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Abstract:

In this article, we propose a new numerical method for the computation of electromagnetic
modes in an optical fiber. The main difficulty lies in the fact that we have to solve an eigenvalue
problem posed in R%. We reduce the problem to a disc with the help of the introduction of
non local boundary operators that can be expressed in terms of Fourier series. A particular
attention is drawn to the respect of the free divergence condition. Finally, our method is reduced
to the resolution of a series of fixed point equations related to the eigenvalues of some self-adjoint
operators with compact resolvent.
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parent Boundary Conditions, Non Local Boundary Operators, Reduction to a Bounded Domain,
Selfadjoint Operators

(Résumé : tsuvp)

* Université de Versailles-Saint Quentin, Batiment Fermat - Département de Mathématiques - 45 Avenue des

Etats Unis, 78035 Versailles



Méthode Numérique pour le Calcul des Modes
Electromagnétiques dans des Fibres Optiques

Résumé : Nous proposons dans cet article une nouvelle méthode numérique pour le calcul
des modes électromagnétiques guidés par des fibres optiques. La principale difficulté tient au fait
que l'on a & résoudre un probléme aux valeurs propres dans R%. Nous réduisons le probléme
a un disque, moyennant ’introduction d’opérateurs de bord non-locaux s’exprimant a l'aide de
séries de Fourier. Une attention particuliere est apportée au respect de la condition de divergence
nulle. Finalement, notre méthode se ramene & la résolution d’une série d’équations de points fixes
relatives aux valeurs propres d’opérateurs auto-adjoints a résolvante compacte.

Mots-clé : Guides d’Ondes Ouverts, Electromagnétisme, Equations de Maxwell, Théorie Spec-
trale, Conditions aux Limites Transparentes, Opérateurs de Bord non Locaux, Réduction & un
Domaine Borné, Opérateurs Auto-adjoints
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1 Mathematical formulation of the problem

1.1 Position of the problem

We consider a 3D dielectric linear isotropic medium occupying the whole space R3. We denote
by (z,z3), with z = (z1,22) € R?, the generic point of R®. We assume that the propagation
medium has a cylindrical structure in the sense that it is invariant under any translation in the
x3 direction (see figure 1.1). This means that the dielectric permittivity ¢ and the magnetic
permeability p are functions of the only transverse variable x. We make the usual assumption on
the functions £ and p: they are measurable, strictly positive and bounded functions. We introduce

e- = inf e(x) >0 ; eF = sup e(x) <+oo
=cR zeR” (1.1)

p_ = inf p(z)>0 ; put = sup u(z) < +oo.
Z€R2 Z€R2

Another important property of the propagation medium we shall consider is the fact that each
cross section (i.e. parallel to (z1,z2)) is homogeneous at infinity. More precisely ¢ and p are
constant outside some bounded domain Bg (the disc of radius R centered at the origin) of the
plane (x1,x2):

dR>0 / [z|>R = &) =t , ) = poo - (1.2)
For the sequel it is useful to introduce the local propagation velocity ¢(z) of the medium, defined
by c(x)? = (e(z)u(x))~! ; e(z) is clearly a bounded, strictly positive measurable function and
we shallset c¢_ = inf c(z), ¢y = sup ¢(z), Coo = (Ccolloo) 2-
(EER2 IE]R,2

The electromagnetic field is as usual described by the electric field E(z,x3,¢) and the magne-
tic field H(z, z3,t) (t > 0 denotes the time) whose variations are governed by Maxwell’s equations

Ok H
€5 —rotH = 0 MEJ;—rotE = 0. (1.3)

Definition 1.1 Guided waves are particular solutions of (1.8) on the form

E(.%'7$3,t) = (El(w) ) EZ('Z') ’ _iE3(w))T expi(Wt - ﬁ$3)
(1.4)

H(z,23,t) = (Hi(z) , Ha(z) , iHs(x))" expi(wt — Bzs)
where
e w > 0 is the pulsation of the wave
e 3> 0 is the wavenumber in the x3-direction

and where the transverse electromagnetic energy is supposed to be finite (we set E = (Ey, Es, E3)?
and H = (Hl,HQ,H3)t)

/R2(6|E|2 Fu | H?) de < 400 . (1.5)
The expression (1.4) represents an harmonic plane wave propagating without any distortion in the
x3 direction with a velocity V' = w/f (the phase velocity). Such a solution is periodic in the z3

direction and the period A = 27/f3 is called the wavelength. The 2D vector fields (with values in
R®) E(x) and H(x) describe the distribution of the electromagnetic field in each cross section.

RR n°2974
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2 s
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Q) = R?
2 zr = (21, 22)
Figure 1.1: Open Waveguide

Guided waves differ from usual plane waves in a homogeneous medium, for instance, by the square
integrability condition (1.5) which characterizes the fact that a mode is guided or not. This condi-
tion physically means that the energy of the mode remains confined in some bounded region of
the cross section: this is where the fact that the coefficients e(z) and p(z) vary locally plays a
fundamental role. Indeed when these coefficients are constant, it is well known that guided waves
do not exist.

Before entering the rigorous mathematical treatment, we first need to derive the equations
of our problem. Plugging formula (1.4) into (1.3) leads to the following system of equations:

rotgH = ewE rotgE = uwH (1.6)

where the differential operator rotg is defined for « € D'(R?) by

aU3
=3 Buy
(9332
_ Ous
rotgu = | Buy — Er. (1.7)
1
Ouy _ uy
8%‘1 6.%‘2

and rotj; is the adjoint of rotg, also given by rotj = rot_g.

Remark 1.1 The change of the functions E3 in —iFE3 and Hsz in tHs allows us to work with fields
(E,H) in R? instead of C®.

One can then give a formulation in terms of a symmetric eigenvalue problem, by eliminating
for instance H in (1.6), whose unknown is therefore the distribution electric field E in the cross
section:

e~ 'rotyy(urotg E) = W’E. (1.8)
To complete our presentation, we need a functional framework, which we give in detail in the next
section.

INRIA
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1.2 Mathematical tools

We simply present in this section various mathematical tools and related results. Such of them
are classical (see for example R. Dautray and J.L. Lions [9], or V. Girault and P.A. Raviart
[13]), while other ones have been proven in [16], [26]. We have chosen to include them here for
the sake of completeness and to make precise the notation.

1.2.1 Differential Operators

We denote by Q an open set of R?. In the sequel, we keep the notation in bold character for the
2D vector fields (w = (u1,u2)). We are led to use the following operators.

The scalar differential operators acting on a 2D vector field: Let be u € D'(Q)?

diveg = 2 0wy, 2 O
Ve = 8331 6.%'2 B 8$1 (9962

The vectorial 2D differential operators acting on a scalar function: Let be ¢ € D'(12)

Vo=(22, 5,

9 _9¢,
89:1 ’ 31'2

s o
roty (a.ibz 31'1
The scalar differential operators acting on a scalar field: Let be ¢ € D'(Q)

%y 2y
Ay = di = — + —=
® iv(Ve) o923 + 523

The differential operators depending on the parameter S:
For u = (u,u3) € D'(2)? x D'(Q) divgu = divu — Sus
For ¢ € D'(Q) Ve = Ve, Bp)
Npp = divs(Vep) = Ap— Py
From the well known relations rot(V.) =0 and div(rot.) = 0, we deduce the following ones:

Vo € D'(Q) r1otg(Vep) =0 (1.9)
Vu € D'(Q)°  divg(rothu) = 0. (1.10)

1.2.2 Functional spaces, trace theorems and Green’s formulae

We will denote by (u,v) the inner product of u and v on L2(Q)? where d will be equal to 1,2 or 3.
The norm associated to this inner product will be denoted by || ||. In a general way, the usual
norm of the Sobolev space H*(Q2) for s € R, will be denoted by || ||s and the associated scalar
product by ( , )s.

We introduce the Hilbert space
H(rots, Q) = { v € L*(Q)* ; rotgu € L*(Q)* }
that we equip with the scalar product (.,.) H(rot, ) defined by

(u,v)H(rOtﬂ’Q) = (u,v) + (rotgu, rotgv).

RR n"2974



6 P. JOLY and Ch. POIRIER

H(rotg, ) is isomorphic to H(rot,Q) x H'(Q2) and the norm -1z rot,,e) i equivalent to the
norm ||.|| grot,0)x 1 (o). One also has

3H(rotﬁ,ﬂ) _

Hy(rotg, Q) :==D(Q) Hy(rot, Q) x H} (D)

where
Hy(rot,Q) = {u € H(rot,Q) uwAn=0}
Hy(Q) = {u€e HY(Q) uppe =0}
Definition 1.2 Let us set
H 3 (rotg,T) = H™3(T)x H3(T) , H~%(divg,T) = H3(T) x H 3(T).

Remark 1.2 One can also define these two spaces as:
H=%(rot3,T) = {ue H 2(T)?; rotgru € H-3(T) }
H=%(divg,T) = {ue H *(T)?; divgru € H-2(T) }.

or convenient tangential rotgr and divgr operators (see appendix B of [26]).
B, B,

It is well known that, if € is an open set of R?, Lipschitz continuous, the trace operator -y, (resp.
~-), such that

v(u) == wAn = (uz;r,u An)
/ / where u = (u,u3) € H(rotg, ) (1.11)

Yr(u) = (uAn)An = (wAnsp,—usr).

is continuous from H(rotg, Q) into H % (divg,T) (resp. H % (rots,T)) ([13]). Moreover,

Proposition 1.1
Ker(y:) = Ker(v,) = Ho(rotg, ) (1.12)
1 1
1 1

and vy (resp. 7-) is continuous and surjective onto H ™ (divg,T') (resp. H™%(rotg,T)).

From these definitions, we can generalize some Green’s formulae (see V. Girault and P.A. Raviart
[13]) to H(rotg, 2).

Theorem 1.1 Green ’s Formula in H(rotg,Q): V(u,v) € H(rotg,Q)?

rotgu,v) = (u, rotyv)+ <uAn,(vAn)An > 1.13

B B

rotgu,v) = (u, rotsv)— < vAn,(uAn)An > 1.14
B fé]

where < .,. > represents the duality between H=%(T') x H*(T) and H*(T') x H=%(T).

In the same way, we define the Hilbert space
H(divg, Q) = { v € L*(Q)* ; divgu € L*(Q)* }
equipped with the inner product (., ')H(divﬁ,ﬂ) defined by
(“’“)H(div[,,n) = (u,v) + (divgu, divgv).
This space is isomorphic to H(div, Q) x L2(2) and we have the following Green’s formula
Y(u,¢) € H(divs, Q) x H'(Q) (divsu,d) + (u,Vse) =<u-n,¢ > (1.15)

where < ., . > indicates the duality product between H~2(T') and Hz (T).

INRIA
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1.2.3 Decomposition of the space L%(Q)*
We introduce the Hilbert space H.(Q) := L2?(Q)® equipped with the weighted inner product

(u,v)e = (eu,v).

We are going to give here an orthogonal decomposition of H,(f2) whose interest will appear in the
next section. Let us enounce the

Theorem 1.2 H_(Q) admits the orthogonal decomposition (for the scalar product (, )e )
H.(Q) = Ho.p(Q) @ H5(Q) withB# 0 (1.16)
where H () :={u e HA(Q); divg(eu) =0}
and  H45(Q) ={Vsp; € H}(Q)}

Proof For the proof, we refer to [26].

Remark 1.3 Thanks to the previous lemmas, we obtain a characterization of H. g(Q) and of
H',(Q):
e,B

1
H.3(Q) ={u=(u,u3) € He ; u € H(div:, Q) and uz = Jdiv(au) }
1

B
where  H(dive,Q) = { u € L*(Q)? ; div(eu) € L2(Q) }.

H5(Q) = {u=(u,u3) ; us € H}(Q) and w = -Vusz }

In other words, H, () is isomorphic to a space of 2D vector fields H(dive, Q) , whereas Hjﬁ(ﬂ)
is isomorphic to H}(Q).

We have also the following characterization of H. g((2).

Theorem 1.3 Let us consider now §2 as a bounded open set Lipschitz continuous, then
1
H. () = { =rotzv; v € H(rotz, Q) }. (1.17)
€

Proof The proof, which is given in detail in [26], follows the one given in [9], for an analogous
result in dimension 3.

1.3 Mathematical formulation of the problem

We denote by AE’,@ the unbounded operator in H, defined by

D(A. 3) = {u € H(rotg, R?) / rotjy(u~ rotgu) € H.(R?)}
(1.18)

A pu = e'roth(p " rotgu), Vu € D(A. ).

Therefore the problem to be solved can be written as, for a given value of the wavenumber
considered as a parameter

Find E € D(A, ) and w? € R** such that
(1.19)

A.3E = W?E, E#0.

RR n"2974
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The problem (1.19) clearly appears as a family of eigenvalue problems parameterized by 3 in
which w? plays the role of the eigenvalue and E the role of the corresponding eigenvector. Two
properties have to be emphasized.

(i) From (1.10), we see that, as soon as w? # 0,
divg(eE) = 0 (1.20)

which means that all physically relevant solutions (i.e. for which w? # 0) satisfy the gene-
ralized free divergence condition (1.20).

(ii) We deduce from (1.9) that for any ¢ in H'(R?), V¢ belongs to D(A, ) and A, sVsp = 0.

We exploit these properties in the following lemma, where the orthogonal decomposition (1.16) of
H_(R?) will take its entire interest.

Lemma 1.1
KerA.3 = {Vap, ¢ € H'(R?)} and ImA. 5 C H.p(R?)
Proof See proof of Lemma (1.2) of [16].

Combining condition (1.20) and Lemma 1.1, it is natural to consider the restriction of the operator
A, s to the space H, 5(R?), which is a closed subspace of H,(R?) (and then an Hilbert space for
the inner product (.,.).). We shall consider this restriction as an unbounded operator A, g in the
Hilbert space H. 3(R?)

