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Abstract: In this report we present a unified description for studying the problem of
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Approche algébrique pour la stabilisation simultanée de
deux systemes.

Résumé : Dans ce rapport de recherche nous présentons le probleme de la stabilisation
simultanée de deux systemes. Nous définissons ce probleme de trois maniéeres. La premiere
correspond a la définition habituelle présentée dans la littérature. Nous montrons que
pour la troisieme méthode ainsi que pour la premiere, I’étude du compensateur simultané
conduit a une condition de divisibilité dans RH., et & ce propos, nous proposons une
nouvelle formulation de la condition d’existence. De plus nous montrons I’équivalence des
conditions d’existence pour la premiere et la troisieme approche. Finalement une méthode
de synthese explicite est donnée afin de construire des correcteurs simultanés pour deux
systemes.

Mots-clé : Stabilisation simultanée, stabilisation forte, interpolation de fonctions ra-
tionnelles unimodulaires dans RH ., paramétrage de Youla.
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Notations.
RP[s] : The set of proper rational functions with real coefficients.
R[s] : The set of rational functions with real coefficients.
RH,, : The set of proper and stable rational functions with real coefficients.
H : The set of Hurwitz’s polynomials.
IR[s] : The set of polynomials with real coefficients.
Ri. : Positive reals including 0 and oo.
U : The set of units in RH_,.
Cte : Re(s) >0 including oc.
Cy : Re(s) > 0.
c.f. : Coprime factorization over RH .

1 Introduction.

In automatic control, the simultaneous stabilization problem may arise in many situations.
One is the control with integrity: the same compensator must guarantee stability and
performance requirements even if some sensors, transducers or actuators fail. A second
example is the control of a nonlinear plant with operating point changes: all the linearized
models obtained at each operating point must be stabilized with only one compensator.
Then the simultaneous stabilization is an important subject with rising interest of the
control community.

One of the first to study this question in an intensive way was Vidyasagar et al. [5]. The
main contribution of [5] was to connect the simultaneous stabilization to the strong stabili-
zation (i.e. the stabilization of a plant by a stable compensator). The strong stabilization
was solved by Youla et al. in [8] where necessary and sufficient conditions for existence of
a stable compensator in the scalar case are provided: the only condition to check is the re-
lative location of the unstable real poles and zeroes. This condition is known as the parity
interlacing property denoted p.i.p. An eflicient extension of this result to the simultaneous
stabilization of two plants in the multivariable case was completed by Vidyasagar et al. [5]
by replacing the zeroes in the scalar case by the blocking zeroes. Another important point
proven in [5] is that the strong stabilization is equivalent to an euclidean division in the
RH,, ring under the constraint that the remainder is a unit in RH,,. The contribution
of [5] was also the use of the strong stabilization in the simultaneous stabilization of N
plants (N > 2): to stabilize simultaneously N plants is equivalent to stabilize (N — 1)
associated plants with a stable compensator. The reader can find an overview of these
results in [6]. After these introductive contributions of Youla et al. [8] and Vidyasagar et
al. [5], the strong stabilization and simultaneous stabilization problems became an active
field of research. In [1], Blondel showed that, unlike for two plants, there does not exist
necessary and sufficient conditions for the simultaneous stabilization when N is strictly
greater than two. In this case, the simultaneous stabilization is a rationally undecidable
question, and thus only sufficient or necessary conditions may be found.
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4 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

In addition, Blondel [1] and Blondel et al. [2] introduced the concept of avoidance which
can be used instead of the strong stabilization to check the existence of a simultaneous
compensator. Wang et al. [10] and Giindes et al. [4] also developed robustness considera-
tions in the simultaneous stabilization problem for uncertain systems. A common feature
of these different approaches [1], [5], [8] and [10] is an intensive use of the fractional repre-
sentation, especially the coprime factorization over RH.,. This interest is due to stability
notions easier to use with rational functions in RH,, than with a polynomial formulation,
particularly in the case of poles zeroes cancellations at infinity. Note that a polynomial
version of the simultaneous stabilization problem has been treated by Wei in [7] as a
transcendental problem. Several numerical methods exist to compute simultaneous com-
pensators. They require the manipulation of some complex mathematical concepts and
especially algebraic tools such as unit interpolation in RH .

The main contribution of our work is to study different notions of simultaneous stabili-
zability of two plants. The simultaneous stabilizability is introduced by using the Youla-
parametrization also called the )-parametrization. We consider a controller stabilizing
a given plant and we express a constraint on the )-parametrization such that an ano-
ther given plant can be also stabilized by the modified compensator obtained from the
(J-parametrization. The motivation to use the Youla-parametrization is to provide a sys-
tematic way to generate simultaneous compensators for a pair of plants if we have already
stabilized a first one, i.e. if we claim a unit constraint on the first. Then, from the sta-
bilization of the first system, the free parameter () can be selected in the linear space
corresponding to this unit constraint.

In our approach, only one parameter in RH,, must be determined by solving an appro-
priate euclidean division in RH., with remainder in U, in contrast to [5] and [6] where the
computation of two parameters in RH,, is required, namely one for each plant to stabilize
(see equation (5.4.6) in [6]). The proposed approach allows us to give necessary and suf-
ficient conditions based on evaluations of one of the plant coprime factors at the unstable
real zeroes of the difference of an associated plant described by the coprime factors of the
two plants. Unlike in the p.i.p. condition given in [5] and [8], we do not consider unstable
real poles of an associated plant.

This report is organized as follows. Section 2 is devoted to the mathematical background on
coprime factorization over RH,, and its use to the parametrization of stabilizing control-
lers. Two new definitions to characterize the set of all stabilizing controllers are introduced.
In section 3, these definitions allow us to describe three ways for stabilizing two plants with
the same compensator simultaneously. Section 4 considers only the third approach and
show that in this case the simultaneous stabilization problem can be reduced to search one
parameter in RH., by solving an euclidean division in RH,, with remainder in the set of
units in RH.,. In this section, an another formulation than this given in [5] of the neces-
sary and sufficient conditions for stabilizing simultaneously two plants is presented. This
formulation does not use the Bezout’s identity. Finally, in section 5, an algorithm sum-
marizes this approach to design simultaneous compensators, and an illustrative example
is given.

INRIA



An algebraic design for the simullaneous stabilization of two systems. 5

For readability we use these simplified notations: when we write the system P = ND™!,
we consider the pair (N, D) and not the ratio ND™!. Similarly, when we write the com-
pensator C = RS™Y, we consider the pair (R, S) and not the ratio RS™".

2 Preliminaries and definitions.

Consider an element M of R[s], which does not admit an unstable pole-zero cancellation.
Then there exist X and Y belonging to RH,, such that M = XY ~! where X and Y have
no common unstable zero [6]. The pair (X,Y) is called a coprime factorization (c.f.) of
M over RH,,. To each plant P; € RP[s], we associate a c.f. denoted by (N;, D;) with
F; = NiDZ-_I. Similarly, to each compensator C; € R[s] corresponds a c.f. denoted by
(R;, S;) with C; = RiSZ»_l. As in [6], the degree of X € RH,., denoted by 6(X) is defined
as
(X)) := {number of zeroes of X in C} + {relative degree of X }.

Let (N;, D;) and (R;, S;) be c.f. of the plant P, € RP[s] and of the compensator C; € R[s]
respectively. According to [6], we say that C; stabilizes P; if and only if #(N;, D;, R;, S;) €

U where

&(N;, D;, Ri, S;) = N;R; + D;5S;. (1)

From now on, ®(N;, D;, R;, S;) is denoted by @(P;, C;) if no confusion may arise.

By considering the unit @(P;, C;) in (1), two definitions are introduced to characterize the
set of stabilizing compensators.

Definition 2.1 The set of stabilizing compensators with the property to preserve the
initial unit @(P;, ;).

