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Abstract: In this paper we are interested in Maxwell’s equations together with the Landau-Lifchitz-Gilbert law
in order to model absorbing ferromagnetic materials in 1D. Using a fixed point theorem we establish existence
and uniqueness of strong global solutions in suitable spaces, namely H(curl ;R) for the electric and magnetic

fields E and H, and (L? N L°°)3 for the magnetization M.
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Electromagnétisme en milieu ferromagnétique 1D : existence et
unicité des solutions fortes

Résumé : On s’intéresse dans ce rapport & un probleme de Cauchy relatif & la modélisation dans le cas
monodimensionnel de matériaux ferromagnétiques, probléme qui couple aux équations de Maxwell la loi non
linéaire de Landau-Lifchitz-Gilbert. Mettant en oeuvre une technique de point fixe, on établit ’existence et
I’unicité de solutions fortes globales dans des espaces “naturels”, & savoir H (rot, R) pour les champs électriques

et magnétiques E et H, et (L? N L"")3 pour I'aimantation M.

Mots-clé : Equations de Maxwell - loi de Landau-Lifchitz-Gilbert - théoreéme de point fixe - estimations a
priori



Mazwell’s equations in ferromagnetic medium

1 Position of the result. Notations and main results

In this article we are interested in the Cauchy problem (see for instance [3], [4], [5],...)

’

OE
eog—curlH=0 zeR,t>0 (1.1)
OH oM
i = 1.2
uoat +curl E ,uoat zeR,t>0 (1.2)
oM o oM
— = H M+ —Mx — .
(P) o yHp x +|M| X ze€R,t>0 (1.3)
H, = H+ H, — KP(M) zeR,t>0 (1.4)
H(z,0) = Hp(x) zeR (1.5)
E(z,0) = Eo(z) z€eR (1.6)
L\ M(z,0) = My(z) z€eR (1.7)
(

The unknowns of the problem are the three vector fields (E, H, M) ; the data, in addition to (Eq, Hg, My), are

® £o, bo, 7y : real strictly positive coefficients

a(x), K(x) : positive functions of the space variable z, possibly equal to 0

P(M) = M — (p-M)p, YM € R? : orthogonal projection on the plane perpendicular to p

p(z),H,(z) : vector fields in R?

with the following assumptions
o (o, K,p) € L*® x L* x L* and p(z) is unitary : |p(z)| =1, a.e. z € R
(H) o (Eo,Hy) € H(curl ;R) x H(curl ;R), Hp, € L™
e M, € (I*nL®)’, H, € (1> nL®)°

where we have used the following notations :

_Ous 9uy)'
Ox’ Ox

e Vu= (uzau?ﬁuz)t € D/(R)3 5 curl u = <07

e H(curl ;R) = {ue (L2)3,cur1 ue (L2)3} =L*x H' x H
(L? holds for L2(R), H' holds for H*(R), and so on...)

If ¢ belongs to LP(R)*, with 1 < p < +00 and k € N, we shall denote by ||¢||,, its LP-norm.

H(curl ;R) is an Hilbert space equipped with the norm :
2 2 2
lulleurt = llullzz + [lcurl w||7

In the sequel, it will also be useful to introduce the Banach space :

V= {(E,H,M) € H(curl ) x H(curl ) x (2N L=)* / H, € L°°(]R)}
equipped with the norm :

I(E,H M), = [Elcy + [Hlegn + Mz + [M]| o + | Hs || L
Note that our assumptions on the initial data are nothing but

(Eo,Ho,My) € V

We can now give the definition of a strong solution of (P).
RR n°3052
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4 Patrick Joly, Olivier Vacus

Definition 1 Let 0 < T < 400, we say that (E,H,M) is a strong solution of (P) in [0,T] if and only if :
. (E,H) € C°(0,T; H(curl )) nC* (0,T;(L?)?)

() 1 (T2 0)\3 2 .(72)\3

M e C' (0,T;(L* n L*®)*) n C? (0,T; (L))

Equations (1.1) and (1.2) hold in C° (0,T;(L?)?)
. Equations (1.3) and (1.4) hold in C° (0,T;(L* N L>)*) n C* (0,T;(L?)?)
(1) Equations (1.5) and (1.6) hold in H(curl ;R)
Equation (1.7) holds in (L* N L°°)3

Remark 1 The projection along the z-azis of equations (1.1) and (1.2) respectively give :

0
—(H,+M,) = 0
ot (a ) (1.12)

In particular E; = Eg, and H, + M, = Hg , + My, ; we immediately deduce that H, has the regularity :
H, € C' (0,T;(L* N L™)?) (1.13)

Remark 2 A solution on [0,+00) —i.e. T =400 - is called a global solution.

We can now state the main theorem of this paper :

Theorem 1 Under the assumptions (H), the Cauchy problem (P) admits a unique global solution (E,H, M),
which more over satisfies :

M(z,t)| = |Mg(z)| a.ex€eR,VE>0 (1.14)
d a |oM|?

ZE(E,H,M = |ZE| dz = 1.1
ﬁ(7,>a4M|m v =0 (1.15)

when E(E,H, M) denotes the electromagnetic energy defined by :
1
E(E,HM) = 3 /R [e0E|” + po[H|?> 4+ po K|P(M)|* + po|H, — M|?] da (1.16)

Remark 3 Note that for any strong solution, the electromagnetic energy is a function of class C1 with respect
to time.

2

oM
Remark 4 One has to make precise the sense of the integral / ﬁ ‘W dz. In fact, from (1.3), it is easy
R

oM |2 72
to deduce (see section 2) that 2| = 1+—0z2|HT x M|? so that
a |oM|? a  |Hp x MJ?
|| dz = +* d 1.17
Jona ) & = forra e (47
Hr x M|?
which makes sense since the function M +— % can be continuously extended by 0 for M = 0. Note
that we have the estimate :
a |[oM|? a
— | —| dz < +* | ——|M||H7|?d 1.18
| e | de <07 [ e s (1.18)

which makes sense since one easily checks that for any time M € (Lo")3 and Hp € (L2)3.

Remark 5 For the theory, P(M) can be replaced by any symmetric positive operator in R3, provides that its
norm in L (]R3) is uniformly bounded in space (we may assume that p depends on x).

INRIA



Mazwell’s equations in ferromagnetic medium d

Identities (1.14) and (1.15) provide uniform estimates with respect to time about L? norms of E and H and
L? N L* norm of M. Tt is also interesting to have some information about the behaviour of the derivatives of
E and H. This is the object of the following theorem — whose proof is delayed to section 3 — which gives a
polynomial bound in time for the L? norm of these quantities.

Theorem 2 The unique global solution (E,H, M) to Cauchy problem (P) satisfies
leurl E(, )|l < C(1+1?)
leurt H(-,t)||,. < C(1+1t?)

and

9B ,
|5eco| < cuse)

oH
HW(J)

L2

< C(1+¢%)
L2
where C' is a positive constant depending only on intial data (Eg,Hg,Mg) and on constants eg, po, @, v, K
and Hj.

2 Proof of theorem 1

The principle of the proof follows the lines of the proof of existence and uniqueness theorems for ordinary
differential equations ([2],[1]) :

(i) We first prove the existence and uniqueness of a local solution and give a lower bound for the time of
existence as a function of the size of the initial data in appropriate norms. This result also provides the
uniqueness result. Its proof is based on a standard fixed point argument and is the object of subsection
2.1.

(ii) We define the maximal solution and give an alternative which in particular gives a necessary and sufficient
condition for blow-up in finite time (subsection 2.2).

(iii) We get a priori estimates which allow to prove that the maximal solution is in fact a global solution
(subsection 2.3).