D(A: ) = {u€ H(rotg, R*) N H, g(R?) / rot(u'rotgu) € L*(R?)%}

(1.21)
A . pu = eilrot;(u’lrotgu) .
Finally, because of (1.20), problem (1.19) can be reduced to
Find E € D(A. 5),w? >0 /
(1.22)

A.3E = w*E |, E#0.

For each 3, we have to determine the point spectrum of A, g. Because of the unboundedness
of R?, the embedding of D(A. s) in H. is not compact: this is why the existence of this point
spectrum is not a trivial question. Formulation (1.25) is the one we shall use for our analysis. It
differs essentially from the one of A. Bamberger and A.S. Bonnet-Ben Dhia [2] in the fact that the
generalized free divergence condition (1.20) has been incorporated in the functional space H, g.
This is essential in order to get some local compactness.

In the sequel we shall need to work with the bilinear form a.(3 ;.,.) associated with A, g. This
bilinear form is defined on the space

V.,s(R*) = H(rots,R*) N H. 5(R?)
(1.23)
= {u = (u,u3) € H(rot,R?) x H(R?) / divs(cu) = 0}
and its expression is given by
ae(B ;u,v) = /]R2 ptrotgu - rotgv de V(u,v) € Vi g(R?). (1.24)

INRIA
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By Green’s formula, one has
(Aepu,v)e = ac(B5u,v) Y(u,v) € D(AE,,B) X Ve,p- (1.25)

The fact that a.(8 ;.,.) is symmetric and positive implies that A, s is symmetric and positive.
Moreover we can prove that it is self-adjoint and bounded from below. We recall here some results
concerning the spectral analysis, which can be found in [16]. In what follows, o(A. 5) denotes the
spectrum of A, 5 and oegs(A. ) its essential spectrum.

(i) o(Acp) C [2B?%,+oc] and oess(Acp) = [c2 3%, +ool.
(ii

) There are no eigenvalues embedded in ]2 32, +oo|.
(iii) The point spectrum of A, s is finite for each g > 0.
)

(iv) Assoon as ¢_ < cu, there exists a sequence (8,) C R called upper thresholds such that

By, = inf{ B, >0 / VB> fn, A;p admits at least m

m

(1.26)
eigenvalues strictly smaller than ¢2 32 }.

The last result requires some weak regularity assumptions about € and u that can be found in
[16], as well as more detail results about the point spectrum of A, g.

From now on, we assume that we are in the case c. < ¢ and our goal is to design a me-
thod for the numerical computation of the eigenvalues w? of A, 5. Of course because of properties
of (i),(ii), these eigenvalues satisfy

A < W < A B (1.27)

From now on, we shall consider values of (3,w) satisfying these double inequalities. More exactly,
we are going to construct a new problem posed in a bounded domain, of which we will analyze
the mathematical properties and prove the equivalence, in a sense we shall make precise, with the
initial problem posed in the whole space R3.

The interest of this new problem lies in the fact that one is reduced to deal with self-adjoint
operators with compact resolvent. Such operators have a pure point spectrum, which is particularly
convenient from the numerical point of view. It is known that contrary to the continuous spectrum,
the discrete spectrum is stable with respect to a discretization, provided one treats correctly the
problem of spurious modes (see A. Bossavit [6] [5], P. Joly and al. [17]). However, the price of
this simplification appears though two additional difficulties:

(i) the introduction of two non local operators acting on circular artificial boundary, which allow
us to write the transparent boundary conditions.

(ii) the introduction of an artificial non linearity. Indeed, the new operators depend on the
eigenvalues we are looking for: we thus have to treat a fixed point problem which corresponds
to an artificial non linearity.

The framework of this article is the following one. We shall obtain a first reduction of the
problem in a bounded domain, namely the ball of radius R, with the help of the introduction of
a first boundary operator Tr(w,3). This first step is not satisfactory, in particular because we
do not know how analyze the properties of the new operator: (in particular, one does not know
if its spectrum is purely punctual). The key for removing this difficulty consists in introducing a
new trace operator Sg(w,3), which allows us to take into account the generalized free divergence
condition and to get some desired results of compactness (see section 3).

RR n"2974
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$@ I1

Figure 1.2: Description of Q; and €,

This second step allows us to define a new problem, always posed in a bounded domain, that we
shall prove to be equivalent to the initial one (cf. Theorem 4.2) and whose main properties will
be given. Finally, we prove that the study of guided modes arises from the solving of a countable
infinity non linear equations in the plane (w, 3), involving eigenvalues of a new self-adjoint opera-
tor A, g, having compact resolvent (see section 4).

We draw attention of the reader to the most important three results of this section, which are:

e the result of compactness, stated in Theorem 3.2, which allows us to define carefully the
operators A, g,

e the generalized Helmholtz decomposition (Theorem 4.1), which interfere on an essential
manner in the proof of the equivalence between the initial eigenvalue problem and the new
one,

e the coercivity result established in Theorem 4.3, which is the key for the study of the pro-
perties of the operators A, g.

2 A first reduction

This paragraph is particularly devoted to the introduction of a problem posed in a bounded domain,
involving an operator Tr(w, B) relating the traces of (w An)An and of rotgu An on the artificial
boundary T'r of the ball Bg, including the heart of the fiber and we will give its properties.
Finally, we emphasize the difficulties of this new problem.

INRIA
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2.1 The transmission problem
We recall that our aim is to solve the following problem: the parameter 3 being strictly positive,
Find (w?,u) € R™ x H(rots, R?*)\{0}

(P)

rot(u 'rotgu) = w?eu.

Let Q be the bounded open set of R? where the coefficients & and p vary, namely the heart of the
fiber, we choose R large enough such that, if Bg denotes the disc of radius R:(see figure 1.2)

Q) CC Bg.
We then split R? into an interior domain Q; and an exterior domain €, by setting
Q% =Br Q.=R?*\Br Tx = 0.

Also in the following, we shall set: u; = u/Q, and 4. = u/Q, - Our goal is to limit the effective
computations to 2;, i.e. to formulate a problem whose only unknown is the field w;. The way we
shall limit the domain of computation arises from the classical transmission relations satisfied by
solutions u of (P) through any curve and that we recall below in an appropriate form:

Lemma 2.1 The eigenpair (w?,u) is solution of (P) if and only if u # 0 and, u; and u. being

respectively the restrictions of u on Q; and on Q., the pair (w?,u;) is solution of:

P Find (w?,u;) € RY* x H(rotz, ;)
P7.

rotz;(u_lrotgui) = w?eu;,
the pair (w?,u) is solution of:

Find (w?,ue) € RT™ x H(rotg, Q)
(P°)
rots(u~ ' rotaue) = weu,

and u satisfies the following transmission relations:

(uiAn)An = (ueAn)An onTpq
rotgu; A\n = rotgucAn onlpg

where n is the unit outward-pointing normal vector field on ;.

Therefore, if we can construct an operator Tr(w, 3) relating the tangential components of u. and
of rotgu. on I'g as:
TR(W,ﬁ)((Ue A TL) A n/FR) = r0t5u€ A n/Tg

then wu; will verify the boundary condition on I'g:
Tr(w, B)((us An) Anjrg) = rotgu; An py.

We will show now that we can give explicitly the expression of the field outside the heart, with
respect to his tangential trace on I'g. Thereafter, we will be able to define rigorously and compute
explicitly the operator Tr(w, ).

RR n°2974



12 P. JOLY and Ch. POIRIER

2.2 The operator Ty(w, ) and its properties
Let us define a problem denoted (Pj’ﬂ) posed in the homogeneous medium .:

Lemma 2.2 Let be w and 3 two parameters strictly positive satisfying the condition

w2

ﬁ2—07>0.

1

Then, to each o € H™2(rotg,I'r) corresponds a unique field u. € H(rotg, Q) solution of the
problem:

Find wu. € H(rotg,Q.)
2
e w
( w,,g) rot}(rotgue) = cTue
o0

(ue Am) An=pr onTg

Moreover, the map associating to @t the solution ue of (PS 5) is continuous from H_%(rotg,FR)

into H(rotg, Q).

Proof 1) - The first step of the proof consists in showing the existence of ¢ € H(rotg, 2.) such
that (¢ An) An/r, = or and divg(¢) = 0 in Q.. First, as the trace mapping v, is continuous

and surjective from H_%(rotg,l"R) into H(rotg, ), there exists ¢o € H(rotg,.) such that
(¢o An) Anyr = or, and moreover such that the mapping o7 — ¢o is continuous. However
¢o is not necessarily divergence_g free. Nevertheless, from ¢g, we can construct an other field ¢,
solution of the problem:

Find ¢ € H(rotg, Q) such that
rotj(rotgg) + ¢ =0 in Q. (2.2)
(dAR) AR =pr on I'p

The problem (2.2) has clearly a unique solution, thanks to Lax-Milgram’s theorem. We show

easily that the mapping @7 — ¢ remains continuous. Moreover, from (2.2) and the fact that
divg(rotgy) = 0 V¢ € H(rotg, ), we show that ¢ satisfies the free divergence. 3 condition

(divg(¢) = 0).

2) - In the second step, we write a variational formulation of the problem (P ;). After a change
of variable v = u — ¢, we remark that u solution of (P ;) satisfies necessarily divg(u) = 0. The
problem (P ;) has then the following variational formulation:

Find v € Hy(rotg, Q) such that divg(v) =0
w? w?
/ rotgv-rotgwdx—T/ v~¢dw=(1+7)/ - dx (2.3)
Qe Coo JQ. Cxo JQ.
Vi € Ho(rotg, Qe).

It is not so obvious that this problem has a solution, contrary to problem (2.2), because of the
negative sign in front of the L? inner product of v and .

The orthogonal decomposition (1.16) and the fact that Hg(Q.)t C Ho(rots,Q.) lead to the
orthogonal decomposition of Hy(rotg, Q. ):

Hy(rotg, Q) = V5 () @ Hp(Q2e)* (2.4)

INRIA
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Vg(Qe) = {u € Hy(rotg, ) ; divg(u) =0}
where

H—ﬂ(Qe)l = { V,@¢;¢ € H(%(Qe) }

and from the fact that rotg(Vs¢) = 0 for each ¢ € Hy(rotg, (2 ), we deduce that (PS ;) is
equivalent to

Find v =u—¢ € VJ(Q,) such that
(2.5)

2
coslo.t) =1+ 55) [ 9w e YwevH)

where

2
Cw,8(V,9) = / rotgv - rotgy da — ZJT/ v - da.
oo J Q.

e

There remains to show that the bilinear form c, g is Vg(ﬂe)_elliptic, which is exposed in the
following lemma. Then, using again the Lax-Milgram’s theorem, we can conclude that the exterior
problem (P¢ ﬂ) is well posed. The continuity of the map, which associates to each ¢7 the solution
u of (Puf’ ) comes from the coercivity of ¢, g and from the continuity of the mapping ¢7 — ¢ (cf.

(2.2)).

Let us show the

w2

Lemma 2.3 If §* — = > 0, the bilinear form c. g is V3 (Q.)-elliptic.

Proof For each v = (v,v3) € V5(Q.), one has

2
Cuw,5(v,0) =/ |[rotgv|? dac—wT/ |v|? dz
c

e oo JQ.

2

= / [rotv|? dx +/ |Vus — Bo|* do — wT/ [v|* dz
Q. Q. Cx Ja.
/ [rotv|? dx -l—/ |Vus|? do + 52/ [v|* dz

Qe

—25/ Vg - vdw——/ |v]? da.

Now since v3 = 0 on I'g and dive = Svs in ., one has

—Zﬁ/ Vug -vdr = 26/ vgdivo dxr = 2ﬂ2/ v3 dr
Q. Q. Q

e

thus

wZ L()z
co,p(v,v) = |7"0t"’|3,9 + (8% - —)|”|(2) Q, T |VU3|8 o, +(28° - T)|v3|§,9c

w2
w?
2 )“'U”H(mtg) + inf(1,26% — S-)[lvslf; o,

2
which concludes the proof, if % — Z}T > 0.

oo

As the solution u of (P ;) satisfies rot(rotgu) € L?(Q.), the tangential trace of rotgu on I'g,
that is rotgu A n, is defined in H~2(divg,Tg). We can then define the trace operator Tg(w, 3).

RR n°2974
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Definition 2.1 Let w and (8 be two strictly positive real numbers satisfying the inequality

w2

52 -5 > 0.
COO
We denote by Tr(w, 3) the linear and continuous mapping from H—2 (rotg,T'g) to H’%(div/g, Tgr)
which associates to each ¢ the tangential trace rotgue A nr,, where u. is the solution of the
exterior problem (P 5).

Remark 2.1 Note that we can define the operator Tgr(w,3) whatever choice of the geometry of
the bounded domain Q;, provided it is reqular enough and contains the heart of the fiber. However,
we have chosen to limit the domain of computation, with a disc of radius R, in order to express
explicitly the operator Tr(w, B) (see Appendiz A). We give this expression in the following theorem.