Select (N, D;) a c.f. of a plant P; € RP[s| and (R;,S;) a c.f. of a compensator C; € R][s]
such that ®(P;, C;) € U. The set of all compensators thatl stabilize P; € RP[s| with the
property of preserving the initial unit ®(P;, C;) is defined by

S1(F;, C;) == {Cx € R[s] such that ®(P;, Cy) = ®(P;, C})}.

Definition 2.2 The set of all stabilizing compensators.
The set of all compensators that stabilize P; € RP[s] is defined by

Sy (P) :={C, € R|[s] such that ®(P;, Cy) € U}.

In Definition 2.1 and in Definition 2.2, S;(F;, C;) and S3(F;) are sets of c.f. (R, S) of
stabilizing compensators C,. Unlike the set S3(F;), the set S;(FP;, C;) makes explicitely
reference to the unit @(P;, ().

RR n° 3043



6 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

These two definitions will be used in section 3 for the statement of the simultaneous
stabilization problem. Now, the parametrization of the stabilizing compensators is given
by two lemmas which are related to Definition 2.1 and Definition 2.2 respectively.

Lemma 2.1 [6] Parametrization of the stabilizing compensators belonging to Sy (F;, C;).
Let (N;, D;) be a c.f. of a plant P; and (R;, S;) a c.f. of a compensator C; € S3(F;). All
elements C, in the set S1(P;, C;) may be parametrized as a pair (Ry, Si) where (Ry, Sk)
is a c.f. of C'y given by

(Rk, Sk) = (Ri + Q:D;, Si — Q: N;) (2)

with Q); € RH ., such that S; # Q;N;.

Lemma 2.2 Parametrization of all stabilizing compensators.
Let (N;, D;) be a c.f. of a plant P; and (R;, S;) a c.f. of a compensator C; € Sy(F;). Then
for all Cy € So(F;) there exist U; € U and QQ; € RH, fulfilling

(Rg, Sg) = (UiR; + Qi D, UiS; — Qi ;) (3)
under the condition S; # UZ-_IQZ-NZ'. Note that (R,, Sy) is any c.f. of Cy.

Proof. Let (N;, D;), (R;,S;) and (R,,5,) be c.f. of P;, C; and C} respectively. Recall
that

Q(P;,Ci) = RN+ S;D;
@(PZ', Cg) RgAfi—I—SgDi.

So we have

P! (PZ', CZ)(RZNZ + SZDZ) = 1 (4)
& L(P;, C))(RyN;: + S,D;) = 1. (5)

Adding (4) and (5) yields
&1 (P, C)R;N; + &1 (P;, C;)S;D; = &1 (P;, Cj)RyN; + &~ (P;, C,) S, D;
or equivalently
(@71 (P, C)YR; — @71 (P;, C))R))N; + (&7 (P;, C;)S; — &1 (P;, C,)S,)D; = 0.
Since N; and D; are coprime over RH,, there exists ¢J; belonging to RH,, such that

¢! (P;, Cy)Ry = & '(P;, Ci)Ri 4+ Qi D;
&1 (P;, Cy)S; = &1 (P;, C3)Si— QiN;

INRIA



An algebraic design for the simullaneous stabilization of two systems. 7

under the condition @~ (P;, C;) S; # Q; N;.

This relation is rewrite as

Rg = @(PZ', Cg) 1! (PZ', CZ)RZ + @(PZ', Cg) Qz’Di
Sg = @(PZ', Cg) ¢_1(Pi7 CZ)SZ — @(PZ'7 Cg) QZNZ

Then the pair (R, 5,) is given by
(Rg, Sg) = (UiRi + QiDi, UiSi — QiN;) (6)
with
Qi = (P, Cy)Qi.

Since C; € S3(P;), Cy € So(F;) so @(P;, C;) € U and @(P;, Cy) € U then U; € RH.
End of the proof.

{UZ- = &(P;,C)o~ (P, C;)

Remark 2.1 The connection between S1(F;,C;) and S3(F;) is given for any C; € S3(F;),
by
S1(F;,Ci) C S2(Py). (7)

Relation (7) is obvious. Indeed, from Lemma 2.1 and Lemma 2.2, if (R, Sk) is a c.f. of a
compensator C, € S1(F;, C;), then for any C; € Sy(F;) there exists a unit Uy such that

(Rg,Sg) = (U Ry, UgSk) (8)

where (R4, S;) is a c.f. of C.
The next definition completes Definition 2.1 and Definition 2.2 and ends this section.

Definition 2.3 The set of units obtained by a set of stabilizing compensators {2.
Let (N;, D;) be a c.f. of the system P; € RP[s], and §2 a subset of S3(F;). Denote F(P;, £2)
the set of units defined as

F(P;,2):={U € U such that U = N;R+ D;S with (R,S) € 2}.

In this definition, F(F;, §2) corresponds to the set of all units obtained with C' = RS~!
such that C' € 2 C R[s] and C stabilizes P; € RP[s].

RR n° 3043



8 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

3 Simultaneous stabilizability: three approaches.

To clarify the basic ideas of the simultaneous stabilization problem, three approaches for
stabilizing simultaneously two plants with the same linear compensator are described in
this section. These three approaches are based on Definition 2.1 and Definition 2.2 which
are related to two sets of compensators Sy(F;) and S1(F;, C;).

First Approach Firstly, present the simultaneous stabilization problem as follows: under
which condition, for two proper plants F; and P;, does a compensator (' exist such that

@(PZ', Cs) € U and @(Pj, Cs) eU.
Or equivalently, under which condition does a compensator Cs exist such that
C,s e SQ(P]) and C € SQ(B)

Below, this problem is more precisely defined.

Definition 3.1 Simultaneous stabilizability.
Let P; and P; be two proper plants. The plants P; and P; are simultaneously stabilizable
if and only if the sel 25 := Sy (P;) N S2(P;) contains at least one compensator Cl.

Then, the following result may be deduced from Definition 3.1.

Theorem 3.1 Denote P; and P; two proper plants. Let C; € So(F;) and C; € Sy(P;) be
two compensators. Select (N;, D;), (N;,D;), (R;,S;) and (R;,S;) the c.f. of P;, P;, C;
and C'; respectively. The set {25 is not empty if and only if there are (Qs; € RH, and
Qs; € RH, fulfilling

(Rj + Qs;D;)(S; — Qs N;) ™ = (Ri + QsiDi)(Si = QsiNi) ™' =0 9)
with
S; # Qs;N; and S; # Qs N;.
Proof. See Appendix A.

Note that (9) uses the set {2, since this expression considers the ratio between the coprime
factors and not these factors separately, contrary to the second approach presented now.

Second Approach Let C; € So(F;) and C; € S3(P;) be two compensators. For the two

proper plants F; and P; does a compensator C's exist such that

®(P;, C5) = ®(P;, C;) and (P}, C5) = &(P;, C;).

INRIA
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Or equivalently, under which condition does a compensator Cs exist such that
C,s e Sl(PZ,CZ) and C € Sl(Pj,Cj).

From this formulation, the simultaneous stabilization problem of two systems can be
defined as follows.

Definition 3.2 Simultaneous stabilizability with the property of preserving the initial
units @(P;, C;) and @(P;, Cj).

Denote P; and P; two proper plants. Let C; € So(F;) and C; € S3(P;) be two compensators.
The plants P; and P; are simultaneously stabilizable with the property of preserving the
initial units @(P;, C;) and ®(P;, C;) if and only if the set 2, :== S;(P;, C;) N S (P;, C;)

contains at least one compensator Cs.
Consequently, the following theorem may be stated.

Theorem 3.2 Denote P; and P; two proper plants. Let C; € Sy(F;) and C; € S3(P;) be
two compensators. Select (N;, D;), (N;,D;), (R;,S;) and (R;,S;) the c.f. of P;, P;, C;
and C'; respectively. The set §2; is not empty if and only if there are Qs € RH., and
Qs; € RH, fulfillimg
{ Ri+QsiD; = Ri+QuD; (10)
S;—QsiNj = 5i—QsN;

with
S; # Qs;N; and S; # Qs N;.

Proof. See Appendix A with R, = R, and S, = S then U = 1 and according to the
paragraphs a) and b) of this appendix, we show that the two units ¢(P;, C;) and @(P;, C;)
are preserved.