The different steps of the proof make use of some technical lemmas whose proof is delayed, for the sake of
simplicity, to section 4.

Remark 6 We will often use in the forthcoming computations the following classical result :

ou

Yu e H' (R 2. <2 —
we H (R), [lul| [l 2 £

2
< lullfs

L2

2.1 A local existence and uniqueness result

Theorem 3 Under assumptions of theorem 1, there exists some T = T(E,H,M) > 0 such that (P) admits a
unique strong solution on [0,T]. More over for any constant R > 0, there exists Tr > 0 such that :

(I(Eo, Ho,My)|ly, < R) = (T(Eo,Ho,My) > Tg) (2.1)

Remark 7 The second part of the theorem mainly expresses that that the time of existence of the solution
remains bounded from below when the initial data remain bounded in the space V. This will be essential for the
proof of the global existence of subsection 2.3.

Our proof of theorem 3 is analogous to proof of theorems for ordinary differential equations. It consists in
applying a fixed point theorem to some function ® acting on the space :

W(0,T) = {ue C*(0,T;(L*?*) nC°(0,T; H(curl ) /u, € C°(0,T;L>)} (2.2)
RR n° 3052



6 Patrick Joly, Olivier Vacus

which is a Banach space with the norm

Ou
ooy = sup { el + | G0

| T llewrd ()l 2 + ||uz(-,t)||Loo} (2.3)
L

The argument of the function ® will be the magnetic field H and T will be appropriately chosen in order that
® be a contraction in W(0,T).

Let us now describe in detail how we construct the application ®. Let H be a element of W(0,T'), we define
M e C! (0,T; (L*nL*®)*) N C? (0,T;(L*)?) as the solution of

oM a oM
W = HT X M + MM X W
M(z,0) = M, (2.4)

Hr = H+H, — KP(M)

The existence and uniqueness of M is ensured by the following theorem that we shall prove in section 4.

Theorem 4 For any H in W(0,T), problem (2.4) admits a unique solution
M e C* (0,T;(L*nL*®)*) n C? (0,T; (L?)?)

Setting M = M(H) we define a mapping from W(0,T) into C* (0,T; (L? N L°°)3) ne? (0,T; (L2)3) wich more
over satisfies :
ae zER M(z,t)] = |Mo(z)] (2.5)

Remark 8 It appears to be an application of the Cauchy-Lipschitz theorem in an appropriate framework. We
give the details in the subsection 4.2. Concerning (2.5), it appears that a very simple consequence of the

properties of the cross product is :

%(m,t) -M(z,t) =0 (2.6)

One then concludes.

From the knowledge of M € C*' (0,T; (L* N L*)*)NC? (0,T; (L?)?), we define (E, H*) as the unique solution

of the linear problem
.

eoz—ﬁt}—curlH*:O ze€R,t>0
* oM
lE = —po—— R,t
Ho o1 + cur Ho ot T € ) >0 (27)
E(z,0) = Eg(x) z€eR
H*(z,0) = Hy(z) z€R
\

The existence and uniqueness of (E, H*) is ensured by the analysis of linear Maxwell’s equations. More precisely
we have the following theorem

Theorem 5 For any M € C* (0,T; (L* N L™)*) N C? (0,T;(L*)?), if (Eo,Ho) satisfy the second condition of
(H), problem (2.7) admits a unigue solution (E,H*) in C" (0,T;(L*)*)NC° (0,T; H(curl )). Setting E = F(M)
and H* = H(M), we define two linear and continuous mappings from C* (0,T; (L*N L°°)3) nec? (0,T; (L2)3)
into C* (0,T;(L*)*) N C°(0,T; H(curl)) and W(0,T) respectively. Moreover we have the estimate

+ (1 + /Zoko) (2.8)

oM
B 0.y < TR+ 0R? + HW
L1(0,T;L?)

’M
ot?

L1(0,T;L2)

- where T and o denote constants which only depend on g, uo, o, v, K and Hy - provided that M = M(H)
and that ”(Eo,HoMo)”V S R.

INRIA



Mazwell’s equations in ferromagnetic medium 7

We can now define an application in W(0,T) by :
& =HoM (2.9)

In other words
H" = $(H) (2.10)

The research of a local strong solution of (P) on [0,T] is equivalent to the research of a fixed point of ® in the
sense of the following result (whose proof is trivial and left to the reader) :

Lemma 1 (i) If (E,H,M) is a strong solution of (P) on [0,T], H is a fized point of ®.
(ii) If H is a fized point of @, then (E=F o M(H), H, M = M(H)) is a strong solution of (P) on [0,T].
Our goal is to apply the contraction mapping theorem to @ in some closed ball of W(0,T). Let us consider :
Er(T) = {H €W (O,T)/ [l <1+7R+ URQ} (2.11)
(where 7 and o denote constants which only depend on &g, ug, «, 7, K and Hy).
The first step of the proof consists in proving that for T small enough, ® maps Eg(T) into itself.
Lemma 2 Assuming that ||(Eo, HoMo)||,, < R, there exists T}(%I) > 0 such that
VT < TS, &(Eg(T)) C Ex(T)
Before proving lemma (2), we first need a property of application M :

Lemma 3 Assuming that ||(Eo, HoMy)||,, < R and that Hy and Hy belong to Er(T), there erists positive
constants Br, Br, Cr and Dy which only depend on g, uo, a, v, K, Hy; and R such that the two following
Lipschitz-continuity estimates hold :

oM, O0M, < <6ﬁRT — 1) )
— <T({Bgr{— ) +yR||H, —H 2.12
H ot ot L1(0,T;02) f Br 7 IFL: 2||W(0’T) ( )
9°M; 9°M, ePrT _ 1
— <T - D H, - H 2.1
H ot? Ot lpiorn2y (CR < Br > " R) IF = Hellwo.n) (2.13)
Proof. See subsection 4.2. O

Remark 9 The important point in the estimates (2.12) and (2.13) is the fact that the constants in front of
H1 — Hally (0,1 tend to 0 when T vanishes.

Proof of lemma 2. Let us set H* = ®(H), where H belongs to Eg(T). According to theorem 5, we have, with
M = M(H) :

. oM ’M
”H*”W(O,T) S TR + 0'1'22 + Ha— + (1 + \/50/.110) ‘W (214)
t 1l L1(o,1;02) t= 1l L1 (0,1;02)
2
M
Let us get estimates on E)a—t and 88t2 . As
oM o} oM
We deduce that, a.e. z € R,
M(z,8)] = |Mo(z)? (2.16)
3M 2 ’)/2 2
‘W(:c,t) = 1w |[(Hr x M) (z,1)| (2.17)

RR n° 3052



8 Patrick Joly, Olivier Vacus

Equation (2.16) is obtained by taking the scalar product of equation (2.14) by M and equation (2.17) is obtained

by squaring equation (2.14). On the other hand, from (1.4) we deduce :
Hy (z,t)] < [Hs(2)| + [H(z,1)| + |K(2)||M(z,1)|
Taking into account (2.16), we get

Bz ()l L2 < Hll L2 + [HE Dl 2 + 1K

| poe [IMo][ 2

Then, by (2.17), we obtain

oM
—— (1
(R
oM
ot
that is to say, since H belongs to Er(T) :

oM
ot

L <7 Mol (IHsllz2 + HC )]z + 1K e Mol 2)
L

which yields

<R (I + Bl + 1K R) T
L1(0,T;L?)