At this step it is useful to use polar coordinates (r,6) in the (z;,22) plane and corresponding
representations of 3D vector fields as follows:

17:(7’, 0) = ur(Ta 9)€T + ug (Ta 9)50 + U3(’l", 9)537 (26)

where (&,,eg,3) denotes the usual local orthonormal basis of R? associated to the cylindrical
coordinates (see figure 2.1). We shall make use also of the expansion in Fourier series with respect
to the angular coordinate §. More precisely, we have, for any ¢ € D'(Tg):

o => ¢"e™ (in D'(Tg))
nEZ (27)

1
where 9" = < ¢, 5™ >pi(ry) D)

This permits us to characterize, for s € R, the Sobolev space H*(T'g), which is an Hilbert space
as follows:

H*(Tg) ={p € D'(Tr) ; ollre(rpy = 27RY_ (L+1%)° [¢"* < o0} (2.8)
neEZ

We remarks also that, if the vector field u = (u,u3) € H(rot, ;) x H'(Q;), its tangential traces
on I'r have the following expressions:

uAngr, = —u(R,0)
uAN T, = (u3(R,0), —ue(R,0)) = uzéy — upis (2.9)
(wAn)Anyr, = (—up(R,0),—uz(R,0)) = —ug€p — usiis

1

Theorem 2.1 Let ¢ be a tangential vector field to T'g in the space H™ = (rotg,I'r). We can write:

G=—¢peo—dses where ¢ € H 3(Tg) and ¢ € H3(Tr).

and
Tr(w,B)(@) = (Tr(w,B)(9))e es + (Tr(w,B)(4))s e3

Moreover, using the Fourier expansion of ¢, we can express the operator Tr(w, 8)(¢) as:

(Ta(w, B)(é))o -4 |
i = SR, 8)] (2.10)

(Tr(w,B)(¢))s neL —o3

INRIA
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Figure 2.1: Cylindrical coordinates

where
aKn(aR) ifn K,(aR)
n K!(aR) aR K! (aR)
TMw, B) = n n 2.11
i, ) _ifn Kn(aR) B2 — a2 Kj(aR)  B°n? Kn(aR) (2.11)
aR K!(aR) a Kp,(aR) «o3R2K!(aR)
and where
2
w
a = /32 — CT
The operator Tr(w, B) is symmetric and one has the following expression:
V(¢, ¢) € Hﬁ% (TOt,Bv FR)2
% ¥ (2.12)
< Tr(w, B)(9),% >/rp=27R Y _[Th(w,B)] S
ne o) |

Proof The proof of the symmetry of Tg(w, () is straightforward by using Green’s Formula and
problem (P ;). It also appears on Formula (2.12) (note that each matrix Tg(w, 3) is hermitian),
which is a consequence of (2.10), via Plancherel’s theorem. For the proof of (2.11), we refer the
reader to appendix A.

2.2.1 The bilinear form bg(w,3)

In order to establish a variational form of the interior problem, we will need to define, from the
operator Tr(w, 3) the bilinear form denoted br(w, ) as follows:

Definition 2.2 We define the symmetric bilinear form bg(w, 8) on H(rotg, ;) x H(rotg, ;) by
br(w,B)(u,v) = < Tr(w,B)((wAn)An;r,), (WAR)An;r, >

Remark 2.2 The continuity of bgr(w, ) stems up from the one of Tr(w,3) as well as the one of
the trace mapping 7.

From Theorem 2.1, we deduce an explicit formula for bgr(w, 3):

n n
Uy Yy

br(w, B)(u,v) = 27R 3 [Th(w,B)] (2.13)

nEZ /u/g' 1}3

RR n"2974
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where the matrices [T3(w, 3)] are defined in (2.11), and where u} et u} are respectively the n'®
coefficient of the Fourier expansion of the tangential trace up of u and the trace of us on I'r. This
is the formula which will be used for the numerical computation. One of the essential points of
the study, is to obtain some coercivity results, related to the new interior problem we shall deal
with. In this study, the sign of the bilinear form bgr(w, 8) plays a priori a fundamental role. This
is the object of the following lemma, which proves that br(w, 3) is neither positive, nor negative.

Lemma 2.4 Let t" (w,3) < "N (w,B) be the eigenvalues of the matriz TE(w,B). Then
" (w,8) < 0Vn € Z (see figure 2.2) and the sequences " (w,B) and t"~(w,3) have the fol-
lowing asymptotic behaviour:

"t (w,B) ~ % n — +00
2
n— w 2 R
" (w,B) ~ (a—%} )E n — +o00.
. K7 (aR) : . . :
Proof Setting K,, = m, the computation of the eigenvalues of the matrices Tf(w, ) gives:
( . 1 w2 ﬂ2n2 5
) = 5 |5 (0= D) ()7
—w? B2n2 L 2 32n? 4
_ \/{acgo+(a+a3R2)(Kn) } vl &)
. . w2 52n2 L
{ t"H(w, Bt (w, B) = EN W(Kn) .

We skip here the proof of "~ (w, 3) < 0, which is technical, but not difficult.
Thanks to the asymptotic properties of the modified Bessel functions K, (see M. Abramowitz et
I. Stegun [1] and chapter 7 of the thesis of H. Picq [24]), we have

(aR)?
2n2

n
K, = [ +

(14 0(1))] (2.14)

from which we deduce that

. f) ~ —aK, and 7w A (@.0) ~ S~ 26

[ee]

Then, it is immediate to conclude.

We remark that t"*(w, 3) > 0 for n large enough, which proves that br(w,8)(u,u) has no sign.
In particular it is not positive because of the negative eigenvalues t"~ (w, 3). This is an essential
difference with the scalar case, treated in [14](in this case, the Dirichlet to Neumann map, which
replaces the operator Tr(w, ), is positive) and is also one of the sources of the main difficulties
of the mathematical analysis (see section 2.4). In fact, we can even prove that the unbounded
operator Br(w,3) from L2(£);)? associated to the bilinear form bgr(w, ) is not bounded from
below. Indeed , we have the

Lemma 2.5 There exists a sequence (up) in Vg(€;), satisfying

||uP||0,Qi =1 and bR(waﬂ)(u}Hup) _ — 00.
p— +00

Proof Let us introduce a cut-off function ¢(r) satisfying

peC=(R"*)  Suppy C [0,1/2]

¢(r) =1 in the neighborhood of r = 0.

INRIA
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Figure 2.2: Eigenvalues of Tj(w, 8) with (w, ) = (0.5,1.), ccc = 1. and R =10

Then, we set: u? = p @(p*(1 — %)) €5. The idea is to construct a vector field tangential to
the boundary I'g which, when p increases, becomes more and more concentrated near I'r. One
remarks that

R “+oo
T t
lule, =20 [P0 prdr = 2B [ P00 ) de
0 0 p
+co
— 5 27R? / O*(t) dt >0,
p— 4+ 0
Ko(aR Ko(aR
whereas  br(w, B)(up, up) = 2%Ra% p*. We conclude easily, since #ZR& < 0.

2.3 The interior problem in V()
The transmission problem considered in Lemma 2.1 leads us naturally to introduce the following

interior problem, in €;:

Find (w?,u;) € R*" x H(rotg, :)\{0}
(ﬁi;ﬁ) (2.15) rotz(,u’lrotﬁui) =w?eu; inQ;
(2.16) rotgu; Anr, = Tr(w,B)((u:i An)Anry).

The problem (Nj, ) is equivalent to our original problem (P) in the sense of the following theorem.

2

Theorem 2.2 Assume 0 < wT < B2
c

[e o]

o Let (w?,u) (u#0) be a solution of (P), then (w?,u; := u/q,) is a solution of (13‘})’[,)

o Conversely, let (w?,u;) be a solution of (f’jﬁ), then (w?,u;) has a unique extension to R2,
solution of (P).

Proof Let (w?,u) be a solution of (P). The restriction of u to Q;, u;, is necessarily non zero since,
if not, due to the transmission relations (2.1), u. := u/q, would satisfy (P; ;) with the boundary

RR n°2974



18 P. JOLY and Ch. POIRIER

condition (u. An) An yrr = 0. The exterior u. would be zero everywhere and therefore u would
be also zero. Moreover, from the construction of the operator Tr(w, 8) and using once more the
transmission relations (2.1), we deduce that u, satisfies the boundary condition (2.16).
Conversely, let (w?,u;) be a pair solution of (Nuﬁg) Let us set u. the unique solution of (PS 5)
associated to (u; An) Anr,. Then, the fields u; and u. satisfy respectively (P*) and (P¢). From
the other hand, by construction of u., one has

(e An)Anjr, = (us An)An;,

I‘Otgui/\’fl/FR = TR(W7B)((ui/\n)/\n/FR)
and = Tr(w,B)((ue An) Anyry)

= rotgue Anr, (by definition of Tr(w, 3)).

Since the transmission relations (2.1) are satisfied, Lemma 2.1 shows that the field u, whose
restrictions to Q; and Q. are respectively u; and wue, is solution of (P). The uniqueness of the
extension u is deduced immediately from the uniqueness of the solution of (Pj’ﬂ) when o =
(ui An) Anrg.

We give a variational form of this theorem, that is useful for numerical computations, in
the following lemma. The proof is immediate using Green’s formula (1.14) and the definition of

bR(w7 ﬁ)
Lemma 2.6 The pair (w?,u;) is solution of (]355) if and only if

’

(w?,u;) € R*T x H(rotg, ;)

$ / wtrotgu, - rotgu; do + potbr(w, B)(ui,vi) (2.17)

i

= w? / eu; - v dr Yv; € H(rotg, $);)
\ Q;
Since we are looking for solutions satisfying the generalized free divergence condition, it is inter-
esting to give a new version of Lemma 2.6, where we restrict ourselves to the space of the free
divergence fields. Moreover this is necessary, if we want to get any type of compactness result.
Similarly to the orthogonal decomposition (1.16) of H.(;), we first note that, since Hg(;)* (see
(1.16)) is included in H(rotg, £2;), we have also

H(rotg, Q) = Vs() @ Hp(Q)"

(2.18)
where  V3(Q;) = { u; € H(rotg, ;) ; divg(eu;) =0 }.
This will be useful for proving the following lemma:
Lemma 2.7 The pair (w?,u;) is solution of (ﬁ;’ﬂ) if and only if
(w?,u;) € R x V3(Q)) / aw,p(us,vi) = w?(usyv:)e  Yoi € Va(Q;)
(2.19)

where ay, g(u;,v;) = / u_lrotgui~rotgvi de + ptbr(w, B)(us,v;)

i

Proof We only have to prove that any solution of (2.19) is solution of (NZ,’ g)- For this, thanks
to the orthogonal decomposition (2.18) of H(rotg, Q;), we only need to show that

aw,g(ui,vf) = w? (ui,vf)g V(ui,vf) € V(%) x Hé(Ql)

INRIA
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But, from one hand ¥v;- € Hg () rotgv;- =0 and v;> Anr, =0, then
(n'rotgui, rotgv;) =0 and  br(w,B)(ui,v;i) =0,
while, from the other hand, since u; € Hp(%), Yo;- € Hz (%)  (ui,vi)e = 0.
We associate to this new bilinear form, an unbounded operator /T;;g defined on Hg(2;), such that

D(Aup) = { wi € Va() ; rotfy(u~'rotgu;) € L*(Q:)%;
rotgus; Anr, = Tr(w, B)((us An) Anyr,) } (2.20)

App = s_lrot’ﬂ‘(,u_lrotgui) Y, ED(/I:g).

Lemma, 2.7 expresses that:

there exists a guided mode associated to (w,f), with 0 < w < Bceo, if and only if w? is an
eigenvalue of A, g.

In some sense, we have transformed our original problem set in R? into a fixed point eigenvalue
problem set in a bounded domain. However, we are going to see in the next paragraph that the
spectral properties of A, g are difficult to analyze. In particular, it is not clear at all that A, s is
self-adjoint, with a pure point spectrum, which is in fact the ideal situation we are looking
for.

2.4 The difficulties in the analysis of A: 3

By construction, the operator /1:_:5 is clearly symmetric but it is not clear at all that it is self-
adjoint! Such a property would be true if one would be able to obtain a Garding’s type inequality
of the form:

IxeR Ja € R*" such that Vu; € V()
(2.21)
g iys) + Ml > allul o o

The only difficulty would consist in showing that, 3o € R such that
br(w, B)(uiui) > alluill ot o) — Muill? Yui € Va().

We remark already that we can not hope this inequality with a = 0. To localize the difficulty, let
us present some computations: first, we express for each u; € V(Q;), br(w, 8)(u;, u;) with respect
to ue € H(rotg, (Xe), solution of (PS ;) with ¢r = (u; An) Anr,. We have:

br(w,B)(ui,ui) =< Tr(w,B)(u; An) Anry, (ui An) Anjr, >

A w?
/ [rotguc|? do — 7/ [ue|? da.
Qe Co% JQ.

Now, as for the proof of Lemma 2.3,
/ [rotguc|? do = / (|Vues|® + B2 |uel? + |rotue|®) dz — Qﬂ/ Ue - Vites dx
Q. Q. Q.

and

—25/ Ue - Viez dx = Qﬂ/ divtte ez dx + 23 < Ue - M, Ue3 > Ty
Q. Q.

262/ [tes|? dz + 26 < Ue - N, Ues > Tas
Q

e
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because divue = Pfue3. We obtain on this way

2
w
[rotuellg o, + (8> — CT)”ue”%,Qc
br(w, B)(uiyui) = E = >0
+26° — ) uesl o, + Vel (2.22)

+2B < Ue My Ue3 > T -

It would remain to estimate the boundary term | < e - m, Ues > T |. We have

| <ue-mue > [Tal < e nlly—y ) el 3 e, (2.23)

< CrO) el oy g sl .

The quantity ||ues||z1(q,) can be controlled by the positive part of br(w, B)(u:,u;) (cf. (2.22)) via
the use of Young’s inequality. The difficulty comes from the term ||u. -n||H_% () O8 which we

R
have no control. That is why we look for a new formulation in a bounded domain based on the
construction of a new space Vz(€;) such that

(i) The variational formulation (2.19), where we replace V3(§%) by V3(£:) remains equivalent
to the problem (Pj)ﬁ)

(ii) The bilinear form a,, s is coercive on V().

