” (72)

where ¢ is the resimulated synthetic corresponding to A = 1, and where ( , ) is the scalar
product in the data space.

We conclude this section by some comments on the way the suboptimal Kirchhoff quan-
titative migration depends on the current propagator m = vs. This issue is very important in
situations where the migration is used inside a loop for the determination of the propagator
(as for example in migration velocity analysis), as one does not want to have to recompute
the weights K* each time the propagator is changed. We have carefully factored out in this
paper any direct dependance with respect to the propagator, so that in the final formula
(69), (70) for the suboptimal migration weights K%, the reduced weight K* , depends on
7 = v, only through kinematic and geometric quantities (travel times and geometrical di-
vergence): these quantities can be computed with the initial guess of the propagator, stored
and kept constant while 7 is modified, whereas the amplitude factors 1/(w)?® are evaluated
with the current propagator.

Notice also that the classical inversion formula (44) gives a “inverted” section m%, pro-
portionnel to 7ys. This is to be compared to the suboptimal Kirchhoff quantitative-migration
(71) which is proportionnal to 1/(mar)®: this shows that the inversion formula (44) will not
provide a good relative amplitude of scatterers when a background 7= with strongly varying
slowness is used.

9 Some numerical results

In order to test the different assumptions and algorithms described in the previous sections,
we will first compute one line of the Hessian of J for different numbers of shots. Then we
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shall compare the suboptimal and optimal weight matrix K* and K*, show their differences
with the weight matrix K'F of the classical inversion formula, and illustrate the quality of
the suboptimal Kirchhoff quantitative migration on a synthetic seismogram created with the
formula (37), (32). Finally, we shall see the effect induced on the quality of the resimulation
by the preliminary evaluation of K x.q at a first guess my of the propagator different from
the current propagator ..

The numerical applications are based on the Born + rays forward modelling described in
a previous section. The travel times are computed by ray tracing (the ordinary differential
equation is solved with a Runge-Kutta method) and the geometrical divergences are ap-
proximated with a technique of paraxial rays.

We consider the 2D case with no filtering of the data (h = 1) and no amplitude correction
(Wg(t) = 1). The synthetic seismogram at geophone G during shot S is then (cf (37), (32)
and Appendix 1):

9t) = v ru AyS SOt -5
M

with
G S,G
AT cosby;
7
2n g \/Df/IDg[

and the migration operator becomes (cf (51))

my = KM VM ZZA}S\;}G ES’G(Tij),
s G

5,G _
AL =

where K, will be either the optimal K7, given by (66) or a suboptimal K7, given by (69),
(70), or the weight KIF of the classical inversion formula.

The determination of the optimal K}, requires the computation of the Hessian of J, which is
very expensive in CPU time and memory. In order to be able to compute these weights, we
use a small synthetic case. The survey space is composed with 1000 m of water and 3000 m
of earth, the acquisition device contains 24 receivers with 50 m of receiver interval, the
offset between the source and the first receiver is 200 m and the shot interval is 25 m. The
immersion of the source and the acquisition device is 10 m. The reflectivity is discretized on
a grid constituted with 25 m by 15 m rectangular cells . In this example, for each shot, we
use a grid of 1400 m by 3000 m (56 by 200 points), which is exactly below the source and
the acquisition device and follows their displacements during the survey (this is equivalent
to consider a fixed global grid for all the shots and to use, for each shot, a mask in order to
eliminate the influence of the distant scattering points). For the computation of K* and K*,
we only compute the Hessian coefficients on a grid (7 by 10 points per shot) coarser than
the reflectivity grid and estimate the missing Hessian coefficients by linear interpolation. In
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A time-domain derivation of optimal and suboptimal Kirchhoff quantitative migrations 23

the following examples, two propagators are used: a constant propagator with the velocity
equal to 1500 m/s (the velocity of the water) and a linear propagator varying from 1500 m/s
at the top of the reflectivity grid to 4000 m/s at the bottom. The function w = S®) . which
appears in the Hessian formula, is a band-limited Dirac function which lasts 0.03 s.