<YR((V*+ 1T R+0*R*)T
L1(0,T;L?)

where v* =1+ |H,||;2, 7" =7+ ||K|| . and ¢* = o are positive constants depending only on &¢, o,

and H;. Differentiating (2.14) with respect to time leads to :

62M oM  OHrp a 8°’M
—_— H M —M X ——
o2 (T ot T~ )+|M| T
from which we get
9’M 8M OHr

3T
ot

IA

o [Hr(a,8) \W(m)\ +\ (e, \ M(z, )

From (2.18), we get :
IHT ()l oo < [ Hsll oo + HC )l Lo + 1K oo Mol oo

On the other hand, differentiating (1.4) with respect to time gives :

OHr _ 0H _KP <6M>

ot ot ot
and then OH OH oM
T
< |20t K|, o || 22 ¢
R I -0 T S B
Going back to (2.24), we get :
’M oM OoHr
) < ~IH+(- - IIE2 o M|,
|Gaen] | < ammeon. |Freo| <o | TEen| i,

that is to say, thanks to (2.25) and (2.27)

*M oM
G 0] s e 1B+ 1R )| G
L2 L2
oH oM
—(-,t K| ;e t R
e (|G| |+ imi | G| )

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

a, v, K

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

INRIA



Mazwell’s equations in ferromagnetic medium 9

As
HC e < [He( ) oo + 1 Hy ) oo + (1H2( )] oo
< NHo( O peo + 1 Hy Co ) o + 1HC ) || g
we deduce that
vi<T IHC O < [Hllwomn (2.30)

Therefore, using (2.22) and (2.34), (2.29) can be written

9*°M

T 6 < (1Kl (MLl + B0y + 1K e R) + [Hllyo,my| B

ot L2 (2.31)

92 (Ll e + 1o, + 1 e B] [ e+ By 0.y + 1 R]
As H € Eg(T), it is not difficult to see that
M
’ — < Py(R)T (2.32)

O |l 110,522

where P;(R) is a polynomial of degree 4 with respect to R, whose coeflicients only on &g, ug, o, v, K and Hj.
Regrouping (2.21) and (2.32), we get :
oM M
at

ot?

<P/{R)T (2.33)
L1(0,T;L?)

+ (1 + /Zot0)

L1(0,T;L2)

where Pj(R) is a polynomial of degree 4, depending only on (eo, po, «, v, K, H;), with positive coefficients.
Plugging (2.33) into (2.15), we get :

IH 0.1y < Pi(R) + TR+ oR? (2.34)
which gives the result provided that :
1
T<TY = —— 2.35
AT (239
O

Lemma 4 Assuming that ||(Eo, HoMy)||,, < R, there exists T}(;) > 0 such that, VI < Tg), @ () 18 a strict
contraction.

Proof. Let us set Hf = ®(H;) and H} = &(H,), M; = M(H;) and My = M(H,). First according to theorem
5 and taking into account the linear character of Maxwell’s equations, we have :

OM; OM, M 0°M
168 = B3 o) < | 3 - + 1o+ vam) | S - (2.36)
1 21lw(0,T) ot ot L 0.T:2) o2 ot? Li(0,T:L2)
Therefore, using estimates (2.12) and (2.13) of lemma, 3,
* * : eﬁRT -1 *
”Hl - H2||w(0,T) <T (A*RT + BR) ”Hl - H2||w(0,T) (2'37)
with Ay = Br+ (1 + y/eopo) Cr and By, = YR+ (1 + \/eopo) Dr.
ePrT — 1
The function T — $g(T) =T (| AR,———— + B}, ] is continuous, increasing and satisfies:
R /8 R
R
\I’R(O) =0 , t—lé—ri{loo lI’R(T) =+ (2.38)
1
Defining Tg) as the unique solution of ¥x(T) = 50 e have :
1
2
VT < T 12 (H) = (o) lwo.ry < 5 IIHL = Hally o, (2.39)

RR n°3052



10 Patrick Joly, Olivier Vacus

Remark 10 Tg) and Tz(zQ) of lemmas 2 and & only depend on g, po, o, v, K, Hs and R.

Proof of theorem 3 ‘
Let us set Tr = min (Tg)7T§)). According to lemmas 2 and 3, for T = Tg, ® is a contraction from Egr(T)

into itself. Using the fixed point theorem, we deduce that & admits a unique fixed point H in Er(T) which
means, according to lemma 1, that (E,H,M) = (E = F o M(H), H, M = M(H)) is a strong solution of (P).
This also gives the uniqueness of the strong solution in the set Er(T). To conclude to the general uniqueness

result, it suffices to remark that if (E,H,M) is a strong solution on [0,7] with T' < Tg) then H necessarily
belongs to Er(T) (cf. lemma 2). m|

A direct consequence of theorem 3 is the uniqueness of any local solution.
Corollary 1 Any strong solution of (P) on [0,T] is unique.

Proof. Let (E1,H;,M;) and (E2, Hy, M3) two solutions on [0,7] with T' > Tg. (If T < Tg then theorem 1
applies.) Then they are in particular solutions on [0,7Tg]. By theorem 1, they coincide on this interval [0, Tg].
And this argument can be repeated as long as necessary by shifting the initial time ¢ = 0 to ¢ = T’r, and so
on... O

2.2 Construction of the maximal solution

Let (Eo,Ho, Mp) in V, we construct the maximal solution (E,H, M) of (P), as for ordinary differential equa-
tions, by considering :

Tmaz = sup{T >0/ (P) admits a strong solution (Er,Hr,Mr) on [0,7T]}
(Thaz € Ry U{+00})

and define the maximal solution :

(E,H) € C°([0,Tmaz); H(curl )) N C" ([0, Trmas); (L*)?)
M € C' ([0, Thao); (L> N L)) N C? ([0, Trraw); (L?)?)

by
vT < Tmam (EvHaM)HO,T] = (ETvHTvMT)

(This definition is nos ambiguous thanks to the uniqueness result of corollary 1.) Note that the existence
theorem 3 says that :
”(E07H07M0)” < R = Tmaz > TR

The main result of this subsection is :

Theorem 6 Let (E,H,M) be the mazimal solution of (P) associated to initial data (Eo,Hy, Mg) € V, one
has the alternative :

(1) Tz = +00 : the solution is global
(ii) Tm‘lz < 400 and t}lin H(E(vt)aH(vt)vM(vt))HV =00

INRIA



Mazwell’s equations in ferromagnetic medium

Proof. Tt is very classical and we present it only for completeness. Assume that T},,, < +00 and that

”(E(7 tn)v H('v tn)v M('v tn))”v <R
for some R > 0 and for some sequence t,, /" Tpaz (this would contradict point (i7)). Taking t = t,, as the initial
time, by applying theorem 1, we can define a strong solution of (P) with initial data (E(-,¢), H(-,t), M(-,t)) on

the interval [t,,t, + Tr]. Therefore we obtain, by gluing, a strong solution on [0,t, + Tg]. As t,, /" Trmaz, We
get t, + Tr > Thae which contradicts the definition of 7),,,,. The theorem is then proved by contradiction. O

2.3 Proof of the global character of the solution
According to theorem 6, it suffices to obtain a priori estimates which shall prove that the quantity
I(EC, 1), H(-, 1), M(-, 1))y,

(see (1.10)) can not blow up in finite time.
2.3.1 Step 1. Estimates on E, H and M
We have already seen (cf. proof of lemma 2) that

ae.z€R,Vt>0 [M(z,t)] = Mo(z)|
which proves in particular that

IMC )l e = Mol q=2,+00 (2.40)
Then we easily get a uniform estimate on H;(-,t). Indeed, from remark 1, we deduce that :
H,(z,t) + My(z,t) = Hy z(z) + Mg »(2)

Therefore :
1He (- )] oo < 1 Hozll oo + 2 [[Moll oo (2.41)

Now from Maxwell’s equations we get :

an—E'E—curlH-E = 0
591& oM (2.42)
MOE'H‘}‘CHI‘IE'H = _NOW.H

Summing these two equalities and integrating over R leads, after integrating by parts, to the following identity :

d (1 oM
—= E? H|?) dv} = — /—-Hd 2.4
dt{z/R(q" I + uo[HI|?) @"} Ho | 5 x (2.43)
We now use the Landau-Lifschitz-Gilbert equation :
oM a oM
— = 1H M+——Mx — 2.44
T V TR T (244)

Taking the scalar product with Hr, and using the notation (:,-,-) for the mixed product, we get

oM a oM
o Hy;=— (M, = H
at T |M|( ot T)

oM
Taking the scalar product of the Landau-Lifschitz-Gilbert equation by TS gives :

2
oM
= —VHr M
7<6t7 T, )

oM

ot

RR n°3052



12 Patrick Joly, Olivier Vacus

Therefore, eliminating the mixed product :

oM 2

a |OM
B HT = oo ‘W (245)

(The meaning of the right hand side of this expression has to be understood in the sense we made precise in
the remark 4.)