(iii) Va(u) o  L2()3.
compact
Property (ii) will permit us to ensure the self-adjoint character of the new operator associated to
a, g in Vg(Q;) (of course, it is important to underline that the operator associated to a., s changes
when we change the domain of definition of a,, g).

Property (iii) will imply that this operator has a compact resolvent and thus a pure point spec-
trum. This is very important from the numerical point of view.

For both Property (ii) and (iii), it will appear that a new boundary condition on the normal
trace of the field is needed. The interest for (i) of such a new formulation has already been
emphasized in the attempt of proof of (2.21). For (iii), let us recall that compactness results for
vector fields require the control of both rotational and divergence. However, the injection from the
space H(rotg, ;) N Hp(Q;) into Hg(;) is not compact. This is due to the fact that we have no
control neither on the normal trace nor the tangential one of the field of this space. For instance,
let us mention Ch. Weber results [31]:

H(diUE,Qi) n Ho(’I'Ot, Ql) [GEEEN L2(Ql)2
compact

HO(divE’Qi) ﬂH(’I‘Ot, Q,) (SN Lz(Ql)2
compact

For these two results, the boundary condition plays an important role. Finally, the numerical
modeling will point out the need of a new boundary condition on I'p (see section 5).

3 Towards a second formulation

In this section, we introduce a new trace operator Sg(w, B), which allow us to establish a boundary
condition on T'g satisfied by each solution of ( j,’ﬂ). With the help of this new condition, we
construct a new space V,, 5(Q;), for which we show that it is compactly embedded in L?(£2;)3.
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3.1 The operator Sg(w, ) and its properties
Let us start to remark that, each solution u of the initial problem (P) satisfies divg(eu) = 0 in

R2. Therefore, the restrictions u; and u. to Q; and €. verify:

divg(eu;) =0 in Q;
divg(eu.) =0 in Q.
(31) eu;-n = eue-n onlpg

We are going to take into account this additional transmission relation, which did not appear in
the construction of the interior problem (F; ;) (see Section 2.3). We will construct we - n/r,
2

. w .
as a function of (ue An)Anr, (when g% — —— > 0), in the same way that we constructed
c

rotgue Anr, as a function of (ue An) An/r,, thanks to the exterior problem (P ;) (and more
precisely with the help of the operator Tg(w, 3)).

Definition 3.1 Let w and 3 be two strictly positive real numbers satisfying

52—7 > 0.

o0

We denote by Sr(w, B) the mapping from H*%(mtg,I‘R) to H*%(I‘R) which associates to oT the
normal trace Ue “MTg where u, 1s the solution of the exterior problem (Pj”@).

The boundary I'r being a circle of radius R, we can obtain an explicit expression of the operator
Sr(w, B), in the same way as we did it for Tr(w, 8).

Theorem 3.1 Let be ¢ € H*%(rotﬁ,I‘R), then according to the notations of Theorem 2.1, we
have

Sr(w,B)(@) = Y_Sh(w,B)-¢" ™. (3:2)
neZ
where
" = (=5, —9%)
and
n _( in K,(aR) B, n? Kp(aR) K!(aR)
Sklw, f) = ( aRK (aR) ° o 22 K.(aR)  K.(aR)’ ) ' (3:3)

Moreover, the operator Sg(w,8) € L(H™ % (rotg, Tg), H~*(T'r)).

Proof

- The explicit computation of ., solution of (P‘j’ ﬂ) associated to ¢ has been done in Appendix A.
The normal trace ue - n/r, is nothing but the radial component of the field u. in (r = R), whose
expression in Fourier expansion is given by (A.13).

- ”SR((A), ﬁ)(¢)||H—%(FR) = ”ue . n”H_%(FR)

By trace theorem, since divg(u.) = 0, we have:

e - n| < Cr sup(l, B) [|luelloq. -

H_%(FR)

The continuity of Sg(w, 3) comes from that of the mapping which associates to ¢ € H~ = (rotg,T'g)
the field u. € H(rotg, Qc)c—3 L?(Q2)? (cf. Lemma 2.2).
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In the sequel, we will set

n 1N Ky(aR)
"~ aRK!(aR)
n 34
oo B FalaR) Ka(aR) 4
N a?R?2K!(aR) Kp(aR)”
in such a way that
Si(w,B) = (da™, d™). (3.5)
Let us remark that a™™ = —a™ and b™" = b™ Vn € Z. Moreover, we shall need the following
result.
Lemma 3.1 The real numbers a™ and b™ satisfy for each n € Z*,
B Kn(aR)
n n _P 3.6
na™ < 0 and b > aK’(R))>O (3.6)
and moreover have the following asymptotic behaviour
a” ~potoo —1 , W ~pogeo B_R (37)
n
Proof We deduce directly the relations (3.6) from the following inequalities
N K,(z) >0 Kl(z) <0
VneZ VzeR” 3.8
FECRp (2
22 TKp(2) '
From the asymptotic behaviour of K/ (aR)/K,(aR) (2.14), we obtain at first
G/n ~n—+4oco —-1.
We deduce also that
n®  K,(aR) n (aR)? L
= —-——11 1 D] . .
(aR)? K'.(aR) af 1+ gpz (Lol (3.9)

By addition of (2.14) and (3.9), we obtain

B (aR)?

1
n2

O o)y = 2 (1 + o)),

[0

Remark 3.1 The asymptotic behaviour of the vectors Si(w, ), when n — +oo, allows us to
show directly the continuity of the operator Sg(w, ) (cf. [26]).

Now, we are going to define the operator Si'*(w, ) which is a right-inverse of the operator
S R(w ). The interest in of this operator will appear in the section 3.2.

Lemma 3.2 The operator S7*(w, ) from H=%(Tg) into H- (rotg,I‘R) defined by

S5 @, B)@) =3 o (3.10)
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©™ is the nth Fourier coefficient of ¢
where
n
pr— — g —1 >0 , n _ _° . n
7= ﬂRa ) o 3R
18 continuous Moreover it is a right-inverse of the operator Sg(w,): more precisely, ¥(p,v) €
H~2(Tg) x H=2(rotg,T r) we have

S w,B)(9) = ¢ = ¢ = Sr(w,B)). (3.11)

Proof Let us prove, at first that the operator S%*(w, 3) applies, in a continuous way, H _%(1" R)
into H~ (rotmI‘R) First, we deduce from the properties on a™ and b™ (3.6), that b™ — ﬂ%a” >

0 Vn € Z. From (3.7), we deduce that

li "= 1. a2
AN (3.12)
Consequently,
n 2 2
S +nt) et < Cstellel? gy, (3.13)
neZ
and

l n n n 71 n
S+n) Pl = Y L+ 0Dy P +n?) 7"

nes neZ

= ||<P°|2+Z +1)(BR)*[a™*(1 +n?)~F|p"[?
nezZ

INA

2
Cste llell -y,

which proves that S%(w, () is defined and continuous from H~%(Tg) into H%(T'g) x HZ(Tg).
Now, if S57(w,B)(p) = ¥ = (—vo, ~ts) then  Sp(w, B)W") = (~a"a” +7"b")¢"  which
shows that S3¥(w, ) is a right-inverse of Sg(w,3), since one checks easily that a™ and ™ are
built in such a way that

—a"a" + """ =1 VneZ.

Thanks to the trace operator Sg(w,3), we can introduce a new boundary condition on Tg.
Lemma 3.3 If (w2, u;) is a solution of (P} ﬂ) then the field u; satisfies the boundary condition:
u; -nyr, = Sr(w,B)((wi An) Anry) (3.14)

Proof From the equivalence between the two problems P and (13;, g) (cf. Theorem 2.2), the field

u; solution of (Nz,ﬁ) admits an unique extension to R?, u, solution of P, and whose restriction
to 2 denoted u. is solution of the problem (P ;) such that (ue An) An/r, = (ui An) Anrp,.
Therefore by definition of Sg(w,3), we have

Sr(w, B)((ws An) Anjr,) = Ue-nyr,.

The solution u satisfying the free divergence_3 condition in the whole space R?, the transmission
relation (3.1) allows us to conclude.

Let us insist on the fact that this new boundary condition will be included in the functional
space we are going to work with, contrary to the first one which appears directly in the variational
formulation through bg(w, 3).
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3.2 The space V, 4(§%;) and its properties
Therefore, let us introduce the space

Vo5 () = {ui € Va() [ ui-njr, = Sr(w,B)((ui An) Anrg)}, (3.15)
which has the following interesting properties:

Theorem 3.2
(t1)  As a closed subspace of H(rotg,$;), Vi, 35(8%;) is an Hilbert space

(i) Vop() e = LX)
compact

(491) Vo () is dense in Hp(Q).

Remark 3.2 This last density result is not so obvious as it seems to be because the space V., 5(£;)
does not contain, for instance, the reqular functions. In fact, even if the function e is very regular,
Vi,3(Qs) will not contain all the regular functions, which do not necessarily satisfy the boundary
condition appearing in (3.15). Our proof, which is really not trivial, is indirect and will involve

1nv

an auziliary operator B, g defined with the help of S73(w,8) and makes use Theorem 1.3.

Proof (i) - Let us consider a sequence v™ € V,, 5(€;) converging towards v in H(rotg, (2;).
Obviously, divs(ev) = 0 in ;. Moreover, by trace theorem and continuity of Sg(w, 3), we have:

Sr(w,B)((v™ An)Anyr,) — Sr(w,B)((vAn)Anr,)in H*%(I‘R). (3.16)

We have also:

div(ev™) = fevy
= cv™ — ev in H(div,Q;). (3.17)

div(ev) = Bevs

Therefore, by trace theorem in H(div,(2;), we can pass to the limit in v™ -n,r, = Sgr(w,8)((v" A
n) Anry) to get:

v-nr, = Spw,B)((vAn)Anr,).
V.,3(£;) is therefore closed in H(rotg, €2;).

(if) - Let (u;)™ be a sequence of V,, 5(£2;) such that

||“?||H(rotﬁ,s2i) < C

To each u, let us associate u; the solution of (Pg ) such that (uf An)Anr, = (uf An)Anry.
The field u™ whose restrictions to §2; and €2, are respectively ) and u, satisfies the two following
properties:

1) The sequence (u™) is included in H(rots, R?) and
”“n“H(rotﬂ,]FV) < Cste. (3.18)

Indeed, using well posedness of problem (P¥) and a trace theorem:

luelmoty 00 < Ol Am)ryrall oy o roy

IN

C CR('YT)“”:T'LHH(I'Otﬂ,Qi)

< CCR(’YT) C
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2) divg(eu™) = 0. This assertion is deduced from the fact that

4

divg(eu) =01in Q;
divg(eul) =0 in Q.
u;" - nrg = SR(w,ﬁ)((U? An) A n/FR)

= Sr(w,B)((ug An)Anr,)

= ue"-n/FR.

\

Moreover, ||div(eu")||§,]R2 = ﬁ2||eu§||(2)’]R2 < C (by (3.18)).

We deduce from these two points that (u™) € H(rot,R?) N H(div.,R?) and is bounded in this
space. We can now recall the following compactness result, proved in [16]) using Ch. Weber’s
results [31]:

Proposition 3.1 Let us introduce the Hilbert space
H(rot, div., R?) = {u € L*(R?)? / rotu € L*(R?), div(cu) € L*(R?)} (3.19)

equipped with the norm
I w 2= /R2(| wl? + | rotu 2 + | div(eu) |?) da. (3.20)

Then the mapping w — u | B, is compact from H(rot, div.,R?) into L*(Bg)?.
Therefore, from this compactness property, we can extract from u™ a subsequence u™* such that

urk

™= u™ g, — win L(Q)%

From the compact embedding of H!(€2;) into L?(f2;), once again from this subsequence ul*, we
can extract another subsequence, still denoted " such that

ul — wugin L*(Qy),
which achieves the demonstration of (ii).

(iii) - The proof of this third part, which is technical, is given for the sake of clarity in Appendix
B.

3.3 The new problem

We can now define the new interior problem:

) Find (w?,u;) € R*t x V,5(€;) such that
(P5.s)
w5, v;) = W2 (uiyv:)e Yo, € V, 5(Q).

We have shown that, if u; is solution of (if,,ﬂ), then u; belongs to V,, 5(£;) (cf. Lemma 3.3). The
space of test functions V,, 5(€2;) being included in Vj(€;), u; is automatically solution of (P ;).
The converse is not so obvious and will be proven in the next section. Finally, the problem (P 5)
is the one we will discretize numerically in Section 5.
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4 Analysis of problem ( u’)ﬂ)

We prove the equivalence of the two problems (Pj,,ﬁ) and (P), using the intermediate one (]Sjiﬁ)
(see Theorem 4.2) and a generalized Helmholtz decomposition (in Theorem 4.1). We then study
the mathematical properties of the new problem, from which, we deduce a characterization of the
dispersion relations of the guided modes (Theorem 4.4), and that we will approzimate by a finite
element method.

4.1 Equivalence between the two problems (P, ;) and (P, ;)

The equivalence between the initial problem (P) stated on R? and the problem (Nf,, ) has been

already stated in Theorem 2.2. Note also that to show the equivalence between the problem (]35, )
and the variational formulation (2.19), we used an orthogonal decomposition (2.18) of H(rotg, ;).

Once again, the equivalence of the two problems (Niﬁ) and (Pjﬁ) will make an essential use of
an adequate, but non orthogonal, decomposition of H (rotg, ;).

Theorem 4.1

Vu; € Va(Q:) 3(vi, ) € Vo 5(Q:) x HY(R?)  such that o
4.1

u; = v; + Vﬂ(b/ﬂi

Remark 4.1 In fact, this decomposition holds also to each u; belonging to H(rots,$Y;), since we
have shown, thanks to the orthogonal decomposition (cf. Theorem 1.2) of Hg(;), that

Yu; € H(’I’Ot, Qz) H(Ui,(ﬁi) € Vﬁ(QZ) X H&(Ql)
U; = v; + Vﬁgﬁz

Proof See Appendix C.