Remark 3.1 If the plants F; and P; are simultaneously stabilizable with the property of
preserving the two initial units @(P;, C;) and @(P;, C;) then the following relationships
may be deduced from (10)

D(P;, C;) = Ni(Ri +QsDs) + Di(S; — QsiN5) (11)
D(P;, C;) = Ni(R;j+QsD;) + Di(S; — Qs N;)

{ Q(Pjv Cj) = *VJ(RZ' + QsiDi) + Dj(SZ' — QSJVZ-)
b(Pj, Cj) = Nj(Rj+QsDj) + Dj(S; — Qs;Nj).

RR n° 3043



10 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

Remark 3.2 This last approach is more constraining than the first one, since the simul-
taneous compensator must preserve the two initial units @(P;, C;) and @(P;, C;). In the
state of this research, this problem is set as equivalent to the following one

(13)

QuAdA = —@(Pj, CZ) + ¢(Pj, Cs) with S; 75 Qsi N;
Qsjﬂ = @(PZ', C]) — @(PZ', Cs) with S]‘ 75 Qstj

where

A= D;N; — N;D;.

Explain the relationships (13). Let (Rs,S;s) be a c.f. of Cs. According to Theorem 3.2,
the plants F; and P; are simultaneously stabilizable with the property to preserve the
initial units @(P;, C;) and @(P;, C;) if and only if there exists at least one compensator
Cs belonging to the set {2, defined by

.Q] = 51 (sz Cl) N S] (P], C])

Since Cy € 2, there exist Q5; € RH, and Q)5; € RH, verifying the following relations

Rs = R;j+QsD; = Ri+QuD: (14)
and also

Ss = 5;—QuN; = 5 —QsiN;. (15)
Multiply (14) by N; and (15) by D; yields

(Rj+ QsiDj)Nj = (Ri+ QsiDi)N; (16)

(S5 = QsiNj)Dj = (Si— QsiNi) D;. (17)
Adding (16) to (17) gives

QsiA = —@(Pj, CZ) + @(Pj, C]) with S; 75 QsiNi (18)

Multiplying (14) by N; and (15) by D;, we obtain the pair of equations

(Rj+Qs;Dj)N; = (Ri+QsiD:)N; (19)

(S]‘ — Qsjf\fj)Di = (SZ — Qsi*Ni)Di- (20)

Adding (19) to (20) yields

QsjA = (Pi, Cj) — &(Pi, Ci) with S5 # Qg N; (21)
According to (14) and (15) we get

®(P;j, Cj) = ®(P;, Cs) and ®(P;, C;) = ®(P;, Cy).

To conclude this remark, we observe that the relations (18) and (21) are similar to the
relationships (13).

INRIA
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Third Approach An intermediate approach between the two previous, one, may be
formulated as follows: find a compensator that stabilizes the two plants F; and P; such
that only one of the two initial units @(P;, C;) or @(P;, C;) is preserved. This problem
corresponds to a new approach described now: look for a simultaneous compensator C
that stabilizes two plants with the property of preserving only one of the two initial units,
i.e. such that

Cs=0 € Sl(Pj,Cj) N SQ(PZ') or Cy = Csj € Sl(PZ',CZ') N SQ(P]').

Hence, the simultaneous stabilization problem is studied in the following way: consider
a nominal plant P; and a second one F;, let C; be a compensator stabilizing P;, try to
stabilize each of these two systems by the same compensator while preserving the unit
& (P;, C;) given on the nominal plant P;. In this approach, the set of units, which will
be defined in Proposition 3.1, is a common stabilization domain for these two systems.
In section 4, this domain will be used to derive existence conditions of a simultaneous
compensator C;.

Definition 3.3 Simultaneous stabilizability with the property of preserving the initial
unit @(Pj, C])

Denote P; and P; two proper plants. Let C; € S3(P;) be a compensator. Two plants P; and
P; are simultaneously stabilizable with the property of preserving the initial unit ®(P;, C;)
if and only if the set 25 := S;(P;, C;) N So(P;) contains at least one compensator C;.

Proposition 3.1 Let P; and P; be two proper plants, and let C; € So(P;) be a compen-
sator. The set §29 is not emply if and only if the sel F(P;, S1(F;,C;)) contains atl least
one unit.

Proof. See Appendix B.

It is interesting to observe that the existence conditions associated with Proposition 3.1
are exactly those required to stabilize two systems with a same compensator without
constraints on the initial unit @(P;, C;) namely as defined in Definition 3.1. This result
is shown in the following corollary.

Corollary 3.1 Denote P; and P; two plants. Let C; € S3(P;) be a compensator. The
systems P; and P; are simullaneously stabilizable if and only if there exists a compensator
C'y; such that

Csi € (S2(P) N S1(P;, Cj)) (22)

RR n° 3043



12 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

Proof. See Appendix C.

Remark 3.3 Corollary 3.1 is an intermediate result more tractable than the general form
defined by Theorem 3.1 and less constraining than the form described in Theorem 3.2. In
section V of this report, we propose to build a simultaneous compensator such that (22)
is true.

The Proposition 3.1 claims that if two systems are simultaneously stabilizable with the pro-
perty to preserve the initial unit, then there exists a unit U belonging to F(P;, S1(P;, C})).
According to Proposition 3.1, the unit U belongs to F(P;, S(F;)). This unit is a common
unit for the stabilization of the plants P; and P; since it may be obtained from Sy (F;, C})
and S3(F;). From this third Approach, a new formulation of the necessary and suffi-
cient conditions to stabilize simultaneously two plants F; and P; will be given in the next
section.

4 Simultaneous stabilizability of two plants using the third
Approach.

4.1 Preliminary results.

Let P, € RP[s] and P; € RP[s] be two plants. Choose any compensator C; € S3(F;).
We want to find a compensator C; belonging to S;(P;,C;) and S3(F;) using the third
Approach described in the previous section. In this subsection, a complete solution for
this problem is expressed as an euclidean division in RH., with a remainder belonging to
U. The simultaneous compensator is an affine function of the quotient of this division.

Theorem 4.1 Let P; € RP[s] and P; € RP[s] be the plants. Choose any compensator
C; € S9(P;). B, P;, C; are described by their associated c.f. (N;, D;), (N;,D;), (R;,S;)
respectively. The plants P; and P; are simultaneously stabilizable by a controller C's; such
that ®(P;, C;) = (P}, Cs;) if and only if there exists Qs; € RHo, such that

((P;, C;) — Qs;A) € U with S; # Qs N; (23)

where
A= D;N; — N;D;. (24)

Proof. See Appendix D.

INRIA



An algebraic design for the simullaneous stabilization of two systems. 13

The euclidean division in RH, (23) with remainder in U can be solved as an interpolation
problem in RH.,. Some algorithms are given in [3], [6] and [9]. Remark that in Theorem
4.1, (R;, S;) is any c.f. of the initial compensator C; and note that contrary to (23), there
are two terms @, and (),; to compute in (9).

Now, we are interested by the connection between Proposition 3.1 and Theorem 4.1. Ac-
cording to Proposition 3.1, if /; and P; are two plants simultaneously stabilizable with the
property of preserving the initial unit @(P;, C;), then there exists U € F(P;, S1(P;,C})).
Thus by definition, F(F;, S1(FP;,C;)) can be written as

F(P;, S1(P;,C})) :={U € U such that U = N;Rg; + D;Ss; with (Rs;, Ss;) € S1(P;,C;j)}.
Consequently, there exist an unit U and a compensator Cj; of c.f. (Rsi, Ssi) such that
U = N;Rs; + D;S; (25)
As (Rs;, Ssi) € S1(Pj,C;), by Definition 2.1 we have
&(P;, C;) = N;Ryi + D;Syi = N;R; + D; ;. (26)
Then according to (25) and (26) there exists a compensator Cy; such that
Csi € S2(P) N S1(P;, Cy).
From Lemma 2.1 and Definition 2.1, ()5; in RH,, can be find such that
(Rsiy Ssi) = (R; + Qs;Dj, S; — Qs; Nj).
Inserting the expressions of (Rs;, Ss;) in (25), this gives
Qs;A=®(P;,C;) - U
with
A = ND; - N;D;
{ ®(P;,C}) = NiR;+ D;S;.