Now, by definition of Hy, we have

M M
0 ~HT=8—-H—KP(M)~P<

oM oM
o ot ) H,

ot ot

Using the fact that |M(x,t)| = |Mo(z)|, we note that :

M 1
Hs~a—:——2|Hs—M|2
ot 20t (2.46)
oM 10 )
—KP(M)-P|— | = —== [K|P(M)|?
- P (5) =55 [KIPQOP
Therefore, we have :
oM oM 10
— Hy=— H--—[H, - M + K|P(M)|? 2.4
that is to say, using (2.45) :
oM a oM 19
——r H= | = — o [H, - M|* + K|P(M)|? 2.4
o H= o [~ 5 [ = M+ KP(M) (.49
Plugging (2.48) into (2.43) leads to the energy identity :
d (1 ) ) ) . ) 1/ a [oM[?
dt{Z/R(Eo|E| +u0|H| +/.L0|H5 M| +/J/0K|P(M)| )d.’II + 5 R|M| ot dr = 0 (2.49)

Remark 11 Note that (2.40) and (2.49) are nothing but the two results (i) and (ii) of theorem 1.

Setting
1 -
£(B,H,M)(t) = 3 /R (co|E? + poHJ? + pto[Hy — M|? + poK|P(M)|?) da

equation (2.49) expresses that E(E, H, M)(t) is a decreasing function of time. This means in particular that :

NEC, Ol g2 B

remain bounded with respect to time, with an upper bound independent of ¢ and related to the initial energy
E(EO7 H07 MO)

2.3.2 Step 2. Estimates on curl E and curl H

O0H
In order to get a control on curl E and curl H, we establish in fact estimates on , — to finally conclude

ot ot
using Maxwell’s equations.
First, let us remark that because of
M* 42 2
W = 1 n (12 |HT X M|
we get (see the proof of lemma, 2)
oM
e B <7 IMollpe (IHr (s )l 2 + 1K L Mol 2 + T, 8] 2) (2.50)
L

INRIA



Mazwell’s equations in ferromagnetic medium

is bounded uniformly
L2

Taking into account the previous estimate on [|[H(,t)||, ., this proves that

oM
W(.’t)

in time. Now, to get L2-estimates on — and let us make some formal computations that may be justified

ot
(see remark 12). Let us differentiate Maxwell’s equations with respect to time (which is not rigorous since we
have not enough regularity) :

€ 62—E — curl 3_H =0
0ot at (2.51)
0’H + curl JE 9’M
Hogee T By T THO TG

OE oH
Multiplying these two equalities respectively by o7 and 5 leads, after summation and integration in space,

to the following equality :

d (1 L ) M OH
2 f (oGt Gy e = o [ T+ G (22

(which is nothing but (2.43) written for the time derivatives of E, H and M.) After time integration between
0 and ¢, we get the following identity :

1 E H 1 1 H
—/ I(9 I+ I(9 ) dz = —/ L eurl Hol? + 0|2
2 R 2 R \ €0

dz
ot ) (2.53)

k 9’M oH
‘/0 /R“OW'E‘ZMS
2

dz can be estimated by (using Maxwell’s equations at time

— (2,0)

o0H
Note that in (2.53), the quantity / ‘E(%O)
R

t=0):
/\ o

that is to say, using equality (2.17), b

dw + —/ |curl Eo|? da

1 2 2 2
22/—M x H dx+—/ curl Eo|” dz
Y B 1+ o2 | 0 0| IL(2) Rl ()l
which is a constant which only depends on the data of the problem.
From now on, in the remaining of this proof, and only for reasons of simplicity, the letter C' will represent
a positive constant whose value may change from one line to another, but which will always have the property

to depend only on the data of the problem (but not to depend on time).

First let us recall that (cf. (2.24) in the proof of lemma 2) :

82M oM 8H
V14 a2 3 (lHTl +| =L |M|)
ot
from which we deduce
M O0H
|Gaen] <o (meeon. | Fren| | GEeo| mcol,.) (254)
L2 L2
Estimate (2.25) on ||[Hz(:, )|~ can be written :
IH7(, )l e < C(1+ [H, 8] o) (2.55)

But
IHC Ol e < [ Ho( 0 oo + (1 Hy (50 poo + I1H=C )] oo

RR n° 3052 < NHe (50l poe + 1y G )2 + 1HC5 8] g2 + [leurl H( 8]
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OE

that is to say, taking (2.41) into account as well as (2.49), and using curl H = ¢g— Tk

)
)

IEC 0l < 0 (14 | T

which also yields (cf. (2.55)) to
OE
”I‘IT('vt)”LOo < ¢ <1 + H ot ('at)

On the other hand, equation (2.20) can be written

oM
—_— <
0] =
Therefore oM 5E
Hr(- ol ==l <o(1+||==20,t
IEeC 0l | Gro| <o (4] Fren] )
OHp OH oM .
In the same way, from 5 = o KP <W) and using (2.58), we get :
8HT oH
14 || =—(-
|l s (e l5reo],)
Therefore

o

oH
ol <o (14| G| )
L2

OE
5] )
laeol,

+H3_E( t
L || ot

Thus (2.54) leads to (cf. (2.59) and (2. 60))

OH
< -
L2_0<1+H at( t)

F)<C (1+t+ /0 t F(s)ds) where F(t H

e

Combining (2.53) and (2.62) gives :

By Gronwall’s lemma, we get :

O0H OE ct ot
—— —_— < -1
Hat(’t) L2+H5t(t < Ce' + (e )
Using Maxwell’s equations we get :
oH oM
. , < —(-, —(,
lewl BG0lla <o 5 (0] a0 (0]
OE
Jeurl HC,0ll2 < g0 | 521
t L2

which, using (2.64), provides the following estimate

lcurl E(-, )| ;2 + |lcurl H(-,¢)||;. < C (1 + eCt) +eft -1

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

Recapitulating our results, we see that estimates (2.40), (2.41), (2.49) and (2.66) prevent the V-norm of the

solution (E(-,t),H(-,t), M(-,t)) from blowing up in finite time, which concludes our proof.