4.1.1 Equivalence between the problems (ijﬁ) and (]Sj)ﬁ)

Theorem 4.2 (P} ;) and (ﬁu’,ﬁ) are equivalent.

Proof From Lemma 3.3, each solution u,; of (~£7ﬁ) belongs to V., g(Q;). It is thus a solution of
problem (P} ;) since V,, 5(€;) C V(). Conversely, if

0,31, 0:) = W (Ui, vi)e .0, Yoi € Vo (), (4.2)

we have to show that this equality still remains true for each v; € Vg(Q;). Indeed, from the
generalized Helmholtz decomposition (4.1), it suffices to verify that

au,5(ui, Vo) = w0 (ui, Vpo)en, Vo € H'(R?). (4.3)

Due to the property rotg(Vg¢) = 0, the expression a,, g(u;, Vg¢) is reduced to a. g(ui, Vgo) =
too br(w, B)(ui, V) (cf. (2.19) ). If we set u, the solution of (P 5) with o7 = (us An) Anjp,,
we have, with the help of Green’s formula:

2

~ba(w. )i, V56) = (e, Voo,

oo
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So we have
au,5(ui, Vo) = —w’es (e, Vd)oa, -

Green’s formula (1.15) and the fact that u; € V., (), that is u; ‘N rp = Ue " NTy, imply that
—co(Ue, Vdloa, = €oo(divptie, 9)o,0,+ < Eoolle "M, ¢ > )1y
=< Exle N, >/rp

=< EooWs "M, ® >rp

(divg(eus), d)o,0; + (cui, Voo,

(eui, Vg@)o,a

which gives the equality (4.3).

4.2 The new operator A, s and its properties

The space V,, g(€2;) being dense in Hz(£2;), we can associate to the bilinear form a,, 5 the unboun-
ded operator A, g of Hg(;), defined by:

'D(Aw,g) = { u; € Vw,ﬁ(Qi) ; rotz;(,uflrotgui) S Lz(Qi)B
rotgu; Anr, = Tr(w, B)((us An) Anjrg) } (4.4)
Ay pu; = e troth(ptrotgu;)  Yu; € D(Ay ).

The following theorem allows us to characterize the spectrum of the operator A, 3.

Theorem 4.3 The bilinear form a, g is coercive on V,, g(€;), that is 3a > 0 et 3C > 0 such that
Vi € Vip(@) aup(u,u) +ollull’ 0, > Clluld s, 0 (4.5)

Proof Let us consider u; € V,, 5(€2;). We proved in Section 2.4 ( cf. (2.22) and (2.23) ) that u,
being solution of P ; associated to the boundary condition (ue An) Anjr,) = (ui An) Anr,),
then we had

2
w
br(w, B)(us,ui) = ”TOtuen(?),Qe + (8 - CT)HUe“g,m

[oe]

2
w
+(28% — ) luesllg o, + [ Vueslloq,

Co

+26 < Ue * N, Ue3 > /Ty

where | < %e - n,Ue3 >/rp> | < Cr [lue -n||H_%(FR) lwesl 1 (.-

But, in this new case, we can conclude since u; € V, s(€%;) i.e. u;-n/p, = Ue n/p, (cf. the
definition of Sg(w,3)). Then by trace theorem and since div(eu;) = Beu;s:

5 . 1
oot ll, -3y < Crlllewsli g, + Idiv(us)l o)}
5 L
< Cr (llewsl3 o, + 18zussll3 o)}

< CrVetmax(1,B) |luil. 0
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Therefore, if we set C(8,e) = SCrCrVete ! max(1, §)

2ﬁ| < Ue N, Ue3 >/Tp> | < 2C(ﬁ76) ”ui“E,Qi

e m1(0,)-
By Young’s inequality, we obtain Vn >0

2
br(w, B) (i) 2 (26 = S = C(B,em)lueslB 0,

C(B,¢
~EP g + - CB o IVualR.

2
Choosing the parameter 5 > 0 such that 7 C(3,¢) < min(1,24° — (:T), we obtain

o0

brw, B) (i us) > —@nuiui,m, (46)

from it, we deduce that

2: .1 C(B,¢)
n

£ C(B,¢)

luill o, > llrotguillg o, +?Iluz’lli,g” (4.7)

w6 (Ui, u;) +

which proves the coercivity of a., g.

Corollary 4.1 The operator A, g is self-adjoint, bounded from below, with a compact resolvent.
Its spectrum is then a pure point spectrum and is characterized by

O(Aup) = { Mw,B); neEN} (4.8)
where An(w, B) is an increasing sequence tending to +00

Proof The corollary is deduced from the following results: The bilinear form a,, g is symmetric,

coercive on V,, g (cf. Theorem 4.3). The space V,, 3 <—  Hg(Q;) (cf. Theorem 3.2).
compact

Finally, we can characterize a guided mode, as follow:

2

Theorem 4.4 The triplet (u,w, 3) where the real numbers 3 > 0 and w > 0 satisfy 3* — C:T > 0,

represents a guided mode if and only if

w, B) is solution of one of the equations: Ap(w,B) = w?, n €N
(w,5) (49)
9

and u; = u;q, s an eigenvector of A, g associated to the eigenvalue An(w, B).

Remark 4.2 By limiting the domain of the section R? to a bounded domain Q;, the study of the
point spectrum of Ag amounts to the one of the pure point spectrum of the operator A, g, which
is an important step from the numerical point of view. However we introduce an additional non
linearity in the problem, since w appears in the same time, as a parameter of A, g and as an
eigenvalue of this operator.
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5 Numerical method and results

We have solved the essential difficulty, from both conceptual and theoretical point of view, by
reducing our problem to a bounded domain, thanks to Theorem 4.4. This result suggests an
algorithm with two steps for the computation of the guided modes:

(i) Step 1: Computation of the eigenvalues A, (w, 3),n > 0 of the operator A, g, the pair (w, ()
being given and satisfying 0 < w? < 2 32.

(ii) Step 2: Resolution by a fixed point method of the equations:

M, B)=w? fc. < w < Peee n>0

The difficult step of the algorithm is the first one, which requires a numerical approxrimation
by finite elements, which is the aim of this section. The mathematical analysis of the method,
we will introduce in this work, is delayed to a forthcoming study. Nevertheless, we will give
some conjectures, based on the study of the closed waveguides (see [17]) and also on some recent
results of the literature. Some numerical results presented in the section 6, essentially allow us
to validate our method. In the sequel, we will only work in the interior computation domain
Q; = Bg. In order to relieve the notations, we will suppress all the references to the domain €;:
the space V3(§;) is denoted by Vi and so on.

5.1 Resolution by a finite element method of the eigenvalues of A, 4

In a classical way, our objective is to define an approximate operator defined in a finite dimensional
space to precise and whose eigenvalues are the approximations of the eigenvalues of A, 3. In
practice, we will have to solve the eigenvalues of a symmetric matrix. Let us notice here that we
have to introduce two parameters of approximation

e h: step-size of the mesh of 2; = Bpg for the spatial discretization, devoted to tend towards
0,

e N: series truncation parameter, devoted to tend to +o00, which interferes implicitly, in the
computation of the boundary contribution of the bilinear form a.,,g.

Thanks to these two parameters, we will define:

e an approximation space ij\,’ﬂ’h of V., 3, corresponding to a non-conforming finite element
method:V); , ¢ Vis

e an approximate bilinear form a.) 5(u,v) defined on V5 ;. Then the approximate problem
can be formulated as:

Find (u,\) € V'35 ,\{0} x R**
(5.1)

al g(u,v) = Mu,v)e Yo e V),

Of course, the eigenpairs (u, \) solutions of (5.1) will be, when h and N~! will tend to 0, approxi-
mations of the eigenpairs of A, g . For the clarity of the paper, we choose to split into two parts
the approximation, dealing with successively:

(i) the space discretization associated to h

(ii) the truncation of the series associated to N
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The step (i) will lead us to construct a first finite dimensional space V,, g5, and to allow us to
obtain a first approximation problem, where the parameter h will only appear. The step (ii) will
lead us to slightly modify this space in a space VWJY& , (and also the bilinear form) where the both
parameters N and h will appear jointly.

5.1.1 Spatial discretization

In the sequel, 7, represents a “conforming triangulation ” of the open set Q2; = Bp in the following
meaning: ; = U K where {K} are disjoint triangles, that may be curvilinear when two of their
Kerp
vertices are on the boundary I'r. We set h = max diam(K).
Th

Remark 5.1 In a conceptual point of view, it is not forbidden to replace triangles by quadrangles
(eventually curvilinear). Nevertheless, let us recall that even in the case of the closed waveguide
([17]), the theoretical analysis of the convergence of the method is only complete for the case of
triangles, the discrete compactness result of Kikuchi [19], being valid only for triangles (to our
knowledge).

The triangulation 7, being defined, we shall consider the same basic spaces as for the closed
waveguides [17]:

e The space P, as an approximation of the space H((;), is the space of lower order La-
grangian finite elements [28], which are linear on each triangle of 75, and bilinear on each
rectangle. Any element of P, is continuous and is uniquely determined by its values at the
vertices of 7.

e We use the space R, denoting the space related to the lowest order mixed elements of
Nedelec [22] for the approximation of H(rot,$2;). In 2D, these elements are easily deduced
from those of Raviart-Thomas [27] for the approximation of the space H(div,;) (simply
apply a rotation of angle 7).

Ry, = {v € H(rot,) ;
vk € {a+y(—z2,21) 0 € Py(K)? v € Po(K)} if K € 73, is a triangle (5.2)
vk € Qo1 (K) x Q1,0(K) if K € 7, is a rectangle} .

Any element of R;, has tangential components which are continuous across the edges of 7y,.
It is uniquely determined by the constant values of its tangential components on the edges.

In the sequel, we shall denote by A} the number of vertices (€ 7,,) of the mesh 7, and by Ny
the number of its edges (€ A, including the edges of the boundary). The spaces P, and Ry,
have been defined for meshes consisting of triangles or rectangles and we will explain, how we will
deal with meshes including curvilinear elements: for each curvilinear triangle K, we introduce the
corresponding triangle K, defined by the tree vertices of K. We know in fact in a natural way how
to define each function of P, or of Rj, on the triangle K. In order to extend it to K we choose the
unique analytic extension, in the present case polynomial since the restriction of each function of
P, or Ry, to each triangle K is itself polynomial. Let us note that in order to define the basis fields
of the space Ry, it is more useful to introduce the edges of the “straight mesh” instead of those
of the “curvilinear mesh”. Thus, in the sequel, A, will indicate the set of edges of the “straight
mesh”.

Remark 5.2 When we will make the calculations, we will replace the triangles K by the K one.
This is intuitive that, when the step-size of the mesh goes to zero, this process will converge. We
can also conjecture, since we work here with finite elements of lowest order, that the geometrical
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error estimate has the same order as the error estimate due to the discretization in the interior
domain. In other words, we do not lose anything. But the question remains posed. It is clear
that, if we would use finite elements of upper order, we should improve the approrimation of the
boundary, and use isoparametric finite elements for instance (let us cite M. Lenoir [20], P.G.
Ciarlet [8]) in order to keep the same accuracy as in the interior domain.

We can now define the space V,, g », almost as in the case of the closed waveguide. Let us remind
that we proved in [17] that it was necessary to take into account the free divergence condition in
the weak sense (which induces the non-conforming nature of the finite element approximation).
The main difference is due to the non local boundary condition:

u-n = Sp(w,B)((uAn)An). (5.3)

The space V,, g,1 is therefore defined as the subspace of Rj, x P, of the vectors fields uy, satisfying in
a weak sense (see below) both this boundary condition (5.3) and the generalized free divergence_8
condition. In a more precise way, we see that the boundary condition (5.3) appears naturally,
when we write divg(eu) = 0 for a field u = (u,u3) of V,, g, in a weak sense. Indeed:

divg(eu) = 0 <<= feus = div(eu), (5.4)
which is equivalent to:
Jé] cugp dr + / eu-Vodr =<wu-n,o>r, Vo€ H'(Bg) (5.5)
Br Br

that is to say, for u € V,, g, equivalent to
Jé] cugp dr + / eu-Vodr = sg(w,B)(u,p) (5.6)
Br Br

where sg(w, 8) is the bilinear form associated to the operator Sg(w, ) (cf. section 3.1), defined
on the space Vz x H'(2;) by

SR(waﬂ)(U’?(p) =< SR(w7 ﬂ)(u A n) AN, >Tg, (57)

that we are further led to split up in the sum of two bilinear forms sk (w, 8)(us, ) and s%(w, 8)(u, )
in order to distinguish the respective roles of the longitudinal component us and the transverse
field w. The fundamental benefit of Formula (5.6) is the fact that it uses only terms which make
sense for fields in H(rot) x H} and that can thus be easily approximated (This would not be the
case with Formula (5.5) because of the normal trace u - n. This emphasizes the interest of the
boundary condition (5.3) from the numerical point of view). We can now define the space V,, 5.
as follows:

Vos,n = {un = (un,usn) € Ry x Py satisfying the relation 5.8 }

where (5.8): VopnL€e P, S eusg pondr + / wp - Vordr = sg(w, 8)(un, phn)
Br Br

where the symbol 7{ denotes a numerical integration formula as the one used for the case of the

closed waveguide (see [17]):

fde = 3 %(K) 3 F(M), (5.9)

B
R Ker, M a vertex of K

and whose fundamental interest is mass lumping: the operator in P, associated to j[ eus honds
Br
is diagonal in the usual basis {A;} of P, [28]. It is easy to see, that V,, g is isomorphic to Rj.
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Indeed let us rewrite (5.8) as:

Yo, € P, au37hcphdm+/ eup - Vopdr =
Br Bgr (5.10)

sh(w, B)(us,n, on) + sk(w, B) (wn, n),

where we set (see Theorem 3.1 and Formula 3.4):

sh(w,B)(us,9) = —21R ) " ugp”

nes (5.11)
sh(w, B)(u,p) = —2tR Y a" ujp”

nezZ

u?, wy and ¢, being respectively the n'" Fourier coefficients of U3/T gy —U AN Ty, and of Y r,.
We show now

Lemma 5.1 The field uy being given in Ry, there ezists a unique element uz, € P, which
satisfies (5.10), we shall denote by Js pup,.