a - aline for 1 shot b — a line for 100 shot

38

i

' " “l
(e
|J,‘.|.!'ll'4,!i'am'm

depth (M) 1585 100  x—axis (m) depth (m) 1585 975  x—axis (m)

Figure 2: A line of Hessian matrix with a constant propagator (on the left, we consider only
1 shot, on the right, 100 shots)

The figure 2 represents (with the constant propagator) the line of the Hessian corresponding
to a diffracting point located at the center of the reflectivity grid(as the elements of the line
of the Hessian are indexed by the points diffractors of the reflectivity grid, this line is most
naturally represented as a function on this grid): on the left, we consider only 1 shot (the
first of the 100 shots), on the right, 100 shots. For 100 shots, the size of the reflectivity
grid is 3850 m by 3000 m, however, for each shot, we only consider the part of this grid
(1400 m by 3000 m) which is exactly below the source and the acquisition device (and then
the other part of the grid has no influence). As it has been explained above, the Hessian
has an important value on the diagonal but it is not a dominant diagonal matrix: in the
two cases, the ratio > p_,, [Hup|/|[Huwm| is bigger than 1, and decreases slowly when the
number of shots increases (for 1 shot, it is equal to 50 and for 100 shots to 41). Of course,
the peak is narrower with 100 shots (a similar behavior occurs when the number of receivers
increases), but the number of non-zero terms becomes larger. Moreover, the terms around
the diagonal point always have the same order of magnitude as the diagonal term itself.
For these reasons, one needs to perform a certain amount of mass-lumping (ie to regularize)
before estimating the weights (formula ( 66), (69), (70)).
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The suboptimal (top) and optimal weight (middle) matrix and their ratio (bottom)

(on the left, we consider only 1 shot, on the right, 100 shots)
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Therefore we now compare, with the constant propagator, the optimal weight matrix K*
given by (66)(the inverse of the diagonal matrix built by full mass lumping of the Hessian)
and the suboptimal weight matrix K*/\ for Cjy = {M} (i.e. the inverse of the diagonal
of the Hessian) (see formula (69) (70)). The figures 3.a, 3.b, 3.c and 3.d show these two
weights for 1 and 100 shots (in order to obtain a significant graph, the parts of the graph close
to the boundaries have been suppressed). We remark that their shapes are quite similar:
it seems that K* can be deduced from K* /A by a scalar multiplication. To prove this
assumption, we display, in the figures 3.e and 3.f, the division (term by term) of these two
weights. Except near the top of the grid, they are almost proportional. The boundary effects
come from the fact that the reflectivity grid has finite dimensions: near the boundaries, the
set of the scattering points which have almost the same travel time as the diagonal point
becomes smaller, so that the total mass decreases at such points faster than the peak value.
Typically, this can be observed on the top of the grid, because the non-zero terms on a
line of the Hessian principally correspond to scattering points above the diagonal point (see
figure 2). In order to reduce these boundary effects, when the suboptimal weights are used
in the migration, it is necessary to consider a reflectivity grid larger than the investigated
area and to use only the part of the migrated section corresponding to this investigated area.
In this way, we can replace the computation of the optimal weights K* by the computation
of the suboptimal weights K*. This is numerically very important since the computation of
the optimal matrix lasts 3 hours, for this example (on a Convex 3840 with one processor),
whereas the computation of the suboptimal matrix lasts only 26 secondes.