Comparing these equations with (23) and (24), we remark that the existence of a unit U
is related directly to the existence of a simultaneous compensator Cy; by the relationship

U= (®(P;,C;) — Qs;A) = &(Pi, Cy)). (27)
Hence, Proposition 3.1 and Theorem 4.1 are directly connected by expression (27).
In addition, Theorem 4.1 is independent of the choice of a compensator C; € S3(F;).
Indeed, if there exists Q;; € RHo, computed from C; € S3(P;) and satisfying Theorem

4.1, then it is always possible to deduce a new Q;] in RH, verifying this theorem from
any other C; € S3(P;). This result will be presented in the following corollary.
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Corollary 4.1 Let C;j € Sy(P;) be a compensator. Consider a unitU € F(P;, S1(P;,C})).
Then for any C' € S2(F;), we can find Qf; in RHy, such thal (23) holds, namely

U=U;"®(P;,C!) — QA with Uj € Uand U; = =" (P;, C;)®(P;, C}).  (28)

Proof. Let (R, S;) and (R}, S?) be the associated c.f. of C; € Sy(F;) and of C% € Sy(F;)

AR
respectively such that

]VJ'RJ + DjS]' = @(Pj, C]‘)
N]'R;- + D]S§ = @(Pj, C/)

By Lemma 2.2 one obtains

(R, 85) = (UiR; + 4;D;j,U;S; — 4;N;)

79
with
Ui = o771 (P, Cj) 8(P;, C))

then there exists ¢; in RH, such that ¢; = ¢; ®(P;, C]) and we have
®(P;, Cf) = (UjRj + ¢; D;) Ni 4 (U; S; — G; N;) D;.
Therefore the previous relationship yields
b(P;, Cj) = U7 ®(P;, Cl) — &(P;, Cy) g; A. (29)

Suppose that the relation (23) holds with U = &(P;, Cy;) given by (27). Substituting (29)
into (23) gives
U=U"o(P,C)) - QA
with
Q= (P}, C)gj + Qs and @y € RHs,. (30)

End of the proof.

Any compensator C'; € Sy(P;) may be an initial compensator in Theorem (4.1) and conse-
quently, all Q{. in RH,, given by (30) can be solution of equation (27).

Remark 4.1 When there exists Q)5; € RH, given by (23), the simultaneous stabilizing
compensator C;, obtained from Theorem 4.1, is described by the following c.f. (Rs;, Ss;)

(Rsiy Ssi) = (R; + Qs;D;, S; — Qs Nj). (31)

Note that the equation S; = J;; N; may be obtained only if the plant F; is bi-proper and
minimum phase [6].
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Remark 4.2 Reversibility of the simultaneous stabilization problem.

i) Unlike of Theorem 4.1, the reversibility of Theorem 3.2 is complete. Indeed, if the
systems P; and P; are simultaneously stabilizable with the property to preserve both
units @(P;, C;) and @(P;, C;), then there exist Q5; € RHy, and Qg € RH., such that
@(PZ', Cl) = @(PZ', Cs) and @(Pj, C]) = @(Pj, Cs) with C € Sl(PZ,CZ) N Sl(Pj,Cj). This

reversibility is illustrated by the following representation

(P}, C)) 25 &(Pi, ).
Qsl

ii) The choice of indices ¢ and j is arbitrary in Theorem 4.1, then the simultaneous
stabilization problem in this theorem is reversible except for the units to be preserved.
This “partial” reversibility can be formulated as follows. Consider a plant P; with a
compensator C; € S3(P;) and a plant P; with a compensator C; € Sy(F;). If the plants
P; and P; are simultaneously stabilizable with the property to preserve the initial units
®(Pj, C;), then we can find Q5; € RH., and @(P;, Cy;) € U with Cy; € S3(P)NS1 (P}, C;).
If the initial unit @(P;, C;) is preserved, then we can find Q5 € RH, and @(P;, Cy;) € U
with Cs; € So(F;) N S1(F;, C;). This “partial” reversibility is illustrated by the following
representation

o(P;, C;) 25 o(P;, Cyi) or 8(P;, C;) 25 (P, Cy).

iii) To end this remark, it remains to study the link between the first Approach and the
third Approach. Observe that, contrary to (9) the product ¢4()s; does not appear in
(23). In addition, the determination of ()s; in (23) is a necessary and sufficient condition
for the existence of a simultaneous compensator C;. Note also that in (23) Qs can be
deduced in a straightforward way from @,;. To show that, let (R;, S;), (R;,S;), (Rsi, Ss:)
be c.f. of C; € So(F;), Cj € S2(P;) and Cy; € S1(F;, C;) respectively. As C; € Sy(F;) then
@ (P;, C;) € Uj therefore if (23) holds with Q5; € RHy, @(P;, Cs;) € U and A given by
(24), Qs in RH., can be chosen as follows

RJ'SZ' — RZ'S]' + Qsj(D]'SZ' + RZ']V]‘)

@i = o(P;, Cy)

(32)

such that (9) holds.

The way to pass from a simultaneous compensator to an other is presented in the following
subsection.

4.2 Relations between the different forms of simultaneous compensa-
tors.

Let Cy, Cs;, C; be the simultaneous compensators such that
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16 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

a) Cy € (S2(P;) N Se(Py)) with (Ry, Sy) ac.f. of Cy.
b) Cs; € (S1(F;,C;) N Se(P;)) with (Rs;, Ssj), (Ri, S;) the c.f. of C; and C; respectively.
c) Cg € (S2(P;) N S1(P;,Cy)) with (Rs;, Ss;), (R;,S;) the c.f. of Cy; and C; respectively.

The compensators C; and C; can be expressed from the compensator (.

The passage from the controller C, to a controller C; is given by

- U;
o = Rtz (33)
Sy = S,

87 gU.

g

with

U;
€ U and U; = N;R; + D;S;, Uig = JVZ’Rg + DZ'Sg.

ig

In a similar way, the controller C'y; can be deduced from the controller C, as follows

U;

U—

s (31)
i

Ry = R,
S Sy

U,
with U—] € U and U]‘ = EVJ'R]‘ —}-DjS]', U]‘g = N]‘Rg —I—D]'Sg.

ig
In the next subsection, the conditions for the existence of a simultaneous compensator Cy;
are studied.

4.3 Conditions for the existence of the simultaneous compensator C,;.

4.3.1 Divisibility conditions in RH,

From Theorem 4.1 and relation (27), the existence of a simultaneous compensator Cj; is
equivalent to the existence of the terms ()s; € RHy, and (@(P;, C;) — Qs A) € U.
Hence the problem to study is: what are the conditions to have §(@(P;, C;) — Qs;A) = 0
as (Qs; varies over RH, 7 Before solving this question with a lemma from Vidyasagar [6],
remark that @(P;, C;) € RHy, and A € RH,, are coprime over RH,. For this define

E:={oy,...,0n}

the set of real positive zeroes of A with o = oo if appropriate, without taking the
multiplicity into account. The cardinal of E is nr. In a first time, we must show the
following result.
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Lemma 4.1 &(P;, C;) € RHy, and A € RH,, defined by (24) are coprime over RH,.

Proof. Let (N;, D;), (N;, D;) and (R;,S;) be c.f. of P, P; and C; € S3(P;) respectively.
Let 0, € E. Assume that &(P;, C;)(o,) = 0 with A(o,) = 0 and D;(o,) # 0. This
implies that D;(o,) # 0. Then we have

Ni(Up)Di_l(Up) = Nj(gp)D'_l(Up) = Sj(gp)R‘_l(Up)

J J

namely

(P, Ci)(oy) = 0.

But by assumption

C]‘ € SQ(P]').