Proof Indeed, if we write the equation (5.10) for ¢, = A; where ); is a basis function of P,
associated to an interior vertex ¢, we simply obtain (\; Tr = 0):

8 eusg pAider + / eup - Vide = 0,
Bgr Br

which defines completely usj in the vertex ¢. It remains to compute ug ) in each vertex of the

boundary. It is easy to note that we are led to invert a N}, x N, dimensional matrix (IV, representing

the number of vertices of the mesh localized on the boundary I'g), whose (4, j) coefficient is given
by:

574 edidjdr + 2rRY BUAIAT,  1<4,j <N, (5.12)
Br nez
the second member having as i** component:
$2(w, B)(wn, A) — / VN, - upda. (5.13)
Br

Therefore, it suffices to prove that the matrix defined by (5.12), we shall denote in the sequel by

)" coefficient is ﬂj{ el dx
Br
being diagonal, with strictly positive terms (8 > 0), it then suffices to check that the symmetric

matrix whose (4, j)* coefficient is:  27R Z b"ATAT s also positive. Let Q} be the quadratic

Sh(w, ), is symmetric positive definite. The matrix whose (4, j

nez
form associated to this matrix in R, and if ¢, = (¢;)Y4 in R™, set ¢, = Z ¢i\; € Py, then
iEN
(Qhdn, dn) = 27TRZ b enl?, (5.14)

neZ
where ¢} are the Fourier coefficients of ¢, /r,. Then the result is deduced from the positivity of
the coefficients b™ (cf. Lemma 3.1).

So we have proved that the relation (5.10) defines an isomorphism, denoted by Jp, from Rj in
V..3,n, which associates to each u, € Ry, the field (wn, J3 pup). It follows that dim V., g = Na
and that we construct a basis of V,, g considering

wa = ('wA,Jg,th) Ae A, (5.15)
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where w4 is the usual basis field of Ry associated to the edge A ([22],[4]). It is instructive to
give the structure of these basis functions, according to whether we consider an interior edge or a
frontier one.

Case of an interior edge A: In this case, the basis function wa coincides with the one already
described in the case of a closed waveguide (cf. [17]): The support of w,, is the union of the both
triangles having the common edge A whereas the support of the third component Js pw 4 is larger
and more precisely made of all triangles connected with these two ones (see figure 5.1.1).

Case of a frontier edge A: In this case, the support of w4 is the unique curvilinear triangle K
associated to the triangle K containing the edge A. But on the other hand, the third component
J3,»w 4 has a non local support, which is made of the union of the triangles connected to K and
of the ones having at least one vertex on the boundary I'p. This last property arises from the
full structure of the matrix S’ (w, 3), which is linked to the non local character of the operator
Sr(w,3). We illustrate this property on figure 5.1.1. The space V,, g, being defined, we can

Case: A : interior edge

_ J
Support of w, Support of w3, Support of w, Support of w3,
(1) A Rectangular Mesh (2) A Triangular Mesh

Case: A: frontier edge

Figure 5.1: Support of the third component of w4

formulate the approximation eigenvalue problem as follows:

Find (un,An) € Vo3 \{0} xR
(5.16)

aw,g(uh,vh) = )\h(uh,vh)s Yop EVwﬂ,h.

The space V,, g,, having a finite dimension, we associate to the symmetric bilinear form a,, s a self-
adjoint operator A, g5, in V., g5, with the spectrum O (4, 5) = {A(w,B), 1<n<Na}
Of course, the equations

Me(w,B) = w? 0 <w< P (5.17)

will define the dispersion equations of the numerical guided modes.

Remark 5.3 As we work with the matriz A, g, whose (a,b) element is given by: A, g n(a,b) =
aw,5(Wa,wy) , the computation of the eigenvalues A (w, B) requires the following preliminary steps:

(i) The computation of the basis functions w,, when a belongs to Tr, which needs to invert the
matriz S"(w, B).

(1) The computation of the terms a.,g(Wa,wWs).
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Of course, the essential non standard and delicate work concerns the computation of the matrices
associated to the non local trace operators. These ones depending on infinite series, we will have
to truncate these series in order to be able to carry out the computations. This justifies the second
approximation (see section 5.1.2). Before doing it, we indicate a property, we wish to ask to the
triangulation 7, in order to reduce both the storage and the computations:

Assumption 5.1 All the triangles K associated to a boundary curvilinear one K are equal and
isosceles.

We notice that the assumption 5.1 involves that the curvilinear triangles connected to the boundary
are isometric. This property is also true for the triangles connected to the boundary by one vertex.
We enumerate the vertices of the boundary from 1 to NV, in such a way that the vertices j and
7+ 1 belong to the same edge. Then we can show easily that, thanks to the assumption 5.1, the
matrix S%(w, B) is Toeplitz, that is:

Sh(w,B)(a,b) = f(la—b]) Y(a,b) € {1,..,N;}>. (5.18)

In other word, on each diagonal of the matrix, all elements are identical. In practice, we need
only to compute and store N, elements instead of N2. To invert S%(w,3), we can also use a
special algorithm inverting Toeplitz matrices in O(N?) operations (see [15]). We can also prove
an analogous property for the matrix Bg(w,8) produced by the non local part bg(w, ) of the
bilinear form a,, 3. We refer the reader to [26] for the details which are not really important.
What we want to point out here is the influence of the geometric assumption 5.1 on the effective
calculations and storage, which are then significantly reduced.

5.1.2 Series truncation

In this part, we denote by N > 1, the truncation parameter, which is intended to tend to +oc.
The first step consists in ”approximating” the space V,, 5, by the space Vw]\’%, 5, having the same
dimension N4 and defined by:

up € VN, = {u € R, x P, such that
w,B,h

(5.19) Vyr,e P, f eus ponds + / wp - Vopdr = sB(w,B)(un, on) }
Br Br

s (@, B)(u,0) = sg" (@, B)(uz,0) + 5% (w,58)(w,)

s (W, B)(us, @) = —27R > buf By
[n|<N

where

5" (0, B);u, ) = 2imR Y a"uf B,
In|<N

It is clear that each new basis function of ij\,’ﬂ,h associated to an interior edge is also a basis
function of V,, . It is easy to see that (5.19) defines once again a new isomorphism J}¥ from R,
into V)¥5 - Only the basis functions associated to the frontier edges are modified. More precisely

, only the computation of ws, 4, where the edge A is on the boundary, changes: we are led to invert

th

the N, dimensional linear system, whose second member has the following " component:

S%N(w,ﬂ)(u,h, )\z) - / eV A - up dx,

Br

and whose component (4, 5) of the matrix denoted S;}’N(w, B) is defined by

B : edi- Ajdr + sEN (W, B)(Mi, Aj)-
R
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We check easily that the positive definite character of the matrix SZ’N (w, B) is preserved from
the truncation of the series, because this one arises from the positivity of the coefficients b™ (see
Lemma 3.1).

The space VwAfﬁ’ » being constructed, we write the new discretized eigenvalue problem in the varia-
tional form, as follows:

Find (u;, \)) € V.25 ,\{0} x R such that

(5.20)
al gup ,vn) = N (upsvn)e Yon € VD,
where the bilinear form a}) ; is defined on the space H(rot) x H(rot) by:
N _ N
ay p(u,v) = / rotgu - rotgv de + by (w, B)(u,v)
Br
n — 5.21)
Ug Uy (
where b (w,B)(u,v) = 27R Z Th(w, B)
In|<N ug vg

where we recall that v} (respectively uj) denotes the nth Fourier coefficient of the trace (respec-
tively the tangential trace) of uz (respectively of u) on the boundary I'g. As in Section 5.1.1, to
the bilinear form a) 4(.,.), we associate a self-adjoint operator A 5, from VY5, into itself. Its

eigenvalues denoted by AN (w,3) 1 < n < Ny, are approximations of the eigenvalues A, (w, )
of the operator A, g. The dispersion relations of the numerical guided modes, or in other words
the fixed point equations really resolved are the following:

MNoN(w,B) = w? 0<w< P 1< 1< Ny, (5.22)

which correspond to the effective implementation.

5.2 Comments about some numerical difficulties

We notice that the difficult step of the computation of the matrix Aﬁ’, 5., consists in evaluating
the 'boundary matrix’, which arises from the b% (w, 3), whose expression is given by

by (w,B)(u,v) = 27R Y Tp(w,p)

. —
In|<N ug V3

First of all, it is necessary to compute the four coefficients composing the matrix Tj(w, 3). These
K! (aR)
K,(aR)
of second kind, of order n and where « is equal to /32 — w?/c2,. The numerical computation
of the terms LK, (r) may become instable, when n becomes large. In particular, it is dangerous
to compute separately the terms K,(r) and K/ (r), because they increase exponentially with n,
whereas their ratio increases only linearly. It appears more clever to compute them with the help
of a recurrence relation, which avoids these instabilities. Due to the following properties of the
functions K,:

coefficients depend essentially on LK, (aR) = , where K, is the modified Bessel function

i 2
Knoi(2) = Knia(2) = —22K,(2)
VneZ VzeC z , (5.23)

Kn1(2) + Knya(2) = —2K,(2)
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we establish this relation:

1 n+1
LEnsi(eR) = LK,(aR)— =  aR’
n{ aR

(5.24)

These coeflicients appear also in the coefficients of the matrix S;}’N(w, B).

5.3 Description of the numerical procedure

Contrary to what (cf. (5.22)) could lead us to believe, for a given value (3, one has only a finite
set of equations to solve, since (5.22) cannot have solution if n is large enough. Also, we do not
know if the solution of each equation (5.22) is unique as it is the case for the scalar problem (see
[11] for a discussion of this point).

For the numerical solution of (5.22), as w belongs to ]8c_, Bcso[, it is useful to consider the

w
new unknown V' = = which varies in the interval Jc_, coo[. We will solve in practice:

B
ANy B) = B2V ¢ <V <o (5.25)

for a small number of n’s. For each of them we have to use a fixed point algorithm.

The fixed point algorithm We have chosen a variant of the secant method, called Illinois
algorithm. During the algorithm of solving the fixed point equations (5.25), we need to compute
the eigenvalues A2 (w, B) of the matrix AJ 5 ;. In order to avoid the difficulty, due to the eventual
multiple eigenvalues, we have chosen a block Lanczos algorithm (see B.N. Parlett, H. Simon and
L.M. Stringer [23], B. Vital [30], D.C. Sorensen [29]).

Remark 5.4 If we want to draw the dispersion curves 8 — w(f), it is useful to couple the previous
algorithm to a continuation method with respect to 3 [26]. In such a case, one of the problems,
consists in finding the starting point of the curves, that is to say the thresholds. A rigorous approach
would consist in designing a numerical method for solving the thresholds equations. This will be
treated in a future work. These equations have been determined in [16]. From another point of
view, we can notice that formally the thresholds are the values corresponding to w = cso 3 and then
“would be solutions” of An(ceof3,3) = ¢, B%. Unfortunately, the function \,(w, 3) is not defined
for w = ¢ (that is why we need the thresholds equations). An intermediate approach consists in
solving, for e > 0 small enough, the equations:

Mn(Coo = €, 8) = (cocff — )7

5.4 Some remarks about the convergence of the method

There are two sources of error in the method: the discretization of the domain Bg (h — 0), the
truncation of the series (N — +00). Then, we can define two errors:

(i) error corresponding to the approximation of A, (w, 3) by AN (w, B)
(ii) error as we replace the fixed points of A,(w, 3) by these one of AN (w, 3).

Such a study has been developed by A.S. Bonnet Ben-Dhia and N. Gmati [11], for the model of
scalar waves. We can insist on the point that even we have similar results for our problem, the
technique of the proof is not so similar. It arises from properties of the scalar problem, which are
lost or unknown in our case, that is:

e Results of monotony with respect to (w, 3) of the eigenvalues A, (w, 8) (unknown in our case)

e The fact that the bilinear form bgr(w, 3) is expressed with a series of positive terms (false
here)
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e The fact that the finite element approximation is conform (false here).

These properties allow to obtain some estimates, with the help of the use of the Min-Max principle.
In our case, since the inclusion ij\,’ﬁ’ » C Vi3 does not hold, our analysis must use more complex
techniques, as the Anselone theory, that we have used in the case of the closed waveguides (cf.
[17]). However, considering the results of [11] and these one obtained in the case of the closed
waveguides, it is reasonable to enounce these two conjectures:

Conjecture 1: Under some standard assumptions of regularity of the functions £ and g and on

the mesh 75, we have the error estimate:
An(w, B) = AN (w,B)| < Con(w,B) [R* + N7

for every s > 0, the constant Cs ,(w, 8) depending regularly on (w,3) when 0 < w < fcoo.
Conjecture 2: If w is a simple root of \,(w,3) = w?, then for N large enough and h small

enough, the equation \»V(w,3) = w? admits a unique solution wy j in the neighborhood of w.
Moreover, one has the error estimate:

|w —wN,h| < Cste [h2 —{—N_S]

Remark 5.5 it is not surprising to see in the conjectures, a precision of special type with respect to
the parameter N (that is a convergence quicker than any power of N ), because the approrimation

of the series is a spectral type approzimation [3]. In fact, we can expect an exponential rate of
convergence with respect to N.