With the linear propagator, the ratio K*/ K*, with K* the inverse of the diagonal of the
Hessian, is not quite constant (see figure 4.a). Therefore, the suboptimal weight matrix K*
has to be improved in order to obtain a better approximation of the pseudo-inverse of the
Hessian. This improvement is realized by enlarging the neighborhood Cps of M on which
the partial mass lumping is performed. So instead of Cpy = {M}, we use now for Cps a
square of (2i + 1)? points surounding M. We denote by K 1(\2)* the corresponding suboptimal
weights. A good choice would be to choose i such that K (9)* /K™ is almost constant over
the diffracting grid. However, we don’t want to compute the optimal weight K*, since it is
too expensive. So, we compute successively the weights K@* for i = 0,1,2... and stop when
the ratio K(+1)* /R’ (9% hecomes almost constant over the grid of diffracting points. In the
example with the linear propagator, this led to the choice ¢ = 1, and one can check on figure
4.b that the ratio K(* / K* is almost constant. We notice that the size of the set s remains
small, since the important values of the Hessian are close to diagonal points. Therefore, the
over-cost to compute K(9* is small. In the example, the computation of K(®* = K* lasts
26 secondes, the one of K(1)* 46 secondes, the one of K(?)* 72 secondes and the one of
K*, 3 hours. In order to see the differences with the classical inversion formula (44),
which is optimal for one shot and for a full offset and frequence coverage (the stack with
respect to the shots must be made afterward), we have shown K’F in the figure 5.a (in 2D,
KIF' =8 nD3;). We see that, without amplitude correction factor (Wg(t) = 1), this weight
is different from the optimal or suboptimal (figure 3, left) ones. Indeed the matrix K’% is
only proportional to D;?/, (the geometrical divergence between the source and the scattering
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point see (59)), whereas the suboptimal weights K* (inverse of the diagonal of the Hessian)
is proportional to DY, and (X 4(D¥)~1)~! (DY is the geometrical divergence between
the scattering point and the receiver) (see (69), (70) and appendix A). Thereby, the deep
reflectors are better migrated with the suboptimal weights, since they compensate for the
attenuation which has occured during the backpropagation because of the finite aperture of
the recording device.
In 2D, one can notice that K'¥ on one side, and K* with Wg = v/t on the other side (see
figure 5) have a similar behavior. However these two weights provide two different migrated
sections since, with K/ no amplitude correction factor is used on the data (whereas, with
K*, this factor is \/Z)

In order to test the suboptimal Kirchhoff migration corresponding to the weights K (1*,

1000

1500

2000

2500

aoon

3500

4000

Figure 6: The true reflectivity

we have built synthetic data using the formula (32) with the reflectivity vector described in
figure 6 (the 3 reflectors have the same amplitude) and the linear propagator. The figure 7
shows the result of the migration of the data for 100 shots with the suboptimal weights
K®M* with A = 1. We notice that the reflectors are less sharp in the migrated section
(see figure 8.a). To improve the approximation of the absolute amplitudes, we resimulate

seismograms from this stacked, migrated section, and find the scaling factor A = &z"g = 0.23.

With this coefficient, the ratio J}?ﬁéz)
means that the resimulation explains 23 % of the data in the L? norm on the data space.
We can compare, on the figure 8.a, the traces (located at 1500 m) of the true reflectivity
and the migrated section and, on the figure 8.b, the traces 12 of the shot 50 of the data and
the resimulated seismograms: the amplitudes are correctly restored (the differences between
the peak values are likely due to the spreading of the events in the migrated section and

the resimulated seismograms). The numerical results show that a descent migration with

= 0.58 (m* is the stacked, migrated section), which
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Figure 7: The stacked, migrated section
a — reflectivity b — seismogram
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©
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Figure 8: On the left, the comparison between a trace of the true reflectivity and the same
one of the migrated section and on the right, the comparison between a trace of data and
the same one of resimulated seismograms
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the suboptimal weights provides a quantitative migration at a small CPU over-cost. This

justifies the name of the suboptimal Kirchhoff quantitative migration we gave to formula
(71).