Thus we have
®(F;, Cj)(op) # 0.
Notice that we cannot obtain the following equations simultaneously
&(P;, C;)(op) = 0, A(o,) = 0and Di(o,) =0
because this implies that @(P;, C;)(o,) = 0.

Then @(P;, C;) and A are coprime over RH .
End of the proof.

As @(P;, C;) and A are coprime over RH, the following lemma may be used.

Lemma 4.2 [6] Suppose A # 0. Let X be the number of sign changes in the sequence
{@(Pi, C;)(01),..., P(P;, Cj)(0,r)} where 0, € E. Then we have

r%in 5(¢(Pi7 C]) — QsjA) = A\ with Qs]‘ € RH,,. (35)
sJ

Proof. See ([6], pp. 27-28).

Consider Theorem 4.1. If two systems F; and F; are simultaneously stabilizable with the
property to preserve the initial unit @(P;, C;), then, from (27), there exist @(P;, Cy;) € U
and ()s; € RH, such that

QSjA = @(PZ', C]) — ¢(Pi7 CSZ) with S]‘ 75 Qstj.

Since C; € S2(P;), we get ®(P;, Cy;) € U namely §(@(P;, Cyi)) = 0.
Thus, we must have

5(D(P;, C;) — Qs;4) = 0. (36)
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18 Ch. Fonte, Ch. Bernier-Kazantsev, M. Zasadzinski

From Lemma 4.2, the sequence {&(P;, C;)(o4),..., ®(P;, C;)(0,,)} must have no sign
change to satisfy (36). Conversely, if the sequence has no sign change, by Lemma 4.2
there exists ()s; in RH, such that

B(P;,C)) — QuyA=TU with U € U.
Thus, it is possible to compute from (31) a simultaneous compensator C; such that
®(P;, C;) = ®(P;, Cs) and U = &(P;, Cy;).

Then it follows from Theorem 4.1 that the systems F; and P; are simultaneously stabili-
zable with the property to preserve the initial unit @(P;, C;) if and only if the sequence
{@(Pi, Cj)(o1),..., P(P;, C;)(0nr)} has no sign change. As by definition of ®(P;, C;) and
A, &(P;, C;) and A are coprime in RH,,, then the necessary and sufficient condition for
the existence of an unit @(P;, Cy;) satisfying (23) is equivalent to the condition presented
in the following corollary.

Corollary 4.2 Let C; € S3(P;) be a compensator. The two systems P; and P; are simul-
taneously stabilizable with the property to preserve the initial unit @(P;, C;) if and only

if
VUp1 € E,VUpQ ekl QS(PZ', Cj)(o-pj) QS(PZ', Cj)(UpQ) > 0. (37)

—

The property (37) is known as the parity interlacing property, denoted p.i.p.

Proof. See Appendix E.

4.3.2 Necessary and sufficient conditions.

In order to introduce a new formulation of the necessary and sufficient conditions for the
simultaneous stabilization problem defined in Approach 3, one remark and one definition
are presented. These necessary and sufficient conditions are deduced from Corollary 4.2.

Remark 4.3 Let (N;, D;) and (N;, D;) be the c.f. of the plants P; and P; respectively.
According to (24), we may write

Vo, € I, if Nj(o,) =0 and A(o,) =0 then N;(o,) = 0.
Additionally

Vo, € I, if Di(06,) =0 and A(o,) = 0 then D;(c,) = 0.
Moreover N; and D; are coprime over RH,,, we have

Vo, € E, if Nj(o,) = 0, then D;(o,)# 0.
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Definition 4.1 Denote (N;, D;) and (N;, D;) the c.f. of two proper plants P; and P;
respectively. Define a function ¢ : E := {oy,...,0,.} = {—1,0,1} as follows:

cloy) = () i Niloy) £ 0.
_ gn(Dilo) . )
c(op) sgn(Dj (Up)) otherwise.

Then the following theorem can be stated.

Theorem 4.2 Let (N;, D;), (N;,D;), (R;,S;) be c.f. of P, € RP[s], P; € RF[s] and
C; € Sa(P;) respectively. P; and P; are simultaneously stabilizable by a compensator Cs;
that preserves the initial unit ®(P;, C;) if and only if

nr

E C(Up)

p=1

=nr. (39)

Proof. See Appendix F.

It follows from Corollary 4.2 that (39) is equivalent to the p.i.p. on an associated plant
with a c.f. (A, (P;, C;)); thus the third Approach may be seen as a strong stability
problem [8]. Due to Corollary 3.1, condition (39) is also necessary and sufficient for the
simultaneous stabilization of two plants in the sense of the first Approach.

Remark 4.4 About Theorem 4.2.

i) Theorem 4.2 yields that the existence condition of a simultaneous compensator C; for
the plants P and P; is independent of the reference plant that may be either F; or P;.
Similarly the existence condition (39) is independent of the choice of the initial compen-
sator. For any compensators C? and C; belonging to Sy(F;), testing the condition (39)
of Theorem 4.2 directly from the systems F; and P; is equivalent to test the p.i.p. on an
associated plant of c.f. (A, ®(P;, C;)) or to test the p.i.p. on another associated plant of
cf. (4, @(P;, C))).

ii) When A is an unit, the simultaneous stabilization problem is obvious from Theorem 4.1
and Theorem 4.2. Indeed, if there are no unstable zeroes to interpolate, then the problem

is reduced to a simple inversion in RH,. In this case the simultaneous compensator C';
is given for any U; such that U; = &(P;, Cy;).

5 Synthesis: determination of the simultaneous compensa-
tor C';.

With the help of Theorems 4.1 and 4.2, we propose the following procedure to find a
simultaneous compensator Cy; that stabilizes the proper plants P; and P; and preserves
the initial unit @(P;, C;).
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i) Choose (R;,S;) a c.f. of a given controller C; € Sy(P;).

ii) Compute A and check condition (39) of Theorem 4.2.

iii) Determine ),; satisfying the equation (23) (see interpolation techniques in [3], [6]).
iv) Compute the simultaneous compensator Cy; given by (31).

5.1 Euclidean division in RH.,.

Suppose that the steps i) and ii) are made and go to step iii). From [6], a synthesis method
is proposed to calculate @);; € RH., and the unit ®(P;, Cy;). ®(P;, Cy;) is the remainder
of the euclidean division of &(P;, C;) by A.

Consider the expression (27). Set in this expression

&P, C;) = F
A =G
40
Qsj — Q ( )
O(P;,Cy) = W.
Therefore write (27) as
W =F —-GQ with W € U. (41)

Note that G can be always factorized as G = G_G; where G_ and G are the unit part
and the nonminimum phase part of G respectively. The relationship (41) becomes

GZ'W = GZ'F - G,Q with GZ'W ¢ U. (42)
Then we obtain the following expression
W'=F - G.Q withW ¢ UW =GZ'W and F' = GZ'F. (43)
As F' and G are coprime over RH,,, we may write the following Bezout’s identity
NF +KGy = 1. (44)

where N and K belong to RH.,. Remark that if F' and G4 would not be coprime over
RH ., then we should have (see Lemma 4.1) §(W') > 0 because ) € RH,, and therefore
wW'¢U.

From the expression (44) determine N € RH., and K € RH,., which are coprime over
RH .

From the expression (44) we deduce

Yo, € B (NF')(o:) = 1.
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Then the product (NF') has a constant sign for all o; in E. Equivalently, this means
that the existence conditions affecting F’ (see Lemma 4.2) are equivalent to the existence
conditions affecting N. On the other hand to say that there exists an unit W’ that
interpolates the values of F’ and the values of these derivatives at the zeroes of G, is
equivalent to say that there exists an unit V' that interpolates the values of N and the
values of these derivatives at the zeroes of Gy. Hence there exists an unit V such that
(V — N) is divisible by G4 in RH,. Therefore there exists Z € RH, such that

The Lemma 4.2 states a similar constraint on the unit V in order to allow the existence
of a Z € RH.,. Namely the unit V' must interpolate N at the zeroes of G} (if necessary,
including the infinity) with multiplicities in order that there exists Z € RH.,. Then the
expression (23) is equivalent to show that there exists an unit V' that interpolates N at
the real positive zeroes of G4 with these multiplicities.