Remark 12 Equation (2.53) can be rigorously justified by replacing time derivatives by finite differences. Let

us introduce, if u € C° ([0, Tynaz); X), the difference operator Dy, :

u(t+ h) — u(t)

VT <T*,Yh € [0, Tmez — T Dpu(t) = A

INRIA



Mazwell’s equations in ferromagnetic medium

Note that Dypu € C° (0,T;X). Applying Dy, to Mazwell’s equations (here X = (Lz(]R))3), we get :

0

o= (DLE) — curl (DLH) = 0
c‘g 5 (2.67)
8t (DhH) + curl (DhE) = —Uo= ot (DhM)

Multiplying the first equation of (2.67) by DyE and the second one by DpH leads,after summation, space
integration and time integration, to the equality

1 1
5/ (50 |DhE(x,t)|2+,u0|DhH(a:,t)|2) do = 5/ (so |DhE(:c 0) + 1o |DhH(x,0)|2)dx
R

/ / Dh (z,8)DpH(z, s) dzds (209

As (E,H) € C" ([0, Tha); (L2)3)2, we have the following convergences, which are uniform with respect to time
FtE0.T], T < T -

. OE
lin 1D, EO1 = |5
(2.69)
. 2 oH
ti 1D HI = |
In the same way, as M € C? ([O,Tmam); (L*)?), we have
. °M aH
)ILIL%/ / Dh (z,s)DpH(x,s)dzxds = // B2 Br dxds (2.70)

Then one obtains (2.53) by taking the limit of (2.68) when h tends to 0.

3 Proof of theorem 2

In subsection 2.2 we obtain estimates on ||curl E(-,¢)||, . and ||curl H(-,t)|| . which allow an exponential growth
of these quantities for large time. This is essentially due to the fact that we simply made a brute estimate of
the right hand side in (2.53). This can be improved as follows. As we have :

82M oM OHrp e ’M
—_— H M —M x ——
ot (T ot T ot * >+|M| o
2
we easily get, after scalar products by 88% and c‘?@_tl;/l respectively :
°M OHy _ M 8Hr\  a (.. &*M 9Hy
E T\ e ot M|\ e ot 3.1)
M __(0oHr oM &M oM *M '
ot B at ot ot ot ot
2
We eliminate M,a—lyl,f)E and we obtain :
o2’ ot
#M oHy o |PM|° oM OHy a oM 8°M
T 21T =42 (Hy, o, ) -y (Hp, 2
Toer ot M| | oz | ( ™ot ot ) Y ( ™ot o ) (3:2)
8HT oH oM
ing —— —KP{— :
Using e v < e ), we get
M OH _ 1 a 32—M2_12 K|p(‘9_M)|2
a2 ot ~|M|| o2 2 ot ot (3.3)

oM 8Hr\ o oM M
= Hpy, 20 200) - ¢ (g, 220 20
HR n 8052 +7( AT at) |M|( ™5t at2)
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that we plug into (2.53) to finally obtain :

1 [t o |82M]
- - = < . .
7/O/R|M| | drds < B(0) + 51(6) + S3(0) (3.4)
where we have set :
1 OE |? OH |? oM |?
ot = 5/( Bt TR e +“°K‘P(W) )d””

oM 6’M
$ilt) = //|M|( T ¢ o )dds
OM OHr
— H dxds
7/ / < Ty "8, t7 ot )

|M||Hr|, it is easy to see that (remember that the letter C' will represent a positive

) dxds

W
[\V)
~~

~
S—r

oM < gl
ot | — V1i+a?

constant whose value may change from one line to another)

¢ *M
< Hr|?

s+ s01<c [ [ e (|5
oM

FI‘OI’I’I (224) we kIlOW that :
(| ot

OH~r
C (| Hr|? ——
(| 7| +‘ ot

Since

OHr
ot

+

9*M
ot?

8H 7
+ |5 |M|)

¢ OH
C/ / (|HT|4+|HT|2 i
0o /R

ot

IA

Therefore

|Sl(t) + Sz(t)|

IN

) dxds

t oH
¢ (||HT<~,s)||‘z4 () | 2

8t (.78)
oH oM 0H
< —_— <
<cC <‘ 5t + ‘ 5t ) C (‘ T + |HT|) we have

< of|Fren| |+ imeton:)

(]l

151(8) + S2()] < C/O <IIHT(-,8)IIi4 + [ Hr(, 8)l7a + [Hz (-, 9)l 76

IA

LZ) ds (3.5)

OH
Note that, as T

H 8HT

IN

this yields :

oH
W(HS)

) dxds (3.6)
L2

From the equality Hy = H + H, + K P(M), as we have L> N L? uniform estimates on M, we get, since
L N L? — L* (and since H, € L*) :

IHr ()l < C 1+ HE L)
which yields

o0H
+IHC )G | 5y o)

L2

) dxdsdxds

(3.7)
INRIA
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Mazwell’s equations in ferromagnetic medium

Now, setting H, = (0, Hy, H,)", we have

B, )] L4 15 (-5 )l Lo + [H- (0]l 2o

<
< COA+H-(, D))

(since we have a uniform L? N L> estimate on H,). By Gagliardo-Niremberg’s interpolation inequality :

1 3
IH- (0l < lleurl HES Ol 7. HA (0172
OE, |
< iy )
< o|Fen| (39
Then 1
OE 2
IH 05 < € (14|56
! L2 (3.9)
2 OE
||HT('7t)||L4 < Cil+ _('at)
8t L2
This gives
: oE, |} |oE
Si(t) + Sa(t) < c/ 1+ H—(-,s) 4 H—(-,s) ds
0 at L2 at L2
t OE 7\ | oH (3.10)
1 - .
ve ( +H A ) H S| o
2 2
E
Therefore, if we set F(t) = a—H(-,t) + a—(-,t) , we have
3t L2 8t L2
t 3
151 (£) + Sa(t)] < c/ (1+F(s)t) ds
0
This means that, from (3.4), we get :
T
F(t) < Ct +/ F(s)ids (3.11)
0
By a Gronwall’s type lemma, this yields
F(t)<C(1+1t%) (3.12)
. . . 9 ?) oH
Which that we have a polynomial estimate for the L® norms of a7 and i
E
H%—t(-,t) < C(1+¢%)
L2 (3.13)
E(- t) < C(1+1?)
8t 9 L =
and thus, using Maxwell’s equations :
|lcurl E(-,t)]] < C(1+1¢2
o 1+ (3.14)

lcurl H( )|l 2 < C(1+1¢%)

4 Proof of the intermediate results

In this last part we give the proof of some intermediate results that have been used in section 2 — namely
theorem (4), lemma (3) and theorem (5). These proofs complete the paper.

RR n°3052
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4.1 Proof of theorem 4

Let us first note that, H being given in W (0,T), the evolution equation :

oM Q oM
— = 9yHrxM+ —M x —
Hr = H+H, - KP(M)
can be rewritten as :
oM vy Q
— = Hr xM+ ——Mx (Hr xM
ot~ 1+a? < T g M (Hr )> (4.2)
H;y = H+H, - KP(M)
that we are going to consider as an abstract evolution equation in the Banach space :
E = (I’nL>)° (4.3)
equipped with the norm :
IMllp = [IM]|2 + [|M]| (4.4)
Let us introduce the map :
FM,t) : Ex[0,T] — E (4.5)
defined by,YM € E,Vt € [0,T],
v «a
FM,t) = —— (Hr(M,t) x M+ —M x (Hp(M, M 4.
M) = s (Hr L) x Mot M (M) % M) ) (16)

where Hy (M, t) = H(-,t) + H, — KP(M). Note that as W(0,T) c C° (0,T;(L* n L*™)?), F(M,t) belongs to
E thanks to the fact that (L2 N L°°)3 is an algebra. The main property of F(M,t) is the following :

Lemma 5 For any R > 0, there exists a constant Cr(T) such that, if B ={M € E/ |M||z < R} :
V(M;,My) € B, Vt <T, |F(My,t)— F(Ma,t)|lg < Cr|Mi — Mg
As a direct consequence of this lemma, we have, by Cauchy-Lipschitz theorem :

Corollary 2 For any Mg € E, the problem :

oM
- =F(M.1) t€0,T]

has a unique solution M € C* (0,T; E).