It is interesting to visualize how the quality of the resimulation of a data d generated

0.6}

0.59¢ N

0.58t

0.571

0.561

0.5 L Il
1%00 4000 6500
velocity (m/s)

Figure 9: The squared misfit between the data and their resimulation as a function of the
bottom velocity used to estimate the suboptimal weight (dashed line) or the suboptimal
weights and the amplitude coefficients (dotted line).

by some true parameter 7; is affected when the suboptimal reduced weights and possibly
also the amplitude coefficient are evaluated at some apriori guess 7, different from ;. So
we have considered a range of a-priori guesses my, made of velocities obtained by linear
interpolation between the surface velocity of 1500 m/s and a bottom velocity v chosen in
the 1500-6500 m/s interval, and a data d generated with the ramp corresponding to bottom
velocity v = 4000 m/s.

We display on figure 8 the squared misfit J(m:,7 = m*) between the data and its resimulation
as a function of the bottom initial guess velocity v in two cases:

e dashed line: the migration m* is performed with reduced weights evaluated with the
initial guess mp (amplitude coefficients and, of course travel-times being evaluated at
the true propagator ;)

e dotted line: the migration m* is performed with reduced weights and amplitude coef-
ficients evaluated with the initial guess 7 (travel-times being of course still evaluated
at the true propagator ;)

The travel-times are correctely computed in the migration steps, where the true propagator
is used in both cases, so that the reflectors are correctely located in the stacked, migrated
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sections. Hence, the variations of .J are only due to the variations in the amplitude of migra-
ted and resimulated events due to the changes in reduced weights and amplitude coefficients.
We notice, in figure 8, that they are small, less than 2%. This means that the resimulated
seismogram remains close to the data, as soon as the travel times are well-known, even if the
reduced weights of the quantitative migration and the amplitude coefficients are computed
with a bad propagator.

Therefore, this allows to consider in a first approximation the reduced weights and am-
plitude coefficients as independent on the propagator for a velocity analysis without losing
the quantitative character of our migration.

10 Conclusion

Using the least-squares approach to migration, we have defined a general methodology for
the construction of optimal and suboptimal quantitative migrations, once the forward mo-
delling and the norm in the data misfit have been chosen. By definition, these migrations
are optimal under the same specification which are used in the construction of the forward
model and data misfit, as for example source with finite band width, receivers with finite
aperture, finite number of shots, deconvolution and equalization of data...

We have applied this methodology to a Born + rays forward modeling with a scattering
approximation of the reflectivity, and to a data misfit defined on multishot finite aperture
data, with preliminary filtering and amplitude correction. Our findings are:

e any classical Kirchhoff migration formula can be seen as a descent Kirchhoff migration
for a properly defined data misfit function. Proposition 2 gives the precise relations
which have to be satisfied in the preparation of the data in the two approaches if they
are to be equivalent.

e A suboptimal quantitative Kirchhoff migration can be obtained by multiplying the
gradient migrated section mg s at scatterer M by a weight I{'j‘w obtained by inverting
the diagonal of the partially-lumped Hessian. The computation time required for the
calculation of these weights is small. Our numerical results show that these suboptimal
weights allow the same quality of restitution of the amplitudes in the migrated section
as the fully optimal weights, which are computationaly much more expensive.

e The introduction of reduced weights K7 , s, which depend mainly on the geometry
of shots, sources and receivers but little on the propagator = and can be evaluated
preliminary using a first rough guess 7o of 7, allows to use the suboptimal quantitative
Kirchhoff migration over a large range of propagators while maintaining the quality of

the amplitude restitution and of resimulation.
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A Asymptotic solution of the Born approximation

We recall here the main steps of the approximation of the linearized acoustic equations (28)
and (30) by ray theory, as described for example in [4] and [13], which leads to the formula
(32) for the synthetic seismograms.

Given the background propagator m = v,, one first calculates (by ray tracing or finite
difference solution of the eikonal equation for example):

For every source S, every grid point M and every geophone G (notation of figure 1) :
74 = travel time from source S to M

M = travel time from M to H (not G!)