5.2 Interpolation of unit functions.

Recall brieftly, the interpolation method of unit functions proposed in [6].
Let o,, p = 1,...,m denote the distinct zeroes of G} with positive real part including
infinity. These zeroes are arranged in such a way that the real positive zeroes are the
first nr ones (nr is the number of real zeroes). Then the set of real zeroes will be the
set {o1,...,0p,,.} and o1 = 0o may be one of these zeroes and o,, p=mnr+1,...,m are
distinct complex zeroes of G4 with positive real part. Let u,, p = 1,..., m denote the
multiplicity of these zeroes. Now define r, ;. as

dk

@N(op) =Tpk (46)
with

k=0,...,up—sandp=1,....,m

where the derivative of order zero of N is taken as N itself.
The problem amounts to find an unit V' such that

dk
@V(Up) = Tp,k-

In other words, we want to know whether or not there exists an unit V such that its
functional and derivative values at specified points o, in C. are equal to the specified
values r, ;. The Corollary 4.2 gives a simple necessary and sufficient condition for the
existence of an unit V satisfying (23). It is established that the interpolation problem
stated above has a solution if and only if the numbers r, o (r,0 # 0) with p=1,..., nr
are all of the same sign [6]. This existence condition of the unit V is therefore similar to the
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existence condition of a simultaneous compensator C’;, namely this existence condition is
equivalent to the condition (37) or condition (39).

Now consider an unit V! that interpolates the values of N and its derivatives at the C.
zeroes of G4, or equivalently, such that (V — N) is divisible by G4 in RH,, then there
exists Z € RH,, such that

V_-N=ZG,. (47)

Rewrite the relationship (47) as follows
N+ ZGy =V.
Dividing both sides of the previous equation by V' yields

Z 1 . .
where P = v W' = v with W’ € U. Substracting (48) from (44) gives

N(W'— F) = G4(K - P). (49)

Then G4 divides the product N (W' — F') over RH,,. From (44), N and G are coprime
over RH, then G divides (W' — F') over RH,. This is equivalent to write

W'=F — G,Q with Q € RH,,. (50)

The relationship (50) is clearly identical to (43).
Therefore we have

Q=— V7 (51)

1
Remark that this division may be written, indeed () belongs to RH, since (7) interpo-
lates I’ to zeroes of G4. Substituting in (51) the expressions defined in (40), we get

&(P;, C;) — ((%)A_)‘

Qsj — A (52)
Thus the simultaneous compensator Cy; is given by
Ry = Rj+ QD
53

! The computation of the unit V is not the purpose of this paper. In the literature, methods have been
proposed for their determination [3], [6] [9].
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In conclusion of this part, verify that the obtained units are given by
®(P;, Csi) = NiRs+ DSy
O(P;, Cyi) = W=(4A_)(VTT)
@(P]‘, Csz) = AN]'RSZ' + Dszi = *NJRJ + DjS]'.
Therefore the obtained unit for the final system corresponds to the inverse of the inter-

polated unit (i.e. V) multiplied by the unit part of A, and the unit for the initial system
remains unchanged.

5.3 Example.

Consider the systems P;(s) and P;(s) with their respective c.f. given by

Vi), D3() = (0 1), (Vi) Di(s)) =

s— 2 8—5)
(s+1)(s+5)" s+5/

i) A compensator C';(s) stabilizing P;(s) has the following c.f.

(Rj(s), 95(s)) = (1, 1).
ii) From (24), we obtain A(s) = (s +0.690)(s = 8.6904)
(s+1)(s+2)(s+5)
oo and o, = 8.6904. Condition (39) of Theorem 4.2 holds since ¢(o1) = ¢(o3) = 1. Then

P;(s) and P;(s) are simultaneously stabilizable in the sense of Definition 3.1 and Definition
3.3.

and E = {0y,05} with oy =

iii) An interpolation procedure applied to equation (23) gives
—(s? — 241.17s*% — 866.055 — 759.48)
s° + 19.85% 1 438 .85 + 284 4
iv) From (31), a simultaneous compensator Cj;(s) is given by the following c.f.

Ro(s) S _( 260.9699(s 4+ 1)(s+ 4) (52—}—17.78945—118.7379)(s+4))
(Bsi(s), Ssils)) = (5% + 19.85% + 438.85+ 284.4)" (5% 4 19.85% + 438.85+ 284.4) /'

Qsi(s) =

6 Conclusions.

In this report, the conditions of stabilizability of two single-input single output systems by
the same time-invariant compensator have been presented. Three different notions of si-
multaneous stabilizability by considering constraints on units have been defined. A general
framework based on the Youla-parametrization to design the simultaneous compensators
have been provided. Finally, an another formulation of the necessary and sufficient condi-
tions than these given in [6] have been derived. Moreover an explicit method have been
given to compute simultaneous compensators.
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8 Appendices.

Appendix A. Proof of Theorem 3.1.

Show that the plants P; and P; are simultaneously stabilizable if and only if there exist
Qsiin RH., and @,; in RH,, with S; # Qs N; such that

(Rj 4+ Qs;D;) (S5 — QsiN;) ™" = (Ri + Qs Di) (Si — QsiNy) ™' = 0.
For beginning, we must prove the following technical lemma:
Lemma 8.1 Denote P a plant and C' a compensator belonging to So(P). Consider (R, S)

a first c.f. of C and (R',S") a second c.f. of C then there exists U € U such that R = UR'
and S =US'.

Proof. Let R "
C = § and C = g,
then
RS'=R'S. (54)

Denote R, S4, R, and S the factors of R, S, R' and S’ respectively that contain the
unstable zeroes including infinity, and denote R_,S_, R’ and S’ the factors of R, S, R’
and S’ respectively that contain the stable zeroes.

In the relationship (54) the nonminimum phase and unit parts can be separated as follows

R_S. = R.S_ (55)

Since R and S are coprime over RH, so R, S are coprime over RH,, . Then from (56),
Ry and R/ (respectively S, and S!) are not coprime over RH,, . It means that either
R, divides R/, or R/, divides R, in RH.. Suppose that R/ divides R} in RH, then
there exists V € RH,, such that

Ry =VR.. (57)
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Replace (57) in (56) gives

R.S, = VR.,S' (58)
R (Sy -VSy) = 0. (59)
So since
R, #0 (60)
then
Sy =Vsi. (61)

From (57) and (61) and the fact that R and S are coprime over RH,,, we conclude that
V is an unit. Multiply by R_ and S_ respectively (57) and (60) yield

R.R, = VR.R_
S.S, = VS,S_

or equivalently

Remember that % € U and g—/_ e U.

Equation (55) giveg

S_ R_
ST TR
Define V as g R
s R
We obtain
R = VVR
S = Vvvys

Let U be given by U = V'V, thus U € U.

This lemma is verified.

Beginning of the proof of Theorem 3.1.
A) Part “<” if.

Hypothesis. There exist Q5; in RHo, and Q,; in RHo, with S; # Q;N; and S; # Q5 N;
such that

(R]' + Qstj)(Sj — QSJ'N]')_I — (RZ' + QSZDZ)(SZ — QSiNZ‘)_l = 0. (62)

Conclusion. The plants P; and P; are simultaneously stabilizable.
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Beginning of the part A). To prove this part, it is necessary to consider two cases: i)
and ii).

i) According to (62), we may set
(Ri + QsiDi)

C, = Lot )
(S; — Qs N;)
with
R, = R;+QsD;
Ss = Si—QuN;
then

N;Rs + D;Ss = N;R; + D;S; = U;.

We remark that U; € U since C; € S3(F;).
From the Bezout’s identity (R, Ss) are coprime over RH.,. As (Rs,Ss) € S1(F;, C;) then
(Rs, Ss) stabilizes P;.

i) Similarly we have

(R +Qs; D;)

Cs =
(S; — Qs Nj)
with
Ry = Rj+QsD;
Sy = 8 —QsN;
then

]\Z‘R{9 + D]S; = AVJ'R]' + D]'S]' = U]‘.