Proof of lemma, 5. Obviously it suffices to get estimates of
H7(Mp,t) x Myl g — [[Hr(M2, t) x Ma|| 5
and

M,

HT Ml, ) X Ml) ‘M2|

x (Hr(Ma,t) x Ms)

H M| P

INRIA
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4.1.1 Step 1. Estimate on ||[Hp(My,t) x My 5 — [[Hr(Ms, t) x Ms||
We have

HT(Ml,t) X M1 — HT(MQ,t) X M2 = HT(Ml,t) X (Ml — MQ) + (HT(Ml,t) — HT(MQ,t)) X M2
Remark that we have the property
V(u,v) € B luxvllg < llullg llvll g (4.7)

This yields
[Hr(My,t) x My — Hp (M, ) x Mallp < |[Hr(My, ¢)|| g My — Mg

+ Mz g [[Hr (M, t) = Hr (Mo, t)| g

Since M; € Bg, we have :
[Hr (M, t)llg < Cr + | K|l B where Cr = [[Hllyy oy + [Hsll

Moreover, it is obvious that

[Hr(Mi,t) — Hr(Ms, t)|| 5 < | K| pe M1 — Ma|g
Therefore
[Hr(Mi,t) x My — Hp (M2, t) x Ma|; < (Cr + 2 || K|y« R) M1 — Ma||, (4.8)
M M
4.1.2 Step 2. Estimate on || —= x (Hp(Mj,t) x M) — ——= x (Hp(May,t) x M)
|M1| |M2| E
Let us set M M
D = m x (Hp(My,t) x My) — ﬁ x (Hr(Mg,t) x My)
We can write
D = Di+ D, (49)
where we have set :
M,
D, = |1V[—1 X [(HT(Mht) - HT(M27t)) X Ml]
M]_ M2
Dy = — x (Hpr(M M;) - —= x (Hr(M M
2 |M1| X ( T( 27t) X 1) |M2| X ( T( 27t) X 2)

Let us note that :

D1l < IMulg [[Hr (M, ¢) = Hr (M, )| 5

(4.10)
< R|K|p~ M1 — M|z
Now we remark that, setting Hy = Hp (Mo, t),
(M; -Hy)M; (M, -H)M,
Dy = (IMa] — [Mz|) Hz — L D) (4.11)
As ||[M;| — [Mz|| € |M; — Ma|, we see that :
(M| — [Ma[)Hal|p < [|[My — Mal|g [|[Hz|l g 412
4.12
RR n 73052 < (Cr+R|K|pe) My = Mg
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Now let us consider :
(M; -H,)M; (M- -H,;)M,

M, | - | M|

D3:

The j** component D} of Dj is given by :

M’ Y & 3 LY EAY HE
M | | M| 2
Note that the functions ¢;y, : R? — R?, defined by

Ik
bin(x) = x'x

I

are Lipschitz continuous :
Gjk(x) — ¢jr(y) < C*[x —y|

Now : s
1Dl = 3 | D3], < D NS Nl (M) = 05 (M)
7 k=1
From (4.13), we deduce that :
l¢56(M1) = ¢k (M2)|| p < C* My — Myl
Therefore

1 Dsll C* [Ha| g M1 — M|

<
< C'(Cr+R||K|pe) M1 — Ma|g

From (4.12) and (4.15), we deduce (using (4.11)) :
[D:2llg < (1+C7) (Cr + R|K|lpe) M1 — Ma||g
and from (4.10) and (4.16), we get, by (4.9) :

Dl < (2+C")(Cr + R

K”Loo) ||M1 - M2”E

It is then immediate to conclude from (4.8) and (4.17).
To conclude the proof of the existence part of the theorem, it remains to prove that

M e C? (0,T; (L?)?)
Because of equation (4.2), it suffices to note that :

Hy € C' (0,T;(L%)?)
= HyxMe ' (0,T;(L%?)

M e C* (0,T;(L™)?)

0H

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

0 oM
(Think to the formula e (Hr xM) = a—tT x M+ Hr x ot and to the fact that the product of a function

in C* (0,T;(L?)®) by a function in C* (0,7 (L>°)?) belongs to C* (0,T;(L?)3).) In the same way

N

Hy € C' (0,T;(L%)?®)

M e O (0,T; (L)) = M (Hy x M) € C* (0,T; (L*)?)

M|

IM(z,t)| = [Mo(z)]

7

(4.19)

INRIA
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Equations (4.18) and (4.19) imply, since o € L, that :

oM 1 (T2
- € CH(0,T; (%)) (4.20)

what we wanted to show. O

Remark 13 To see that Hr = H+H, — KP(M) € C' (0,T;(L*)?) (cf. (4.18)), it suffices to note that :

MeC'(0,T;E) = KPM)eC'(0,T;(L*?)
HeWw(0,7) = He C' (0,T;(L%?)
Note that a priori H does not belong to C* (0, T, (L°°)3) —only to C° (0,T; L™) - which explains why we cannot
conclude that M € C? (0,T; E).

Remark 14 To prove (4.13), it suffices to remark that ¢;i, is C* in R\ {0} and that

99k
al‘l

ﬁ ZjTrT]

Tk
— 5Tk s -
() = o T TP

This proves that, Vx # 0, %(x)‘ < 3 and thus that |Vé,r(x)| < 3V/3. Therefore, if x and y are such that
1
0 ¢ [x,y], by Rolle’s theorem, we get
Vi (x) — Vi (y)| < 3V3|x — y|

If 0 € [x,y], which means that 30,x = N0,y = —pb with 8] =1, A > 0 and p > 0, we have :

Gk (x) = |A[¢;k (0) Gk (y) = |ulo;k (0)
then

|9 (%) = ik (¥)] = @5k (O] [|Al = [6l| < [A[+ || =[x =]
Therefore we have proved (4.13) with C* = 3v/3.

Remark 15 [t is also possible to get a control of the term Do of (4.9) — and thus to prove (4.13) - using
geomatrical arguments. More exactly we have the following identity :

My

M
x (Hx M;) — ——= x (H x My)| < [H| |M; — M|

¥(My, My, H) € (R®)®,  A(M,;, M,, H) M
(4.21)

that we prove now. We decompose
H = H|| + H,

where Hy is in the plane II defined by My and My, while H is perpendicular to this plane. (Of course we

assume —— #+

otherwise the result is obvious.)
M, |

2
M|’

M,

H)

RR n°3052 M,
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Note that [H|* = [Hy|*> + [HL|*, and that

M, x (H” X Mi) eIl
and

MiX(HJ_XMi) 1 II
Thus we have with Pythagore’s identity

‘& X (HyxMi) = 2t () x M)
R M| :
' Iﬁil < (M) = m; x (Hp x My)
= ‘Il\l\i—ilx(H“XMﬂ - x—;X(HIIXMz)z
' lﬁil (M) = x; X(HJ_XM2)2

As H is perpendicular to M1 and Ms, we have

M;
| ML

X (HL XMZ) = |M1|HL
which allows us to say that

2
= | (IMi| - |M2|) Hy |*

M M
—IX(HLXMl)—

2
—x(H; xM
L] ] ¢ (FLe M)

= [HL]” (IMy] - |M))*
and to conclude that

M1 M2 2
H, xM;)- ——x (H. xMy)| < [HL?M; — M,|? 4.22
g (M) (L x M) < [FLP My — My (4.22)
On the other hand, concerning H);, we have
H” X Mi Mi .
H) xM;)| = i |[H | M;
E I ™ | (80| = s o
where
01 = (H||7M1) 75 0 Ml
— 01
0y = (H||,M2) #0 .
6. Hj
— M
6 = (M, M,) = 6, — 6, 2
Since
H” X Ml _ H” X Mg