6§, = emergence angle at H (not G!) of the ray coming from M

(73)
and:
For every geophone G
{ ATY = vertical travel time from geophone G to the free surface (74)
then:
o the incident field uz, solution of (28), is approximated, at any point M by
ur(M,t) = A5 S(t — 73 (75)

where S(t) is the propagating wavelet, defined in (35), and where A7, is the attenuation
factor for the propagation from S to M, given, for a constant density p = 1, by

AS _ (71.5)5—1/2
M 2(2m)e () 2(DF))1 2

(76)

where the exponent s is defined in (33), 7 = 3,1416..., 75 and w3 denote the value
of the propagator 7 = v, at the source and diffracting point location and where D7,

RR n~ 2967



32 Guy Chavent and René-FEdouard Plessiz

denotes the geometrical divergence along the ray going from S to M which can be
computed by the technique of paraxial rays, or roughly approximated by its value in
a constant velocity medium, given by:

D3 =S — M| (77)

e the scattered field ug, solution of (30), is approximated, at the point H of the free
surface just above the geophone G, using the same approximation, by:

us(H,t) = =2 A myry DU ur(M, ¢ — 72) (78)
M

where the attenuation factor AY along the ray going from the scatterer M to the
surface point H above the receiver G is given by formula similar to (76) and (77), and
where 7,/ is the value at scatterer M of the propagator 7 = v;.

e the pressure field cfa’G(t) at geophone G can be computed using the fact that, when

the scattering points M are far enough from the geophone, the scattered field ug given
by (78) is a superposition of (almost) plane waves, and that ug is zero on the free
surface just above G. So we can split (cf figure A-1) the wave field in the vicinity of
the geophone G into the sum of an incident plane wave us and a reflected plane wave

UR:
OM.n
us(Mt) =8t~ —="=7) s = 1
OHng+HM.n
up(M,t) = =S(t— =) [CHES!
OM. OH. HM.
w(M,t) = ug+un=5(t— — %)~ §(t— "S*; "Ry
If the incident and reflected wave satisfy:
ns =Mnr +nNN, TR = NT — NN,
then for all M of the surface, i.e. such that HM.ny = 0, one has :
OH. HM. OH. HM.
w(M, ) = (¢ — L T My g OFms AW _

C C

Hence u(M,t) is the solution near the free-surface boundary. At a geophone G =
(za,va, 2c), the signal is:

ca(t) = u(G,t)
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free surface

, ®M=(xy2)

Figure 10: Notations for the calculation of the pressure field at a geophone G.

If the geophone depth zg is a fraction of the spatial wavelength of the signal, one can
write

—u(H
Ou gy ) o 0(Got) = u(IT,1)
0z 2g —ZH
so that, as u(H,t) = 0:
ou
ca(t) = (26 — 2H)§(H7 t)
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But:
ou ns., t—OM.n NR.» OH.ng+HM.mn
5 (M, 1) = —=>28'(t Dt %)
0z c c c c
Hence, as ns,, = cos0$; = —ng,, and nse = NRe = NyiNsy = MRy = Ny
ou 2 cos b, OH.n; 2cos6¢, dug
—(H,t) = -"—"Mg'(t - =— M2 (H,t
(0, t) = -2 gy - S = 2RO TSy
An approximate expression for the signal at geophone G is hence
0
&9(t) ~ —2cos GJ\G/,ATG%(H, t) (79)

where the lowerscript “ta” stands for “true amplitude”, emphasizing the fact that this
synthetic tries to restitute the amplitudes of data, and where:

ArG = 2621
c

= travel time from geophone G to free surface.

Remark 1. Notice that, in the above formula, the emergence angle 8 and the time delay
OLC'"E are evaluated at the point H of the free surface located above geophone G, and not at
G itself.