6 Numerical Results

We present in this section some numerical results, whose main purpose is the validation of the
method. We study in this paragraph, a circular cylindrical waveguide of radius 1, whose permitti-
vity, respectively the permeability is e; = 2, u; = 1, in the core, whereas the characteristics of the
cladding are e, = 1. and po = 1. (see figure 6.1). The interest of this example lies in the fact

Figure 6.1: Circular Waveguide of Radius 1

that the guided modes can be computed analytically with the help of the separation of variables
in polar coordinates (r,8) (cf. D. Marcuse [21] or J.P. Pocholle [25]). The dispersion relations
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Figure 6.2: Mesh of the Circular Waveguide -R = 1.5

corresponding to modes in e,e?™? are:

1 B* wi Jp(aaR) | poo K, (aR)

En 2 oo oo *(— -1 2 = = —

(En) m"eoottoo? (A ) R2ata [oeA Jn(aaR) T K,(aR) %
oo ToaR)  cx KplaR)
an Jn(aaR) a Kp(aR)|’

A= 2l g a = BVI-72 = VB — Peootion

where ) 52’“1 o

~ Z?EOO/J/OO €A1 aa =P K_l

and where J,, (respectively K,,) denotes the Bessel (respectively modified Bessel) function of first
(respectively second) kind. For each n > 0, there exists an increasing sequence (7, of thresholds
such that, if 37, < 3 < 3], the equation (E,) admits exactly m solutions. These thresholds
can be themselves defined by a transcendental equation (cf. R. Djellouli [10]). In order to obtain
some reference solutions, we have solved numerically the (E,) equations. We give in the table
(6.1), these “exact” solutions for some values of 3.

8 1 2.2 2.4049 2.6
N(B) 2 2 4 4
wi(8)? | 0.993253 (n=1) | 3.762625 (n=1) | 4.321575 (n=1) | 4.883073 (n=1)
wa(B8)? | 0.993253 (n=1) | 3.762625 (n=1) | 4.321575 (n=1) | 4.883073 (n=1)
w3(B)? 5.783516 (n=0) | 6.526149 (n=0)
w4 (B)? 5.783529 (n=0) | 6.619999 (n=0)

Table 6.1: Reference Solutions of E,, - n harmonic in 8

1) Presentation of the calculus: The computations have been achieved with a non structu-
red mesh, consisting of 330 degrees of freedom, 210 triangles and 121 vertices (see figure 6.2).
The results concerning the modes have been obtained with a refined mesh (1392 degrees of free-
dom). Let us notice that this mesh satisfies the geometrical assumption 5.1. We have set the
artificial boundary at R = 1.5 and the order of the truncation N has been fixed to 100. (For a
discussion of the good choice of N with respect to h, see for instance J.B. Keller and D. Givoli [18].)
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2) Results concerning the eigenvalues: In figures 6.3, we represent the variations of the func-

A w
tions v — An(Bcooy,B) — 22 42, where v = o One intersection point between one of

(o)
these curves and the z— axis reveals the existence of a guided mode. On figure 6.3 case § = 1,

we observe the existence of one guided wave, which is double and associated to n = 1, whose
2

L wWT . .
phase velocity — is closed to c2,. The vertical segment corresponds to the “exact” solution. The

good coincidence between the numerical solution and the exact one illustrates the quality of our
method.

As expected, when 3 increases, the curves are translated “downstairs” and the number of
solutions increases. For instance, we get four solutions for 8 = 2.6 (do not forget that the first
solution is a double one) which still show a good agreement between the exact solutions and the
approximate ones.

3) Results concerning the guided modes: In figures 6.4,6.5, 6.6, we have only represented
the transverse components of the field. In each case, we first show the field in the computational
domain, and then in a larger region. This second representation has the interest to illustrate the
concentration of the transverse energy of the mode.

In figure 6.4, we have represented the first two modes (double mode) for 3 = 2.6 corresponding to
the value w = 2.2108 (this value is the numerical one, the exact solution being w = 2.2097).

The case 8 = 2.45 is interesting because it is located just after the third and fourth thresholds. We
observe on figure 6.5 that the third and fourth modes are not well confined, which was expected.
Finally, in order to represent an higher order mode, we have chosen the 8 = 6, which is greater
than the 10" threshold and represented the field corresponding to the 10* mode. We remark
the very good concentration of the mode in the neighborhood of the core, and the “vortices”
characterizing the fact we look at a higher order mode.
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Case: =1 An(w, B) — w? 1<n<10

7

ol

| n=9,10

4 |= n = 7, 8

Sl n =>35,6

oL T ] n=4
n=1,2

Case: =22 An(w, B) — W? 1<n<10

n =29,
n=78
n==5,6
n =4
n=3
n=12

Case: 3=2.6 An(w, B) — W? 1<n<10

Figure 6.3: Circular Guide - f =1, 2.2 or 2.6 - N = 100
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17¢t Mode: w = 2.2108

274 Mode: w = 2.2108

In The Computational Domain In A Larger Region

Figure 6.4: Circular Guide - § = 2.6 - N = 100 - Guided Modes 1 and 2

RR n°2974



42 P. JOLY and Ch. POIRIER

37d Mode: w = 2.4427

4t Mode: w = 2.4464

In The Computational Domain In A Larger Region

Figure 6.5: Circular Guide - § = 2.45 - N = 100 - Guided Modes 3 and 4
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Representation In The Computational Domain

Representation In A Larger Region

Figure 6.6: Circular Guide - 8 = 6. - w = 5.3073 - N = 100 - 10** Guided Mode
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A Construction of the operator Tg(w, )

According to the definition of Tr(w,3) (see definition 2.1), the first step of the construction of
Tr(w, B) consists in solving the exterior problem (P ;).

A.1 Computation of the solution of the exterior problem:

2
Let ¢ be in H—?(rotg,Tg) and (w, 8) € (R*T)? satisfying the inequality 32 — Y > 0, we recall

%
that the problem (P; ;) is written as follows:
Find wu. € H(rotg, Q)
2
(PS5) rot5(rotpue) = e
(A.1) (ue AR)An = ¢ on I'p.
Using the formula rotj(rotgu) = Vp(divpu) — Agu and noting that the unique solution (cf.
Lemma 2.2) of (Pj, ﬂ) satisfies necessarily divgu = 0, we obtain the equivalences (we drop now
the index e for simplicity):
w? 1.
—Agu = gu Uz = Bdwu
(P) <= divgu =0 =\ —Au;+ (B2 —w?/AE)u; = 0for i=1,2
(uAn)An = ¢ on T'p (uAn)An = ¢ on Tg.

In the sequel, we use polar coordinates (z; = 7 cosf,zy = rsinf). The equations —Au; + (32 —
2

Z)T)ui =0 for i=1,2 are then written:
Pu; 1 0u; 1 0%u;, 5  w?
- il — -~ u; =0. A2
or2  r2 ar  r2 962 (B 2, Ju (A-2)
Using the decomposition in Fourier expansion of w; (u;(r,6) Zu mo , we obtain:
u?  1du? | n? ,  w?
- — — (= — = )ur=0. A3
(@ - S (43)
2
Setting « := 4/ 3? — ZJT, the solutions of (A.3) are linear combinations of K,(ar) and of I,,(ar)

(cf. [1]). But due to the asymptotic behaviour of K, (z) and I,,(z) when 2 tends to oo, only L?
solutions of (A.3) are:
= AL K,(ar) , u} = A2K,(ar).
Then, it is useful to split up the vector field u in cylindrical coordinates (for details, see (2.6) and
figure 2.1):
Uy, = u1cos0 +ussin€ ; wug = —uqsinf + uscosb,

from which we deduce that:

. 1 .
_ 2 i(n+1)0 1 - 42 i(n—1)60
Up = —2 L A2 K, (ar)el( T 4 §Z(An +iA2) K, (ar)etD)
nEZ neZ
= Z (Cpe1Kn—1(ar) + Dypy1 Kpy1(ar)) em?
neZ
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where
1 1
C, = §(A1L—¢Afb) and D, = 5(A;ﬂ'AEL).

In the same way, we obtain for ug the following relation:

= i) (Coc1Knoi(ar) — Dpy1 Ky (ar)) €. (A.4)
nezZ

For convenience, we will work with a new expression of u, and ug. Indeed, the relations (5.23)
(see also [1]) allow us to express u, and ug with respect to K, (ar) and K (ar):

n n
Ur = ;Z {_(Cn—l + Dn+1)K;(a7") — (Cn—l — Dn+1)JKn(a7")} e 6 (A5)
ug = —iy {(cn,l — D)KL (ar) + (Cpoy + Dn+1)£Kn(a1")} ™. (A.6)
nez

Let us now compute the third component of u:

L 1 .0(ru,) A Oug,  Ou, 1 1 Ouyg
Pus = dive = J(=5=+35) = 5 Tt I 5 (A7)

which gives in Fourier expansion:

, ' 1
uy =41 {a(Ch 1K, \(ar)+ Doy K, (ar) + ;(CnflKn—l(OéT) + Dnt1Knyi(ar))

i’n
+==(Cn-1Kn-1(ar) = Dny1Knyi(ar)) }

Cn—l

=47t { (ar) K,y (ar) = (n = 1)K (ar))

+%((a7‘)Kﬂ+1(aT) +(n+ 1) Enii(ar)) },

that is to say, thanks to the relations (5.23):

ug = (_%) > (Cot + Dog1)Kn(ar) e™. (A.8)
nez
From the formulae (A.5), (A.6) and (A.8), it remains to define the constants C,, and D,,, with the
help of the boundary conditions (A.1). If § = —¢géy — p3€3 where (¢g,d3) € H*%(FR) X
H3(T'g), the boundary condition (A.1) gives:

Ua(R, 0) = ¢9(9) U3(R,0) = ¢3(0) for 6 € [0,27(]‘ (Ag)

Therefore, using Fourier expansion of ¢3 and ¢s:

a ,

Uz = 03 = ¢35 = ~3 (Cn—1+ Dpy1)Kn(aR) Vn€eZ (A.10)

and

¢ = —i {(Cn1 — Dny1) K, (aR)
Ug/Tp = ¢9 <— VYneZzZ (A].].)

n -
+ (Camt + Datt) = Kn(aR) }.
We deduce from (A.10) and (A.11) that

B ¢%
Cr1+ Dn+1 = -
o Kn(aR) Vn € Z, (A.12)
C D _ l¢9 + a2R¢3
n—1 — Uny1 = W
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which gives the constants C,,_1 and D, (cf. A.12), and finally:

O w= S Eam 6+ e 1
.. n . /Bn n K’LL ar n KTL ar in

% (11) wg = T;Z{ (o — Zﬁ(%)ffé((aR)) ¢3 Kn((ozR)) te ¢ (A.13)
’N/I, Z ¢3 K 1n9

\

A.2 Computation of rotsu in cylindrical coordinates:

In fact, we want to compute, from u, the tangential trace of rotgu on I'r. More precisely, we want
to compute rotgu A e, for r = R:

rotgu A €, /r, = (rotgu)3és — (rotgu)e€s / (;—p)- (A.14)

From the expression of rotgu in cylindrical coordinates, we get:

Oug 1 1 0u, dug 1 mn ind
t = — — I — 0 —an _ A ny in
(rotgu)s 5 T U 5 nEEZ( I (r)+ Sug (r) " ulMe
Ous dun (A.15)
— _ — n _ 3 inf
(rotgu)s = (Bu — 22 > (Burr) = G
Therefore, we have, still using (5.23):
(rotgu); = iaCh1 K] _(ar) —iaDn1 K, 4 (ar) + ;(C’n_lKn_l(ozr) — D1 Kpy1(ar))

—%(cn_lfcn_l(ar) + Dpy1 Ky (ar))
= (_ai)(cnfl - Dn+l)l{n(0”)7

that is to say (see (A.12)):

(ot = Y- fadf — i 272 o) . (A.16)
nez
In the same way, from (A.15) and (A.13 (i),(iii)) we obtain:
! 2 ” !
wotan)g = Zop 200 (Tt v ipap LT g 0D )
that we can write:
2 _ 2 K! .
otante = 1 - g Fl) (P v ipop Ly (g

n€Z

We can now express the operator Tr(w, 3) with the help of a countable set of 2 by 2 matrices,
using formulae (A.16) and (A.18). We recall that, by definition of Tr(w, ), u being the solution
of (P¥) with (u An)An;r, = ¢, we have

Tr(w,B)(¢) = rotgu Anyr, = (rotgu)z€s — (rotpu)e€3 r,

Finally, we find the expression of Tr(w, (), given in Theorem 2.1.
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B Appendix: Proof of Theorem 3.2 (The density of V, 5(€2;)
in Hp())

Proof We divide the proof into two parts:

(i) we construct an operator B, g, whose domain D(B, g) is dense in H(rotg, ;) and such a

way that
Vu € D(B.,3) ¢ 'rothu € V, ().

(ii) Using this property, we prove directly the density of V,, 5(£;) in Hz(;).

(i) - Let us introduce the unbounded operator B, g of L2(;)?, equipped of the norm
| llo.c:, defined by

'D(Bw,ﬂ) = { u; € H(I‘Otﬁ,ﬂi) ; rotg(s’lrot;ui) S L2(Qi)3;
(rothus; An) Anr, = SE*(w, B)(rotfui - nyr,) } (B.1)
B, pu; = rotg(e~'rotju;) Vu; € D(B, p).