- = ) =u
[H [ |ML | sin 61 |H || M| sin 6,

M,
the crossproduct by this vector u defines a rotation — that is to say an isometry — which maps X (H” X Mi)

| M|
on sin 0; |[H)|| M, and thus we have

M M 2 A
—L % (Hj x M) — =2 x (H; x M)| = [Hjj|?|sin6; M; — sinf M, |? (4.23)
M, | M |

INRIA
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It is then straightforward to compute

|M1 —M2 |2 - |sin01M1 - sin02M2|2

|M;|? + |Mz2|? — 2cos §|M; || M|

— (sin® 61 |ML; [* + sin® 65| M |* — 2sin 6; sin 62| M, ||M|)
cos? 01| M | + cos? 2| My |> — 2 cos 8; cos 6| M || Ma|
(cos81|My| — cosb2|Ma|)®> > 0 (4.24)

which shows, with (4.23), that

2

X (H” X Ml) — H” X M2) < |I‘I”|2 |M1 - M, |2 (4.25)

M; M, 9 (
| M| M|
Taking into account that |H|? = |H|||2 + |HL |, we get the result by summing (4.22) and (4.25).

4.2 Proof of lemma 3
Before establishing (2.12) and (2.13), we first show in step 1 that

e Prt —1
M — M2”L°° < 4 T [H: — H2||Loo(o,T;Loo)
with A = v|[|a]| «. Then we repeat the same arguments in steps 2 and 3, but for the derivatives of the fields,
to obtain the two inequalities of lemma 3, and also similar results in L? norm.
In what follows, we denote by M; and M the respective solutions of (4.1) with H = H; and H = Hs, and
denote by H} and H2. the corresponding values of Hr. Each step consists in finding suitable upper bounds to
the derivative of the norm of (M; — My) (or their derivatives) and to conclude with Gronwall’s lemma.

4.2.1 Step 1.
Let us first remark that, since |M;| = [My| = |Mg] :

OM; M, v H
5 o = Tias [Hbx (M- Ms)+ M, x (Hj — H})]
ary 1 1 2
Y M H M; - M H;:-H M
+|M0|(1+a2) 2 X [Hp x (M 2) + (Hp — HY) x M)
ay 1
+ —— — (M; —M,y)xH;»xM
|Mo|(1+a2)( 1 M) H XMV

Consequently, after scalar product by (M; — M) :

1d 9
—— M; -My|"=F 4.26
2dt| 1 2| (4.26)
where we have set :
~
F = W(Mz,H%’_H%a Ml—Mz)
ay 1 (4.27)
+———— (My, Hy x (M; —M5) , M; - M
IMo|(1 + ) ( 2 7 x (M 2) 1 2)
> - (M., (Hy — H7) x My, M; — M)
Mo |(1 + a2)
Note that
IFC e < 7 IMollpeo || (HF —HZ) (1) poe (M1 = M) (-, )]l 1
+ 7 el oo [[EEC,0)]] oo (M — M2) (-, 8) (428)
RR n° 3052
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It is immediate to see that
[(HY —H2) (6)]| o < 1K oo (M1 = Ma) ()l oo + (1 = Ha) (1) oo (4.29)

Therefore

IFC I < [V 1Ko (Mol oo + 1ol o) + 7 el o [HZC )] o]

(4.30)
+7 el poo [[(Hy = Hz) (- )] poo [[(My = M) (-, 8[| oo
Now, it suffices to remark that (for j =1,2) :
\
H/, = H, + H, - KP(M,)
IV )] < R > IO <a®) (431)
||Hj||W(0’T) <1+7R+0oR?
7

where C;(R) only depends on ¢q, o, @, v, K, H; and M. Therefore, setting
Br = Ci(R)yllell e +7 1Kl oo (1Mol oo + [l o)
we have
IFC )| e < Br (M1 = M) ()| 70 + 7 ll@ll oo [|(Hy = Ha) ()| oo (M = M) (- 8)|] oo (4.32)
Setting G(t) = ||(M; — My)(-,t)]|% «, from (4.26) and (4.32), we get :

1

G'(t) < 2BrG(t) + 27 llal| oo |(Hy — Ha) (- t)l] yo G2 (2)

which we can write :

d , _ _ i
L (726 () < 29 llall o | (F = H) ()] (e 204G (1) ¥ &0
from which we get, setting A = [|a]| ;
e Prt —1
[(My —Mz) (- 8)][ o < A B [[(Hy = Ha) ()l oo (0,71 (4.33)

Note that we obtain an analogous estimate for the L2 norm. This will be useful for the step 3 of the present
proof. Indeed, from (4.27), we easily deduce :

IEC O < v IIMoll o || (HE = H7) ()] 12 1My = M) (- 6)]]
7 el oo [HEC )] oo (M = Ma) (1)l 2 (4.34)

+7 llll oo || (B — HT) (5 8)] 1> 1M1 = Ma2) (-, 8)]]

As |(Hy = H7) (). < I(Hy = Ho) (S t)llpe + Kl (M1 = Ma) (-, t)]l e, it is easy to see that we get
for ||F(-,t)||;: the same estimate than the one obtained for ||F(-, )|« in (4.30). It suffices to replace the
norm [|(My — My) (-, £)|[ Lo by [[(My = M) (-, 8| - and the norm [|(Hy — Hy) (-, 8)|| oo by [[(H1 — Hz) (- )]l 12
Therefore

IFC, 1)l g1 < Br My = M) (D72 + 7 llel oo [|(HL = Ha) ()| oo [|(M1 = M) (1)1l 2

Then, proceeding exactly as before, we get :

e Prt _1
M = M) (0 < A5 L~ Bl 1 (435)
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4.2.2 Step 2.
Note that

= 7 [HE x (M; — Mp) + (HF — H7) x M)

OM; OM; M, <8M1 8M2)

a ot Mo\ o ot
[ 3M2
— x(M; - M
|MO| ot ( 2)
from which we easily deduce :
8M1 (9M2 Y 1
—_— — — ||Hy| (M1 — M H!. - H2||M
‘ ot ot oz [Hr| My =Mz |+ [Hp — H | [Ms] (4.36)
ay 1 OM,
+ M; - M
Vivar Mol | o | MM
We know (cf. formula (2.17), subsection 2.1) that :
1 |0M; Y |H2 |
| M| “Vita2 T
Therefore
8M1 2 1 1 2
- (1) < Y [HRCG O] oo 1My = Me) (Ol oo + || (HE = HE) (0[] oo IM2(, )]l o
LDQ
+ 7l oo [HZC, )] oo (M1 = M) (-, 8)] oo

(4.37)
Using (4.29), we get

oM; oM
H (W B 7) ("”HLM < v]|(H: - HE) (50| o Mol

Y IIHEC )] o + el pee [HEC 0] o 1K oo Mol oo ] 1My = Ma) (-, 8)]] e

(4.38)

that we can rewrite, thanks to (4.31) :
oM

(50 =550 ) o) < Colm UM = M) () e 4 9R B8 = B) () (439

Loo
where Co(R) =~ [(1+ 7~ ||a||L°o) + || K|, R]. Using estimate (4.33), we get with Bgr = AC2(R) :
oM; M, e Brt _ 1
H( _ ) (o < [BRT R B~ B2y o (4.40)

since || (HlT - H%) - 1)
from (4.36),we get
‘ <6M1 oM,

|, < ||H1T - H% Note that we also obtain an estimate in the L2 norm. Indeed,

oz

ot ot

Then the same computations as before lead to

) €0 B0 N M) o)l B = B82) €0 IV 0 480

oM oM
—— == | (D] < Ca(R)|[(My = M) ()] 52 + vR || (HE — HE) (,1)]] . (4.42)
ot ot 2
which, combined with (4.35), leads to :
oM 8M e Prt —1
H L OM; <T [BR R [Hy — B o, (4.43)
Le°(0,T;L2)

which is nothing but (2.12), the first of the two estimates we wanted to obtain.
RR n° 3052
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4.2.3 Step 3.