If we substitute (75) into (78) and (78) into (79) we obtain finally:
9t) = Z AATE cos O ryma AT AM SCH) (t — 13 — M) (80)
M
But one can rewrite
T A Al = (mm)*By®

with the exponent s defined in (33), and B3; defined by:

1 (71'5)371/2 1
By = 81
M= ganes X ()12 x (DS, DI/ (81)
Now the synthetic rewrites:
() = (ma) T 4AT cos 05, By S (£ — 73 — ) (82)

M

which is the sought formula (32) with the notations (34). Notice that in (82), all the explicit
dependance of the synthetic cfa’G on the propagator # = v, has been factored out in the term
(war)®. All the remaining terms of the formula depend on 7 only through the kinematic (as
7o, 7)) or geometry (as 05, Dy, DY) of the rays (the values of the propagator at sources

and receivers is supposed known).
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B The gradient of the Born 4+ Rays data misfit function

Let J(m,7) be the data misfit function defined by (1) (37) (32). It is quadratical with respect
to r, so the computation of its gradient is easy. Differentiating J(m,r) with respect to r
gives:

=-> > /T(dS’G(t) — c29(t))6c5Y (t)dt (83)
s a V0

If we define:

e = d — ¢ = residual section =
part of the data which is not explained by the reflectivity r

and use the definition (37) (32) of ¢g, formula (83) rewrites as:

Z Z Z ) ASC 61 / eSC (Y Wa(t)h + ST (¢ — 729 dt (85)

S G M

Picking up the coefficient of érys yields 8J/0ry (m,r) = (V. J (7, 7))

=V, I ()]t = (mar) ZZASG / SC(OWea(th SCH)(t—5%)dt  (86)
When r = 0, then ¢ = 0 and the residual e coincides with the data d, so that:

[V, T (r, )]s = (1) ZZASG / A5 Wa(t)h « SCHI (¢ — 5%t (87)

But using the hypothesis (45) we can extend the integral to (—oo, +00) and use convolution
notations:

[T, 0)]ae = (raa)* 30 30 A (Wads,q) + hox SO (7€) (88)
S G

which can be rewritten as:

[~V I (m, 0)ar = (maa)* Y Y AGEESC(ri) (89)
S G
where:
ESC = hx (Wgd®%) %« S®) = hx (Wg)?h) » di:% « §3+2), (90)

Using the relation (34) between the propagating wavelet S(t) and the source function
f(t), we can rewrite (90) as

E5G = (f0F) x hx (W) hx d ) (91)
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We call ESC the migration-filtered data, by opposition to d5:¢ = Wgh * d;: which we
called the misfit-filtered data.

Under the hypothesis (46) that the weights W (t) vary slowly with respect to the signal
d>:%  one can approximate ES:C(t) by:

ESC = (Wa)?hx b+ S+ % dp,¢ (92)
or equivalently:

B = (Wa)?hxhx fOF9) 5 567 (93)
which ends the proof of formula (47) (48) (49) of the paper.

C Computing the best diagonal left inverse

Let A be a n x n matrix. We search for a diagonal matrix K such that
|IK*A = I||oo < || KA — Il for all diagonal matrices K (94)

But the matrix norm || || defined by (19) is known to be given by:

||.KvA—I||Oo = max Z |kia¢j—6ij|

=
Jj=l..n
i.e.
KA~ I]|oo =f:n1£.‘.).(n{|ki|§|a”| + kiai; — 1|} (95)
NE-D)

The minimum of ||KA — I||s will be obtained by chosing, for each i = 1..n,k} € R
which minimizes |ki| }_; ,, |ai;| + |kiai — 1]. As it can be seen on figure C-1, the solution is
given by:

kX =1/a; if |ay| > Ej;éi |aij| (96)
ki =0 if aa| < X252 lag],
and the corresponding value of | KA — I||« is given by:
[K*A = I]|oo = min{1, max > laisl/laal} (97)
[3 S't'la’ii|>2j;éi |ai]-\ j;ﬁz
which satisfies:
0< K" ATl < 1. (98)
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