We now prove that B, s is self-adjoint so that its domain is dense in H(rotg, Q;).
Thanks to Green’s formula (1.14), we have

(wa@uiv vi)O,Qi (IOtﬂ(E_ertEui)vvi)O,Qi

(5_1rot§ui, rotgvi)o,gi - < (5_1r0tgui An)An,vi An >,
= (e7"rothus, rothu)o,e, — ex < SE(w, B)(rothus - n),v; An >,

We then define the bilinear form b, g associated to B, g, as follows:

D(b,,3) = H(rotg, ;) which is dense to L*(Q;)? B2)
B.2

bo,p(u,v) = (e~ 'rotfu, rot}v)o,0, — e < S (w, B)(rotju - n),v An >, .

Remark B.1 To see that definitions (B.1) and (B.2) make sense, it is useful to recall that
S (w, B) belongs to .C(H*%(I‘R),H’%(rotg,FR)). Since rotyu € H(divg,(Y;) then rotgu- nr, €
H’%(FR). These two facts justify (B.1) and (B.2). Moreover, by duality between H’%(rotg,FR)

and H_%(divg,l"R), and continuity of S&(w, B), we have, using trace theorems:

IN

| < S}{””(w,ﬂ)(m%u~n),v/\n >/rg | C(w, B)||rothu - n| [lv A nl|

H_%(FR) H_%(di'l]ﬁ,FR)
< Cuw, Blirotgull g din, 010l aerots 0. »

which proves the continuity of the bilinear form b, g, since ”mtE””H(divﬁ,m) = |[rotzullL2(q)-

Let us show that b, g is symmetric, which is not obvious from (B.2). In polar coordinates, we
have

vAnr, = (v3(R0), —vo(R0)) = (05, —vp)e™

m :
rotgu -, = (rotju).(Re) = — + fug = Z(Eu§+ﬂu3)em9.
neZ
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which gives:

. mn i .
— < S (w, B)rothu-n), v An >ra= Y ( —gus +B(=ug) ) (vg,—vy)
nezZ ,Yn
| uE vy
=) M7
o\ - )\ -
where
n
—a” iBa™
Mr] = | B : (B.3)
_mon Bym
R’Y Y

In fact, we have chosen the terms a™ and 4™, in such a way that the matrix M™ is hermitian, i.e.
L -

R ~ BR
Moreover the equality:

= {fa™ or in other words o™ 7", which implies that the form b, g is symmetric.

n

T
B

(Zup + pup)(Zop + pup)  (BA)

< S;’gv(w,ﬂ)(rotgu “n), VAN >;p,= Z = i

nez

shows the positivity of b, g sincey™ >0 Vn € Z (see Lemma 3.2). Therefore, there exists a > 0
such that

busuyu) + lull o, = o ul% o, 00 (B.5)

and consequently, the operator B, g is selfadjoint (cf. [12]). As a consequence, by a classical
theorem about selfadjoint operators, D(B,, g) is dense in L?(Q;)® and in H(rotg, ;). Finally, we
check that for any v € D(B,,5), u = ¢~ 'rotjv belongs to V(). Indeed, we have divs(su) = 0 and
by definition of D(B,, ), rotgu € L*(9;)*. It remains to prove that u-nr, = Sr(w, B)((uAn)An).
But since v belongs to D(B,, 5), we have (uAn)An) = SF*(w, B)(u-n,r, ), which yields, by Lemma
(3.2), that - n/r, = Sr(w, B)((u An) An).
(ii) - We can now prove the density of V,, () in Hg(;).
Let be u € Hg(Q;), from Theorem 1.3,

1
Jv € H(rotg, ;) such that u = grotzv.
But, since D(B,, g) is dense in H(rotg, ),

Jv™ € D(B., ) such that v — v in H(rotg, ),

that is, particularly
e~ 'rotho™ — win L*()?,

which completes the proof, since e~ 'rotjv™ € V,, 5(9:) (see part (i)).

C Appendix: Proof of Theorem 4.1 (A generalized Helm-
holtz decomposition of H(rotg, (2;))

For the proof, we need to introduce a new boundary operator:
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Definition C.1 We denote by T,, the operator from H*(Tg) into H-%(Tg) as follows: (This
operator is often entitled Dirichlet-Neumann or Steklov-Poincaré operator.) let be ¢ € H %(1" R),
we have

9o

on jrp’

Tu(p) =
where ¢; € H*(SY;) is the unique solution of
divg(eVpps) = 0 and ¢yr, = ¢. (C.1)
The operator T3, has the following well-known properties:
Lemma C.1 T, is continuous, positive definite and symmetric from H%(I‘R) into H_%(I‘R).
Proof See [26].
Proof of Theorem 4.1

We recall the aim of this proof. Let u; be given in Vz(Q;), we want to construct (v;,¢) €
V,5(Q;) x H'(R?) such a way that

u; = v; + ngb/gi. (02)
What must verify v; and ¢ 7
® u; € Hg(Qi) and wv; € Hg(Qi) = diVﬂ(&Vﬁ¢) =0 in ;.

e v; must satisfy v;-n/;r, = Sg(w,B)[(vi An) Anr.]. In other words, if v, is the solution
of (P; 5) associated to the boundary condition (ve An) An r, = (v An) Anry(= ((ui —
Vsd/a,) An) Anry), by definition of Sg(w, 3), we have:

Ve 'TL/FR = v; "TL/FR,
that is also
(ui = Vgd/Q,) nry = Ve Ny

The idea is first to construct v; and ¢ satisfying these properties. We shall see that we will be able
to verify “a posteriori” that (C.2) holds. Our method will consist in constructing an extension
ue € V3(Q,) of u; and ¢ in H'(R?), from which we will define v;. More precisely u, and ¢ will
satisfy:

(7,) diVﬁ(&ngﬁ) =0 in &y

() ve := (ue — Vp9) is the solution of the exterior problem (P; ;) associated

S (C.3)
to the boundary condition (ve An) Anr, = ((ui — Vo q,) An) Anr,.

\(iii) Ve Nyrp = (Wi —Vda,) nry-

Now, if (ue,¢) € V() x H'(R?) satisfies (C.3), then the pair (v;,#) where v; is defined by
v; = u; — Vpdq, will satisfy the decomposition (C.2). For this, we only have to show that v;
belongs to V., g(€;). Indeed:

(1) From (C.3) (i) and the fact that u; € Va(€;), we have v; belongs to Vz(Q;)

(2) From the definition of the exterior problem (Pj,ﬂ), and of the trace operator Sg(w, 3), we
deduce from (i7) that
Ve *nyr, = Sr(w,B)[(vi An) Anr,], (C.4)

then adding the point (C.3) (iii), we can conclude that

vy, = Sp(w,B)[(vi An) Anjr,].
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From these two points, we conclude that v; € V, 5(Q;).

We will see now, that satisfying (i),(ii) and (iii) of (C.3) leads us to define the pair (u.,¢) as
the solution of a variational problem. Indeed, setting ¢; = ¢/, and ¢ = ¢/q,., we note that
(ue, @) will satisfy the following requirements:

e As we seek u, in V3(Q.), from (C.3 (i),(ii)), we remark immediately that necessarily,
divg(eVpgi) =0 in Q;
divg(eVgpe) =0 in Qe (divg(eve) = 0) (C.5)

bi = ¢ inTr (¢ € HY(R?)),

whose consequence is the fact, that ¢; is completely defined by ¢.. This is why in the sequel,
we shall only seek to define u. and ¢..

e The problem (C.3 (ii)) can be rewritten as follows:

2
rot (rots(ue — Vo)) = ‘:T(ue — Vsée) in 0,
a0 (C.6)

((ue — Vo) An)An = ((u; — Vo) An)An inTg.

Due to the fact that Vgd; Anjr, = Vpée A njp,, and rots(Vgoe) = 0, (ue, de) must
satisfy:
w2
rotg(rotgue) = ——(ue — Vp¢e) dans Q.
Coo (C.7)
(ue An)An = (u; An)An sur Ig.

¢ It remains now to express the boundary condition (C.3(iii)) with respect to u. and ¢., that
we can do with the help of the operator T,. Indeed, from (C.5 (i)), we have

9¢:
Tr=Tu(dor.), C.8
0% T = To(e/ra) (€3)
which allows us to rewrite the boundary condition (C.3(iii)) as follows:
99,
i — Th(oe = Ue- - . .
Ui NyT, (Pejrr) = U nyry n o (C.9)

From (C.5),(C.9) et (C.7), the problem to solve is written: find (ue, ¢.) € V() x H*(Q) such
that (u; is the data of the problem)

(

Ag(be =0 in Qe
ue.n+Tn(¢e)—%¢e = u;-n onlg
g 2 n (C.10)
rot;(rotgue) = CT[“e —Vgode] in Q.
(ue AR)ANn = (u; An)An on I'g.

\

Let us now admit, for a while, that the previous problem has a solution. The function ¢, being
constructed, we recall that ¢; € H'(Q;) is then the solution of (C.3 (i)) with the boundary
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condition ¢; = ¢. on I'r and we have constructed u. and ¢. in such a way that the conditions
(C.3 (ii) and (iii) ) are satisfied. The last point to clarify, is to see if the problem (C.10) has a
solution. This is the object of

Lemma C.2 Let be v € H-2(Tg), ¢r € H_%(rotg,FR) and two strictly positive reals w and (3

such that )
- >

[e o]

The problem

Find (ue,¢e) € Vg x H'(Qe)  such that
Aﬂ¢e =0 in €,
w2
(Qe) rots(rotgu,) = CT[ue — Vs in Q.
9¢.
e’ Tn e) — = T
Ue - N+ Tn(Pe) an onTg
(ue Am)An = @r onTr

has a unique solution

Proof The proof is divided in two steps. The first one is to show the equivalence between the
problem (Q.) and a variational problem. The second step consists in showing the existence and
uniqueness of this last problem.

(1) - We can rewrite the problem (Q.) as an homogeneous one with the help of the field z.,
solution of (PS ;) associated to ¢7. Indeed, z. satisfying

w2
rotj(rotpze) = e in Q,

% : (C.11)
(ze An) An = or on T

from the definition of Sg(w,3), it verifies also the boundary condition z. -n = Sg(w,B)(eT),
and setting we = u. — 2., (Q.) is the equivalent to

]

Find (we,¢.) € V5(Q.) x H'(Q.) such that

(’L) Aﬂ(ﬁe =0 in Qe
< ) . 2 ‘ (C.12)
(it) rotj(rotgwe) = CT(we — Vgoe) in Q.

| (i) we o+ Ta(o) ~ O

= —Sgr(w,B)(¢r)+%¢ onTkg.

We can write a variational formulation associated to the problem (C.12), where the spaces of test
functions are in V9(Q.) x H'(Q.). Indeed, at first, from (C.12 (i),(iii)), we have:

Vo € Hl(Qe) (Vﬂ¢evvﬁ¢)+ < We-n+ Tn(¢e) + SR(U)» ,6)((PT) — 9,6 >r;=0.
From (C.12 (ii)), we deduce that

2
w

Yw € V;(Qe) (rotgwe, rotgw)o,0, + 2 (Vgde — we,w)o,0, = 0.
oo
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Finally, if we note that < we-n, ¢ >r, = — / Vg¢-w. dx since w, satisfies the free divergence_
QC

condition, we see that (we, ¢e) is solution of

W(g,w) € H' () x V()

e ) 2 (C.13)
a( : ) = 5 <= S Ber dyry >
We w >
where
Pe é 2
ae( , ) =%{vafwmw+<ﬂ%¢>
We w * e

+/(W%w—mVWMM

e

w2
+ / rotgwe - rotgw dr — T/ We - W dx.
Q Cx Ja.

\ e

Before showing that the problem (C.13) has a solution, the question is to know, if a solution of
(C.13) is also solution of (Q.). And the answer is positive, if we show that a solution of (C.13) sa-
tisfies (C.13) replacing the test functions w € Vg(Q.) by fields @ € Ho(rotg,2.). Indeed, D(€2.)?
being included into H'(f2.) x Ho(rotg,().), it is easy to interpret the variational problem (C.13)
in terms of the initial boundary value problem (Q.)-

From the orthogonal decomposition (2.4) (with the inner product ( , )o,q,) of Ho(rotg,Q):
Ho(rotg, Q) = V3(Qe) @ Hp(Q.)?1, let us show that if (¢, we) is solution of (C.13), then

ae( , ) =0 Vo€ HsQ)"

If v- € Hy(Q) then v = Vo with ¢ € H$ () (cf. Theorem 1.2), which gives the following
expression:

Pe 0 w? ~ -
ae( ) ) = CT[ (vﬁ¢€7 V,B¢)079(3 - (wev vﬂ¢)079c]

1 [oe)

+ (rotgwe, rotg(Vad))oq. -

The nullity of the second term comes from the property: rotg(Vg¢) = 0). The first term corres-
ponds to:

2 - - be o)
Z)T[(Vﬂ¢ea Vad)o,a. — (we, Vgod)o,a.] = ae( ; )s
i We 0

which is equal to zero, because qE/FR = 0 and (¢, we) is solution of (C.13).

(2) - The second step of this proof is to show that the variational problem (C.13) has a unique
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solution, obviously in H'(Q.) x V(). This can be done using Lax-Milgram’s theorem (cf.
[7]). The only difficulty is to show the coercivity of a. in H'(Q.) x Vﬂo(ﬂe) (the other continuity
properties of a. and of the right hand side of (C.13) are straightforward). But we have:

¢ ¢ w? )
al| T LT D = Vs, + < Tat6>r, ]
w w i
2
w
+ [Irotgwlls o, — CT“w”g,QC'
o0

Then, the coercivity of a. arises from the two following properties:

o <Th¢,¢ > v, > 0 because T, is positive.

w
* 3a>0; VweV3(Q) [rotswlga, — Slvllse, > ellwllagot, e,

This assertion comes from Lemma, 2.3.
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