U; € U since C; € S3(F;).

From this Bezout’s identity, we deduce that (R, S!) are coprime over RH,.
As (RL,S!) € S1(P;,C;) then (R, S!) stabilizes P;.

End of i) and ii).

!

We have % = % according to (62). Consider the Lemma 8.1. Then there exists U € U
such that ’ .

Rs = UR,

S, = USL

Then we deduce the following Bezout’s identity

RSN]‘ + SSD]‘ = U(R;]Vj + S;Dj).

We conclude that UU]' € U since U € U and U; eU.
Then (Rs, S;) stabilizes P;.
Finally C stabilizes P; and F;.

End of A).
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B) Part “=" only if.

Hypothesis. The plants P; and P; are defined by the c.f. (N;, D;) and (N;, D;). Denote
(R;, S;) and (R;, S;) the c.f. of the compensators C; € S3(F;) and C; € Sy(F;) respectively.
Suppose that P; and P; are simultaneously stabilizable.

Conclusion. There exist Q5; in RH, and @Q5; in RH, with S; # Qs;N; and S; # QuN;
such that

(R]' + Qstj)(Sj — QSJ'N]')_I — (RZ' + QSZDZ)(SZ — QSZ'NZ')_I = 0. (63)

Beginning of the part B). The plants P; and P; are simultaneously stabilizable then
there exists a least one compensator C; such that C; € S3(F;) N So(F;). Denote (R, S,)
a c.fof (.

According to Lemma 2.2 and since Cy € S3(P;), there are Q; € RH., and U; € U such
that

R, = RU;+Q:D;
< 64
{ Sy, = SiU; —QiN;. (64)
Similarly since C, € Sy(P;), we have Q; € RH,, and U; € U such that
{ R, = RjUj—i-Q]‘Dj (65)

Then, from (64) and (65), we obtain

Ry Ui(R: + Q;U7'D;) _ Uj(R; +©J‘U]'_1Dj)

Sy Ui(Si— QUT'N:) — Uj(S; — QUT'N;)

Thus the equation (63) is verified with Qs; and @, given by

{Qsi = Q:iUi_l
Qsj - QjU]‘_l-

End of B).

Appendix B. Proof of Proposition 3.1.
A) Part “=” if.

Hypothesis. The plants P; and P; are simultaneously stabilizable with the property to
preserve the initial unit @(P;, Cj).

Conclusion. There exists an unit U such that U € F(P;, S1(P;,C})).
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Beginning of the part A). The plants P; and P; are simultaneously stabilizable with
the property to preserve the initial unit @(P;, C;). Then there exists a compensator
Csi € (S2(P;) N S2(F;)) with (R, Ssi) a c.f. of Cy;. From the Definition 2.2, there exist
UeU and Uj € U such that

NiRs; + D;Ss; = U
]\Z’Rsi—FDszi = U]‘.

Now express the property to preserve the initial unit @(P;, C;) as

Ui = &(F;, Csi)
Uj = &(F;, ).

By definition we have

F:=F(P,5(F;,C;) ={®(P;, C) € U with C such that &(P;, C') = &(P;, C;)}.
In our case

F:={U € U;3C; € So(P;j)such that &(P;, Cy;) = Uand ®(P;, Cs;) = ®(P;, C))}.
Consequently U € F(P;, S1(P;,C;)).
End of A).
B) Part “<” if.
Hypothesis. There exists an unit U such that U € F(P,;, S1(P;,C;)).

Conclusion. The plants P; and P; are simultaneously stabilizable with the property to
preserve the initial unit @(P;, Cj).

Beginning of the part B). Assume that U € F(P;, S1(P;,C;)). From the definition of
F(P;, 51(F;,C;)) we write

F:={U € U;3C,; € S3(P;j)such that &(P;, Cy;) = Uand ®(P;, Cs;) = ®(P;, C))}.

So there exists a compensator C; such that

(P, Csi) = @(P;, ()
&P, Cy) = U.

Therefore the previous equations yield
Csi € SQ(B) N Sl(P]‘,C]‘).

Finally the plants P; and P; are simultaneously stabilizable with the property to preserve
the initial unit @(P;, C;).
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End of B).

Appendix C. Proof of Corollary 3.1.
A) Part “=" only if.

Hypothesis. Assume that
(S1(P1,C) N1 Sa(P)) # 0.
Conclusion. Verify that
(Sa(P) N1 S2(Py) # 0.
Beginning of the part A). Suppose that
(S1(P1,C) N1 S2(P)) # 0.

Since

S1(F;,Cj) C S2(F;)

then we have

(S1(F},C5) N S2(Fy) C (S2(Fy) N S2(F))-
End of A).

B) Part “<” if.

Hypothesis. Assume that
(Sa(P) 01 52(Py) # 0.

Conclusion. Verify that

(51(F;, C5) 0 S2(Ry) # 0.

Beginning of the part B). Let C;, be a compensator such that C; € (S2(F;) N S2(F;))
and denote (R,,S5,) a c.f. of C;;. One obtains

]\Q’Rg—I—Dng = @(Pi,Cg)
ijRg—}-Dng = @(Pj,(]g).

Let C; € S3(P;) be a compensator with the c.f. (R;,5;).
We recall that N;R; + D;5; = @(Pj, C])
Since ®(P;, C;) € U and &(P;, Cy) € U, then there exists U? € U such that

®(P;, Cy) = U o(P;, Cj).
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Thus we may write

= qs(Pijj)
= B(P (U

-1
-1

N;R,(U?)™" + D;S,(U?)
NiRg(Uf)—l + D;S,(U?)

J

Let (Ry(U7)~', S,(U})~") a c.f. of a compensator C; that we shall also denote (Ry;, Ssi).
Notice that R, and Sg; are coprime over RH,,. Therefore the previous equations yield

N]‘Rsi‘|‘DjSSi = (P(Pj,(]j)
N;Ry + D;Ss; € Ul

So there exists a least one compensator Cj; described by the c.f. (R, Ss;) such that
C, € Sl(P]‘,C]‘) and C; € SQ(B)

End of B).

Similarly, we may show that two plants P; and P; are simultaneously stabilizable if and
only if there exists a simultaneous compensator Cj; such that

Csj € (52(Fy) N S1(F:, C3))

where C; is a given compensator belonging to Sy(F;).

Appendix D. Proof of Theorem 4.1.
A) Part “=” only if.

Hypothesis. Let C; € S3(F;) be a compensator with a c.f. (R;,S;). Assume further
that the plants F; and P; are simultaneously stabilizable by a compensator C'; satisfying
the following relationship @(P;, C;) = @(P;, Cs;).

Conclusion. There exists 05; € RHo, with Q;N; #.5; such that
(P(Pi, Cj) — Qs;4) € U (66)

where

A= D;N; — N;Dj. (67)

Beginning of the part A). By hypothesis, the compensator C; with the c.f. (R, Ssi)

verifies ®(P;, C;) € U and &(P;, Cy;) = @(P;, C;). Using Lemma 2.1, we know that there
exists Qs; € RHo, with Q5;N; # S; such that

(Rsiy Ssi) = (Bj + Qs Dj; Sj — Qs ;). (68)

This expression yields

Ni(Rsi — Rj) + Di(Ssi — Sj) + Qs;(—N:Dj + N;D;) = 0
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or equivalently

¢(Pi7 C]) — @(PZ', Csz) — Qs]‘A = 0.
Since @(P;, Cyi) € U, we find QQs; € RHy, with Qs;N; # S; such that

(@(PZ', C]‘) — QSjA) evU.

End of A).