One easily computes that :

?M; 9*M, M; [0°M; 0°M, L o OMy ..,  (OM; OM,
- - - = H.-H2)x 2 4 H _
a2 a2 “M] ><< a2 a2 ) 7[( r —Hr) x o T X( ot ot )]
OH2. oHL  OHZ
— x(M; —M M
+’7[at x (My 2)+<8t ot x My
a 9*M,
— (M; - M
T g M M) X T
which yields :
62M1 82M2 Y 9 8M1 6M2 9 8M1
oz a2 V1ta2 [|HT| ot ot + |[Hr — Hz| ]
v oM}  OH}, 0H% (4.44)
M - M; - M :
ita [l =5 ot | T M- Mel |
ay 1 |8°M,
M; - M
T | o | M Mel
Using the estimates (cf. (2.17) and (2.24)) :
< ‘Hj ‘
< pigmin
OHY, ;
ot \/1+ 7 Mol | =5 +1+ |M°|‘H
We obtain
’M,; 9’°M,
_ . <
(% - %) o),

Y [7 IMoll e [[ELC.0)]| . || (BY — B2) (- 0)]| 0 + B2,

OH}.  OH7
ot ot )t
aH%‘ 2 2
7(%) + 97 Mol .2 ||HT(-,t)HLm (M1 —Mz2) (-, 8)[| oo
L2

OM; OM,
( ot ot )("t)

o —M2><-,t)||Lm]

)

Ty [uMoan

H 8H1

'7

+ ol [vnMouLm

| (4.45)
H, H/ M.
From a@tT = a@t - KP <88t]>’ we deduce
aHJ H oMY
(. Cofl il [ B
L= ot L2
OHk, 8H2 oH; OH, oM; OM,
) g 92 K gV 9V2 )
H( )| < (at o) o) i | (G- 5 ) o]
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which leads to

3o

K’ oo
ot2 o2 + “ “L

L2

<ﬁ — @) (.’t)

OM; OM,
ot ot ( - ) (+1)

ot ot

)
)

<~ [uMoan

L2

+7 [7IMoll oo [HZ (5 8)] 2 (10HL = Ha) ()]l 2 + 1K oo [(M1 = M) (-, 8)l] 2)

<% _ 8M2) (-,t)

+ [ () ot ot

)

+97 IMoll 2 B2, )| oo ] 1M1 = M) (1)

(4.46)
Using the fact that H; € Eg(T') and the fact that |My||;, < R, p = 2,400, it is easy to verify that there exists
constants {C;(R),l = 3,4,5,6,7} such that :

EE

I

5] = )

O0M,
W('at)

K | 520

+llafl [v Mol (H
L2

oHY. OoH?
- )

2N < G (6~ ) 0+ )| (%

L2 L2

+C5(R) (M1 — M) (-, t)[| 2 + Co(R) [[( My — M) (-, )| oo (4.47)

oM, OM,
TR H< - at)"”

Loe

Then, using estimates (4.33), (4.35), (4.40) and (4.43), we can deduvce the existence of two constants Cr and
Dpg such that :

which is nothing but (2.13).

’M; 9°M;

e Prt 1
oz o2

Br

<T [CR + DR] [z —H7 |y 0.7 (4.48)

L>(0,T;L?)

4.3 Proof of theorem 5

The existence and uniqueness of (E, H*) is a simple consequence of the properties of linear Maxwell’s equations
(it suffices for instance to apply Hille-Yosida’s theorem). we now proceed to derive estimate (2.32). From :

&0%— E—-curlH"-E = 0
t (4.49)
OH* oM
H* 1E-H* = —j9— - H
Ho~5¢ +our Ho~54

We deduce after summation and integration in space :

d |1
%{5/ (c0lEJ* + po[H*| )dx} = —Mo/ — H'dz (4.50)

1
Let us set U(t) = 2 /R (20|E[* + po[H*|?) dz ; we get

oM
W(.’t)

U3
L2

AN

dU
% SV 20
U~z C(l;t] < V20

oM
W("t)

RR n° 3052 L



Patrick Joly, Olivier Vacus

Therefore, after integration in time,

oM

Vt<T Uz(t) <U2(0) + o

—— (1)

L2

2 2
Now using the fact that ||H*||, . < ,/M—U%(t), and the same way that ||E||,. < Hg—U%(t), we get :
0 0

2 1 oM
H|;oorg .72y < 4/—U2(0 +H— 4.51
oy < (0RO 55 @51)
2 1 g ||[OM
1Bl oo 0,522y < A/ ZUZO0) + 4/ — |7 (4.52)
€0 Ho L1(0,T;L?)

Applying the same estimates to the equations after integration in time we obtain — we omit the details of the
justification which can be done following the method of remark 12.

GH* 2 . ’M
< /Z2U2(0) + (4.53)
I ot?
L*(0,T;L2) 0 L'(0,T;L?)
2
M
H < 2o+, /"2 (4.54)
ot Lo0(0,T;L2) €0 €0 L1(0,T;L2)
where we have set R R
. 1 OE oH*
U(t)== — — |d
(v 2/R< 2 o | %5 >m
Using Maxwell’s equations we get :
OE
[lcurl H*|| oo g 712y = €0 || =
L (0,T;L?) 0t || poe (0,122
which gives :
. 9’M
lewrl Bl o iz < V220U%(0) + vVEoRo || 525 (4.55)
t* |l110,7:12)
Finally, from the equality (cf remark 1) :
H: + Mz = HO,z + MO,Z
we deduce
IH N oo (0,752.00) < 2 [ Mol o0 + [Ho,e |l 0 (4.56)
Regrouping (4.52), (4.53), (4.55) and (4.56), we get
N 2.1
o < 20RO+ (2 + V2 ) UH0) + 2 Molly + [Floull~
Ho
X (4.57)
oM 9*M
Ha— + (14 y/Zotio) ‘W
t |l pee(o,1;22) 2l Le(o,1;22)
Now to conclude we remark that :
U0 < (VF+VE) R
(4.58)

2| Mol e + Hozll joo < 3R

INRIA
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while :
00 = Lol Ze0) + sho || 2X(,0) 2 (4.50)
2% )| . T 2M | o Lo '
1 2 1 oM 2
= — 1H — lE — (- 4.
200 ||cur 0||Lz+2uo curl Bo + — (-,0) L (4.60)
2
which yields since B0l =1 + —— [Hr x M|
. 1
00 < (g +s0) B+ 0y Mol « [, 0l (4.1
1 .
< (55 +o0) B4 por B B8 O (4.62)
From Hy(-,0) = Ho + H; — KP(My), we get
B0l < 2 (Il + 1K1 M2 + [HL - ) (4.63)
< 2L +2 (14 K- ) B2 (4.64)
Thus 1
() < (g + o + 2740 ||Hs||iz) R + 2y (1+ K[} ) R*
and then .
. 1 . 2 3
040 < (2— + o + 210 ||Hs||iz) R+ 290 (1+ K13 )| B2 (4.65)

From (4.58) and (4.65), it is easy to show that there are two constants 7 and ¢ depending only on &g, po, @, 7,
K and H; such that :

J2u (,/ ,/’“’) 0) + 2 [Moll, . + [Houll, < 7R+ o B2 (4.66)

Thanks to (4.57), this concludes the proof of theorem 5.
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