B) Part “<” if.
Hypothesis. There exists Q)5; € RH, with Q5;N; # S; such that

(@(Pi, C]‘) — Qs]‘A) e U

where

A= D;N; — N;D;.
Conclusion. The plants P; and P; are simultaneously stabilizable by a compensator C';
that preserves the initial unit @(P;, C;).
Beginning of the part B). Let C; € S3(F;) and Cj; be the compensators with the c.f.
(R;,S;) and (R, Ssi) respectively such that
(Rsiy Ssi) = (Rj + Qs Dj, S — Qsj Nj).

Firstly, check that Cj; stabilizes P;.
We recall that

¢(Pj, Csz) = N]‘Rsi + Dszi-
From the definitions of R,; and Sg;, we write
P(P;j, Csi) = N;j(R; + Qs; Dj) + D; (S — Qs Nj).

Then
@(Pj, Csi) = @(Pj, C]‘) and Cy; € 5; (Pj, Cj).

So C'y; stabilizes P;.
Secondly prove that C; stabilizes F;.
From the definitions of R,; and S;, we obtain

O(P;, Ci) = (@(Pi, C;) — Qs Q).

According to the hypothesis ®(P;, Cy;) € U then Cy € So(P).
Thus C4; stabilizes P;.

Finally, we have shown that Cj; stabilizes P; and P; and that Cy; € S;(F;,C;). Hence,
the plants F; and P; are simultaneously stabilizable by a compensator Cs; that preserves
the initial unit @(P;, C;).
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End of B).

Appendix E. Proof of Corollary 4.2.
A) Part “=" only if.
Hypothesis. Let C; € S3(P;) be a compensator. Assume further that the plants F; and

P; are simultaneously stabilizable by a compensator C; that preserves the initial unit

®(P;, Cj).

Conclusion. Verify
VUp1 S E,VUpQ ekl @(PZ', C]‘)(UPJ)Q(PZ', Cj)(Upg) > 0.

Beginning of the part A). By hypothesis, the plants P; and P; are simultaneously
stabilizable by a compensator Cy; such that &(P;, C;) = ®(P;, Cy;). Then from Theorem
4.1, there exists );; € RHo, such that

(¢(Pi7 C]‘) — QSjA) evU.

So we have
5(D(P;, C;) — Qs;4) = 0.

t=nr

From Lemma 4.2, the number of sign changes in the sequence { ®(P;, C;)(o;)}:Z]" is equal
to zero. Then we obtain

VUp1 S E,VUpQ e F @(PZ', C]‘)(UPJ)Q(PZ', Cj)(Upg) > 0.

End of A).
B) Part “<” if.
Hypothesis. Let C; € S3(P;) be a compensator. Assume that

VUp1 € E,VUpQ e F @(PZ', C]‘)(Upj)@(Pi, C]‘)(Upg) > 0.

Conclusion. The plants P; and P; are simultaneously stabilizable by a simultaneous
compensator C'; that preserves the initial unit @(P;, Cj).

Beginning of the part B). From Lemma 4.2, there exists Q)5; € RH, such that
5(D(P;, C;) — Qs;4) = 0.

Then
(@(PZ', C]‘) — QsjA) eU.

From Theorem 4.1, the plants P; and P; are simultaneously stabilizable by a simultaneous
compensator C'; that preserves the initial unit @(P;, C;).

INRIA



An algebraic design for the simullaneous stabilization of two systems. 33

End of B).

Appendix F. Proof of Theorem 4.2.
A) Part “=" only if.

Hypothesis. The plants P, and P; are simultaneously stabilizable by a compensator Cj;
that preserves the initial unit @(P;, C;).

Conclusion. Verify

nr

Z C(“p)

p=1

=nr where o,€F.

Beginning of the part A). Suppose that P and P; are simultaneously stabilizable by
a compensator Cj; that preserves the initial unit @(P;, C;). Then according to Theorem
4.1 and relationship (27), there exists )5; € RH., such that

QsjA = @(PZ', Cj) — @(PZ', Csi).

As @(P;, Cy;) € U, we have &(P;, Cy;)(s) # 0 for Re(s) > 0.

In addition, since ®(P;, C;) € U, ®(P;, C;) and A are coprime over RH .
Then for any o, € F, A(o,) = 0 implies that &(P;, C;)(0,) # 0.
Distinguish between two cases: i) and ii).

i) Assume that N;(o,) # 0.
Then
QS(PZ', C]‘)Nj = NZ'R]‘N]‘ + DZ'S]‘N]‘.

Moreover, for any o, € F/, we have

A(o,) = 0 < Ni(o,)Dj(0,) = Nj(o,)Di(0).

Then
®(Pi, Cj)(0op)Nj(op) = Nilo,)(Nj(op)Rj(0,) + Dj(0,)5 (o))

or equivalently

and therefore

&P, C) (o) Nylay)
Then one obtains B(P, C)(o) Moo
s!]n( @(P;: C;)(U]; ) = Sgn(N;‘(O'];)) = ¢(op) (69)
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ii) Assume that N;(o,) = 0.
According to Remark 4.3, N;(0,) = 0 < N;(o,) = 0.
As the pairs (N;, D;) and (N;, D;) are coprime over RH,, then

D;(o,) # 0 and D;(o,) # 0.
Based on the definition of @(P;, C;), we may write
&(P;, C;)D; = N;R; D; + D;S; D;.
In addition, for any o, € E, we verify
Afoy) = 0 Ni(o,)D;(03) = Ny (o) Di(,).

Thus
®(P;, Cj)(0p)Dj(0,) = Di(0,)(Nj(o,) Ri(0,) + Dj(0,)Si(05))

or equivalently

®(P;, Cj)(0p)Dj(0,) = (P}, Cj)(0p) Di(0p)

and we get

or

O(P;, Ci)(o,)\ D;(o,)
o(P;, c»(ap)) = son(;

It follows from cases i) and ii) that for any o, € F,

sgn(

b(Pi; Cj)(95)
sgn(m) = ¢(0y). (70)

As @(P;, ;) is an unit and the sequence @(P;, C;)(o,) has no sign change for any o, € F,
(see Corollary 4.2), then for any o,, the ratio (70) is constant. Consequently, c(o,) is
constant and the following relation holds

nr

Z C(Up)

p=1

=nr where o,€F.

End of i) and ii).
End of A).

B) Part “<” if.
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Hypothesis. Assume that

nr

E C(Up)

p=1

=nr where o,€F.

Conclusion. The plants P; and P; are simultaneously stabilizable by a compensator C';
that preserves the initial unit @(P;, C;).

Beginning of the part B). Suppose that

nr

Z c(op)

p=1

Let (R;,S;) be a c.f. of C; such that &(P;, C;) € U. Thus for all sin Cy., @(P;, C;)(s)
has no sign change. From Lemma 4.1, it can be stated that @(P;, C;) and A are coprime

=nr where o,€F.

over RH,,. Moreover for any o, € I/ we have

A(oy) = 0 < Nj(0p)Di(oy) = Ni(op) Dj(0y). (71)
Now examin two cases i) and ii).

Beginning of i) and ii).
i) Consider the relation (71) and suppose that N;(o,) # 0
Multiply @(P;, C;)(o,) by Ni(o,) then

¢(Pj; Cj)(op)Nilop) = &(Pi, Cj) (o) Nj(p).
ii) Consider the relation (71) and D;(o,) # 0.
Multiply @(P;, C;)(o,) by D;(o,) then

b(Pj, Cj)(op) Dilay) = €(Pi, Cj) (o) Dj(ay).
End of i) and ii).
Note that if N;(o,) = 0, then D;(0,) # 0, so the cases i) and ii) give
¢(Ps, Cj) (o)
c(o,) = sgn| —————+).
! (di(Pj, Cj)(%))
As &(P;, C;) is an unit then @(P;, C;) has no sign change for any s in C4. and the

hypothesis becomes:

nr

E C(Up)

p=1

=nr = VUp1 € E,VUpQ e F, ¢(Pi7 Cj)(o-pj)¢(Pz'7 Cj)(Upg) > 0. (72)

From the Corollary 4.2, if relationship (72) holds, then the plants P; and P; are simulta-
neously stabilizable by a compensator Cj; that preserves the initial unit @(P;, ;).
End of B).
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